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Abstract.

In the paper we discuss the notions of loeal and globad shiarp sl wenk
sharp solutions to vector optimization problems. As an application we
provide sufficient conditions for stability of solutions in perturbed prob-
lems and we specialize these conditjons to linear multicriteria problems.
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1 Introduction

Let Y and Y be normed spaces and let £ C ¥ be a closed convex pointod
cone in Y. We consider vector optimizalion proldems of the foens

K — min f(z)

(vor) subject to x € A

where f: X = Y, AC Y isafeasible set. By £ C Y we denote the set of
all global efficient points of (VOP), i.e., @ € Eif (f(A)~a)N(-K) = {0}.
The set S C X defined as § = AN f~}(E) is the set of all global solutions
to (VOP).

A point zg € A, f(xo) = «, is a local solution to (VOP) if there exists
p > 0 such that

(J(AD B(ro,p)) - @) N (=K) = [0}.
e € flA) is a loenl efficient point it there exists p > 0 snch that
(F(A) N B(e, p) — o) N (-K) = {0}.

If f(z0) € F(A) is a local efficient point to (VOP) and f is continuous at
To, then zg is local solution to (VOP). Moreover, if f(4) is a convex set,
then the sets of local and global efficient points coincide.

We discuss the notions of sharp and weak sharp solutions to (VOP).
In Section 2 local notions are presented and their basic properties are
proved. In Section 3 global sharp and weak sharp solutions are discussed.




The equivalence between local and global notions is investigated under
standard convexity assumptions. In Section 4 sharp and weak sharp solu-
tions are exploited to derive general stability results for perturbed prob-
lems. Finally, in Section 5, the general results are applied to formulate
stability conditions for linear multicriteria optimization problems.

2 Local sharp and weak sharp solutions

In scalar optimization, the role of weak sharp minima and their relation-
ships to the existence of error bounds and stability is widely recognized,
see e.g. [1, 2, 3,5, 6]. In Section 4 we use vector weak sharp minima to
derive stability results.

By B(zq,r) we denote the open ball of centre z¢ and radius r, by Bx
and By we denote open unit balls in X and Y, respectively. Moreover,
for any set C C X, d(z,C) =inf{||lz — ¢} : c€ C}.

For any a € E, put

Sai={z€S: flz)=a}

Definition 2.1 We say that zo € A, f(z0) = @, 15 a local a-weak sharp
solution to (VOPY) if there exist constants T > 0 and p > O such that

F(x) = f(m0) € 7d(x, Sa)By ~ K for all z€ AN B(zo,p) T & Sa. (1)
Any local a-weak sharp solution zo € A is a local solution to (VOP) since
by (1),

f(z) — f(zo) € ~K, for = € AN B(ze,p) flz)# flzo)
which says that z¢ is a local solution to (VOP).

A function f is locally Lipschitz around zq € X if there exist constants
Ly > 0 and p > 0 such that

flz) — f(a') € Lyfja — 2'||By for z,z’ € B(zo,p). -

The following proposition relates weak sharp solution to well-posedness
of (VOPY) (see also {11, 12, 13]. It improves Proposition 4.3 of {4] in the
sense that here we do not assume that intKC # . On the other hand,
the multifunction £ defined below is slightly different from that used in
Proposition 4.3 of (4].

Proposition 2.1 Let o € A, f(xo) = a.
(%) If zo is a local a-weak sharp solution to (VOP) with constants T >0
and p > 0, then
f(z) ~ f(xo) & 7d(z,S2)By z € AN B(zo,p) = & Sa. (2)

(i) zo is a local a-weak sharp solution to (VOP) with constants 7 > 0
and p > 0 if and only if the following condition holds:



(C) there exist €0 > 0 and p > 0 such that for each 0 < ¢ <y
£%()NB(ze, p) := ANB(z0, p)Nf  Ha+eBy —K) C S.,+E;_1-Ey,

Proof. (i) immediate,
To prove (ii), suppose on the contrary that (C) does not hold, i.e.,
there exist sequences €, — 0% and (z.) C A4, 2, — zp satisfying

flzn) €Ea+eBy — K, for n>1,
and d(zn,5) > en1. Hence, 2, € S, and forn > 1

f(zn) = a+enbn — kn, where b, € By, kn,cX.

