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Supersonic flow ,round flattened bodies and sharp tip wings 

1. 

G. P. VOSKRESENSKY (MOSCOW) 

THE AIM of this paper is to describe some results of the numerical investigation of the supersonic 
inviscid flow around sharp-nosed, flattened bodies with a bow shock attached to the nose-cone 
of the bodies and around sharp tip wings with the shock wave attached to the leading edge. 
The numerical investigation is based on a finite-difference second-order method. The following 
flow fields have been investigated: around elliptic cones with a large semi-axis ratio afb ~ 8 
at the angle of attack 10° and M 00 = 3.0; around a non-conical· flattened body of the type of 
delta plane vehicle at the angle of attack 10°: around delta, swept and rhombic-shaped wings 
with airfoils at the angles of attack so. 8° and Moo = 3.0; 4.0. 

Celem pracy jest przedstawienie kilku wynik6w obliczen numerycznych dla naddiwicckowego 
nielepkiego przeplywu wok6l ostro zakonczonych splaszczonych kadlub6w. z fal~ uderzeniow~ 
wystccpuj~~ na stoZk.owym nosku kadluba oraz wok6k>strego konca skrzydel, z fal~ uderzeniow~ 
umiejscowio~ na krawccdzi natarcia. Obliczenia numeryczne przeprowadzono metod~ r6:Znic 
skonczonych, przyjmuj~c aproksymacje drugiego rzccdu. Zbadano nastccpuj~ce pola przeplyw6w: 
wok6l stozk6w eliptycznych przy du:iym stosunku p61osi afb ~ g przy k~cie natarcia 10° i Moo = 
= 3,0; wok6l niesto:ikowego splaszczonego kadluba typu delta przy k~cie natarcia r6wnym 10°; 
wok61 deity, skrzydla typu strzaly i rombu z powierzchniami nosnymi na k~tach natarcia so. 
go i Moo = 3,0; 4.0. 

flpe,ACTaBneHbi HeROTOpbie pe3yJILTaTbl tmcneHHOrO HCcne):{OBaHWI CBepX3ByROBOrO HeBH3-
ROrO OOTeRaHWI OCTpbiX CllmOCHyTbiX Ten C y,AapHOH BOnHOH, npHCOC,lUUleHHOH R Bepunme, 
a TaiOKe OCTpOROHel:ffibiX Kpbim.eB C BOnHOH, npHcoe,AHHeHHOH K nepe,AHeH KPOMJ<e. Hccne­
,AOBaHHe npOBO,AHnOC.b C llOMOIIU>IO KOHe'IHo-pa3HOCTHOrO MeTO,Aa BTOporo nopH,AKa TOqJfQCTH. 

Mccne,Aosanoc.b Tet~eHHe oKono annHnTHtiecKHx KOHYCOB c 6om.IIIHM oTHoweHHeM no)l}'oceii 
afb ~ 8 npH yrne aTakH 10° H Moo = 3,0; HeKoHHtiecKoro CHn.bHO CllmOCHYTOI'O Tena THna 
,Aem.TannaHa npH yrne aTaKH 10°, a TaK>Ke oKono TpeyronLm.IX, crpenosH,AHoro H poM6o­
BH,AHoro npo<flHJIHpOBaHHbiX KpbiJILeB npH yrnax aTaKH so, go H Moo = 3,0; 4,0. 

THE DETERMINATION of the aerodynamic characteristics and detailed description of the 
three-dimensional flow around supersonic vehicles is of great practical importance but 
at the same time it is mathematically complicated. The best results in this field during the 
past decade have been achieved with the help of numerical methods. 

This paper deals with some numerical results of two problems. The first problem is 
concerned with the computation of the supersonic flow field around sharp-nosed heavily 
flattened conical and non-conical bodies, such as a delta plane vehicle with a detached 
shock wave from the leading edge. 

The second problem is concerned with the computation of the supersonic flow around 
delta, swept or rhombic-shaped sharp tip wings. The wing airfoil may be arbitrary. The 
shock wave is attached to the leading edge of the wings. 

The solution of both problems is based on the numerical method of the computation 
of three-dimensional supersonic flows developed by K. I. BABENKO and G. P. VosKRES-
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ENSKY in 1961 [1-]. This method in application to these problems has been modified. But 
general features of the method remain the same. 

