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Shape design sensitivity analysis in nonlocal elasticity

R. A. MERIC (GEBZE)

SHAPE DESIGN sensitivity analysis of nonlocal elastic solids has been peformed by using the
material derivative idea of continuum mechanics. The variation of a general displacement
stress functional whose integrand involves integral expressions is evaluated with respect to shape
variation through the direct and adjoint variable methods of sensitivity analysis. It is found that
for the calculation of the functional variation, “deformations” are needed in the whole phy-
sical domain, while only boundary perturbations are required in the adjoint variable method.

Analize wrazliwo$ci na ksztaltowanie cial nielokalnie sprezystych przeprowadza sie z wykorzys-
taniem pojecia pochodnej materialnej. Wariacj¢ funkcjonalu przemieszczeniowo-naprezenio-
wego przeprowadza si¢ wzgledem zmiany ksztaltu metoda zmiennych bezposrednich i sprze-
zonych. Stwierdzono, Ze dla obliczenia wariacji funkcjonatu potrzebna jest znajomoéé ,,odksztat-
cer”” w calym obszarze fizycznym, podczas gdy metoda zmiennych sprzgzonych wymaga jedynie
znajomosci perturbacji na brzegu obszaru.

AHanN3 YyBCTBUTEIBHOCTH K (POPMHPOBAHHIO HEJIOKAIBHO YIPYTHX TEJ MPOBOMAUTCS C HCIOIb~
30BaHMEM IOHATHA MAaTEPHANBHOH IMPOM3BOAHOH. Bapuamms ofmiero dyHKIMOHanNa B nepe-
MEILIEHHUAX W HANPSHKEHUAX MPOBOJMUTCA MO OTHOIIEHUWIO K M3MEHEHMIO (OpPMbI METONOM He-
TIOCPEICTBEHHBIX M CONPAYKEHHBIX NepeMeHHbIX. KoHCTaTHpoBaHo, UTo /1A pacyera BapHAIMK
¢yHKUMOHANA HEoOXOAUMO 3HAHME ,,medopMmanmii’’ B 1emoi dhu3nUecKoit 06J1aCTH, TOra KaKk
METOJ CONPSAXKEHHBIX NEPEMEHHBIX TPEOYET TOJIBKO 3HAHUA NepTypOaluii Ha rpaHuie o6IacTH.

1. Introduction

IN THE CLASSICAL elasticity, the constitutive equations are differential in nature and the
stress field at a point is given by the strain tensor evaluated at that point (i.e., a local the-
ory). In contrast to this local approach which excludes the action at a distance, the non-
local elasticity theory, developed independently by several researches in the field (see,
for example, Refs. [1, 2]) studies the behaviour of structures whose constitutive equations
are integro-differential equations. In other words, in such structures it is postulated that
the local state at a point is influenced by the action of all particles in the body. Hence,
the stress field in a nonlocal continuum is given by the strain field defined over the whole
domain, and is mathematically expressed in terms of an integral equation whose kernel
(i.e., influence) function characterizes the nonlocal effects.

Nonlocal effects are generally of minor importance in microscopic behaviour of
materials. However, in some cases they may be dominant as in phonon dispersion in solids,
in surface physics, in electromagnetic solids and in fracture mechanics. Indeed, it has been
found that for the Griffith problem in fracture mechanics, nonlocal elasticity must be
employed to determine stresses at a sharp crack tip [3, 4]. The nonlocal solution to this
problem, which leads to a finite stress at the crack tip, displays a rather remarkable agree-
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ment with experimental evidence. Recently, mathematical difficulties which usually arise
from material instabilities in distributed cracking problems have been resolved by descri-
bing the materials as nonlocal continua [5, 6]. In Refs. 5 and 6, the stress field is, however,
also averaged over characteristic domains leading to the nonlocal theory, which is not
considered in the present paper. The nonlocal theory, closing the gap between the classi-
cal continuum limit and the atomic theory of lattice, can also be a very useful tool in inves-
tigating the motions and deformations of bodies in wave propagation problems in a wide-
range of frequencies and wave lengths [7, 8].

