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Abstract 

In the paper a cooperative game in partition function is proposed 

for the cost allocation problem. The game describes real situations in 

which payoff of any coalition does not only depend on the players in the 

coalition but also on the coalition structure of other players. Solution 

concepts are analyzed. It is shown that the core of the game in parti­

tion function form is equal to the core of an appropriately fonnulated 

game in characteristic function form. On the base of the theoretical 

results, the core, the stable sets and severa! nucleoli concepts can be 

derived and utilized for decision support. 

1 Introduction 

In the paper (I<rus, Bronisz 2000) the cost allocation problem has been con­

siclerecl in the case of a development project giving on an output a vector 

of goocls. Actors interestecl in obtaining the goods can create coalitions to 



implement the project jointly. The cost allocation problem cleals with a.lloca­

tion of the cost of the project among the a.ctors as weU as among the goods. 

In the paper a family of cooperative games in characteristic function form, 

including pricing mechanism has been proposed and analyzed. Different so­

lution concepts have been presented together with algorithms which a.llow 

derive the solutions. In the paper, similarly as in other papers dealing wit.h 

the cost allocation problems (Young, Okacla, Hashimoto 1980, Seo, Sakawa 

1987, Legros 1986) utilizing cooperative games in characteristic funct.ion form 

it is assurned that the payoff of each coalition clepends on the players who 

create it. 

There are also practical situations where the payoff of any coalition de­

pends not only on the players creating it but also on the coalition structure 

of the other players (more generał on partition of the players). It is typical in 

the case of firms sharing a given market of goods or services. If severa! firms 

decide to create a coalition, its gain depends also on other firms, whether 

the other firms will act independently or create other coalition. This pa.per 

cleals with cost allocation problems in such situations. It is assumed that the 

actors - players try to obtain same goods and are ready to cover required 

cost. To reach the goods they can act independently or create coalitions. 

The costs which have to be covered depend not only on the coalition itself 

but also on the coalition structure of other players. The problem deals with 

cost allocation among the players, but also among the goods. In the paper a 

coopera.tive game in partition function form is proposed to model the a.bove 

decision situation. The theory of such games is developed as the base for 

decision support. In sections 2 and 3 the considered problem is forrnally de­

fined. In section 4 the cooperative game in partition function form is given 
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ancl considered as a model which can be used for analysis of the problem. 

Solution concepts to the game are proposed in section 5, based on the in­

troduced domination relation. Properties of the solution concepts have been 

shown in five theorems. 

2 General formulation of the problem 

Let N = {l, ... , n} be a finite set of players, and Jet N be the set of all 

nonempty subsets of N. 

Let S denote a given coalition of players, S EN. Each player is interested 

in the same set of goods lvf = { 1, ... , m}, which can be obtained by covering 

some costs. 

For any SE N let Q ={Pi, ... , P,.} be a partition of S, i.e. 

,. 
LJ P, = S, Vj P1 -1- O, Vk P1 n Pk = 0 if k -1- j, (1) 
i=l 

and Jet IIs denote the set of all partitions of S. For simplicity we will 

clenote by II the set IIN. Let P1 be the partition consisting of individual 

players, i.e. P1 = {{l},{2}, ... ,{n}}. 

For each coalition S E N a.nd partition P E II, such that S E P there 

are given functions fs,P : IRm _, IR describing the cost required to obtain 

the vector of goods x E IRm. We assume, that x = (x 1 , ... , xm) E IR';, what 

means, that the players are interested only in positive vectors of the goods. 

In other words, the functions fs,P depend on the total amount of the goods 

and do not depend on a division of them among players in S, but can depend 
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on the partition of other players in P. 

Let Z= (z1, ... , Zn) E JR~xm = JRNM, where: 

JRMN is the space of goods of the grand coalition N, 

z,J is the volume of the good j assigned to the player i, for j E !VI, i E N. 

The generał problem consists in the formulation of the cooperative games 

111 partition function form and looking for solution concepts in the games. 

To formulate the game we apply a mechanism of cost allocation using prices 

for the vector of goods. 

