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Separation of turbulent boundary layer at a curved wall 
with normal shock 

R. BOHNING and J. ZIEREP (KARLSRUHE) 

THE SHOCK-BOUNDARY layer interference very often causes flow separation. The question at which 
pressure gradient or at what Mach nwnber separation starts to develop is of interest for both 
theory and applications. Our report will be about a simple criteriwn that relates the dependency 
of a turbulent boundary layer to the Mach number and the Reynolds number. The starting 
point is an analytical solution of the shock boundary layer problem given by BoHNil'G and 
ZIEREP [1]. By using a three layer model we get analytical expressions for the pressure and veloc­
ity distributions along a curved wall. Employing these results it is easy to find a criterium for 
vanishing wall shear stress. In general there exists an expansion immediately behind the shock. 
This after-expansion is dependent on the wall curvature and on the outer flow. It diminishes the 
tendency towards separation. This effect is bounded by two limits that are given by the condi­
tions for which the boundary layer may separate and for which the boundary layer must separate. 

Interferencja uderzeniowej warstwy przysciennej bardzo cz~sto powoduje odrywanie si~ strug gazu. 
Pytanie, przy jakim gradiencie cisnienia lub przy jakiej liczbie Reynoldsa rozpoczyna si~ proces 
odrywania strug, jest interesuj(\ce zar6wno z punktu widzenia teorii jak i zastosowan. W niniej­
szej pracy podano proste kryterium, kt6re wi(li:e turbulencyjn'l warstw~ przyScienn<t z liczb<t 
Macha i liczb<t Reynoldsa. Punktem wyjscia j~st rozwi<tzanie analityczne problemu uderzeniowej 
warstwy przysciennej podane przez BoHNINGA i ZIEREPA [1]. Stosuj(\c tr6jwymiarowy model 
warstwy, otrzymalismy analityczne wyrazenia na rozklady cisnienia i pr~dkosci wzdluz zakrzy­
wionej scianki. Wykorzystuj(\c te wyniki latwo juz znalezc kryterium znikania napr~zenia stycz­
nego na sciance. Na og61 ekspansja nast~puje bezposrednio za fal<t uderzeniow(\. Zalei:y ona od 
krzywizny scianki, przeplywu zewn~trznego oraz zmniejsza tendencj~ do odrywania si~ strug. 
Efekt ten ograniczony jest dwoma wartosciami granicznyrni okreslonyrni odpowiednio przez 
warunki, przy kt6rych warstwa przyscienna moze si~ odrywac i musi si~ odrywac. 

liHTep<l>epeHUIDI y~apHoro norpaHHtmoro CJIOH ot.~em. t.IaCTo Bbi3biBaeT OTpbiB crpyH: rasa. 
Bonpoc npH KaKOM rp~eHTe ~aaneHHH HnH npH KaKoM t.IHCJie PeHHOnh~ca Hat.IHHaeTcH 
npoqecc OTpbiBa CTpyH, HHTepeceH TaK c Tot.IKH speHIDI Teopml, KaK H npKMeHeHHH. B Ha­
CTomn;eH pa6oTe ~aeTCH npOCTbiH KpHTepHH, KOTOpbiH CBH3biBaeT Typ6yneHTHbiH norpa~­
HbiH CJIOH c t.IHCJIOM Maxa H l.IBCJIOM PeHHOnL~ca. Hcxo~oH TOt.IKOH HBnHeTCH aHanHTHt.IeCKoe 
pemeHHe npo6neMbi y~apHoro norpa.HHtmoro cnoH, npHBe~eHHoe EomrnroM H 3WiepoM 
[1]. llpKMeHHH TpeXMepHYJO Mo~em CJIOH, nonyqeHo aHanHTHt.IecKoe BbipameHHe ~nH pacnpe­
~eneH:u:H ~aaneHIDI H cKopoCTeH B~om HCKpHBneHHOH CTeHI<H. HcnomsyH 3TH pesynLTaTbi, 
nerno yme MO>KHo HaHTH KpHTeplffl Jt:Ct.Ie3HoaeiiiDI KacaremHoro HanpH>KeHHH Ha CTeHKe. 
Boo6I.Qe paciiiHpe.HHe HacrynaeT Henocpe~CTBeHHO 3a y~apHOH BOnHOH. 0HO 3aBHCHT OT 
KpHBl{3Hbl CTeHKH, BHeiiiHero Tet.IeHWI H yMem.maeT CTpeMne.HHe K OTpbiBY CTpyH. 3TOT 
3<P<l>eKT orpaHHt.IeH ~BYMH npe~en~>HbiMH 3Hat.IeHWIMH onpe~eneHHbiMH cooTBeTCTBeHHo t.Iepe3 
YCJIOBIDI, npH KOTOpbiX norpa.HHtmbiH CJIOH MO>KeT OTOpBaTbCH H ~On>KeH OTOpBaTbCH. 