The shape design sensitivity analysis (SDSA), that is, finding the variation of functio-
nals of the system’s response with respect to variations of boundaries of the structure,
has been developed and reasonably completed for local elastic solids in the literature
[9, 12]. The SDSA, which may be extremely useful in shape (design) optimization or shape
identification problems, has not been considered for nonlocal elastic structures in the
literature so far (to the best knowledge of the present author). The present paper investi-
gates the first variation of a general displacement and stress functional for a nonlocal
linear elastic solid body with respectjto shape variations. Only static conditions are trea-
ted, while geometric discontinuities in the domain and on the boundary of the solid are
considered in the study. As such, the present SDSA may be useful for shape inverse (i.e.,
.optimization or identification) problems in nonlocal fracture mechanics.

In the present investigation, the material derivative (MD) concept from continuum
‘mechanics, which has been previously applied to the SDSA of local elastic structures,
will be applied to the SDSA of nonlocal structures. The SDSA expressions will be derived
by using both the direct and adjoint variable methods [13-16]. It has basically been found
-that the “deformation” velocity field characterizing shape variations is required in the
whole solid domain in the case of the direct method, while only boundary perturbation
information is necessary for the case of the adjoint variable method.

2. Primary problem

In the absence of nonlocal (i.e., residual) body forces, the equations of equilibrium
-for a homogeneous, isotropic nonlocal solid body may be written as
(2.1) in V—o: o0y,;,=—b,
where V is the physical domain of the structure to be varied; o is a closed and regular
.discontinuity surface (i.e., an interface) within ¥; oy; is the stress tensor and b; are the

distributed body forces which may depend upon the structural shape. Mixed boundary
.conditions may be imposed such that

(2.2) on S,: u;=ul,
(2.3) onS;: =1,

where S, and S, are parts of the varying boundary S of V; u; and ¢, are the displacements
and tractions, respectively; the superscript 0 indicates prescribed quantities. The surface
-tractions are also given by #; = oy;n;, where n; is the unit vector normal to S.
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SHAPE DESIGN SENSITIVITY ANALYSIS IN NONLOCAL ELASTICITY 515

Across the discontinuity surface o, the jump conditions are given in the form of con-
tinuous displacements and tractions as

2.9 ono: [u]=0,

2.5 on o: [t,] =[oy,]m =0,

where symbol [ ] represents the discontinuity of the enclosed quantity, calculated as
a difference of the respective values in the domains ¥~ and V'*, where V-~ +V* = V—gq,
with [u;] = ui —uj for x;ec. The unit vector m; is normal to ¢, pointing from ¥~ into

V+. It may also be shown that the gradient of the displacements and tractions satisfy the
following jump conditions on ¢ due to Egs. (2.4) and (2.5):

(2.6) on o:  [u,i] = [tem] s
2.7 on o [tii] = [t m]me.

The constitutive law associated with an isotropic, homogeneous, linear nonlocal
elastic solid body is taken as follows [1-4]:

2.8) o(xi) = Vf a(IX,—xl; &) AU, 10+ w @y, ;+uy, )1dV,

g
where x; is the observation point where oy; is evaluated; o is a two-point influence (i.e.,
kernel) function which represents the nonlocal character of the solid body; ¢ is an attenu-
ation parameter V denoting the characteristic length of nonlocal influence; x; is an
arbitrary point in ¥—o (i.e.,, a dummy variable of integration); A and u are Lamé’s con-
stants. Any barred quantity refers to that quantity evaluated at the field point X;.

It is noted that for the homogeneous material at hand, the constitutive equations are
invariant under arbitrary translations of the material of reference so that they depend
on x; and x; only through their distance |x;—x;|, hence & = « [7]. In the limit & — 0,
the nonlocal theory must revert to the classical elasticity theory, i.e., « must become
a Dirac-delta measure as ¢ —» 0. This requires that

f adV =1,
V—-a

In the present analysis, the influence function o will be assumed to be continuous and
differentiable throughout V, including o, hence « = 0 on o. However, the dependence
of o on the structural shape will not be supressed. The influence function « and attenu-
ation parameter ¢ are usually determined with dispersive wave experiments in solid state
physics. In the present analysis, no considerations will be given as to the specific functio-
nal form of « for the purpose of generality [3, 4].