3 Cost allocation problem 

Let f JR'; -> JR be a cost function, which has continuous first partia.I 

derivatives, J(O) = O, and is defined for x 2". O. According to the definition of 

the cost function, the va.lue f(x) mea.ns the cost required for obta.ining the 

vector x = ( x 1 , ... , Xm) of goods. 

Definition 3.1 

The pair (f, x) satisfying the above assumptions is called the cost allocation 

problem of the order m. o 

The set of all cost alloca.tion problems of the order m is denoted by pm, 

and the set of a.li cost a.Jloca.tion problems by P = U pm 
. m~l 

Definition 3.2 

The function c : P -> U JRm is called the cost allocation procedure, if 
m~l 
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for n given cost nllocntion problem, it assigns a vector of prices, i.e. 

(J , :r) EP"' ...... c(J, x) E JR"', 

\\'here c(f, ,,; ) = ( c1 (J, x ), ... , c1(f, ,,; ) , ... , c,,,(f, :r) ), 

and c1(J, x) is the price of j-th goocl. • 

4 Formulation of the cooperative game in par­

tition function form 

For a given vector of goocls z = ( z1 , ... , z,.) E !RN M, we can clefine the cooper­

ative game in partition function form utilizing the cost allocation mechanism. 

In the following formulations we omit z in inclexes to simplify the notation. 

Definition 4.1 

The multi-items cooperative game in partition function form is clefinecl by 

a pair ( N, F), where N is the set of players and F is a function which for 

ench partition PE II, P = {P1 , A, ... , P,.} nssigns r-climensionnl real vector 

Fp= (Fp(Pi), ... ,Fp(P,.)). Components of the vector a.re given by: 

• 

Applying the cost allocntion proceclure the components Fp(Pk) can be 

rewritten ns follows: 

Fp(Pk) = z= I: [c1U{i),Pn zi) x ZiJ] - I: [c1UPk,P, z= z,) x z= ZiJ]. 
iEPk j=l j=l iEPk iEPk 

In the definition, the part: 

f [c,(f{iJ Pt> z;) x z;1 ] clescribes the cost of incliviclual action of the -i-th 
J=I 

plnyer, and the part: 

5 



f [c1(/P,.,P, . I: z,) x I: z,1] describes the cost of joint action of the players 
J= l 1EPk 1EP1,; 

in the coalition ?;,. 

Fp(P;) describes the benefit the players can obtain acting together in coali­

tion Pk in comparison to their individual actions. Let us see that Fp(P;,) 

depends on thf partition P, that means it depends on possible coalition 

structure of other players. 

For each nonempty coalition S EN and each partition Q E Ils we define 

the following functions: 

v(S) 

u(Q) 

v(S) 

min Fp(S), v(0) = O, 
{PEl1•SEP} 

min L Fp(T) 
{PE11,QcP} TEQ ' 

max u(Q), 17(0) = O. 
{QE11s} 

(2) 

(3) 

(4) 

Intuitively, v(S) denotes the maxima! worth of a coalition S independent 

on the behavior of the players, u(Q) denotes the maxima! amount which is 

guarantied for the players arranged in Q independent on the behavior of the 

others players, v(S) denotes maxima! amount which is guaranteecl for the 

players in S independent on the behavior of the other players. 

Example 1. 

To illustrate the functions introduced above Jet us consider a game with four 

players. Let the the functions Fp(Pk) be as follows: 

for each clifferent i,j, k, m EN 

(i) Fp( {i})= a, for any partition P such that {i} EP 

(ii) Fp({i,j}) = b, for P = {{i,j},{k},{m}}, 

(iii) Fp( { i, j}) = c, for P = { { i, j}, { k, m}}, 
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(iv) Fp({i,j,k}) = d for P = {{i,j,k}, {m}} , 

(v) Fp(N) = e, for P = {N}. 

In such a case the function v(S) for any nonempty coalition S E N takes 

the values: 

v({i})=a, 

v({i , j}) = min(b, c), 

v({i,j,k}) = d, 

v(N) = e 

and the values of the function v( S) are as follows: 

v({i}) = a, 

v({i,j}) = max[min(b,c),2a], 

v({i,j,k}) = max[d,b+a,3a], 

v(N) = max[e, d + a, 2c, b + 2a, 4a]. 

