
22 ni. - § ι.

III.

§ 1.
a, b, c, k s η . ο :1. Ο ε n a .2. a ε n × 1.3. a ε n a .4. ab ε n a .

5. a ε nb .b ε na . = . a = ^b .6. a ε nb.b ε ne.o.a ε ne.7. a, b ε ne . o. a^t-b, a — & £ ne .8. a ε n b . o . ac ε n bc.9. » . □ . ac ε n & .10. a tb + nk .b ε c + n .o .a ε c + n ⅛.11. » . a' ε b' H-nfc. o . a -h a, ε b -+-b' + nfc12. » . o . ca ε cb -+-nk.13. » . a, ε b' -+- n k . o . aa' = bb' -h n k .14. » . o . am ε bm -+- n k .15. ca ε cb -+- n ck . o . a ε b n k .

20. a -+- b £ 2n . = . a — b ε 2n . = . a, b ε 2n . u . a, b ε 2n h- 1.21. α(α-b 1) ε 2n.22. a(a -+-1) (α -+- 2) ε 6n .23. a(a -+-1) (2a -+- 1) £ 6n .24. a(2a -+· 1) (la -h 1) ε 6n .25. (2a -+-l)2 — 1 ε 8n .
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III. - §§ 1-2. 23

26. α, b ε 2n + 1. ο . a2 — 62 £ 8n .
27. ab(a2 -h ⅛2) (α2 — δ2) ε 30η .
28. a ε jχb . m εΝ . ο . am ε η δm.
29. m £ Ν . am ε η δ”1. ο . a ε η ά .
30. 0! = 1...........................................................)
31. αfN.o.α! =∏^αr = l×2× ... ×r. j ’ ’ [Def,]

32. (α + ⅛)! ί Ν (α!) (&!) . (α + δ + c)! ί Ν (α!) (&!) (c!).
33. m ε 1 -+- Ν . f ε N∣Zm . ο . (Σ^ />)’.£ Ν C(∕>)□ ·
34. No≈N^<0.............................................................................[Def.J

§ 2.

a, b, c ε N . o :
1. quot (a, 6) = max [(N0) r^χ ε Çxb a)] . . . . [Def.]
2. «·<&. = . quot (a, &) = 0 .
3. a ≥ b . = . quot (a, 5) ε N .
4. a ε N b . o . quot (a, b) ·■= a∣b .
5. rest Ça, b) = a — b quot (a, b)..........................................................[Def.]
6. a e N b . = . rest Ça, b) = 0 .
7. a - ε N b . = . rest Ça, b) ε N .
8. rest (a, 5) < b .
9. ri No . fl = δg + r. r<δ. o .g = quot Ça, b) .r = rest (a, à).

10. quot Çac, bc) — quot Ça, 6) .
11. rest (ac, &c) = c × rest (a, &).
12. rest (a -+- bc, &) = rest Ça, &).
13. quot (a,⅛)i N.o.a>2 rest Ça, b).
14. a > & . o . quot Ça, c) > quot Çb, c)
15. b > c . o . quot Ça, b) < quot Ça, c)
16. a ε Ne . o . quot Ça -}-b,c) = quot Ça, c) -+- quot Çb, c).
17. quot {quot Ça, b), c) == quot Ça, bc).
18. rest Ça, 5)≤quot Ça, b) .=: quot [a, quot Ça, &)] = &. rest [a, quot Ça, &)]

= rest Ça, b).
19. rest Ça,b) = b — 1 . m ε N . o . rest Ça2m, &)=1. rest (a2"1-1, b) = b—1 .
20. a — b ε N c . = . rest Ça, c) = rest Çb, c).
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24 III. — § 3.
§ 3.