The nonlocal constitutive equations (2.8) may also be written as

2.9) oy= | oG,dv,

V-o
where Gj; is simply defined by the classical Hooke’s law as

(2.10) Gy = Aty 05+ p(uy, g +1y,).
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Integration by parts considering discontinuities will be frequently used in the present
study, and hence is given for two general differentiable functions u and v as follows:

(2.11) fu'v,,dV= fu'vnidS— fvu,,dV+f[w]m,do,
V-0 S-r V-o o

where o and I represent discontinuity surface and curve in ¥ and on S, respectively.
The primary problem may now be given in terms of G;; by substituting Eq. (2.9) into
(2.1)-(2.5) and utilizing integration by parts, Eq. (2.11), in the following form:

(2.12) ill V—U: f a@;j,JdV— f a@,jﬁjd§— fal[(iu]]’ﬁjda: = —bf;

V-o S-r

(2.13) on S;: u =ud;

@14 onS: | [ aGud?]n =
V-o

(2.15) ona: [u]=0;

(2.16) on o: [ foz[{é‘”]]dl—/]mj = 0;

where the fact that
L

(2.17)

x X

has been employed, along with & = 0 on o. It is noted that surface and interface integrals
are involved in the field equation (2.12) due to the nonlocal character of the primary
problem.

3. A general performance criterion

In inverse problems, for example, shape design, optimization or identification problems,
integral functionals of the system’s response play an important role. A general integral
functional (i.e., the performance criterion) may now be defined, which could serve as
a functional to be minimized or simply as an integral behavioural constraint to be satis-
fied. The general performance criterion I is thus given as follows:

G.1) I= [ fa,opav+ [ g, 1)ds+ [ [k, 1)]do,
V-0 S-r o

where f, g and £ are continuous and differentiable functions with respect to their arguments
in their domains of integration; I" denotes boundary surface curves on S across which
discontinuities of boundary data or geometry occur. In particular, for only boundary
data discontinuity on a smooth surface S, S—1" would be equal to S,+S;, where I is the
boundary surface curve between S, and S;.

It is now desired to find the effects of shape variation of S and ¢ on the functional 7,
while the primary problem defined in the last section is satisfied, i.e., the so-called SDSA.
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Once the SDSA is completed, iterative mathematical programming methods can be uti-
lized for any structural optimization or shape identification problem at hand in nonlocal
linear elasticity.

4. Material derivative concept

The problem of any sensitivity analysis is to compute explicitly derivatives of perfor-
mance criteria with respect to decision variables. In the present study, the structural shape
itself represents the decision variable. This type of problems are inherently more complex
than the structural optimization problems where the shapes are defined by cross-section
and/or thickness variables, which appear explicitly in the system’s (primary) equations
and performance criteria.

It is noted that the integral functional 7, Eq. (3.1), has a nonlocal character in that
it has integrals as well as differentials as its arguments, as dictated by the nonlocal cons-
titutive equations (2.8).

The SDSA for local structures has been investigated throughly in a recent book [1].
An excellent interpretation for the SDSA has also been given in a recent paper [10]. In the
present SDSA, the material derivative (MD) concept (or interpretation) of Refs. [11
and 12] will be utilized. Discontinuities across ¢ and I, and their variations will also be
considered [9, 14].

Since the shape of domain ¥ of the nonlocal elastic solid body is treated as the decision
(or design) variable, it is convenient to think of ¥ as a continuous medium and utilize
the MD idea from continuum mechanics. Thus, the general formula pertaining to the
MD of a domain (or volume) integral , containing a discontinuity surface o and defined
by
(4.1) yi= [ uav

V-a
is given as follows:

(4;2) P, = fu'dV+ qu,,dS+ f[[u:ﬂdea,
S-r ]

-0

where u is a general (differentiable) function; (*) and ()’ denote the material and partial
derivatives of (), respectively [11, 12]; ¥, and V,, are the normal components of the design
perturbation velocity ¥, on S and o, respectively. It is noted that the pointwise MD of
a general function u is defined by

“4.3) u=u+u,V,
where the partial derivative (PD) operator commutes with the space derivatives, 1.e.
44 () = W),

The MD of a general (piecewise smooth) surface integral y, defined by

4.5) v = [ uds

S-r
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is given in the following form:
@6) = [WH@a+HVS+ § [W]V,dl+ Y [ @ Vtu V,)dly,
sir r k Iy

where ( ),, represents the normal derivative of () on §; Hy is the curvature of the boundary
S in R? and twice the mean curvature of S in R3; V is the unit vector normal to I" and
tangent to §; the symbol [ | in this case indicates a discontinuity across I"e S; the plus
and minus signs attached to quantities denote that they are evaluated at the plus and
minus sides of I, respectively; the summation is taken over all the surface curves I
bounding piecewise regular surfaces of S [14].

