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Homogenization of fissured Reissner-like plates(*)
Part III. Some particular cases and illustrative example

T. LEWINSKI and J.J. TELEGA (WARSZAWA)

THE LAST part of the paper deals with three important particular cases of homogenization of
fissured Reissner-like plates. An illustrative example of homogenization of a plate weakened
by fissures distributed parallely to one of the in-plane coordinate axes is also given

W ostatniej czesci pracy rozpatrzono trzy wazne przypadki szczegdlne homogenizacji speka-
nych plyt Reissnera. Podano réwniez konkretny przyklad homogenizaciji plyty ostabionej szcze-
linami réwnoleglymi do jednej z osi plaszczyzny plyty.

B nocnemHed YacTH paloThl PacCMOTPEHb! TPH BAYKHBIE YaCTHBIE CJIyYaH TOMOIEHM3AlUfH
mnacTHH PeiiccHepa ¢ Tpemmuamu. IIpHBeneH KOHKPETHBIN IIPAMEDP FOMOTEHHSANMH ITJIACTHHBI
C TPEeUIMHAMH, TapaieTbHBIMH OJHOM N3 ee ocei.

1. Introduction

IN THE FIRST part of the paper [3] the method of two-scale asymptotic expansions was used
to derive the general formulae describing various homogenized models of Reissner-like
plates. From a rigorously mathematical viewpoint such an approach is formal. A rig-
orous study of the convergence as ¢ — 0 has been presented in Part II, [4].

The last part of the paper is concerned with two problems. First, in Sect. 2, we discuss
three particular cases of homogenization of fissured plates. These cases are determined
by the bending cracking mode, shear cracking mode and tension cracking mode. For the
first case we show that the curvature tensor influences the membrane forces and vice-
versa, the moment tensor is influenced by the in-plane strain tensor.

Section 3 presents an example of homogenization of the Reissner-like plate weakened
by fissures distributed parallely to one of the in-plane coordinate axes. Flexural fissures
are studied. Though the fissures considered are not microfissures and the basic cell not
connected, yet the derived homogenization formulae can effectively be applied.

Roman numerals refer to the relevant sections, equations, references and figures
of the first and second part of the paper. The same notations as previously will be used
here.

(*) The paper was presented at Euromech Colloquium 210, Jablonna, June 1986.
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2. Some particular cases

Basic cell problems for all admissible fissuring modes have been formulated in [3]
as a set of variational inequalities (2%,.), « = 1, 2, cf. formulae ((I.3.17)-(1.3.28)). Below
we shall investigate particular cases of these problems connected with the three cracking
modes which have been considered in Sect. I.2 and illustrated by Figs. 1.3, 1.4 and I.5.

2.1. Bending cracking mode (Fig. 1.3)

Let us first examine the local problem 2{,.. It now reads
find v! € [Hy..(Y)])%, ' € K> such that

@D [ (Cup @@+ Eagr 72 ()2~ @Y dy > Lo(b— ")V € K3,
¥YF

2.2 f (Aapr V2V + Egr0lu (@) )7%(@)dy = Li(2),  Vz € [Hye (V.
YF

Since the local displacement field v! is now an element of the function space, the varia-
tional inequality (I.3.17) takes the form of the variational equation (2.2).
The localization of (2.1) and (2.2) yields

ad ov} op} :
(2.3) . (Am e p Bt =0 in ¥F,
3}’3 Php ay# B 3),#
d v} o) :
2.4) s (Ea —2* 4G, uy) =0 in YF.
( ayﬁ Bip ayp Bip ay/‘

More information on localization the reader may find in Part II. Multiplying Eq. (2.3)
by e and knowing that E,s,, = A3, Gups = €*Aupzu+ Dypsy, We readily arrive at

d ov} .
2.5 L Al i YF,
( ) ayﬂ (Ac;ﬁly ayﬂ ) mn

d dg; ) :
2.6 e =0 YF.
( ) 3,]/15- (Aaﬁﬁ._u ay# m

Equation (2.5) implies
2.7 ay(v',v') = 0 =v! = v!(x).
Thus the local problem (2.1) and (2.2) reduces to

find ¢! e KP§ such that
2.8) ag(@', Y —@') > Ly(Y @)V € Kfs |

Similarly, it can easily be shown that in the case considered the local problem 2%, is trivial,
that is w! = w!(x). The elastic potential W is

(P1se)-

1
(2.9) W(e s K, (a)) = —2-”—,!— f {Aaﬁi.p Eaf Eap + 2Eaﬂﬂ.u Egﬁ[%m + Q,{u (cpl (G B x) )]
YF
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(2.9) + Gapu[#ap+ 02 (@1 (€, )| [% 1.+ 0%u (@' (€, %) )|+ Hogw, wp }dy.