• 

It is easy to verify that for any multi-items cooperative game in partition 

function form (N, F) the following inequalities hold: 

v({i}) = v( {i}) for each i EN, 

v(S) ~ v(S) for each S c N , 

u(Qi) + u(Q2) ~ u(Q1 U Q2) for each Qi E 11s, Q2 E 11r 

where S, T C N such tlrnt Sn T = 0. 

v(S) + v(T) ~ v(S u T) for each S, Tc N such that Sn T = 0 
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5 Solution concepts 

Definition 5.1 

A vector x = (x 1, ... Xn) is called an imputation if 

x,~v({i}) foreachiEN, 

Lx, = L Fp(S) for some PE II. 
iEN SEP 

(9) 

(10) 

o 

Conclitions (9) and (10) are callecl individual rationality and realizability, re­

spectively. The individual rationality means that nobody will agree to obtain 

payoff !ower than his payoff when he acts independently. The realizability 

means the there exists a partition that can realize the payoffs. Let R cle­

note the set of all imputations, and !et RP clenote the set of all imputations 

realized by partition P E II. 

Definition 5.2 

Let S be a nonempty subset of N and !et x, y E R. Then x clominates y 

via S ( denoted x Dom5 y) if 

Xi > y, for each i E S, (11) 

and there exists Q E IIs such that 

LXi .$ u(Q), (12) 
iES 

Lx,= L Fp(T) for some PE II such that Q CP. (13) 
iEN TEP 

o 
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Condition (11) says that each player in S prefers his payoff in x to that 

in y. Condition ( 12) states that the players in S can form such partition 

Q E Ils that they can assure realization of payoffs x; i E S. Condition (13) 

st.ates that the payoff x is realizable by same partition P. 

We say that x dominates y ( denoted by x Domy) if x Doms y for same 

S C N. It is easy to show that relation Dom is neither trnnsitive nor 

ant.isymmetric. 

Let X be subset of R. Then 

DomsX 

Dom.X 

Definition 5.3 

{y E R: x Doms y for same x E X}, 

{y E R: :i: Domy for same x E X}. 

A set of imputations I{ is a stable set if 

J{ n Dom I{ = 0, 

J( U Dom J( = R. 

Definition 5.4 

A set of imputations C is a core if 

C= R\DomR. 

(14) 

( 15) 

• 

(16) 

• 
Condition ( 14) says that if x and y are in J( then neither dominates the 

other, condition (15) states that if z is not in J( then there exists x in K 

which dominates z. The above forma! definition is based on the idea that 
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instead of one imputation which every coalition is satisfied with, there is a 

set of imputations, so that if we take any imputation outside the set, there is 

an imputation inside the set, which is more beneficial for some coalition and 

the coalition has an incentive to obtain it. Not everyone might be satisfiecl 

with this new imputation, and some subset of players might force a change 

to another imputation outsicle the set. But the new imputation is aga.in 

dominated by an imputation insicle the set. Thus the bargaining process 

resolves around the set. Therefore, whole the set can be consiclered as a 

possible solution. All the imputations in the set a.re as import.ant as one 

another. So there is no domination among the imputations in the set. The 

relation (14) is called as the interna! stability conclition, and the relation (15) 

as the external stability conclition. 

The core is the set of nondominated imputations in R, i.e. for a.ny pa.rt.i­

tion P there is no coa.lition S E P that gives its members payoffs better than 

payoffs in the core. Clearly, the core is conta.ined in every stable set. 

The definitions of the stable set and the core are described in a similar 

wa.y to those proposed in (Thrall a.nd Lucas 1963) a.nd in (Lucas 1965) but 

they a.re based on the weaker domina.bon rela.tion. Thrall and Lucas assumed 

that given coalition S E P can not be subdivided. In our approach we assume 

tha.t if subdividing coalition S gives better result for the coalition t.hen it. is 

possible to realize it. 