5. Direct method of SDSA

It is possible to use different methods of SDSA, one of which is the direct method.
In this method, the local variations (i.e., the PD’s with respect to 7) of functions are
directly evaluated in terms of an auxiliary problem, and then substituted into the MD
form of the performance criterion I. The procedure for the direct method of SDSA may
be given in the following form:

Step 1: Take the MD of I.

Step 2:  Take the PD of the field equations.

Step 3: Take the MD of the boundary and jump conditions.

Step 41  Take the PD of the constitutive equations.

Step 5: Define an auxiliary problem.

Step 6:  Obtain the MD of I in terms of the primary and auxiliary variables.

It is noted that, although the PD forms of the functions may be expressed in terms
of variations of some decision parameters, such an approach will not be adopted at the
outset. The above-outlined procedure will now be applied to the performance criterion
I, Eq. (3.1), subject to the primary problem equations given in Sect. 2.

S5.1. The MD of 1

Step 1:  The MD of I, Eq. (3.1), can be formally taken by employing the general
MD formulas (4.1), (4.2), (4.5) and (4.6) as

Gy 1= f(;'{‘ +—~f—or”)dV+ [(f+g +Hg)V+—g- +§‘g:t,]ds

T+ f”(f-{—h,,,,+H h)V,,,+

+ $Ialvuars ) f (" Vot g V,)dl},
r k I,

where (), is the normal derivative of () on o; H, is the curvature of o. The functions
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u;, t; and oj; may be taken as denoting the auxiliary displacements, tractions and stresses,
respectively. For the evaluation of I, Eq. (5.1), the auxiliary variables must be evaluated
in the direct method.

Step 2:  The PD of the equilibrium equation (2.1) may simply be given by
(5.2 in V-o: ajy,;= —bi,

where the commutative property of the PD operator is understood. It is also assumed
that the distributed body forces b; depend on the structural shape.

5.2. The MD of the boundary and jump conditions

Step 3: By using the general MD formula for continuous functions, Eq. (4.3),
the MD of the boundary conditions (2.2) and (2.3) yield the following expressions:

(5.3) on S, uj = ud—u Vs,

(5.4 on S,;: 1] =10—t,.Ve.

Since t; = o; n; = t on S,, the MD of this equation also gives
(5.5 on S;: i, =&, n 40,0 =10
Introducing the MD of »; in the form [10, 14]

(5.6) 1y = (nyn—6;)m Vi,

it may be shown that
5.7 on S,:0i;n; = 1)+ 0,8 —mn)m Vi, 1 — 615,10 V.

Similar expressions may be obtained for the MD forms of the jump conditions (2.4)
and (2.5) resulting in

(5.9) on o:  [ui] = —[ur,m]| Vs
(5.9 on o: [ti] = —[ti,m]Vems
(5.10) on o: [G;j]]mj = [Uu]](‘sﬂ“m.imx)mk Vi = [owg,ldm Vi,

where Egs. (2.6) and (2.7) have been utilized.

5.3. The PD of the constitutive equations

Step 4:  The stress oy; at a point x; is given by Eq. (2.9) in terms of a volume integral.
Hence, due to this nonlocal property of o;;, its PD form will be evaluated by the general
MD formula for a volume integral, i.e., Egs. (4.1) and (4.2), in contrast to the local
theory. Thus,

(5.11) o= [ @Gy+o'GpaV+ [ oG, V,dS+ [ o[G,]Vude.
V-ga S~ ]

The PD form of Gy is, in turn, given by
(5.12) Gij = Aug, O+ pu(uiy, s +3,4),
where 1’ = u’ = 0 have been taken.
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5.4. Auxiliary problem

Step 5: The auxiliary stress oj;, given by Eq. (5.11), is now inserted into the aux-
iliary equations (5.2), (5.7) and (5.10). Using integration by parts, Eq. (2.11), and Eq.
(2.17), the auxiliary problem is stated in terms of u; (and Gj;) as follows:

(13) inV-o: [ aGiy,d7— [ oGyndS— [ oG], do
V-0 §-r 4
= —-b;_ fa’(_;u‘jd?'i‘ f(a'au—-cx,kamﬁ)ﬁjdg
V-o S-r

+ f[oc'@”—a,ka,kf’;]ﬁjd&";
(5.14) on S,: wup=ul—u Vi

(5.15) on S;: [ f GtEi-’yr'dV] By = iio+aij(ajl_njnl)nka.[—alj,knj Vi

_[ f a’aud?'F f aaljl_/nd§+ faﬂ:(_;u]]vmdo—'_lnj;
V-0 S-r G
(5.16) on o: [u;] = —[thi,m]Vms

(5.17) on o: [ f a[[G;jﬂdl_/]mj = H,UIJ:H (6_”_‘mjm‘)mk Vkll-[U,J,k]mij
V-o

-[ J «[G1a7+ [ o[G.]7.dS]|m,.
V-o S-r

It is noted that the expressions on the righthand sides of Egs. (5.13)-(5.17) are treated
as known, since the primary problem is solved first for a structural shape configuration,
For the solution of the auxiliary problem, the V; distribution in the whole domain is
necessary, along with b}, o, 20 and 2.

If the auxiliary variables are assumed to be given in terms of some decision parameters
¢., they can be expressed as, for example, [13]

(5.18) i = SU 0, = 1l .
O

Introducing similar expressions for the other auxiliary variables, the auxiliary problem
can be expressed and solved in terms of ¥. It is important to realize that in that case for
each decision parameter ¢,, one auxiliary problem will have to be constructed and solved,

Step 6:  If the solutions of the primary and auxiliary problems are introduced into
Eq. (5.1), the MD (i.e., the total variation) of the performance criterion I may be ob-
tained, thus concluding the direct method of SDSA.

6. Adjoint variable method of SDSA

The local variations of the primary variables in a SDSA may be eliminated by using
adjoint variables in the so-called AVM of SDSA, instead of directly calculating them as
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in the previously studied direct method. The procedure for the AVM may be outlined
in the following form for nonlocal elastic structures:
Step 1: Augment the performance criterion I by incorporating the equilibrium
equations.
Step 2: Integrate by parts.
Step 3: Take the MD of the augmented functional.
Step 4.  Substitute the PD form of the constitutive equations.
Step 5. Interchange the order of integration and rename the dummy variables
of integration.
Step 6. Integrate by parts again.
Step 7: Substitute the MD forms of the boundary and jump conditions.
Step 8: Define the relevant adjoint problem.
Step 9:  Obtain the MD of I
In the following subsections, the above given procedure will be employed for the pre-
sent nonlocal elasticity problem.

6.1. Augmentation of 7 and integration by parts

Step 1 and 2: In the AVM of optimization, the equilibrium Egs. (2.1) are incorpo-
rated into I in terms of the adjoint displacements u} as follows:

(6.1) T=1+ [ ut(oy,+bav.
V-0

Integration by parts, Eq. (2.11), is then used for the stress term in the above equation
yielding I as

6.2) P= [ (-autyrbayav+ [ @ruup)das+ [[h+nut]do,
V-a S-r a
where Eq. (3.1) has been substituted.

6.2. The MD of

Step 3:  Using the general MD formulas, Egs. (4.1), (4.2), (4.5) and (4.6), the MD
of 1 may be written as follows:

63 F= [[Zui-(is-)et-ouursroutrurei]av
V-a

+ f {[f— oyul;+boul + (g +tuf) .+ Hg+t,ud)V,
str

g og %), *,}
==y ==+ ti4t das
du, “ ( ar R PR

+ f“ [f—oyuf+buf + (h+ i), m+ Ho(h+ 1,03)]1 Vi

7 Arch. Mech. Stos. 5/87
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(6.3) + jh t+(§h +ui)t§+t,u}"' do
[cont.] L 2y
+ flertatpd+ ) [t Voo g )V, e
k I

where the discontinuity surface (i.e. interface) ¢ in ¥ has been assumed as smooth and
closed, as before.

