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Drag reduction of an oscillating flat plate with an interface film
R.S. SHARMA (NEW DELHI) (*)

DRrAG reduction of an oscillating plate using an intermediate film of elastico-viscous fluid has

been discussed. Expressions for velocity profiles for film and infinite fluid are obtained. Power

iﬁnput to fluid at the plate is significantly reduced by the use of a thin film of an elastico-viscous
uid.

Przedmiotemn rozwazan jest redukcja oporu oscylujacej tarczy uzyskana za pomocg warstwy
posredniej z cieczy sprezZysto-lepkiej. Otrzymano wyraZenia na profile predkosci dla warstwy
1 nieskoniczonej cieczy. Moc przekazana cieczy na powierzchni tarczy maleje znacznie po wpro-
wadzeniu poéredniej cieklej warstwy sprezysto-lepkiej.

IpegmeTom pacCy’>KOeHHil ABIACTCA PEAYKIHEA CONPOTHBJICHHS OCUMJUTHPYIOILEro HCKA,
OOJIYYEHHAR NPH MOMOLH NPOMEXYTOYHOIO CJIOA M3 YNpyro-BaAskoi xmaxoctd. Ilomydenst
BBIp&)KEHHA 1A npodrieil CKOPOCTH AndA cosa B Ons GecKoHeyHol »maxocTy. MolHocTs
nepefaBaeMast YKEIKOCTH HA MOBEPXHOCTH JHCKA 3HAUKTEBHO YObIBAET I0CIIE BBEACHHSA Mpo-
MEXYTOYHOTO MHAKOIO YIPYTO-BA3KOIO CJIOA.

1. Introduction

DRAG reduction by long-chain polymers or particulate suspensions is a well-documented
phenomenon. Recently, some excellent reviews [1, 2, 3] have appeared which deal with
various aspects of drag reduction. The literature on this subject reveals that most of the exper-
imental investigations have been carried out with circular pipes; however, comparative-
ly little work has been done with flat plates.

Studies of drag reduction of flat plate is of practical importance to naval applications.
Since the drag reduction by polymer additives is a boundary region phenomenon [4], the
concentrated polymer solution is injected as such at the solid boundary to reduce the fric-
tional drag of a plate. Continuous injection of a concentrated polymer solution forms
a coating of a non-Newtonian fluid next to the wall.

Some natural lubricants have also been found to reduce the frictional drag. Fish mucus
is secreted by cells of the epidermis; this reduces the water resistance up to 60% [5] and
assists in fish locomotion. The concentration of slime secreted by hogchoker is about 2000
ppm (weight) and shows a high reluctance to diffuse in water. The reported studies [5, 6]
with slime solutions have also been conducted in pipes.

In order to understand the influence of the presence of fish slime on shear stress pro-
duced at the fish body, a basic problem of fluid motion of a thin lubricating film between
an oscillating flat plate and an infinite fluid has been considered in the present work. The
mathematical model considered also simulates the flow of water —wood pulp mixture on
the shaking table of Fourdrinier paper making machine. In this machine a layer of wood
pulp is separated from the vibrating table by a thin layer of water.

(*) Present addreses: Chemical Engineering Department, The Ohio State Universisy, Columbus,
Ohio, USA.
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The problem of an intermediate viscous film introduced between an oscillating plate
and another infinite viscous fluid has been treated by DeeLER and MONTOGOMERY [7].
These authors have not discussed the influence of the thickness of the intermediate film
on various parameters affecting the friction reduction of the plate. Also, since the fish
slime [6] as well as the water — wood pulp mixture contain solid constituents, the results
obtained with the Newtonian film do not apply to actual fluid situations.

In the present study, drag reduction of an oscillating flat plate in the presence of an
intermediate film has been analysed. For a general approach, an infinite elastico-viscous
fluid is separated by a thin layer of another immiscible fluid. Expressions for the velocity
profiles for the intermediate film and for the infinite fluid have been obtained. The reduc-
tion of power input to fluid at the plate with the intermediate film has been determined.
The optimum power ratio obtained with the elastico-viscous fluid film is found to be
much less than that when the film is of a Newtonian fluid.

It is shown that the results of the present analysis can also be applied to analogous
problems of heat conduction in solids. Variation of temperature in a boiler grate, over
which a thin layer of ash acts as an insulating material and is subjected to an oscillating
temperature field, can also be determined. Results without the film can be used to find
the temperature distribution of the Earth.