Therefore,
En
flzn) =a+ mrd(r“, Sa)bn — kn.

Clearly,

- €n

1= by ‘

b s € B
and

)

Jlen) =+ td(ae, S“)’_l,, =y & Tl SOy - R

Suppose now that zo € S, is not a local a-wesk sharp solution with
constant r > 0. There exists a sequence (zn) C A\ Sa, 2n — 20, such

that
f(Tn) — @ € 7d(n, Sa)By - K,

and one can choose 7, < 7 such that
f(zn) — @ € Thd{Tn, Sa)bn — kn, where b, € By, k, € K.

Take €, := Tnd(zn,Sa) — 0. Hence, for any given p > 0 and all n
sufficiently large

zn € AN B(zo,p) N [T a+ e By —K)
while d(zn, Sa) = ﬁsn > %E,, which contradicts condition (C). -]

Condition {C} of Proposition 2.1 (ii) can be rephrased as follows. The
set-valued mapping £% : Ry3 X defined as

E%(e) == AN f Y a+eBy —K)

is calm at any (0, zo) € graph £, with constants p > 0 and £ > 0, where a
set-valued mapping I' : X33 Y is calm at (xv, yo) € graph [ if there exist
constants p > 0, L > 0 and ¢ > 0 such that

I'(z) N (yo + pBy) C ['(zo) + Lo — zollBy for z € B(aw,t).

Moreover, £%(0} = Sa. For similar results see e.g. Proposition d.1 and
Proposition 4.3 of [4].
Below we define local sharp solutions to (VOP).



Definition 2.2 We say that 7o € A, f(z0) = ¢, is a local sharp solution
to (VOP) if there exist constants T > 0 and p > 0 such that

Sz) = flao) € 7llz — 20l|By =K for € ANB(za,p) T & Sa. (3)

Clearly, cach Jacal sharp solution @y, f{ze) = «, is a local a-weak sharp
solution. Let us note that condition (3) does not imply that =g is a locally
unique solution to (VOP), whereas the condition

f(z) — f(z0) & Tllz — 2o}l By — K for =z € AN B(zo,p) = # zo.

(see e.g. [10]) implies that o is a locally unique solution to (VOP) in the
sense that f(z) # f(zo) for all z € B(zq, p).

We say that o € F is a local strict efficient point of order 1 to (VOP)
if there exist constants y > 0 and p > 0 such that

fx)—f(wo) € 7| f(2)— f(zo)| By ~K for z € ANB(zo,p), = ¢ Sa. (4)

Proposition 2.2 If f is locally Lipschitz around zo with constant Ly and
x0 € A, f(zo) = o, is a local sharp solution with constant T > 0, then

T<Lj
and o is o local strict efficient point of order I with constant flf‘

Proof. Since f is locally Lipschitz around =z, there exist constants Ly > 0
and p > 0 such that

I f(2) = flzo)l} < Lsllz — zol| for z €& B(ze,p). (5)

If it were 7 > Ly, then it would be
flz) = f(zo) & Lyllz ~ zolfBy ~ K for z € AN B(zo,p), = ¢ Sa
and consequently
f(z) = flzo) & Ly||lz — zal| By

contradictory to (5). Moreover, by (5),
Flz) = Flwo) & Lllﬂf(a:) ~ f(zo)|By = K for =€ ANB(z0,p), T & Sa
which proves that o is a local strictly efficient point of order 1. [ ]

We define directional differentiability of f at zq in the direction u via
the contingent derivative
flma + tv) = f(za)
(80} (0+ ) t

f(zoju) =

and we say that f is directionally differentiable at zo if f is directionally
differentiable at zo in any direction v € X.

The following proposition provides snfficient conditions for sharp so-
lutions in terms of contingent directional derivatives. Put

Sa = {z€8 : flz)= f(x0) = # o}




Proposition 2.3 Let X be a finite dimensional space. Let f be direc-
tionally differentiable at zo € A, f(zo) = a. If, for any tangent direction
0#v € Ty s, (o)
f'(woiv) & 7By — K,

where By stands for the closure of By, then zo € A is u local sharp
solution to (VOP) with constant 7 > 0.

