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Abstract

In the paper we discuss the notions of local and global sharp and weak
sharp solutions to vector optimization problems. As an application we
provide sufficient conditions for stability of solutions in perturbed prob-
lems and we specialize these conditions to linear multicriteria problems.
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1 Introduction

Let Y and Y be normed spaces and let L C Y be a closed convex pointed
cone in Y. We consider vector optimization problems of the form

K — min f(z)

(VOF) subject toz € A

where f : X — Y, A CY is afeasible set. By F C Y we denote the set of
all global efficient points of (VOP), i.e., € Eif (f(A)—a)n(=K) = {0}.
The set S C X defined as § = AN f~1(E) is the set of all global solutions

to (VOP).
A point zg € A, f(zo) = «, is a local solution to (VOP) if there exists

p > 0 such that
(f(An B(zo, p)) — o) N (-K) = {0}.

a € f(A) is a local efficient point if there exists p > 0 such that
(f(A)N B(a, p) — a) N (-K) = {0}.

If f(zo) € f(A) is a local efficient point to (VOP) and f is continuous at
Z9, then zg is local solution to (VOP). Moreover, if f(A) is a convex set,
then the sets of local and global efficient points coincide.

We discuss the notions of sharp and weak sharp solutions to (VOP).
In Section 2 local notions are presented and their basic properties are
proved. In Section 3 global sharp and weak sharp solutions are discussed.



The equivalence between local and global notions is investigated under
standard convexity assumptions. In Section 4 sharp and weak sharp solu-
tions are exploited to derive general stability results for perturbed prob-
lems. Finally, in Section 5, the general results are applied to formulate
stability conditions for linear multicriteria optimization problems.

2 Local sharp and weak sharp solutions

In scalar optimization, the role of weak sharp minima and their relation-
ships to the existence of error bounds and stability is widely recognized,
see e.g. [1, 2, 3, 5, 6]. In Section 4 we use vector weak sharp minima to

derive stability results.
By B(xzo,r) we denote the open ball of centre zg and radius r, by Bx

and By we denote open unit balls in X and Y, respectively. Moreover,
for any set C C X, d(z,C) =inf{||lz —cl| : c€ C}.
For any o € E, put

Sa:={zeS: flz)=al

Definition 2.1 We say that zo € A, f(xo) = @, is a local a-weak sharp
solution to (VOPY) if there exist constants 7 > 0 and p > 0 such that

f(z) = f(zo) € 7d(z, Sa)By — K for all z€ AN B(xo,p) z & Sa. (1)
Any local a-weak sharp solution zg € A is a local solution to (VOP) since
by (1),

f(z) = f(zo) & —K, for z € AN B(zo,p) f(z)# flzo)

which says that zo is a local solution to (VOP).

A function f is locally Lipschitz around zo € X if there exist constants
Ly > 0and p > 0 such that

f(z)~ f(z") € Lyl - 2'|By  for x,2" € B(zo, p).

The following proposition relates weak sharp solution to well-posedness
of (VOP}) (see also [11, 12, 13]. It improves Proposition 4.3 of [4] in the
sense that here we do not assume that intkC # . On the other hand,
the multifunction £ defined below is slightly different from that used in

Proposition 4.3 of [4].
Proposition 2.1 Let zo € A, f(zo) = a.
(1) Ifzo is a local a-weak sharp solution to (VOP) with constants 7 > 0
and p > 0, then
fl2) — f(zo) & 7d(z,Sa)By 2z € AN B(zo,p) T & Sa. (2)

(1) zo is a local a-weak sharp solution to (VOP) with constants 7 > 0
and p > 0 if and only if the following condition holds:



(C) there exist eg > 0 and p > 0 such that for each 0 < e < gp
£%()NB(zo, p) = ANB(zo, p)f " (a+eBy —K) C Sa+e%By.

Proof. (7) immediate.
To prove (i1), suppose on the contrary that (C) does not hold, i.e.,
there exist sequences €, — 0% and (z.) C A, zn — z0 satisfying
flzn) Ea+e.By — K, for n>1,
and d(zn, Sa) > £.1. Hence, zn ¢ Sa and for n > 1

f(zn) = o+ €nbn — kn, where b, € By, kn € K.