6.3. The PD form of the constitutive equations

Step 4 and 5: The second integral term in Eq. (6.1) can be treated separately for
convenience, thus define #’ as

(6.9 f( ————)o'”dV

The PD form of the constitutive equations, Eq. (5.11), is then substituted into " yielding
6.5 == f (u;'j ,_aa_f)[ f (G}, +o'Gyy)dV + f «G,;V,dS + f a[[é',,]r?mda]dv.
V-o i V-a S-r a

Now, changing the orders of integration and renaming the dummy variables of integra-
tion, #’ can be transformed by employing Eq. (5.12) into the following form:

66 == [{atui,+u,| [«Grav|}av+ [, ov,ds+ [[u,08]Vado,
14 V-0 sS-r o

—-a

where the adjoint stress tensor o is defined by the equations given below:

(6.7) O'?J = f ac_;:;dV,
V—-a
of a o
©5) Gty = '1(“':" 3 u) "”*”[(“"5"—35:,)+(“7-" ai:)]

6.4. Integration by parts

Step 6: Integration by parts, Eq. (2.11), is utilized for the third integral term in
Eq. (6.3) and for the first term of z’ in Eq. (6.6) yielding 7 as follows:

A

a ’ ’ Vol 1/
(6.9) I= f{(O'U,J‘I‘bg)ufl'f'(U;,;+*3‘l{—)ul+u?b‘—'llid[ foc’G}'}dV]}dV
i

V—o V-a

+ f{Lf—cr.,u.-*.f—ux,ﬂ.-"}+biu:"+(g+nu:").n+Hs(g+uu:-")]Vn
ag * ’ ( ag *) :}
+(bé‘u_;_ti')ui+ a—ti’l'ui t‘ dS
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(6.9)

[cont.]

|

\ [f—oiuf =, ofi by + (h+ 4 ), m+ Hoy(h+ tiuf)| Vg

(ﬂ— t*) U+ (@I_er uf t'”
H au‘ i i at‘ if*ti

do+ f[[g—k tuflV.dr
r

.
+ ) [ ety Vit G+ 1y v, 1,
k Iy

where t}* = ofin;, denoting the adjoint tractions.

6.5. Adjoint problem

Step 7 and 8: The MD form of the boundary conditions, Eqs. (5.3) and (5.4), and
of the jump conditions, Egs. (5.8) and (5.9), may be inserted into Eq. (6.9). On the discon-
tinuity surface ¢, proper jump conditions for the adjoint displacements and tractions
are also imposed.

The coefficients of the local variations of the primary variables (i.e., u; and ¢]) are
equated to zero, hence defining the adjoint problem corresponding to I as given below:

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

in V—o: of;= —aa—ljl:,
on S,: uf= "‘%’

on S;: tf= ?8;%’

on o: [ut] = —“_%— )
ona: [r¥]= l[ggl—

Substituting the adjoint constitutive equations (6.7) into the above equations, the adjoint
problem may also be given in expanded form for comparison purposes as

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

T*

in V-o: [ aGl,dP~ [ aGyndS- [ teztm;as = L

on §;:

ou,’
V-a S-r
og
" * _ _ Y5
on S,: u a1,
g
* _ 98
= ou;’
ono: [uf] = —”% ,
LN i

[ f o[G1147 |, - N;”—"H
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6.6. The MD of 7

Step 9:  Assuming that the primary and adjoint problems are satisfied for a current
shape configuration of the structure, the MD (i.e., the total variation) of the general
performance criterion 7 is finally given as follows:

620) i= f {u;*b;-u,,,[ f a'a;';dfi_l}dr/

V-o V-0

+ f [f=oulj—wi, 08+ bl + (g + t,uf) o+ Hs(g + t,u})]1V,dS
sir

« [ (%—t?‘)(r}?—u.-,ka)dS+ [ (—jfl_w:) (0= 1, V3)dS
Su Se !

+ f H f=oyuf j—u;, jofi+ biuf + (h+ tuf)

oh ok il
+ Hy(h+t,uf) - (_"‘ t*)ul,m -~ (“a‘é""'u:k) tim|| Vmdo + fl]:g'*'ttll?]] VuaT
= T

3u; !
.
+ Zf[(g+t;u}")+V,,++(g+tiu;")“V#-]dI1k.
k Ik

It is noted that J, as given by Eq. (6.20), is expressed solely in terms of boundary per-
turbations ¥,, ¥ and V), requiring no assumptions on the distribution of ¥; in the whole
space. This fact serves as an example of the most important feature of the present AVM
of SDSA regarding the efficiency of any numerical calculations. In the case of parameter-
constrained variation of the boundaries, the boundary perturbations can also be expressed
in terms of finite number of decision parameters, as has been done in the direct method
of SDSA.