[cont.]

The homogenized constitutive equations are

p 1
(2 10) mdxﬂ = Aaﬁl,u Eﬁ.ﬂ #+ _l"ﬂ_ f Eaﬁl# lxi.,u b 9/}1’/1 (cpl (€9 ‘K) )] d}’,
YF
|
(2.1D) Mop = Enpru ot - ha f Gopa [+ 0 (@' (€, ®))] dy,
Y F
(2.12) Q. = H,;wp  (unchanged).

The homogenized constitutive equations (2.10) and (2.11) are coupled. To corroborate
this statement let us return to the mid-plane displacement u® = v°+ e¢p®. Taking account
of (I.2.31) we obtain the identities

(2.13) Axgiu €au+ Bapip iy = Aagip¥1.0°),
(2 14) Eaﬂ/ly Eau + Gaﬁd.,u Hlp = Dmﬂ/lp Q/I,u((PO) o Eﬂﬁiﬂ‘j;ly(uo) .

The bending moment (ﬁtaﬁ), referred to the mid-plane of the homogenized plate, can be
written as follows (see Eq. (1.2.42)):

(2.15) Moy = My — Ny

Then

(2.16) Ny = Am,,[n,,(u )+ = !Yl f o3u(@' (e, u))dyl
(217) Eﬁtaﬁ = Daﬁ/ur[gl,u(tp )+ f@ﬂ.ﬂ(‘P (G x))dy]

Coupling is absent if e = 0. Otherwise the curvature tensor influences the membrane
forces (M) and vice versa, the moment tensor is influenced by the in-plane £ strain
tensor €.

We pass to the strong formulation of the local problem 2}:2. The localization pro-
cedure is similar to that used in our paper [2] and in the second part of the present contri-
bution. Therefore we shall only adduce the final results provided that all functions are
sufficiently regular. The local problem 2" yields the following relations and conditions:

(i) the equilibrium equation

2.18) G T _o i yE:
a W mlye

(ii) ¢! is Y-periodic;
(iii) myzn, are opposite at the opposite sides of the basic cell Y, where

(2.19) maﬂ = Gﬁﬂ;_PQ{”(fpl)“f'mgﬂ, mgﬂ = EaﬂM€M+Gaﬂl#”Ay3
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(iv) the internal Signorini-type conditions
1 2
(2.20) Tpkl 20, my=my=my<0, myJer] =0, on F,

'

c
where my = My, N.Ng.
The proof of the above assertions is based on the identity

4
ol +¥ i
2.21 l, = = fG“ — T w.dy+ b ds
221)  ag(p', P)—- L) i o oy, Ve 2, J Mgy

=171,
1 1 2 2 1 1 2 2
+f[(mN'l’N—mNV)N)‘i‘(mri,UT—mrwr)}dS,
F

where

my = maﬁlaNaTﬁ) YN = y)a_‘aNa) Yr = WO:IGTOL'

2.2. Shear cracking mode (Fig. 1.4)

A simple analysis of the local problem 2/, shows that now ¢! = ¢!(x) and v! = v!(x).
The local transverse displacement w' is a solution of the local problem 2. which now
reads

find w! € K}y such that i
(1)

(2.22) ag(w',u—w') = Ly(u—w")Vue K
The homogenized constitutive equations are

(2.23) Mg = Aupa Eaut Eprp s

(2.24) Map = Eupr €2+ Cupan %

(2.25) S { H, (wﬂ+ ‘i"giyi‘f’)) 3.