Conversely, if To € A is a local sharp solution with consiant 7 > 0,
then for any tangent direction v € TA\§, (z0), v#0,

f'(zo;v) g TBy - K.
Proof. Suppose that z¢ is not a local sharp solution with constant = > 0.

For each n > 1 there exists £, € A B(xzq, ;ll-), 2o & Sa, Tn — 29, such

that
f(za) — f(z0) € Tl ~ 20l By ~ K.

Putting vn := 2222 we get va — v € T3, (o), v # 0, and
{(za) = f(zo) €rBy - K, ie fzov) € 7By - K.
flzn — ol
Conversely, suppose that zq is a local sharp solution to (VOP). There

exist constans v > 0 and p > 0 such that

f(z) — f(zo) € ]Iz — zol|By — K for z € ANB(z0,p), T& Sa-

Take any T, C A\Sa, Tn — @and put v, = "—:ﬂﬂ and tn = ||zn —xof.
Then v, —+ v € TA\S'G(Io) and

f_(l‘givw;'")_—fﬁv_)gfsy—x.

Hence, f'{zo;v) € TBy — K. n

Corollary 2.1 Let X be a finite-dimensional space and let f be direction-
ally differentiable at zo € A. Then, zq is a local sharp solution to (VOP)
if and only if for anyv € Tpy5,, v # 0,

f'(zoiv) € -K.

Proof. 'If’ part of the proo!f is the same as the "if’ part ol the proof of

Proposition 2.3 with 7 = £.
To complete the proof, assume that there exists v € Ty5., v # 0,

such that

fl(zojv) = ko € =K.
The remaining part of the proof follows the lines of the second part of the
proof of Theorem 4.1 of [10]. []

Now we discuss the relationships between local sharp solutions and
local Henig proper solutions.



‘We say that a € F is a local Henig proper efficient point to (VOP) if
there exists a closed convex cone 2 C Y, intQ # @, such that X\ {0} C
int Q and p > 0 such that

(f(z) —a)N (-Q) = {0} for = € AN B(=zo,p)\ Sa.
Moreover, To € 8, f(zo) = a, is a local Henig proper solution to (VOP)
if @ is a local Henig proper efficient point to (VOP).

Proposition 2.4 Let K be a dased cone with a compact base ©.

(i) « € E is a local Henig proper efficient point to (VOPY) if and only if
a is a local strict efficient point of order 1.

(ii) Let f be locally Lipschitz around zo. If o € A is e local sharp
solution ta (VOP), then xo is a local Henig proper solution.

Proof. (i). Suppose that « is not & local strict efficient point to (VOP).
There exists z, € A\ So, z,, — =g such that

1
flzn) - € ;Ilf(In) = f(zo)||By = K,
i.e., there exist Ax > 0 and ¢, € © such that

F(@n) = F(@0) = ~1f(a) = f(z0)llbn — Anba, where b € By. ()

Hence,
flon) = f(20) _ 1, _ An o..
I (za) = flza)l 2" f(zn) = flzo)l
Hence, since © is bounded, [|f.|| < M for some constant M > 0 and
1 A
S G - el

and consequently,
SN SR T
[ (za) = flao)ll = 2047
This proves that JIL(’—“)’\_%M <2M.
1 E3

Thus, eq 1= £ )\;f Zo)l — 0 and

f(zn) = fz0) = ~Aa(En(~bn) + bn)
which proves that « is not a local Henig proper efficient point.
Suppose now that « is not a local Henig proper efficient point. Hence,
there exisls i, € A\ S, #, — 29 such that
1
flzn) — € ~cone(;By + 8),

i.e., there exist A, > 0 and 8, € © such that

flza) = flzo) = in’lb,. — Anfla, where b, € By. (7




Hence,
flza) = fl=0)
An
and since © is compact, we can assume that 8, — o € ©, 8y # 0 and

f(z) - f(20)
_~/\_,,-L -

1
= —by — Ou,
n

Vn =

This proves that there exists M > 0 such that 1 ’");"("’“ > M and
consequently

AL
1 f(zn) — flza))f = M~
Hence, &, := %ﬂ?(z_n%m — 0 and by (7),

f(zn) — a =enll f(zn) — F(zo)llbn — kn, where k, € K.