Therefore,
En
n) =0+ ———==7d(Tn, Sa)bn — kn.
flza)=a+ Td(z:n,Sa)T (z ) k
Clearly,
. €
by ;= —————b, € By,
Td{zn, Sa) € by
and

f(zn) = a+ 7d(zn, Sa)bn — ka € @+ 7d(za, Sa)By — K.

Suppose now that zo € Su is not a local a-weak sharp solution with
constant 7 > 0. There exists a sequence (zn) C A\ Sa, Tn — =z, such

that
f(In) - € Td(l‘n, Sa)By — /C,

and one can choose 7, < 7 such that

f(l‘n) —a € Tnd(l‘n, Su)bn - kTLy where bn € BY, kn € K.

Take £, = Tad(z,,5.) — 0. Hence, for any given p > 0 and all n
sufficiently large

Zn € AN B(xo,p) N f (a+exBy — K)
while d(zn, Se) = —::en > e, which contradicts condition (C). n

Condition (C) of Proposition 2.1 (i1) can be rephrased as follows. The
set-valued mapping £% : Ry 3 X defined as

E%e) = AN f Y a+eBy — K)

is calm at any (0,z¢) € graph £, with constants p > 0 and 1 > 0, where a
set-valued mapping I': X33 Y is calm at (zo,y0) € graph I' if there exist
constants p > 0, L > 0 and t > 0 such that

T(z) N (yo + pBy) C T(zo) + Lllz — zo||By for z € B(xo,t).

Moreover, £%(0) = S,. For similar results see e.g. Proposition 4.1 and

Proposition 4.3 of [4].
Below we define local sharp solutions to (VOP).



Definition 2.2 We say that xo € A, f(zo) = «, is a local sharp solution
to (VOP) if there erist constants T > 0 and p > 0 such that

f(z) — f(zo) € Tlle — zol| By ~K for 2 € AN B(zo,p) =& Sa. (3)

Clearly, each local sharp solution zy, f(zo) = «, is a local a-weak sharp
solution. Let us note that condition (3) does not imply that zo is a locally
unique solution to (VOP), whereas the condition

flz) — f(zo) & T|lz — zof|By — K for =z € AN B(zo,p) x5 wo.

(see e.g. [10]) implies that xo is a locally unique solution to (VOP) in the

sense that f(z) 5 f(zo) for all x € B(zo, p).
We say that « € F is a local strict efficient point of order 1 to (VOP)

if there exist constants v > 0 and p > 0 such that
f(@)—f(z0) & Y f(z) = f(zo)| By =K for z € ANB(z0,p), T & Sa- (4)

Proposition 2.2 If f is locally Lipschitz around zo with constant Ly and
o € A, f(zo) = «, is a local sharp solution with constant T > 0, then

T < Ly,
and « is a local strict efficient point of order 1 with constant LL!

Proof. Since f is locally Lipschitz around xzo, there exist constants Ly > 0
and p > 0 such that

I/ (z) = f(zo)ll < Lyllz — xo|| for = € B(xo,p). (5)
If it were 7 > Ly, then it would be
f(2) — f(z0) & Lyllz — 20| By =K for =€ AN B(xo,p), @& Sa
and consequently
£(z) = f(z0) & Lyllz — ol By
contradictory to (5). Moreover, by (5},

f(z) — F(xo) & Lifuf(m) — f(zo)|By =K for z€ ANB(zo,p), =& Sa

which proves that « is a local strictly efficient point of order 1. ]

We define directional differentiability of f at z¢ in the direction u via
the contingent derivative

f(zo;uy= lim zo & tv) = f(wo)
(2,0) —(0+ u) t

and we say that f is directionally differentiable at z¢ if f is directionally
differentiable at xo in any direction v € X.

The following proposition provides sufficient conditions for sharp so-
lutions in terms of contingent directional derivatives. Put

S,={zeS : f(zx)=flz) z+#zo}.



Proposition 2.3 Let X be a finite dimensional space. Let f be direc-
tionally differentiable at zp € A, f(zo) = . If, for any tangent direction
0#vEe TA\.S-‘., (z0)

f'(zo;v) & 7By — K,
where By stands for the closure of By, then zo € A is a local sharp

solution to (VOP) with constant 7 > 0.
Conversely, if zo € A is a local sharp solution with constant T > 0,

then for any tangent direction v € TA\§° (z0), v#0,
' (zo;v) & TBy — K.
Proof. Suppose that zo is not a local sharp solution with constant 7 > 0.