Similarly as before, displacement u® = v°+e- ¢° can be used instead of v°. Then Egs.
(2.23) and (2.24) transform, respectively, into

(2.26) Nyp = A V3,0,
(2.27) Sﬁtaﬁ = D,y 0:,(9°).

Obviously, Eq. (2.25) remains unchanged. Thus we sec that the problem considered is
unaffected by e and we can put e = 0. Stretching and bending effects are uncoupled.

2.3. Tension cracking mode (Fig. 1.5)

Now [¢5] = 0 and hence [v5] = [uf] on F*. As previously, the problem is unaffected
by e and we can assume e = 0. The only unilateral kinematical condition is imposed by
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[#¢] = 0. Local problems 2§, imply that w! = w'(x) and ¢' = ¢'(x). The local displace-
ment u! = v! is a solution of the following variational inequality
find u! € K¥¢ such that

g
(228) aA(ul’z__ul) = Ll(z_ul)vze Y‘FL( loc
where
(2.29) Li@) = ~ | Auniernvia@dy.
YF

The homogenized constitutive equations are given by

1
(2.30) N = il ) l- Aaﬁm(eu,+yi{,‘ (u‘(e))) dy,
(2.31) maﬂ = Daﬁipgﬂ.u: ‘Qa = Hﬂﬁwﬁ'

Similarly as in the preceding case, the stretching and bending effects are uncoupled. The
homogenized plate problem is conventional, that is linear within the framework of mod-
erately thick plates. On the other hand, the homogenized membrane problem is nonlin-
ear.

Finally we observe that other cases may be investigated in a similar way.

3. Example. Homogenization of a plate weakened by fissures of the bending type and
periodically distributed along parallel lines

Let us consider an elastically isotropic homogeneous plate weakened by fissures of
the bending type, distributed along parallel lines x, = neb,n = +1, +2, ..., see Fig. 1.

In this case the fissures intersect the boundary I" = 92 of the plate; thus the boundary
of the ¥, ; cells with dimensions a x b is intersected. Therefore the assumption concerning
connectedness is violated, see Sect. 1.3. Nevertheless it is meaningful to homogenize
such a plate by using the results of the first part of the paper. We observe that the plate
considered is not kinematically variable since it is clamped along I

Figure 1 b represents the geometry of the basic cell. We observe that the distance /;
determining the position of fissure F may be arbitrary provided that 0 < /; < b. A simi-
lar homogenization problem has been solved in our paper [2]. However, only the
simplest Kirchhoff plate has been examined there. Therefore discussion of the present
case will be limited to general formulations and results, detailed calculations being omit-
ted.

Now the strong formulation of the local problem or the problem posed on the basic
cell ¥ consists in finding a function ' = (pl) € [C*(YF))? satisfying, cf. Eqgs. (2.18)-
(2.20).

(i) Equilibrium equations

1+»

qu);-}-t;(p‘%'ﬁ“ =0 in YF,
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.

F1G. 1. Plate weakened by fissures periodically distributed along the lines x, = neb, n = 1, +2,....

where » is Poisson’s ratio. The above form of equilibrium equations is a consequence of
isotropy of the material of the plate considered, since

1—9
Gaﬂip =G (vaup 6;4; + 3 (6011 6‘6;1 + 6a,u dﬂ}.)) s
where
R — h?
=g » =

(ii) Periodicity conditions
?’;(}’1,0) = 'P;(yl’ b), 9305(0,Y2) = %ls(a,yz),
m1(0, y2) = myi(a, y,), mzz(}’la 0) = my,(yy,b),

mya(y1,0) = mya(yy, b)),  ma(0, y:) = myy(a, ya),
where
0<y,<a, 0<y,<b.

(iii) Continuity conditions imposed by the bending mode considered
i1, 11 =0) = ¢1(y1, 1 +0),
My (V1,11 =0) = my (31, 1, +0),
my:= my(y1, i —0) = mya(ys, 1, +0)
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(iv) Internal Signorini-type conditions on F, viz. for y, = I,
[pi] =0, my <0, mfe;]=0.
Due to isotropy, the local bending moments are

Mys = G[(1-2)0%p(@") +7550%(@")] +mSp,
where

mgﬁ =G [(1 —) ("aﬁ+ %) +‘l’(§ap (”M'*‘ —6;;—)],
and R = R/H.