This proves that « is not a local strict efficient point.
(it). If zo € A, f(z0) = o, is a local sharp solution to (VOP), then by
Proposition 2.2, o is a local strict efficient point of order 1, and by part

(i4) , e is a local Henig efficient point to (VOP).
-]

3 Global sharp and weak sharp solutions

Let o € E.

Definition 3.1 [4{] We say that zo € A, f(zo) = @, is a global a-weak
sharp solution fo (VOP) if there ezists a constant 7 > 0 such that

flx)y—agrd(z,Se)By — K forall z€ A\ S.. (8)

Any global a-weak sharp solution zg € A is a solution to (VOP). Indeed,
if o is a global a-weak sharp solution to (VOP), then

f(z) = flzo) € =K, for f(z) # f(z0)

which shows that o is a solution to (VOP).

If int K # @ we consider also weak solutions to (VOP). zo € A is weak
solution to (VOP), 20 € WS, if (f{A) - f(zo) N(—int K} = P. It is easy
to show that if 7o € A is a weak solution to (VOP) and not a solution,
then zq cannot be a global a-weak sharp solution to (VOP). Indeed, if
To € W5\ 5, then there exists an z € A such that

f(z) = f(zo) € —K\intK

and hence
f(@) = f(zo) € Td(z, ) By — K.
Each global a-weak sharp solution is a local weak sharp solution. 'The
converse implications will be proved in Proposition 3.3 below.
Moreover, if zo € A is a global a-weak sharp solution, then zy is &
local a-weak sharp solution. The converse implications will be proved in
Proposition 3.3 below,




A funetion [ @ X — ¥ sutisfies the Lipschitz condition on A with
vonstant Ly > 0 if

(@) = fa) € Lyl — 2|l forall z,2" € A

Proposition 3.1 Letzq € A be a global a-weak sharp solution to (VOP)
with constent T > 0.

(i) If f 4s Lipschitz on A with constant Ly, then
7<Ls.
(i2) The following condition holds:
{C1) there ezists g0 > U such that for each 0 < e < gp
AR fHat By — K) C S+ 1 By.

Proof. (i) By assumption,
flz) —a € 7d(z,5.)By — K for z € A\ Sa.
Suppose on the contrary that T > L. Take any z € A\Sa and Ly,0 < 7.
One can choose € > 0 and % € S, such that
d(z,%) < d(z,Sa) +&, 0<d(z,5)—¢

and
d(z,E) —¢

dw,z)
(i) Suppose on the contrary that (C1) does not hold, i.e., there exist
sequences £, — 01 and (z.) C 4 such that

Ly <oy <71. where oy :=0

flga) Ea+enBr - K, n21,
and d(za,Sa) > a2, Hence, for n > 1, zn € Sa, 7d(zn,Sa) > €4 and
f(za) € a+ Td(zn, Sa)By - K,

which contradicts the fact that zo is a global a-weak sharp solution to
(VOP). ™

Condition (C1) of Proposition 3.2 (ii) can be interpreted in the fol-
lowing way: the set-valued mapping £* : Ry =} X defined in Section 2,

E%e)= AN f a+<By — k)

is upper Lipschitz at any 0 € dom £, with constant ':- > 0, where a set-
valued mapping ' : X=3 Y is upper Lipschitz at £ € domT if there exist
constants L > 0 and ¢ > 0 such that

P(x) C D(zo) + Lljz — x0||By for z € B{zo,t).

Now we define global sharp solutions to (VOP).




Definition 3.2 We say that zo € A, f(To) = o, is a global sharp solution
to (VOP) if there exist a constant T > 0 such that
f(z) = flzo) € 7llz ~ 20[[By — K for z€ A\ Sa. (9)

If zo € A, f(x0) = @, is a sharp solution, then =y is a global c-weak sharp
solution to (VOP).