For each n > 1 there exists z. € AN B(xo, ?1[): Zn & Sa, Tn — xg, such

that
f(:l:n) — f(:l:o) (S T”:L‘n — 130”BY - K.

Putting vy, : Zu 20 we get v, — U € TA\S-Q (z¢), v # 0, and

Tz —aoll

M—) € 7By — K, ie f'(zo;v) € TBy — K.
Jlzn — zoll

Conversely, suppose that zo is a local sharp solution to (VOPF). There
exist constans 7 > 0 and p > 0 such that

f(z) = f(zo) € Tllz — z0||By =K for z € An B(zo,p), = & Sa.

Take any =, C A\ Sq, z» — 0 and put v, := ”—";:{—fgﬂ and t, = ||zn — ol
Then vn — v € Ty 5_(20) and

f(zo +tn:n) - f(IO) gTBY _K.

Hence, f'(zo;v) & 7By — K. [ ]

Corollary 2.1 Let X be a finite-dimensional space and let f be direction-
ally differentiable at o € A. Then, zo is a local sharp solution to (VOP)
if and only if for any v € Ty 5., v#0,

f'(:co;v) & —K.

Proof. ’'If’ part of the proof is the same as the "if’ part of the proof of
L

Proposition 2.3 with 7 = =.
To complete the proof, assuime that there exists v € Ty\s,, v # 0,
such that
F{zo;v) = ko € =K.
The remaining part of the proof follows the lines of the second part of the
proof of Theorem 4.1 of [10]. |

Now we discuss the relationships between local sharp solutions and
local Henig proper solutions.



We say that o € E' is a local Henig proper efficient point to (VOP) if
there exists a closed convex cone @ C Y, intQ # 0, such that £\ {0} C

int 2 and p > 0 such that

(flz) —a)n (=) = {0} for z &€ AN B(zo,p)\ Sa.
Moreover, zo € S, f(zo) = a, is a local Henig proper solution to (VOP)
if a is a local Henig proper efficient point to (VOP).
Proposition 2.4 Let K be a based cone with a compact base O.

(1) a € E is a local Henig proper efficient point to (VOP) if and only if
« is a local strict efficient point of order 1.

(ii) Let f be locally Lipschitz around zo. If zo € A is a local sharp
solution to (VOUP), then xy is a local Henig proper solution.

Proof. (i). Suppose that a is not a local strict efficient point to (VOP).
There exists z, € A\ Sa, Tn — 2o such that

1
flzn) = a € ~||f(zx) = f(20)l By = K,
i.e., there exist A, > 0 and 6,, € © such that

F@n) = £(20) = =1/ (5n) = f(z0)lbn ~ Ao, Where b € By. (6)

Hence,
S = ge) 1,
[f(za) = flza)]  n " [f(za) = flzo)[ ™

Heuce, since © is bounded, ||6.| < M for some constant A7 > 0 and

An

1
LS L T - Feon ™

and consequently,
An S 1
Nf(zn) ~ flzo)]| — 2M°
This proves that f(z“)/\:‘f(zn) <2M.
Thus, €, := %Mﬁiﬂﬂm — 0 and

f(@a) = f(z0) = =An(en(~bn) + 6n)
which proves that « is not a local Henig proper efficient point.
Suppose now that a is not a local Henig proper efficient point. Hence,
there exists £ € A\ Sa, Tn — o such that
1
flzn)—ac€ ——cone(;l-By + ©),

i.e., there exist A\, > 0 and 8, € © such that

Hzn) = flzo) = /\—T:-bn — An0,, where b, € By. (7)



Hence,
L) = 1@ L, g
An n
and since © is compact, we can assume that 0, — 6o € ©, 6o # 0 and

) = )
n = " Bo.