a, b, c, d £ N . o :1. D (a, b) = max (α/Ν δ∕N)..................................................................... [Def.]1'. rafl-⅛-N.∕½N∕Zrtl.o.D(∕,Zw)=max[(∕Ι)∕N r> (∕2)∕N... o (∕m)∕N] [Def.]2. D Ça, b) = D Çb, à),2,. né l÷N.∕,f N∣Z,l.g ε (Zn∣Zn) sim. o . D(fZrt) = D(z%Zj)3. D (a, 0) = D (0, a) = a. . . . . /4. D (a, — δ) = D (— a, δ) = D (— a, - δ) = D Ça, δ). i ’ [D®f']5. D Ça, a) = a .6. a £ N b . o . D Ça, δ) = b .7. a > b . o . D Ça, δ) = D (Çb, a — δ) .8. » . □ . D Ça, δ) = D Çb, rest Ça, δ) ).8'. D Ça, a -+-1) = 1.9. a, b ε N c . o . D Ça, δ) £ N c .9’. η £ 1 -+- N . f£ (Na)∕Zn . o . D(∕Zn) ε Na10. D Çac, bc) = cD Ça, δ).10'. D Ça, b) = 1 . o . D Çac, bc) = c .11. D Ça, b) = 1 . = . (1 -+- N) ^(a∣N) (δJN) = λ .12. D (a/D Ça, b), δ∣D Ça, b) ) = 1.12'. ηε 1 + N. fεN∣Zn . o .∙. a = D(∕Zn) .=: (fZa)∣a ε KN.D((∕,Zn)∕a)=l13. D Ça, b, c) = D (D Ça, b), c).14. a ε 2N . b ε 2N -+-1. o . D Ça -h b, a —b) = DÇa, b).15. a, b ε 2N -t- 1 . o . D Ça -t- b, a — b) = 2D Ça, b).16. m, η ε N . o . D Ça, b) = 1. = . D Çam, bn) = l.17. ab ε N c . D Ça, c) = 1. o . b ε N c .18. D Ça, c) = 1. o . D Çab, c) = D Çb, c).19. D Ça, c) = 1. D Çb, c) = 1. = . D Çab, c) = 1.19'. D Ça, c) = D (δ, c) = D Ça, d) = D Çb, d) == 1 . o . D Çab, cd) = 1 .20. mε 1-hN . fε N∣Ztn . O .*. DÇa, ∏imf) = l .=: rεZ,n. □,·. D(a; ∕⅛j=l.21. a ε Nδ . a ε Ne . D(δ, c) = 1 . o . a £ Nδc.22. m ε 1 -t- N . f ε N∣Z,n : s, tεZm.s-=t. os.t. fs ε a∣N . D(∕⅛, /Ύ) =- 1 :o .·. a £ N(∏1m∕^).23. DÇa, δ) = l.o.N<~>ccf (D(a, x) DÇb, x) = æ) = N o (aδ)∕N .24. DÇa, δ) = 1. o . N <~> (aδ)∕N = (N a/N) × (N δ∕N) .25. ziH + N√iN∣Zrt.o.Nr,(∕l),N^ ... n (fw)∕N = N - (D(f Zrt))∕N
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III. — § 4-5. 25
§ 4.a, ô, c £ N . ο :1. m {a, b) = min (α ×N∩6 × N).........................................................[Def.J1'. wul + N√f N∕Zyn . o . m(fZιn) = min [(/1) × N^(f2) × N .......η (/τη) X NJ ..............................................................................................[Def.J2. m (a, a) = a .3. m Ça, &) = m (b, a)3'. η £ 1 -h N . f £ NiZrt . g ε (Zn∣Zlt) sim . o . m (fZn) = m (f(gZn)) .4. a ε N b . o . m (a, b} = a .5. m [a, &) = αά/D [a, &).6. D Ça, b) = 1. o . m (a, 5) = ab .

I. nεl-+-X .fε N∕Zil '.r,sεZn. or, s. D(∕τ∙, /s) = 1 : o , m(fZn)=∏1V.8. cfNa. cfN6. o.cf Nm (a, 5) .9. Na^N&oNc = Nm (a, b, c) .10. η ε 1 -+- N . fε N∕Z,l. o . (fl) ×N∏ ... <√fn) × N = (m (fZn)) × N.11. m (a, b, c) = m (m Ça, b), c).12. m Ça, b, c) = abcD Ça, b, c) / [D Ça, &)D (a, c)D Çb, c)].
§ 5.1. Np = (1 -+- N) ε [(1 -+- N)^(æ|(l -+- N)) = λ] . [Def.J2. 2, 3, 5, 7, 11, ... £ Np.3. a ε 1 -t- N . o . min [fl -+- N) (a∕N)] ε Np .4. » . o . Np^(a∕N) - = a .5. » : x ε 1 -h N . sc2 i≤ a . x ε a∣N . =x a 0 . αε Np .5’. » : x ε Np. » > » »6. b ε Np . a - ε N6 . o . D (a, b) = 1.7. » . a ≤ & . □ . D (a, &) = 1.8. a, b ε Np . a - = b . o . D (a, 6) = 1 .9. a ε Np . bc ε Na . o .b ε Na .,j.c( Na.10. » . η ε N . bn ε Na . o . b ε Na .II. » » . an ε N& . o . b ε aN .12. a £ Np . 6 - ε Na . □ . ba~1 — lf Na .13. » . o . (a — 1)! -+-1 £ Na .
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26 III. - § 5.