2. Formulation of the problem

The fluid considered is characterized by the constitutive equations [8]
(2.1) Sik = P ‘-‘Pgu,

22) a2 f plt—0) 22X dome, ryar,

where covariant suffixes are written below, contravariant suffixes above, and the usual
summation for repeated suffixes is assumed. Here s;; is the stress tensor, p an arbitrary
isotropic pressure, g is the metric tensor of a fixed coordinate system x*, x! is the position
at time ¢’ of the element which is instantaneously at the point x* at time ¢, e is the
rate of the strain tensor and

wt-1) = [ 2 expr— —7patae,
0

N(7) being the distribution function of relaxation times. One common approximation
[8] is that the memory of the fluid is so small that Eq. (2.2) can be simplified to

(2.3) = 2ppetik _ 2k, 56 ik

o
where 7o = 6[ N(z)dr is the limiting viscosity at small rates of shear, k, is the coefficient
of elasticity of the fluid,

o

ko = [ TN()dr,
0
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and terms involving | ©"N(z)dr (n > 2) are neglected. 8/8¢ denotes the convected deriv-
0

ative [9].
Using the simplified equations of state, the equations of motion for the fluid in a Car-
tesian frame of reference can be written as

v, dy, 'S ap %y, [ o
@49 e o T Uax] T T ax T Gxan, 0| o \Fxox
+0 3’0; ng 330,,. 310; 3v..

O Sxndxs0%,  O%m Oxi0xs - Oxndxy 0% )
where p is the density.

Consider the unsteady flow parallel to an infinite oscillating plate over which the normal
component of velocity takes a zero value. A thin film of thickness 4 of another elastico-
viscous liquid separates the infinite liquid from the plate. The coordinate system used for
this arrangement is shown in Fig. 1. The plate performs oscillations with a velocity
Ujcos(wt—¢) in the direction of the x-axis, and the y-axis is normal to the plate. Let
u and v be velocity components in the x- and y-directions, respectively. Under these con-
ditions, the flow is independent of x and, from Eq. (2.1), the governing equation with
uniform pressure becomes

du *u Pu
@) F i ™
where
(2.6) v=1n/e and k* = kefp.
The continuity equation for the flow situation is identically satisfied. Let the suffixes
1 and 2 represent the film fluid and infinite fluid, respectively, then

du *u %y
2. ——-—l'- = ——-!- —_— _.—-l._. — -
@7 3 =g Mgy for —h<ys<0T,
3u; 3zll3 2* 5]
8 _—— +
2.8) g 2 k!ayzar for 0*<y< o0,
vi

Noz,P2,v2, Koz

Fluid- Film inferface

= Ro1, P1,V1, k}”

B a— T T 77 E L 7T 7 77
- -
z/ Url-h,t) = Uy cos (wt-€)

Fic. 1. Coordinate system of an oscillating plate with an intermediate film.

>y
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where

¥y = No1/1, k= ko:/!?xi
(2.9

Y2 = 702/02, k; = koz/0,.
The boundary conditions are

(2.10), u; = Uycos(wt—e) at y= —h,
(2.10), u, =0 aas y- o,

and at the fluid-film interface

(2.10), u;(0-,1) = u, (0%, 1),
(2.10)4 [Prylyao- = [Pxy)yaoss

where p., is the shear stress. Equation (2.10)4 in terms of velocity components is
du, Bzui)] _ [ (3:{2) B’uz)]
iR [""‘ (W)"‘“‘ o A il i P | R

3. Method of solution

Since we are interested in the fully established oscillatory flow, we assume the velocity
of fluid of the form
3.1 u(y, t) = Upf(y)exp(iot).
Introducing the following non-dimensional parameters
n = yUplv,, t=Ukt,, ®=nrolU¢ u=ulU,
k=k3Usli, A=ktlks, E=wn, 6 = no1/M02-

Eqgs. (2.7) and (2.8) when combined with Eqgs. (3.1) and (3.2) yield the non-dimensional
velocities, after dropping the bars, as

