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Order-Lipschitzian properties of multifunctions
with applications to stability of minimal points

Ewa M.Bednarczuk
Systems Research Institute, PAS

Abstract. We introduce order continuitites of multifunctions. We
apply the defined notions to stability of minimal points in Banach
lattices.

1 Introduction

Lipschitz stability of efficient points requires some strong assump-
tions concerning order generating cone K, see eg [1, 2, 3]. The
appearance of these strong assumptions, like nonemptiness of the
interior of X, or boundedness of its basis, is motivated mainly by
the fact that the classical definitions of continuity of set-valued map-
pings has purely topological character and are not related to the
order structure of the space.

The idea of the present paper is to define order-Lipschitz continuity
of set-valued mappings by exploiting as much as possible the order
structure of the space and to derive sufficient conditions for the
efficient points to beorder-Lipschitz. In the literature there exists
some papers devoted to similar attempts, eg [12, 8, 5].

Throughout the paper we assume that U and Y are am order com-
plete Banach lattices. Recall that a space Y is order-complete if
every nonempty subset of Y that is majorized in Y has a supre-
mum. This is, in fact, equivalent to saying that every minorized
subset of Y has an infimum. Recall that an ordered vector space
Y is a vector lattice if z V y := sup{z,y} and z A y := inf{z,y}
exist. A subset A of a vector lattice is called solidifz € A,y € F
and |y| < |z| implies y € A. A topological vector lattice Y is a vec-



tor lattice and a Hausdorff topological vector space (over R) which
possesses a base of solid 0—neighbourhoods. A Banach lattice Y is
a normed vector lattice (Y, || - ||) which is norm complete. For any
lattice norm, |z| < |y| implies ||z]| < ||y||-

2 Basic definitions
Let £y C Y be the positive cone in a Banach lattice Y, Ky ={y €
Y | y > 0}. K is clearly convex, closed and normal.

Definition 1 I': U3 Y is said to be locally upper order Lipschitz,
shortly l.u.o-Lipschitz, at ug if and only if there exist an open neigh-
bourhood Uy of ug and a £ € K4 such that for eachy € I'(u) ,u e U,
there ezists yo € I'(ug) such that

v = vol < £llu— uol|. (1)

By Banach lattice operations, upper local order-Lipschitzian prop-
erty implies upper local norm Lipschitzian property.
By properties of the modulus

—lllu—uoll <y —yo < +ellu—uoll -
and y < yo + £J|u — uo|| and yo — £|lu — uo|| < y. Consequently
I(4) € [(uo) +€llu—uoll K and T(u) € Tu) — fllu— ol +K.
Example 1 Let K C R3,

K={(z,9,2) | z=0z,y > 0}.

Let T : R=3 R® be given as
I'o0) ={(z,9,2) | 2=00<z <1 0<y <1}, I'(u) =T0)U{(1,1,u)}.
T is Lipschitz at 0 in the usual sense but not order Lipschitz.

Definition 2 I': UZX Y is said to be locally lower order Lipschitz,
shortly l.1.o-Lipschitz at g if and only if there ezist an open neigh-
bourhood Uy of up and a € € K, such that for each yo € I'(up),
u € U, there existsy € I'(u), u € U, such that

[y — vol < €llu—uol| . (2)



By Banach lattice operations, lower local order-Lipschitzian prop-
erty implies lower local norm Lipschitzian property.
By properties of the modulus

—tllu— uoll <y —yo < +Ll|u— uol|.
and y < yo + £||u — up|| and yo — £||u — uo| < y. Consequently
I'(uo) C I'(u) +{lju —uol| =K and T'(uo) C I'(u) — £ju—uol + £, .

Finally if I is locally upper and lower order Lipschitz at u, it satisfies
the following relations

I'(u) C D(up) + £Jju — wol| =€ and T(u) C T'(ug) — &)|u — uol| + K
© D(ug) CT'(u) + £)lu —uo)| — X and T'(uo) C I'(u) — £|lu — uo||(+)lC
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Proposition 1 If I' is order upper Lipschitz at ug, then any y €
I'(u) has a representation y = yo + £|lu — wo|| — ky, vo € T'(w),
ky € K, and ||ky|| < 2/|€]|]|u — uo| -

Proof. By (3), we have
y=v+u—uoll—ky, vel(uw), kek,
and by properties of Banach lattice operations
lelllu — uoll = lly — woll = llky — €llu — uollll = &Il — lellllw — uoll,
which gives
2018w — uoll = llkyll-

(m]

Proposition 2 If I' is order upper Lipschitz at ug, then any y €
I'(u) has a representation y = yo + €lu — uol| — ky, yo € I'(uwo),
ky € K, and |ky| < 2||lu — uol| .

Proof. We have
ky=yo—y+Llu—ul, and |k|<2fu—uof.
In consequence, ||k, < 2[€llllu — uall.



3 Order-Lipschitz continuity of efficient points
Let A C Y be a subset of Y. An element y € A is efficient, y €
Eff(A,K,), if
(A-y)n(-K) ={0}.
Let £ € K4 . We denote
A_(0)=A\ (Eff(A,K,)+2—K)
A (f) = A\ (Efi(A,K,) — £+ K)

Definition 3 A set A has an f—order containment property, £—(OCP),
if for each € > 0 there exists § > 0 satisfying:

C1 for each y € A_(el) there ezists n, € Ef{A,K,) satﬁfying
' y—-m—kek (4)
forallke K, k<4,
C2 for each y € Ay (el) there ezists n, € Eff(A,K) satisfying
y—n,—kek (5
forallke K, k<dt.

