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BRIEF NOTES

Thermal stress in a layered anisotropic elastic half-space
C. ROGERS (WESTERN ONTARIO) and D. L. CLEMENTS (ADELAIDE)

Tue PrOBLEM of determining the thermal stress in an inhomogeneous anisotropic
half-space is considered. The elastic and thermal parameters for the half-space are
assumed to vary with one Cartesian coordinate. An extension of the Bergman series
method is used to determine the effect of a prescribed temperature distribution
and to solve a particular boundary-value problem.

1. Introduction

IN THE INVESTIGATION of real soil strata deformation under loading, the factor of inho-
mogeneity becomes significant. Moreover, under certain circumstrances soils exhibit
anisotropic behaviour. Thus, for example, GiBsoN and KAvsy [1] have recently investi-
gated the loading of an incompressible cross-anisotropic elastic half-space with rigidity
modulus increasing linearly with depth. This has prompted the present treatment of the
problem of stress distribution in an anisotropic elastic half-space in which the elastic
moduli vary with depth. The effects of a prescribed temperature distribution are included
and the constrained boundary problem solved.

2. The governing equations

The equilibrium equations in anisotropic thermoelasticity are

/] du
(21) a—x; [u‘.’.‘uﬂ-ﬁ}f— —ﬁuﬂ] = 0,

where the repeated suffix summation convention (summing from 1 to 3) is used for Latin
suffixes only and the temperature  satisfies the heat conduction equation

3,
2.2 [3_x;k”8_3q =0.

In Eq. (2.1) u represents the components of displacement, c;;, are the elastic moduli while
By and k;; denote the thermal moduli and heat conduction coefficients respectively. These
material parameters are assumed to satisfy the usual symmetry conditions (see CLEMENTS
[2]) and are also assumed to depend on the x, coordinate.
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3. The temperature field

Consider the following representation for the temperature 6.

3.1) 0= D T,()E(SGa)+x1), To#0,

n=0
where the E, satisfy the recurrence relations
(3.2) E.=E_, for n=1,2,...
By substituting, it is readily seen that the 6 given by Eq. (3.1) will satisfy Eq. (2.2) if the
functions T,(x,) and S(x,) are given by
3.3) T, = af[ky2+k;287"* (« arbitary constant),

(k22 To s+ k32T, }dx,

(3-4) Tl= —‘;—(klz+kzzs')-”z {ku_i_knsa}”z ’ n= 1,2, ey
(3-5) § = [-kui(kfz-kukzz)m]/kzz-

Since physical considerations require

(3.6) kia—ki1ks, <0

it follows that Eq. (3.5) yields a complex conjugate pair which will be denoted by z(x,)
and 7(x,) where 7(x,) is obtained from Eq. (3.5) by taking the positive sign. Hence

) 0= S‘ Ty(x2) {En(2) + E,()},

where z' = x;+71x,. A suitabl:;orm for the E, for our present purposes is
(3.8 E, = ;ﬂ-— f A,(p)exp(ipz')dp,

where 4,(p) = A(p) (ip)~" with 4,(p) :*-\A(p). Hence, from Egs. (3.7) and (3.8)
(9 0c1, %) =+ R f |4 (x;oz')iz D | ap,

where R denotes the real part of a complex number and the term A(p) is determined from
the boundary conditions.

On the boundary x, = 0 the temperature is prescribed so that
(3.10) 0(x1, 0) = f(xy),
where f(x,) is specified. It is assumed that this temperature distribution may be written
as the Fourier integral

(3.11) 6(x,, 0) =;1—Rf dpf{f(f)exp[—ipfé—xl)]}dé-
0 -0

Comparison of Egs. (3.9) and (3.11) yields

¢.12) ) = f feesp(-ie)ée] | {S%‘-’l .
0 a=0
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4. The stress field

A particular solution of Eq. (2.1) is sought in the form

@.1) e = ) 8un(2) Fa (S(x2) +1),
n=0

where

(4'2) I;: = Fu—l = En-

Substitution of Eq. (4.1) into Eq. (2.1) yields the recurrence relations
(43)  {cizko8kn+Clakz Sin} + {(Cisk2 +Cizk1 +25"Cizk2) 8kt 1 + (8" Cik2
+8'Claka +Clan)8hme 1 = BizTus 1= Bz Toa 1} + {[Cisks + S'(Cisa + Ciane)
+8Ciakal@un+2—Bis Tus2— P12 T0425) =0, n=0,1,2,..,
(44)  (ciska+Ciars +25'ciana)8ro + (S Cizkz + S'Clarz + €i211) Sio
—Bi2To—Bi2To+ [(cr1x1 + S (Coarz + Cr2x1) + S"*C1202)811
—PuTi—pBi 71871 =0,

4.5 Dugro = [Bu+pi2S1To,
where
(4.6) Dix = Cigxs + 8 (ciarz + Cianr) + 8% Ciznz -

Combination of Egs. (3.8) and (4.2) shows that

@) e f e xRV,

whence we obtain a particular solution of Eq. (4.1) in the form

@48) ly = —R Zg.,,(xz) ( f [ e e oz )] }

In addition to the displacement (4.8), any displacement may be superimposed which
is a solution of the equations

d duy
(49} 3x ‘Cuu a } =0,

J
Solutions of Eq. (4.9) are sought in the form

o0

(4.10) e = Y b6 H(A(G) +x1),

n=0
where
4.11) H=H_, rn=1,2,...
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Substitution of Eq. (4.10) into Eq. (4.9) yields
(4.11)  cizphin+ Cianattin+ (Cinnz + Ciany +24"Ciax2)hk, a1 + (A" Ciziz