(3.2

(3.3) wuy(n,t) = [Acosh(a, +ib,)n+ Bsinh(a, +ib,)n]exp(iwt) for —-f<n<0-,
(3.4)  uy(n,t) = [Cexp(a,+ib,)n+Dexp(—(a,+ib)n)lexp(iwt) for 0* <7< o,

where

o Akw? 1112
alsb1=(III/Q['—/6:lq: 0'1] s

-~ o kw? 112
az,bz =(1/}/2’[]/0—2 :F o, J ’
(3.5 0y = (B2+ 1220,
0, = (l +k2a)z).
Ush
ﬁ =

v,
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and A4, B, C and D are the constants of integration to be determined from the rephrased
boundary conditions

u, = expliwt—e)] at 5= -8,
u, =0 as 79— o0,

(3'6) ul((}',r) = u2(0+! l);

aul a ﬂ; au; ‘_- azuz]
@15 [“ anar]..o- [a_n kot o

A combination of Egs. (3.3) and (3.6), gives the phase angle

—¢|{ Bcosha, p— Asinha,f
= 1 1 1
% e = tan [( Acosha,f— Bsinha,f ‘a“b‘ﬁ]'

Equations (3.4) and (3.6), give

C=0.

The real parts of Eqs. (3.3) and (3.4) give the velocities of the film fluid and infinite fluid,
respectively. Therefore, Egs. (3.3), (3.4) and (3.6); give

D=A.
Also, when this factor is combined with (3.6),, we get
(3.8) B= —ud,
where
. a; +kﬂ.lbz
3.9 a=(1/0) [m]

The constant A4 is found by combining Egs. (3.7) and (3.8) as
(3.100 A4 = [(sinha;p+acosha,P)?sin?b, B+ (xsinha, B+ cosha,f)*cos? b, f]~ /2.

Thus the velocity profiles u,(n, ) and u,(z, t) are completely determined.

In the absence of a fluid film, i.e. # = 0, then 4 = 1 and 4 < 1 for |f| > 0. Therefore,
the expression on the right hand side of Eq. (3.10) is termed as the amplitude reduction
factor, K given by
(3.11) K = [(sinh a, B+ acosha,B)?sin?b, B+ (asinha, B+ cosha, f)*cos? b, B~ /% ,

and K< 1 for |g] = 0.

Shear stress

The non-dimensional shear stress at the surface of the plate in the presence of the
intermediate film, when non-dimensionalized by g, U#, is given by

du ﬂ.ﬂk *u
3.12 1 N 9( ‘) ( ‘)
G.12) Proh-s va-b Motlganp’
Using Eq. (3.3) we obtain
(3.13) Pxyh=—p = (Pr+ M,)coswt— (P;+ M))sinwt,

»
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where X
P, = fa, i‘?— (Bsinha;8— Acosha, f)sinb,f
+(Bcoshalﬁ—Asinhalﬂ)cosb;ﬁ- ,
P, = fa, ;(Bsinhalﬁ——Aooshalﬁ)sinblﬂ |
(3.19 —%(Bcoshalﬂ—Asinhalﬂ)cosblﬂ- i
M, = 0b, % (Bcosha, f— Asinha,f)cosb, f —
' —(Bsinhalﬂ—Acosha,ﬁ)sinb;ﬁﬂ ’
M,; = 0b, -(Bcoshalﬁ—Asinhalﬂ)cosblﬂ
- + f%t (Bsinha,f— Acosha, f)sinb, f.
Power

The power input to the fluid per cycle is given by

T
(3.15) P=— [ [u(0,0)poheodt
0

in which T is the period of the cycle = 2n/w.
If P, and P, denote the power input with and without the intermediate film, then,
from Egs. (3.3), (3.10) and (3.13) through (3.15) we get

(3.16) Py = (nK0/w) [(al +% b, kw) (—;— (1+a?)sinh2a, B+ rxcoshza;ﬁ)

+%(% a,km-bl) (- u*)sinzblﬁ].

(3.17 P, = (njw)(a,+b; kw).

Consider a particular case when both fluids are Newtonian, i.e. k = 0 and limy, 04 = 0
because k, approaches to zero more rapidly than k,. The ratio (P,/P,), for this case is
given by

(3.18) (P[P, = [% u(sinh2a,ﬁ+sin2alﬁ)+—;- o~ !(sinh2a, 8 - sin2a, B) + ooshZa,ﬁ]

[[sinha, B+ acosha,B)?sin a, B+ (cosha, B + asinha, f)* cos?a, ],
and for large values of (a,f) the power ratio approaches to a~*.