For each partition P E II in a game (N, F) Jet 

IIPII = L Fp(S). (17) 
SEP 
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Definition 5.5 

Auy imputation x has the property of group rationality if 

Lx,= max IIPII. 
iEN {PEO} 

(18) 

o 

Let Rm•x denote the set of all imputations satisfying the property of group 

rationality in the game (N, F). 

If the players choose an imputation x E Rm•x as the payoff at the end of the 

ganw it means that they divide maxima! possible gain in the game. It will 

be shown that imputations belonging to the concepts presentecl above fulfill 

this property. 

Theorem 5.1 

The core C of a game (N, F) is a subset of the core proposed in (Thrall and 

T.,irns 1063) !lforeover, each imputation .1· E C' has the property of group 

rntionality. • 

Proof. Let x E C and x (/: Rmax_ Then LiEN Xi = max{PEn} IIPII - M, 

where lvJ > O. If y E Rm•x is defined by Yi =Xi+ M/n for each i EN then 

y Dom.N :r. Contradiction. 

If :r: doms y for some S C N in the sense proposed in (Thrall and Lucas 1963) 

then 1; Doms y. Therefore C = R \ Dom R C R \ dom R. • 

It can happen that the core C is empty though the core proposed in 

(Thrall and Lucas 1963) is nonempty. 

On the base of the definition of function v (see equation 4) i.e. by the 

condition v(0) = O and superadditivity condition (8) we have that the pair 
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(N, v) is a well defined cooperative game in cha.racteristic functio11 fum, witli 

side payments. The following theorem shows relation between cores clefinecl 

for games in partition function form a.nd games in characteristic function 

form. 

Theorem 5.2 

The core of the game (N, F) is equal to the core of the cooperative game in 

characteristic function form (N, v), i.e. it satisfies the following conditions: 

Lx, 2'. v(S) for each Sc N, (19) 
iES 

L :r, =v(N). (20) 
iEN 

• 

Proof. Let CR denote the core of the ga.me ( N. v). Let. x E C and :r ~ CR. 

From (5) it follows that x, 2'. v( {i}), theorem 5.1 states that LiEN :i:; = v(N), 

so .x is an imputation in the game (N, v). Beca.use .x ~ CR then there exists 

an imputation y and a coalition S in the game (N, v), such tha.t y, > x, for 

each i E Sand LiES y, ::S: v(S). Let Q be a partition of S such that v(S) = 

u(Q). Consicler a partition of N such that P = Q U { {ii}, {i2 }, ... {i,,_,}} 

where s denotes the number of players in S, ii E N\ S, j = l, 2, ... , n - s 

and an imputation z of the game (N, F) defined by 

{ 
Y; 

z,= Fp({i})+M/(n-s) 

where M = LTEQ Fp(T) - LiES y, 2'. O. 

Because z Doms x then x ~ C. 
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• 

Contradiction. 

Let x E CR and x r/. C. x is an imputation in the game (N, F). Because x rf. 
C then there exists a coalition SC N, a partition Q E Ils and an imputation 

yin the game (N,F) such that Yi > x; for each i ES, L-iESYi ~ u(Q) and 

LEN y; = L-TEP Fp(T) for some P E II, Q C P. 

Consicler an imputation z in the game v clefinecl by 

{ 
Yi 

Zi = y; + M/(n - s) 

for each i E S, 

for each i E N \ S 

where M = v(N) - L-TEPFp(T) ~ O. 

It follows that z dominates x via Sin the game (N,v), so x rf. CR. 

Contracliction. This proves the theorem. • 

The following theorem shows that stable sets are clefinecl in the rational 

form. 

Theorem 5.3 

If I( is any stable set of the game (N, F) then each imputation x E K has 

t.he property of group rationality. • 

Proof. Let x E R \ Rm•x and y be an imputation definecl as in the proof 

of theorem 5.1. We have that y Dom N x. If y E I( then x E Dom I(. If 

y r/. I( then y E Doms I( for some S C N, so there exists z E K such 

that z Doms y. But it is easy to verify that if z Doms y and y Doms y and 

y Dom N x then z Doms x. Therefore :r: E Dom K. This proves the theorem. 