The method is concerned with the problem in some physical domain with initial data 
and boundary comJitions for the system of gasdynamical equations of the stationary in­
viscid flow. The gas may be chemically-reactive at high temperature. 

The flow equations are as follows: 

iv 1 
-- + - gradp = 0 
dt e ' 

(1.1) 
de -
dt +edivV = o, 

!!__ (j/2 + -"- _!_) - 0 
dt 2 u-1 e - . 

The flow is assumed to be supersonic everywhere with respect to the x-axes and therefore 
the system (1.1) is x-hyperbolical. 

As a result of the chemically-reactive gas, the system equations must be completed at 
each grid point by the calculation of the velocity of sound and the ratio of specific heats. 

The boundary condjtions are set on the surface of the body and on the shock wave. 
The surface of the shock wave is the unknown function and it is determined by the solu­
tion process. The initial data surface is set near the vertex of the bodies. The physical do­
main of the solution is transformed into a simple rectangle by normalizing the distance 
between the body and the outer shock wave. 

The method uses a second-order finite-difference implicit scheme. The solution is march­
ed downstream from the initial data surface x = x 0 by the iteration process. 

The initial data were obtained by the stationing principle in the case of a sharp nose, 
because the nose is supposed to be conical with the auto-modelling flow along the coordi­
nate X. The basic algorithm is also used for this purpose. 

2. 

The first problem is concerned with the supersonic flow field around sharp-nosed flat-
tened bodies, with the bow shock attached to the nose. The algorithm of its numerical 
solution' is described in the paper [2]. The cylindrical coordinates (x, r, cp) are used. The 
bodies have elliptical cross-sections and their surfaces were governed by the following 
equation: 

(2.1) 

G(x, cp) = ayH2 +H;, 
H = y' Q2cos2y + sin2y, 

Hy = dHfdy, 

Q = 1/2[1-sign(cosy)]Qu+ 1/2[1 +sign(cosy)]Qe, 

cp = y+arctg(H.,/H), 

where Qu and Qe are the ratio of the semi-axis of the cross-section ellipse (major/minor) 
for upper and lower parts of the cross-section a = a(x), Qu = Qu(x), Qe = Qe(x). 
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The initial data for the conical flows are represented by gas-dynamical functions around 
a circular cone with the given Moo number and the angle of attack equal zero. The angle 
of the circular cone is equal to the angle of a conical body with respect to the major axis 
symmetry plane. In the solution process, the cross-section of the body and the angle of 
attack are modified "step-by-step" and the exact solution is obtained by the stationing prin­
ciple along the coordinate · x. The mesh grids are also modified in this solution process 
and clustered near the minor radius of the curvature. 

The surface of the non-:.conical bodies near the vertex is assumed to be conical. At first 
the flow field around this cone was obtained and then, the initial data were used in compu­
ting the flow for a non-conical body. 

Some results of the calculation [2] of the supersonic flow field around elliptic cones 
are shown in Figs. 1 and 2, and the results around a non-conical body such as a delta plane 
vehicle are shown in Figs. 3 and 4. The pressure p in these figures and everywhere is made 
dimensionless with respect to the free stream pressure Poo and the velocity- with to 

p 

2t------f------l-----

1 Moo=3.0 
DC =15° 

~ a/b=2.0 
-o--o-- a/b = 1. 785 

o experiment 

0 45 90 

FIG. 1. 

135 180 cp 0 
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Moo=3.0 
<X= 10° 
a/b=B.O ~"' 1 ~----~-------H------~--~~~ 

0 45 90 

z 
FIG. 2. 

135 180 cp 0 

(f'or the lower surFace 
or the delta wina) 

G. P. VOSK.RESENSKY 

-,1 Poo/(!oo, where eoo is the free stream density. The linear dimensions of the bodies are made 
dimensionless with respect to their length. The pressure on the surface of the elliptic cone 
as a function of the meridional angle qJ is shown in Fig. 1. The half-angle of the cone 
with respect to the major semi-axis symmetry plane is 22°30', the ratio of the semi-axis of 
the cross-section ellipse afb = 2.0, M 00 = 3.0 and the angle of attack a = 15°. The cross­
section of the shock wave surface is also shown here. The points on this curve are mesh 
grid points. The pressure on the surface of the same cone obtained experimentally [3] 
is shown by minor squares. 