This proves that there exists M > 0 such that L I")/\_rf(“’ I > M and

consequently
An 1

/@) - Faa)] = M

1 Au 0.
Hence, £, 1= = lieEient 0 and by (7),
f(zn) — @ =ceallf(zn) = flzo)||bn — kn, where k, € K.

This proves that « is not a local strict efficient point.
(31). If zo € A, f(zo0) = @, is a local sharp solution to (VOP), then by
Proposition 2.2, a is a local strict efficient point of order 1, and by part

(41) , o is a local Henig efficient point to (VOP).
u

3 Global sharp and weak sharp solutions

let a € E.

Definition 3.1 [{] We say that xo € A, f(zo)} = a, is a global a-weak
sharp solution to (VOP) if there exists a constant 7 > 0 such that

f(@)~adgrd(z,Se)By — K forall z€ A\ Sa. (8)

Any global a-weak sharp solution zo € A is a solution to (VOP). Indeed,
if zo is a global a-weak sharp solution to (VOP), then

flz) — f(zo) & —K, for f(z)# f(zo)

which shows that z is a solution to (VOP).

If int K # @ we consider also weak solutions to (VOP). zo € A is weak
solution to (VOP), zo € WS, if (f(A) — f(zo) N (—int ) = 0. It is easy
to show that if zo € A is a weak solution to (VOP) and not a solution,
then zo cannot be a global n-weak sharp solution to (VOP). Indeed, if
To € WS\ S, then there exists an z € A such that

f(z) = f(zo) € =K\ int K

and hence
f(z) = f(z0) € 7d(z, S)By — K.
Each global a-weak sharp solution is a local weak sharp solution. The
converse implications will be proved in Proposition 3.3 below.
Moreover, if zo € A is a global a-weak sharp solution, then zo is a
local a-weak sharp solution. The converse implications will be proved in
Proposition 3.3 below.



A function f : X — Y satisfies the Lipschitz condition on A with
constant Ly > 0 if

I1£(z) = £z < Lyllz — 2’| for all z,2" € 4

Proposition 3.1 Let zo € A be a global a-weak sharp solution to (VOP)
with constant 7 > 0.

(i) If f is Lipschitz on A with constant Ly, then
TSLf.

(i) The following condition holds:
(C1) there exists ep > O such that for each 0 < e < go

Anf a4+ eBy —K) C Sa+ S%BY.

Proof. (i) By assumption,
f(z) —a & 1d(z,8.)By — K for z € A\ Sa.

Suppose on the contrary that 7 > Ly. Takeany z € A\ Sz and Ly, 0 < 7.
One can choose € > 0 and T € S, such that

d(z, %) < d(z,Sa) +¢&, 0<d(z,z)—¢

and A =
Ly <oy <71, where o) := U%E.

(i1) Suppose on the contrary that (C'1) does not hold, i.e., there exist
sequerices e, — 0% and (z,) C A such that

flzn) €a+e,By =K, n>1,
and d(z,, Sa) > En}_. Hence, for n > 1, z,. & Sa, 7d(zn, So) > €, and
f(I'“) €a+ Td(:lt.“, SQ)BY - }C,

which contradicts the fact that zo is a global a-weak sharp solution to

(Vvopr). =

Condition (C1) of Proposition 3.2 (i) can be interpreted in the fol-
lowing way: the set-valued mapping £€¢: R+ X defined in Section 2,

E*e)= AN f Y a+eBy —K)

is upper Lipschitz at any 0 € dom &, with constant % > 0, where a set-
valued mapping I : X3 Y is upper Lipschitz at xy € dom T if there exist
constants L > 0 and ¢ > 0 such that

T(z) C T(zo) + L||z — zo||By for z € B(zo,1).

Now we define global sharp solutions to (VOP).



Definition 3.2 We say that xo € A, f(zo) = , is a global sharp solution
to (VOP) if there exist a constant T > 0 such that

f(z) = f(zo) & 7llx — zo||By — K for z € A\ Sa. (9)

If zo € A, f(z0) = @, is a sharp solution, then zo is a global a-weak sharp

solution to (VOP).
Recall that o € E is a global strict efficient point of order 1 to (VOP)

([4]) if there exists a constant y > 0 such that
f@)—adgyfflz)-allBy -K for z€ A f(z)# .