It can be shown that the periodic function ¢' satisfying (i)-(iv) has the form
0, if md; <0,
CPl = yzmx +m2, if Y2 € [0, ll) and mgz > 0,
yamy, if y,e(,,b] and mJ, >0,

“’[] [mu/G] mzz[—omszb/a]

0

G

where

and

1
= (%22 +%11)+ — (322‘“’811)

Hence we obtain
v 0, if m$, <0,
2(P') = — 042 0p2m3,/G, if  m3, > 0.

The homogenized constitutive equations (2.10) defining the membrane forces take now
the form

Bley; +veap+e(oyy +v%35)], if (22 +v%1)+(e22+v€1,)/R< 0,
iy = B[(l—v“;) &1+ (1— —;—) eu] +eB(1—v¥)x,,, otherwise,

mlz = m“ = B(l —11)812+EB(1 —'V)le,

Bless +veqy +e(xaa+v%11)],  if (%22 +vxyy)+ (€22 +v€1)/R< 0
mzz = B(

1- —%—) (e;2+7ey,), otherwise,

where
H? G
L*(1—-v?) ~ eR
The homogenized bending moments (2.11) now are
Gloeys +v220+ (61, +v832)[R],  if (%22 +9%11) + (822 +7€11)/[R< O
My, = (the fissure is closed),
G(1—»?)(%,, +e11/R), otherwise (the fissure is open),

B =

10 Arch. Mech. Stos. nr 2—3/88



306 T. LEwINskI AND J.J. TELEGA

M, = My, = GA—»)(%y2+ £1,/R),

Gxaz+vxy +(e22+ve)/R], i (ean+wxy)+ (€22 +7€1)/R< O,
0, otherwise.

gﬁzzz{

As we know, the constitutive equation for shear forces remains unchanged.
The elastic potential of the homogenized plate

|
W(E ) %K, 0.)) = ’2‘ [Gaﬂly(”i.p el Q{p(tpl))(xcxﬁ "+ 9%(‘?1))
+ 2E¢,ﬂ,‘ (%M‘ + QL((Pl)) Eaﬂ + Aaﬁlp €xp Eap + H%gwawﬁ} 5
written out explicitly reads

Wie, w,w), if  (%22+vx)+(e22+v€,)/R <O,

3 =
3.1 W(e, x,w) {Wz(e,x,w), otherwise

where

1
W, = 5 (Gt + 250, + 232+ (1 =9) (57 2 + 23 4)]

G
+2 x (11811 +9(%11 €22+ %22 €11) + €22%22
+ (1 =) (%15 €12+ %21 £20)]+ Blels +2vey; €22+ €3,
+(A=») (el +e3) +S(@wi+od},
1

W2=7

{GLA—v") ey + (1 =9) (el +#3,1)]

G
+2 53 [(QA—=v?)oesg €11+ (L=») (12 €12+ %21 £21)]

2e
+Bl(l = *TR() €2, +2 (1 - ;) €11 E20+ (1 - ;) &2,

+ (1= (et +8%1)] +S(w§+w§)},
S = 5/12(1 +v).
The following relationships hold

ow aw ow
(32) SD?'aB = 3”&6 ’ 91\:5 = 38.1;; » 'Qu = "awa .

The potential W given by Eq. (3.1) is not strictly convex since det [02 W, [dx,59%;,] = 0.
The lack of the strict convexity is a result of the violation of the assumption concerning
connectedness of the basic cell Y.

4. Final remarks

More general unilateral conditions imposed on F or F* can also be considered. For
instance, friction or friction-like conditions can be studied. However, such problems lead
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up to homogenization of implicit variational inequalities which seem to be intractable
by asymptotic methods.

Problems involving no unilateral constraints are simpler to treat since then the local
problem 2], and 2% reduce to variational equations.

In our developments the functions Ayp., Dugass and H,g have been assumed to be inde-
pendent of the local variable y. A generalization to the case when these functions are
Y-periodic is straightforward. On the other hand, it would be interesting to study the case
when these functions are X-periodic, say, and X # Y. Such case seems to be non-trivial.
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