Recall that @ € E is a global strict efficient point of order 1 to (VOP)
(f4]) if there exists a constant y > 0 such that

f(z) —agqllf(z) ~allBy - K for z€ A f(z)# a

If f is Lipschitz on A with constant Ly > 0 and zq js an a-weak sharp
solution with constant = > 0, then

fl2)-~ag f‘r;”f(:;) —al|By =K for z € A\ Sa, (10)

f@)—ag L—Tflff(z) —allBy —K for z€ A, f(z)#a  (i1)

This means that « € E is a global strict efficient point of order 1 with the
-

rate ;-

In this way we proved the following proposition.
Proposition 3.2 Let f be Lipschitz on A with constant L;. Ifzq is a
global a-weak sharp solution to (VOP) with constant T > 0, then « € E
is a sirict efficient point of order 1 with the rate L—"f
Since each global sharp solution zo € A4, f(ze) = a, is a global a-weak
sharp solution, we get the following corollary.
Corollary 3.1 Let f be Lipschilz on A with constant Ly, If zp € A4,
f(zo) = @, is a global sharp solution to (VOP) with constant T > 0, then
a € E is a strict efficient point of order | wilh the rule 'LL,

m
I

Recall that f is a K-convez function it fov any A € [0, 1] and 1" <
FOT+ =Ny eAf(2)+ (1 = Nf') - K.
Note that if A is convex and f is K-convex, the sets 54, & € £, are convex,
Indeed, for any z,z’ € Sa
fOz+(1-Nz)€a—-K,
and it must be f(Az + (1 ~ A\)&') = @ since a € E.
Proposition 3.3 Let A be convex and let f be K-conver. Lel o € E and
To € Sa.
(i) zo s o local sharp solution iff zo is o global sharp solution.

(ii) Let X be reflezive. Let A be closed and f continuvous on 4. xn s «
local a-weak sharp solution iff xo is a global a-weak sharp solution.



Proof. Note that by the assumptions, S, is closed and convex.

(7). If zo a global sharp solution, then clearly zo is a local sharp
solution. To see the converse, suppose on the contrary that zo is not a
global sharp solution with constant 7 > 0. Then, there exists x € A\ Sa
such that

f(z) = f(zo) € Tllz — zo|| By — K.

Let A € [0,1]. By the convexity assumptions,
FOz+ (1 - Mzo) € Af(2) + (1= \)f(wo) - K

and consequently

FOx + (1 — Mzo) — Flzo) € Mf() — f(z0)) = K C Arllz — zo|| By — K.

‘I'hus, {or auy p > 0 there is A € {0, 1] such that Az + (1 — A)zo € B(zo, p)
and

F(Az + (1 = N)zo) — f(za) € T{jz ~ zo]| By — K.
which contradics the fact that xe is a local sharp solution.

(ii). If 2o is a global a-weak sharp solution, then o is a local a~-weak
sharp solution. To see that converse, suppose on the contrary that zg is
not a global a-weak sharp solution with constant 7. There exist z € A\ Sa
such that

f&) = flzo) € Td(x, 5a) By ~ K.
Moreover, there exists T € S, such that d(z, T) = d(z, Sa). Let A € (0,1].
By convexity assumptions, Az + (1 — A)Z € A\ Sa, and

FOT + (1= 2)E) € Af(z) + (1~ NFE) - K.

Hence, for any p > 0 one can choose A € [0,1] such that z 4 (1 — A)Z €
AN B(Sa, p) and

f(Az + (1= X&) — f(Z) € Af(z) ~ F(F)) -~ K C 7d(z, Sa)By — K
which contradicts the fact that zo is a local a-weak sharp solution, [ ]

Recall that « € F is a global Henig proper efficient point if there exists
a closed convex pointed cone 2 C Y, int Q # @, such that K\ {0} C int
and

(flz) —a)N (-9} = {0} forallz e A\ Sa
Moareover, w0 € A, f(zo) = @, is a global Henig proper solution to (VOP)
il
(F(z) = f(z0)) N (—Q) = {0} for = € A\ Sa,
i.e. o € S, is a global Henig proper solution if and only if « is a global
Henig proper efficient point.

Clearly, each global Henig proper solution is a local Henig proper so-
jution. As in Proposition 3.3, we can prove that if A is convex and f
is K-~convex, then each local Henig proper solution (efficient point) is a
global Henig proper solution (efficient point).

By this and by Proposition 3.3 we obtain the following global coun-
terpart of Proposition 2.4.
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