+ ¢z + Clorr) B ma 1 + [Ciaks + A" (Coanz + Cr201) + A2 Clapa b ns 2 = 0,
n=0,1,2,..., i=1,2,3;

(4.12)  [eimez + Ciara +24"Ciapo ko + [A” Ciapz + A'Clara + Claralro
+ [cis + A'(Cirkz +Ci2m) F A% Cizpalry = 0, i=1,2,3;
(4.13) [cis + A" (Crapz+Ciar) + A o) e =0, i=1,2,3;

where hy , = hy,.
The consistenicy condition for Eq. (4.13) provides the sextic-equation

4.19) leies + A (Ciarz + Ciaa) + A2 Cpapa| = 0

determining /. Equation (4.13) further provides, in general, two algebraic equations for
the ko, k = 1, 2, 3. Moreover, in view of Eq. (4.14) there exists a linear combination of
the rows of the matrix

(4.15) Six = (Ciana + A" (Cranz + Cizpr) + A% Ci2x2)

which is zero. This linear combination may be used to eliminate the hy, in Eq. (4.12) to
provide an ordinary differential equation relating the h;,. Combination with the algebraic
equations given by Eq. (4.13) defines each of the A, via an ordinary differential equation.
In a similar manner, in addition to the ordinary differential equation relating the /o,
Eq. (4.12) gives two algebraic equations for the k. Appropriate linear combination
of Eq. (4.11) for the case n = 0 eliminates the h;, and provides an ordinary differential
equation for the hy. Thus, the hy, are defined. In general, Eq. (4.11) provides an ordinary
differential equation for the h; ,,; together with two algebraic equations for the Ay 4.
Thus, the A, are completely recursively defined by the system of equations: (4.11)-(4.13).

The sextic (4.15) in A’ has only imaginary roots (see ESHELBY et al. [S]) which occur
in conjugate pairs. The six roots are taken to be A, As; « = 1,2, 3 and the associated
values of the h;, generated by the recurrence relations (4.11)—(4.13) are denoted by Aypq-
Hence the solution of Eq. (4.9) in the form (4.10) is given by

ag
Uy = E Ehn«(xz) {Hm(zu)'l'ﬁmﬁs)},
(4.16) Bl
Ha:a = Hn—lm
where the summation over « is from 1 to 3 and z, = x, +4.(x,). Thus, the solution of
Eq. (2.1) is generated in the form

Uy = Z ;;hm(x;) {Hoalzo) + Hon(Z2) } + ggt.(x) {F.()+F,@)},

4.1
( 7) F;=Fu—l-
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The stress 0;; may now be obtained by substituting into the equations

ou
(4]8) Uu = Cuu—é;:- -—ﬁuﬂ.
A suitable form for the H,,(z) which gives zero stress at infinity is
w
_ 1 [ Bip)
(4.19) Hoo(2) = - J oy exp (ipz2)dp,

where the B, (p) are chosen to satisfy particular boundary conditions on x, = 0.

5. Constrained boundary

If the boundary is fully constrained, then the boundary conditions are
u(x,,00=0, k=1,2,3.

The arbitrary constants of integration in the expressions for the hy,,, 8kna» I are selected
so that

hina(0) = 8ne(0) = T(0) =0, n>0,
hyoa(0) = Ayq = constant, g,0(0) = constant = CyiK,
To(0) =1
whence, from Eq. (4.17)
EAu {va(x1) +¥alx1) } + CiK{Fo(x,) + Fo(x1)} = 0,

HOG = Yu»
so that

1
D) AB(p)+ - CuKA(p) = 0.
Thus, if the matrix [4,,] is non-singular, then

1
B.(p) = — > Ry CikA(p),
where
2 ApRyy = 4y.

The stress in the half-space with constrained boundary and a specified distribution of
heat on the surface may now be readily calculated from Eq. (4.18).

Acknowledgement

The support of the National Research Council of Canada under grant no. A8750 is
gratefully acknowledged.



5% C. RoGeERs AND B. L. CLEMENTS

References

1. A.O. Aworosl and R. E. GiBsON, Plane strain and axially symmetric problems of a linearity nomho-
mogeneous elastic half-sapce, Q. JI. Mech. Appl. Math., 26, 285—294, 1973.

2. D. L. CLemeNTs, Thermal stress in an anisotropic elastic half-space, SIAM J. Appl. Math., 24, 332—337,
1973.

3. J.D. EsueLy, W. T. Reap and W. SHOCKLEY, Anisotropic elasticity with applications to dislocation
theory, Acta. Met., 1, 251—259, 1953,

THE UNIVERSITY OF ADELAIDE
DEPARTMENT OF APPLIED MATHEMATICS
ADELAIDE, SOUTH AUSTRALIA.

Received November 24, 1978.