By (5), y—my 2 k, ie., [y —ny| > |k|, and consequently [y —n,[| >
allell -
If (C1) holds for A, then

A C d[Ef(A, K1) — K4 U [BfE(A, Ky) + K4 (6)

Indeed, suppose that (Cl) holds. If y € A\ cl[Eff(4,Ky) — Ky],
then y ¢ Eff(A, ;) +&f — K, because cl[Eff(A, L) — K] is closed,
and, by (5), y € Eff(4,K;) + K4 . This proves (6). If clEff(4, )
is compact, then (6) takes the form

AC [dIEf(A, Ky) — K] U [BF(4,K,) + K4 7



because clEff(4, KCy) — Ky is closed. If Eff(A, K, ) is compact, then
(6) takes the form

ACEff(AK,) + Ky (8)

Let M : U Y be a set-valued mapping defines
M(u) = EA(T (1), Ky).

Theorem 1 LetY , U be Banach lattices. Let K, CY be a positive
cone in Y . Assume that

(i) T is order upper Lipschitz at ug, and order lower Lipschitz at
Uo

(ii) £—order containment property holds for ['(ug) with rate 6(g) >
2ce,c>0.

The minimal point multifunction M is order upper Lipschitz at ug .
Proof. By (i),

(u) C [Ef(T(uo), K+) + Lllu — uol| + £lu — uol| - K4JU
'(uo) \ (Ef(T(uo), K4) + Zellu — ol — Ky) + £llu — uoll — Kyt .

We show that if y € ['(u) N [[(uo) \ (BF(T(uo), Kv) + Z€llu — uol| —

K4) + £|lu — uol| — K], then y & Eff(T'(u), Ky) .
Indeed, let y € I'(u) and

7
y € [D(uo) \ (BE(T (o), K4) + ~€l1u = ol = K,)] +Elu — vo]l = Cs.
Then y = v+ £]lu — ug|| — &y, ¥ € T(uo) \ (EF(T(uo), K+) + Zelju —
ug|| — K4), ky € K. By Proposition 2, k;, < 2€||u — uol| .
By (C1), there exists 7, € Eff(I'(uo), ;) such that
7

Y=t —k €K, forall KKy k< (Cldllu-l)e (9

By the lower order Lipschitz continuity of I' at uy we have

ny=z+Lllu—uol —k:, z€l(w), k.€Ky, k;<2€|u—u.
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In consequence,
y—z=[v =]+ 2u—ull - k: + llu — ul| -
and by (10), since [|k; + k|| < 4/[€]|]|lu — uoll < 8(7]1€]]l|u — uoll)
y—z€ K \ {0}1

because [|y=ny || 2 7e|ju—uol| , and ||¢||lu—uol| —k:+£llu—uoll -k, || <
6llefflu — uoll -

By (3),

I(u) C [Ef(I(u0), Ky) ~ 2ellu = uofl — flu — uoll + KJU
I'(uo) \ (EF(T(uo), Kt) — Zellu — wol| + K) — £flu — uol| + K.

We show that if y € T'(u) N [['(uo) \ (EF(T(uo), K.y) — 2€||u — uo|| +
}C-l-) - e"u - uO" + K:+]1 then Yy ¢ Eﬂ(I‘(u),}C+) :
Indeed, let y € I'(u) and

y € [[(u0) \ (BE(C(vo), K) — 26— ol + K] ~ s — o] + K.

Then y =y — £||u — uo| + ky , ¥ € T(uo) \ (Ef(T'(uo), Ky) — Slu ~
ug|| + K4) , ky € K4 . By Proposition 2, k, < 20|ju — ugl| .
By (C2), there exists 7, € Eff(I'(up), K,) such that

y—my—keKy forall keKy, k< 6(§||£’|H|u —wl)e (10)
By the lower order Lipschitz continuity of I at uo we have
My = 2—Ll|lu—wo||+k;, z€(u), k; € Ky, k: < 2u—ug||, z=ny+E€||lu—uo|—k-.
In consequence,

y—z=[y— 1] = llu— ol + k: — fllu — uol| + &,
and by (10), since ||k. + k|| < 4][¢]l[|u — uoll < 8(7[1€]llu — uoll)
y—z€Ky\ {0},

because 1y — | > 71l — uoll, and [[&]lu— uoll — k. + e —uol| -
k|| < 6l€llu ~ ol



4 Conclusions

The definition of order-Lipschitz continuity of set-valued mappings
introduced above is, in general, stronger than the usual Lipschitz
continuity. For instance, in finite-dimensional case, roughly speak-
ing, it allows I" to vary only in varieties parallel to affiC,. On the
other hand, we derive sufficient conditions for efficient points to be
order-Lipschitz without any additional requirements on K, .

Let us note that both upper and lower order-Lipschitz continuities
introduced above are characterised by pairs of inclusions which do
not involve the lattice structure of the space. Hence, those pairs
of inclusions give rise to definitions of order-Lipschitzian properties
in more general spaces, and, finally, each inclusion separately can
also be viewed as a kind of Lipschitzian property and the respective
sufficient conditions for such property to hold for efficient points are
contained in thise proved by Theorerm 1.
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