14. a ε 1 -+-N . o . min j(l÷N)^(α! -h 1)∕Nj eNp^(α + N).
15. max Np = λ .
16. num Np = ∞ .
17. x ε N . x <17 . o . æ2 — a; 4- 17 £ Np .
18. » . x < 41. o . x2 — æ-l-4l£Np.
19. a, b ε 1 -+- N . o . mp(δ, a) = max (No x £ (a £ Nδr) ) [Def.]
20. » . o . mp(δ, a) £ No .
21. » c £ N . D(&, c) = 1. o . mp(5, a) = mp(b, ac).
22. a £ 1 + N. δ £ Np∏a/N . o . D(a∕5n'P(6> a\ 6) = 1.
24. a, b £ N . o .·. a ε Nδ . = : x £ Np . oa,∙ . mp(æ, 6) mp(æ, a).
25. a ε 1 -+- N . (a — 1)! 1 £ Na . o . a £ Np .
25'. n, afl + N.∕,f (Np Zrt ) sim . fZn = Np^a ∣ N . s ε Zn-ι. o . Np^>

Γa∕∏r~s(∕7∙)mP(∕,r> «) ∕N = ∕,Z(s4-l, n)
L r=\ _J

31. u £ KN . f ε (w∕Znum u) sim . o . Σm = Σ nfr \

32. » . o . ∏u = Π fr I
r='r=n ? [Def-J

33. n £ (N^u oo). f£ (N∕Zrt) sim . o. ∑√r = Σ fr 1r=l 1
34. » . o. ∏rfr == Π fr I

31'. u ε K(KN) . f ε (u∣Zn∣ιm u) sim . o . Su = Σ "fr \r=l
32'. » . o. ∏w == Π fr i

[Dβf∙]
33 . w £ (N/ ao) ./* £ ((KN)∕Zrt) sim . 0 . ∑r∕> ■= ∑ fr l
34'. » . o. ∏rfr = Π fr I

35. u £ KN . o . min1 u = min u \
36. » η ε N . o . minn+ι u = min (u (min,1 u -h N)) > [Def.]
37. » » .o.un = minλl u /
38. (Np)1 = 2 . (Np)2 = 3 . (Np)3 = 5 . (Np)4 = 7 . (Np)5 = 11 ...
39. a ε N -+-1. o : mp(æ, a) = 0. = . x-£ aJN .

41. a s 1 + N . o . a _ ni(Np)rmp((Np)’·' “)]

42. « .o.N^a∕N = Πr [(Np)rztθ, mp<Wr∙ «»]
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III. - §§ 5-6. 27

11. πa = Za<^x ε [D(α, a?) = 1]............................................[Def.]
12. φα = num (πα)..................................................................... [Def.]
13. φl == 1. φ2 = 1 . <p3 = 2 . ...
14. φα ε N .
15. D(α, b) = 1. b' ε πα. ο . rest (ab', b') επa.
16. D(α, &) = 1. b', b" ε πa . b'- = b", o . rest (ab', b') - — rest {ab", b').
17. D(α, b') = 1. o . a?* — 1 ε Nb .
18. D(α, &) = 1. o . φ{ab~) = (pa) (p&) .
19. η ε 1-t-N . f ε (N|Z„) sim : r, s ε Z„ . o,·.,. O(fr, ∕⅛)=1 : o .∙. p(Π(∕Z,,))

= Π(p(∕∙Z,,))
20. Σrp((N ea(N)r) = «
21. φa = ∏r[l — l∕(Np^α∕N)r]
22. D(α, b') = 1. o . (N x ε {ax — 1 ε N6)) - = λ
23. » . ο : χ ε [min (Ν cc ε {ax — lε Nδ))]×N . = . αχ — 1ε Ν5
24. a ε b — Ν . D(α, b') = D(&, c) = 1.0.N^ajε (rest (acx, b')=a') =

[min (N ^y ε (bv — 1 ε Nc))] × Ν

43. n e 1 ÷ N . λ N,Zft. ο . D(fZn) = ∏T(Np) * mP1>W√z,.J ∣ ]

44. · .3.m(rZ,l)=∏i(Np,rmaximp^rz'∙)∏

45. » . ο : D(fZn)=l. =,. Νρ(fl)∣N^... ^ (∕H)∕N=a .

§ θ·
α, &, c ε Ν. ο :

1. num (Ν α/Ν) — Πr[mp((Np)r,α) -+- 1J
2. a £ N2. = . num (Ν <~> α/Ν) £ 2Ν «te 1
3. α £ N2 : = : & £ Νρ <-> a∣N . . mp(&, α) £ 2Ν

r τλ-β num (Ν^ α/Ν)4. [Π(N^α∕N)}2 = α k '
r------- ∙∕ ∙^, χ μ num (Νρ^ α/Ν)—15. num [(a?, y) ε(x,yε N.a?y=a.D(a?, y) = l.aj<ι∕)J=α

6. num (N α/Ν) ε 2N . o . num [(a?, y) ε (a?, y ε N . xy = α). x < z/)] =
(num (N o a∕N))∕2

7. num (N α/Ν) ε 2N -+-1.0 . num [(æ, y) ε (x, y ε N. xy=a. a? < y)] =
(num (N a/N) -+-l)/2 .

8. n = num (N a/N). rε Zn . o . (N <-> a∕N)r × (N a∕∕ti)n-r+i = a
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