On the lower, windward side of the cone, experimental pressure agrees exactly with 
the computed one. On the upper, leeward side we do not obtain such good agreement 
between numerical and experimental pressure. Experimental pressure is higher. This 
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X 
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Cn,Ct --~n Flat delta wing 

0 0.5 

M00 •3:0 OC. •10° 

FIG. 3. 

1..0 X 
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higher pressure indicates, it seems, an apparent thickening of the body in this region due 
to boundary-layer displacement effects. A certain numerical experiment was made to esti­
mate this effect. The real "thickness" of the upper part of the cone is increased (afb = 1.78) 
by the "displacement thickness" of the boundary layer on the cone. This causes the increase 
of the pressure on the upper side of the cone and leads to better agreement with the exper­
iment. 

Figure 2 illustrates the results of the calculation of the flow around an elliptic cone 
with a large ratio of the semi-axis afb = 8. The half-angle of the cone with respect to the 
major semi-axis is 35°. The pressure distribution is sho-wn on the cone surface and behind 
the shock wave. The highest pressure gradients are in those places where the curvature 
of 'the cross-section is large. Also are shown: the shock wave (the circles on the cu111e cor­
respond to the mesh grid points) and the projection of the velocity vector on the X= const 
plane for the upper side of the cone. 

The pressure along the wing span on the lower and upper surfaces of the flat delta wing 
(from the paper [4]) is given for comparison. The shock wave is attached to the leading 
edge of this wing, but Moo and the angle of attack are the same, as those of the cone. It can· 
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p 

6 

sr------+-------H---

Shock wave 

3r------+------*+r 

0 45 90 135 180 

FIG. 4. 

be seen that the pressure on the lower and upper halVes of the cone with a large ratio of 
the semi-axis approaches the pressure on the delta wing. 

The characteristics and the flow around a non-conical flattened body of the delta plane 
type are shown in Figs. 3 and 4. The cross-section of the body are different ellipses in the 
upper and lower halVes. The shock wave, as well as the coefficients C,. and Cr, as the 
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functions of the coordinate x, are shown. C,. and Ct are coefficients of the normal and 
tangent forces. The coefficient C,. for a similar fiat delta wing is given there too, to which C,. 
of the body is approaching. 

The pressure and circular velocity component w on the surface of the body in its two 
cross-sections x = 0.45; x = 0.65 and also the shock wave are shown in Fig. 4. The 
computational points are indicated by circles. There are high pressure gradients in places 
where the curvature of the body cross;..section is large. 

~. 

The second problem is concerned with the supersonic flow field around delta, swept 
and rhombic-shaped sharp tip wings. The wing airfoils may be arbitrary and the shock 
wave is attached to the leading edge of the wings. The algorithm of the lution of this 
problem is described in the papers [4-7]. Here we shall deal with some calculation re­
sults [7]. 

The Cartesian coordinates (x, y, z) are used. The domain of the solution is transformed 
into a rectangle by introducing the auxiliary variables 

y-G z 
t =X, ~ = F-G' () = H(t) . 

.t1P P Moo=3.0, oc=Bo, x=45~ Ea= 0.05 
EH=O 

X 

22 Arch. Mech. Stos. 4-Sns 

AP 

Cx-=0.0324 
cy= 0.202 
mz=0.1452 
K=6.250 

0.8'---......_~ 

0.5 1.0 X 

--- the pressure on the shock wave 
above the upper X= 0. 'N5; 1.0 

FIG. 5. 
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The surface of the wings is represented by the function G = G(x, z), the shock wave­
F = F(x, z), and the leading edge of the wings- H = H(t). 

The initial data both on the upper and lower sides of the wings . were received on the 
assumption that the nose of the wing is conical. The ftow around the nose of the wing 
is determined by the stationing principle along the auto-mod~lling coordinate x. 