7. Concluding remarks

A few conclusive remarks regarding the SDSA procedures for nonlocal elastic solids
are due at this point and are outlined in the following:

1) In the direct method of SDSA, the (local) variations of the primary field variables
are evaluated explicitly by means of the solution of auxiliary problems. In the case of the
AVM, however, they are not evaluated but eliminated through the introduction of adjoint
variables satisfying the adjoint problem [13].

2) An auxiliary problem is defined for each decision parameter, while adjoint problems
are constructed corresponding to each of the integral functionals present in a specific
situation.

3) The local variations &; and o, and the total variations P and ¢° are known due to
assumed forms of the body forces, influence function and boundary conditions, respec-
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tively. In particular, when the boundary conditions are conservative and do not depend
on the surface configuration, their total variations are given only by “convective” de-
rivatives [10].

4) Any geometric singularities of the interface surface o can also be attended for by
following a similar procedure as for the boundary surface S.

5) The SDSA procedures presented in the paper should prove to be useful for physical
problems described by integral equations, as well as integro-differential equations.

References

1. A. C. EriNGEN and D. G. B. EDELEN, On nonlocal elasticity, Int. J. Enging. Science, 10, 233, 1972.

2. Papers presented at the EUROMECH 93 Colloquium on Nonlocal Theory of Materials, Poland,
August 28-th-September 2nd, 1977, Arch. Mech., 31, 1979.

3. A. C. EriNGEN, C. G. SpeziaLE and B. S. KM, Crack-tip problem in nonlocal elasticity, J. Mech. Phys.
Solids, 25, 339, 1977.

4. A. C. ErRINGEN and N. ARI, Nonlocal stress field at Griffith crack, Cryst. Latt, Def. Amorph. Mat.,
10, 33, 1983.

5. Z. P. BazaNT, Mechanics of distributed cracking, Appl. Mech. Rev., 39, 675, 1986.

6. Z. P. BazanTt and T. P. CHANG, Nonlocal finite element analysis of strain-softening solids, J. Enging.
Mech., 113, 89, 1987.

7. A. C. ERINGEN, Linear theory of nonlocal elasticity and dispersion of plane waves, Int. J. Enging. Science,
10, 425, 1972,

8. J. L. NowiIKsk1, On the nonlocal theory of wave propagation in elastic plates, Trans. ASME, J. Appl.
Mech., 51, 608, 1984.

9. K. Dems and Z. MRrOz, Optimal shape design of multicomposite structures, J. Struct. Mech., 8, 309, 1980.

10. K. Dems and Z. MROz, Variational approach by means of adjoint systems to structural optimization
and sensitivity analysis. II. Structure shape variation, Int. J. Solids Struct., 20, 527, 1984.

11. E.J. Haug, K. K. Crol and V. KoMmkov, Design sensitivity analysis of structural systems, Academic
Press, New York, 1986.

12, K. K. CHor and E.J. HAuUG, Shape design sensitivity analysis of elastic structures, J. Struct. Mech.,
11, 231, 1983.

13. K. Dems, Sensitivity analysis in thermoelasticity problems,Proc. the NATO ASI on Computer Aided
Optimal Design: Structural and Mechanical Systems, Troia, Portugal, Vol. 2, 287, 1986.

14. Z. MRrOz, Sensitivity analysis and optimal design with account for varying shape and support conditions,
Proc. the NATO ASI on Computer Aided Optimal Design: Structural and Mechanical Systems, Troia,
Portugal, Vol. 2, 109, 1986.

15. R. A. MEkRIg, Boundary elements in shape optimization of thermoelastic solids, Proc. the NATO ASI
on Computer Aided Optimal Design. Structural and Mechanical Systems, Troia, Portugal, Vol. 2,
215, 1986.

16. K. Dewms, Sensitivity analysis in thermal problems. II. Structure shape variation, J. Thermal Stresses,
10, 1-16, 1987.

DEPARTMENT OF APPLIED MATHEMATICS

RESEARCH INSTITUTE FOR BASIC SCIENCES, GEBZE, TURKEY.

Received October 16, 1986.

http://rcin.org.pl