4. Results and discussion

For a given combination of fluids and oscillating system, the phase angle, & is found
to increase with film thickaess and decreases as « increases. For large values of (a,8) the
phase angle tends to a value tan™![( — sinb, f)/cosb, f].
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The variation of the amplitude reduction factor, X was plotted with (a, §) for various
values of (b;f8) and « = 3 and 30. X = 1 for (a,8) = 0 and decreases asymptotically with
(a;p). This decrease is found to be more pronounced in the range 0 < (@, f) < 0.5, thus
indicating that a thin layered film is more effective in reducing the value of the amplitude
reduction factor. For the same values of (a, #) and (b, f), the magnitude of K for « = 30
is about one-tenth of that for « = 3. For large values of (a, §), the amplitude reduction

-1
factor becomes independent of (b, f) and decays exponentially as [% (1+ «)exp(a, ﬁ)] .
In general, « is a function of 0, k, A, &, and t. For the Newtonian case, ie. A =0

1/2

and k=0, a = (% %) . The variation of (af] J/£) with ke for various values of wt (=
01 &1

n[4, 7/2, 3n[4) indicated that this parameter is less than unity for wf = x/2 at all values

of kw. Therefore, this type of oscillations of the plate will result in a higher value of X and,
consequently, the oscillating system would require higher power input per cycle.

In order to evaluate the extent of power reduction by the use of a thin lubricating
film, the following particular cases are examined:

(i) When both fluids over the oscillating surface are Newtonian, then (P;/P,) given
by Eq. (3.18) is in agreement with that obtained by DeBLER and MONTOGOMERY [7].

(i) In another case, the infinite elastico-viscous fluid is separated from the oscillating
plate by a thin layer of a Newtonian fluid. The power ratio (P/P,) for this case is Z times
greater than that given by Eq. (3.18), where

Z= (crz)”‘[(l— kf"_)m +kw(] + k““_)m]_l.
Vo I/Uz

The variation of Z with kw is shown Fig. 2.

(iii) The power input ratio with and without a film, for 1/ = 1 and the optimum con-
dition for the amplitude reduction factor, is obtained from Egs. (3.16) and (3.17). The
optimum condition for X is obtained from the expression resulting from dK/df = 0. The
case of A/¢ = 1 represents the condition for which the coefficient of elasticity of each fluid
is proportional to its kinematic viscosity. The variation of (Py/P,).p. With (a, §) for various
values of ko (= 0, 0.5, 1.0) and « = 3 is shown in Fig. 3. A similar plot for a = 30 is
shown in Fig. 4. In these plots the curves for kw = 0 correspond to the Newtonian case.
These plots show that power reduction is most rapid in the range 0 < (a,f) < 0.25.

A comparison of Figs. 3 and 4 reveals that the power ratio is reduced significantly
by using the intermediate fluid that yields a higher value of «. For such fluids, even a film
of small thickness can reduce the power input dramatically. Thus we may conclude that
power reduction by an elastico-viscous film is much greater than that by a Newtonian
film.

If k = 0 and A = 0 are substituted in the results given in Sect, 3, then the analysis
contained in Egs. (2.9) through (3.11) can be applied to analogous problems of heat
conduction in solids. The results of the analysis when § = 0 are used to determine the
tempeérature distribution in the earth due to the periodic fluctuations of the temperature
at the surface, for example, from day to day or over the seasons in the year. The analysis
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a=3
Af=1
] 1 !
2
3 o --—-5
FiG. 2. Variation of Z with kw for A = 0.
10
1,
7| =
a6+
o4 1 | 1 |
o o4 o8 12 16 20
kw —=

Fic. 3. Optimum power ratio for various values of kw and o = 3.

for the cases in which an intermediate film exists can be applied to a solid surface at a depth

= —h (Fig. 1) which would be exposed to a fluctuating temperature. We can thus de-
termine the extent to which a thin layer of one -material reduces the temperature in a semi-
infinite solid of another material. Temperature variation in a boiler grate subjected to
a fluctuating temperature field and over which a thin layer of ash acting as an insulating
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aff —=

FiG. 4. Optimum power ratio for various values of kw and « = 30.

film is spread could also be determined. The use of the relations in the present analysis
requires simply a replacement of p and n by the specific heat and thermal conductivity
of the material, respectively.
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