THE INTERACTION .between shock waves and boundary layers often causes separation. The 
question as to what pressure gradient (or Mach number) and given Reynolds number 
separation starts is important both for theory and for applications. Our final result is a dia­
gram that gi'\-es the Mach number and Reynolds number dependence for the separation 
of a compressible turbulent boundary layer due to a normal shock at a curved wall. 
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The starting point is an analytical solution due to the authors [I] in the domain of the 
interaction of the shock wave and the boundary layer. Figure 1 shows the model used. 
The turbulent boundary layer at a curved wall in transsonic slightly supersonic flow 
(Fig. 1, left) is disturbed by a we~k normal shock (Fig 1, middle). With a three-layer model 
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FIG. 1. Three-layer model used for calculation of the normal shoCk boundary layer interaction. 
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Fio. 2. Pressure distributions in the boundary layer for different wall distances. IX is the exponent of the 
undisturbed velocity profile in the boundary layer. 
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(Fig. 1, right)- originally due to Lighthill- we get expressions in a closed form for pres­
sure and velocity in the boundary layer. Figure 2 shows the pressure distribution for dif­
ferent wall distances. In front of the shock we get an upstream influence, at the outer edge 
of the boundary layer we have, in this general case as well, the singular after-expansion 
found by OswATITSCH and ZIEREP [2] in the inviscous case. This behaviour was first discus­
sed in the experiments of AcKERET, FELDMANN and Rorr [3]. 
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FIG. 3. Lines of constant Mach number in the boundary layer. 
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FIG. 4. Definition of sublayer thickness. 
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The structure of the flow field is given in Fig. 3 by drawing the lines of a constant Mach 
number. In front of the shock we have the upstream influence ranging about some boundary 
layer thicknesses. Behind the shock in the neighbourhood of the wall the shear stress di­
minishes, the boundary layer thickness increases. At the outer edge of the boundary layer 
we have the after-expansion. Both regimes are separated from one another by a saddle 
point. 

Figure 4 illustrates the definition of the sublayer thickness ~JJ/b = y 0 • We calculate 
a characteristic quantity- for instance orwfox- for different sublayer thicknesses. 
The abscissa y0 where orwfox has an extremum is preferred because in the neighbour­
hood of this value we have no dependence of orwfox from y 0 • An increasing Reynolds 
number leads to a decreasing sublayer thickness (Fig. 5). 

With the explicit solution of the authors it is possible to calculate the wall shear stress. 
Figure 6 shows the local friction coefficient at a constant Mach number and a constant 
wall curvature for different Reynolds numbers with (---) and without (---) after 
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FIG. 5. Reynolds number dependence of sublayer thickness. 
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FIG. 6. Wall shear stress with (---) and without (--) after expansion. 
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expansion. We immediately recognize that the after-expansion reduces the tendency for 
separation. The effect is such as if to reduce the shock strength. The difference may be 
considerable and can be in the magnitude of 20-30%. Figure 7 gives the final result. For 
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FIG. 7. Mach number versus Reynolds number that lead to separation. Influence of wall curva~ure. 

a given radius of wall curvature Rf ~ we get the dependency of the Mach number and 
Reynolds number that leads to separation. Again we get different curves with after-expan­
sion (-- -) and without (--). The interpretation is as follows. Below the solid 
curve we have no separation at all, above the interr:upted curves .,:,_ belonging to different 
wall curvatures - the fluid ftow must separate. The influence of the wall curvature is · 
such that increasing curvature lifts the interrupted curves, this means that increasing cur­
vature reduces the tendency for separation. We immediately see that the transsonic fluid 
flow (Md ~ 1.3) will separate only in the domain of a relatively low Reynolds number and 
low curvature. 

The consequence and others which issue from our results are in good agreement with 
available measurements. 

Two additional remarks are of interest. If we calculate with our explicit solution the 
boundary layer parameter H 32 ( = ratio of energy displacement thickness to that of mo­
mentum) we get in the case of separation 1.65 instead of the value 1.58 known from in­
tegral methods of the boundary layer theory. The difference may be looked upon as an 
error estimation of the integral methods. 

The solid curve in Fig. 7 which belongs to the vanishing wall shear stress Tw = 0 ful­
fills a simple .similarity law. If we apply the Prandtl-Glauert rule to the external flow field, 
we have 

~ .. ;-T . r Ml-1 = const, 
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~/1 stands for the dimensionless vertical coordinate in the flow field, that means for the 
thickness parameter of the boundary layer. If we express ~//by the Reynolds number, 
we get a simple relation M6 = f(Re6) which approximates extremely well the law for the 
solid curve in Fig. 7. 
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