The upper and lower surfaces of the wing were governed by the equation 

Y = G(t, 0) = 4Cn.s(I-01+b)t1+ 0 [I- t- (1-0l+e),u(t)], 
where 

to ( t-t0 )l+d 
a = .1- t

0 
' ,u(t) = 1 t ' -po- o 

10 - the length of the conical nose, the coefficients: b = 0.5, e = d = 0.25, c-, .8 - rel­
ative thickness of the airfoils, the indexes H and B correspond to the lower and upper 
surfaces of the wing. With ,u0 = 0 is the 'delta wing, p 0 > 0 is the swept wing, p 0 < 0 
is the rhombic-shaped wing. 

In Fig. 5 calculation results of the supersonic flow around the delta wing are given. 
M 00 = 3.0, ex = 8°, angle of sweep x = 45° and the airfoil is fiat-convex with C8 = 0.05, 
C8 = 0. The shape of the wing in the plane y = 0, the cross-sections of the wing and the 
shape of the shock wave are shown in this figure. 

1.0 

X 

Moo=3.0, o:=8: x=45~ ca=O.D5 

FIG. 6. 
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The distribution of the aerodynamical loading LJp = p1- Pu (where p1 -the pressure 
on the lower surface and Pu - the pressure on the upper surface) along the coordinate z 
for each cross-section, including the trailing edge, is given. The pressure behind the shock 
wave for the upper surface is given there too. This pressure in some region is equal to 
the pressure in the free stream. Here the outer shock wave is transformed into the outer 
characteristic surface and at the end of the wing near the leading edge there is an expan­
sion region. That transition is shown with the crosses on the shock wave. 

The character of the supersonic flow for fiat wings depends on the angle of attack only 
and as soon as the angle of attack is positive and not equal to zero, there is an expansion 
region above the upper surface of the wing. But for the wings with airfoils the fiow is de­
termined not only by the angle of attack, but also by the incidence of the tangent plane 
to the surface of the wing. That is why at the given angle of attack, depending on the airfoil, 
.there may be · both compression and expansion flows above the wing. Besides, there may 
be transition from the compression region to the ~xpansion region, as in Fig. 5. In the 
examples given below it takes place as well. 

The loading distribution LJp along the chord of the wing at z = 0.5 is shown in the 
small plot. Here the loading along the chord increases. 111 Fig. 6 the results of the calcula­
tion of the fiow around the wing of the same type but with the biconvex airfoil at C8 = 0.03 

22* 

AP 
1.5 

X 

Moa=4.0' CX=5°, x=60°, Ea=O.OS 
E~o~=0.02 

FIG. 7. 

cx=0.0120 
Cy=0.0857 
mz=O.Ofi87 
K= 7.134 

0.5 1.0 X 
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and C8 = 0.05 are shown. The loading distribution is given along the span and the chord 
of the wing at z = 0.5. Here the loading along the chord drops. 

The character of the loading distribution LJp along the chord for the wing with fiat~ 
convex airfoil differs from the one for the wing with biconvex airfoil. This difference, 
it seems, cannot be explained by the influence of the curve of the midsurface only. For 
example, the wing with the flat-convex airfoil at C8 = 0.02 has in the plane of symmetry 
the same increase LJp along the chord as in Fig. 5, while the wing with the biconvex airfoil 
in Fig. 6 and the same curve of the midsurface has the decrease of LJp along the chord. 

From here it follows, that in the loading distribution the behaviour of the upper ·and, 
particularly, lower surfaces plays a great role. Therefore, the conclusions concerning the 
aerodynamical characteristics of the delta wings at Moo > 1 made only on the basis of the 
behaviour of the midsurface may be groundless. 

Figure 7 shows the same characteristics as those in Figs. 5 and 6 but for the delta wing 
with the sweep angle x = 60° and Figs. s· and 9 - for the swept and rhombic-shape<J. 

1."f 

1.2 

1.0 

X 

Moo=3.0. CX=5°, x=-45°, Cs= 0.05 

FIG. 8. 

cH=0.04 

ex= 0.0229 
Ctj = 0.123 
mz=0.0910 
K=5.376 

1.0 l 

Shock wave 

wings with biconvex airfoil. Here, the transition of the shock wave into the characteristic 
surface is indicated with the crosses on the shock wave. 

In all figures the aerodynamical coefficients of the wings CJ" C,, mz in velocity coordi­
nate systems and the aerodynamical coefficient K = C1 f Cx are shown. 
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