If f is Lipschitz on A with constant Ly > 0 and ¢ is an a-weak sharp
solution with constant 7 > 0, then

f(z)~all < Lsllz— 2’| < Lpd(z,S«) forall z€ A\ S, ' € Sa

and
fz)—ad %Nf(x)—a"By—}C for € A\ Sa, (10)

f(z)—ag {—f“f(z) —a|By —K for z€ A, f(z)+#a. (11)

This means that a € F is a global strict efficient point of order 1 with the
rate f’f—
In this way we proved the following proposition.

Proposition 3.2 Let f be Lipschitz on A with constant Ly. If zp is a
global a-weak sharp solution to (VOP) with constant 7 > 0, then o € E
is a strict efficient point of order 1 with the rate ZI;

Since each global sharp solution zo € A4, f(z0) = ¢, is a global a-weak
sharp solution, we get the following corollary.

Corollary 3.1 Let f be Lipschitz on A with constant Ly. If xy € A,
f(zo) = a, is a global sharp solution to (VOP) with constant 7 > 0, then
a € E 15 a strict efficient point of order [ with the rate "Llf

Recall that f is a K-conwez function if for any A € [0,1] and z,z' € X
fAz + (1= Nz') € Af(z) + (1 = N f(z') - K.
Note that if A is convex and f is K-convex, the sets S, o € E, are convex.
Indeed, for any z,z’ € Sa
fOz+(1-Nz)ea-K,

and it must be f(Az + (1 — A)z’) = o since o € E.

Proposition 3.3 Let A be convex and let f be K-convex. Let o € E and
To € Su.

(i) zo is a local sharp solution iff xo is a global sharp solution.

(it) Let X be reflexive. Let A be closed and f continuous on A. zo is a
local a-weak sharp solution iff xo is a global a-weak sharp solution.



Proof. Note that by the assumptions, S Is closed and convex.

(). If zo a global sharp solution, then clearly zo is a local sharp
solution. To see the converse, suppose on the contrary that zy is not a
global sharp solution with constant 7 > 0. Then, there exists z € A\ Sa
such that

#(z) = F(z0) € T}z = wo]| By — K.

Let A € [0,1]. By the convexity assumptions,
FOz + (1= \)zo) € Af(x) + (1= \)f(z0) — K

and consequently

FAz + (1~ Nao) ~ flzo) € Mf(z) — f(zo)) = K C Arl|z — zo)|By ~ K.

Thus, for any p > 0 there is A € [0, 1] such that Az + (1 — A)xo € B(zo, p)
and
f(/\:l: + (]_ - /\)Io) — f(:ro) € T”IE — CL‘Q”BY - K.
which contradics the fact that zo is a local sharp solution.
(ét). If zo is a global a-weak sharp solution, then z¢ is a local a-weak
sharp solution. To see that converse, suppose on the contrary that zo is
not a global a-weak sharp solution with constant 7. There exist z € A\ S,

such that

f(z) — f(zo) € 7d(z,Sa)By — K.
Moreover, there exists £ € Sq such that d(z, Z) = d(z, S.). Let A € (0,1].
By convexity assumptions, Az + (1 — A)Z € A\ Sa, and

fz+ (1= 0)F) € Af(x) + (1 - ) f(T) - K.

Hence, for any p > 0 one can choose A € [0,1] such that z + (1 — A)% €
AN B(Sa,p) and

FOz+ (1—N3) ~ f(@) € A(f(z) — f(&)) - K C 1d(z,Sa)By — K
which contradicts the fact that z¢ is a local a-weak sharp solution. ]

Recall that o € £ is a global Hentg proper efficient point if there exists
a closed convex pointed cone 2 C Y, intQ # @, such that K\ {0} C int
and

(flz)—a)N(—N) = {0} forallze A\ Sa
Moreover, zo € A, f(xo) = ¢, is a global Henig proper solution to (VOP)
if
(f(x) = f(z0)) N (=) = {0} for z € A\ Sa,

i.e. zop € S, is a global Henig proper solution if and only if « is a global

Henig proper efficient point.

Clearly, each global Henig proper solution is a local Henig proper so-
lution. As in Proposition 3.3, we can prove that if A is convex and f
is K-convex, then each local Henig proper solution (efficient point) is a
global Henig proper solution (efficient point).

By this and by Proposition 3.3 we obtain the following global coun-

terpart of Proposition 2.4.
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