• 
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From theorem 5.1 and 5.3 it follows that when discussing the core and the 

stable sets, without loosing of generality we can restrict our considerations to 

the imputations satisfying the property of group rationality. It can happen 

that for a game (N, F) there is no stable set, there is one stable set or there 

are many stable sets. We can prove the following res ul t: 

Timorem 5.4 

For an n-person game with P = {N} such that IIFII > /!PIi for each PE II, 

P =/ P, there exists unique stable set J( = R{N) = Rm•x_ • 

Proof. Let x, y E Rm•x and !et x Domy. Domination may be realized only 

by the partition {N}, so we have x, > y, for each i E N. lt follows that 

L,EN x, > L,EN y,. Contradiction. 

Let x E R \ Rm•x and !et y be an imputation clefined as in the proof of theo­

rem 5.1. We have that yDomNx, so x E DomR"'ax. This proves that R"'"x 

is a solution. lt is unique solution by theorem 5.3. o 

For n-person games in which the outcome to the partition {N} is greater 

tha.n the sum of the outcomes for any other partition, we have no trouble in 

fincling solution. Moreover, the unique solution is the same as tha.t in (Thra.11 

and Lucas 1963). 

The following theorem shows relation between stable sets clefined for 

games in partition function form and games in characteristic function form. 

Theorem 5.5 

lf P = {P1, ... , l'r} is a partition of N such that IIPII > IIPII for each 
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P E II, P f P then the game (N, F) has the same stable sets as the game 

in characteristic function form (N, ii) clefinecl by 

v(S) = v(T) + L v( {i}) for each S c N, ii(0) = O, (21) 
iES\T 

where: 
r 

TcS, T = LJ { P; : P; c S}. 
i=l 

• 

Proof. From (8) it is easy to verify that the game (N, v) is well clefinecl. x 

is an imputation in the game (N, ii) if x, 2'. i'J( {i}) = v( {i}) and L-iEN .r, = 
i'J(N) = IIPII. In sucha case the set of imputations in the game (N,v) is 

equal to the set Rm•x_ Moreover, from theorem 5.3, imputations which are 

not in Rm•x play no role in the game (N, F) so we can only consider the set 

Rmax. 

Let x, y E Rmax and Jety dominates x in the game (N, i'J). Then there exists 

a coalition S C N such that y, > Xi for each i E S and L-iES y; ~ i'J(S). It 

follows that Yi > Xi for each i E T C S and 

L,ET Yi ~ v(T) + L-iES\T( v( {i}) - Yi) ~ v(T) so y Dom x. 

Let ~: , y E Rmax and Jet yDom.--c. Then there exists a coalition S = T such 

that Yi > Xi for each i E Sand LiES Yi ~ v(S) so y clominates x in the game 

(N.,,). It proves the theorem. o 
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6 Finał remarks 

In the paper a cooperative game in partition function form has been proposecl 

for the cost allocation problem. The game describes real situations in which 

pa.yoff of any coalition does not only depend on the players in the coa.lition but 

also on the coalition structure of the other players. Theory of such games 

has been developecl. In particula.r solution concepts like core and st.,,.ble 

sets have been proposed on the base of introcluced domina.bon relations. 

Properties of the concepts ha.ve been analyzed. The concepts a.re similar to 

those presented by Thrall and Lucas (1963) but they have been fonnulat.ecl 

for weaker domination relation which seems to be more relevant. 

It has been shown that the core of the game in partition function form 

is equal to the core of an appropriately formulatecl game in characteristic 

function form. This theoretica.l result is very important for construction of 

decision support systems. On the base of the result, the core can be clerivecl 

and proposed to the players as the set describing frames of their negotiations. 

Different nucleoli can be calculated by solving a sequence of linear program­

ming problems and presentecl to the players as mediation proposals. Further 

research on the decision support problems are planned. Another interest­

ing problems for further research a.re indicated by the papers (Koczy 2007, 

2008) dealing with coalitional games with externalities, in which pessimistic, 

optimistic cores and sequentia.! coa.!ition forma.tion are analyzed. 
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