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Existence and uniqueness of solutions· of some mixed problems 
for ideal incompressible magnetohydrodynamics 
Part I. The case of impermeable boundary 

W. M. ZAJt\CZKOWSKI (WARSZAWA) 

EQUATIONS of magnetohydrodynamics which describe the motion of an ideal incompressible 
fluid with infinite conductivity in a bounded domain are considered. Vanishing of normal com­
ponents of velocity and magnetic induction on the boundary are assumed as boundary condi­
tions. Existence and uniqueness of classical solutions (local in time) are proved. 

Rozpatrzono r6wnania magnetohydrodynamiki opisuj~ce ruch ideaJnej nie8cis1iwej cieczy z nie­
skonczon~ przewodnosci~ w obszarze ograniczonym. Jako warunki brzegowe przyjmujemy 
znikanie skladowych normalnych pr~dkosci i indukcji magnetycznej na brzegu. Pokazano 
istnienie i jednoznacznosc klasycznych rozwi~zan lokalnych w czasie. 

PaccMoTpeHbi ypaaHeHH.H MameTorH,lij)o.n;miaMm<H, oiiHCbiBaro~ue .u;BH>KeHHe ~eam.HoH: 
HeC>KHMaeMoH: >KH~OCTH c 6eci<oHeq}{OH :mei<TponpoBo.u;HoCTbro B orpamNemmH: o6JI&CTH. 
Kai< rpaHHq}{bie ycJioBHH npHHHMaeM uct~e3HoBeHHe HopMam.HbiX coCTaBJI.HIO~ CI<opoCTH 
H MarHHTHOH HH.D;~HH Ha rpaHlfi\e. IlOI<a3aHo cy~eCTBOBaHHe H e,D;HHCTBeHHOCTb ·KJiaC­
CHtleCJ<HX, JIOI<8JThHbiX BO BpeMeHH pemeHHH. 

1. Introduction 

IN THIS PAPER the following systems of equations 

1 
vr+v·Vv+Ve+-

4
--BxrotB =f in .Qx]O, T[ = !JT, 
7t(!o 

(1.1) 

(1.2) 

(1.3) 

Br+v · VB-B· Vv = 0 

divv = 0, divB = 0 

(1.4) vlt=o = V 0 , Blr=o = Bo in D, 

(1.5) v,.ls=O, B,.l 5 =0 onSx]O,T[::Sr 

is considered in a bounded domain D c: R 3 with a boundary S. Here v,. = v · n, B,. = B · n 
and n = n(x) is the unit outward vector normal to the boundary. The Eqs. (1.1}-(1.3) 
describe a motion of ideal incompressible infinitely conductive fluid in a magnetic field 
where v = v(x, t) is the velocity, p = p(x, t) the pressure, (!o the constant density, 
B = B(x, t) the magnetic inducton, f = f(», t) the external force field. 

From Eqs. (1.3}-(1.5) the following compatibility conditions are found 

(1.6) 

(1.7) 
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divv0 = 0, 

v0 • ii = 0, 

divB0 = 0 

B0 • n = 0 

in D, 
on S. 
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266 w. M. ZAJ..\CZICOWSKI 

It is shown in [4] that the problem (1.1)-(1.5) is well-posed. Hence, in order to prove 
the existence of solutions of the problem, there are introduced new quantities (see [4]) 

B · B 2 

(1.8) w = , ex= v+w, p = v-w, q = p+ - -, y 4neo 8neo 

so that from the initial conditions (1.4) we define 

Bo 
Wo= ' exo=Vo+wo, Po=Vo-Wo. 

y4ne0 

(1.9) 

Using the quantities (1.8) we replace the problem (1.1)-(1.5) by an equivalent system of 
problems (see [4]) 

ext + P · Vex = I-V q in QT 

(A) exlt=o = exo in Q, 

Pn = 0 on ST 

where p and q are considered to be known functions, 

Pt+ex · vp = f-Vq in QT, 

(B) Pita = Po in Q, 

exn = 0 on ST; 

Here ex and q are treated as given quantities; finally, 

' 

' 

L1q = divf-V1 ex1 V1P1 in Q x {t }, 

(E) 
oq an= J,.+nt, xptPj on Sx (t }, 

f q = 0, 
{) 

where ex, {3 are prescribed. 
The aim of this paper is to prove the existence and uniqueness of solutions to the 

problem (1.1)-(1.5), which is replaced by the equivalent problem (A, B, E). The existence 
of classical local solutions is proved (see Theorem 1). Uniqueness is stated in Theorem 2. 
This paper is based mostly on [2]. 

2. Notations 

We assume 

llullw;cm = llull,,p, lluiiL,(O, T, w:(Q)) = !lull,, r,p,QT, IE N' 

r,pER, 1~r,p~oo. 

For non-integer I we set 

llullw1<s> = Jlull,,p,S· 

Finally, the summation convention over repeated indices is assumed. 
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3. Existence of solutions 

To prove the existence of solutions of the problem (1.1)-(1.5) we shall use the follow­
ing method of successive approximations (see [2]) 

m+l m m+l m 
a; + P · V ex' = f- V q in !JT, 

m+l 
a' lr=o = cx0 in !J, 

m m 
where q and p are given and 

m 
(3.1) Ppls = 0 on sr, 

m+l m m+l m 

(mBl) 
p; +a· V P =f-Vq in !JT, 

m+l 

P lr=o =Po in !J, 
m m 

where q and oc are given and 

m 
(3 .2) an ls = 0 on sr. 

m m m 
Finally, for given oc and p, total pressure q is determined for the Neumann problem 

m m m 

LJq = divf-Vta1V1Pt in !Jx {t}, t E]O, T[, 

m 

(£) 
aq m m 

Tn = fn+nt ,x
1
atP1 on Sx {t}, 

f; = 0. 
D 

0 0 
In the above formulations we assume m = 0, 1, ... , and ex = oc0 , P = {30 are such that 

(3 .3) CXo. nls = 0, f3o. fils = 0, divcxo = 0 , divPo = 0. 

m 
Now let us explain why the quantities y' (where from now on ex and f3 will be replaced 

m m m+ m+l 
by y) are introduced and find the relations between y' and y. The functions oc' {3' 

(
m+ 1) (m+ 1) m+ 1 

determined by the problems A , B , respectively, are such that, in general, div y' # 0 
m+l m 

and y~ Is = 0. But the problem (E) will have solution if the compatibility condition 
for the Neumann problem is satisfied what can be fulfilled if 

m m 
(3.4) divy = 0 in !JT, Yn = 0 on sr, m = 1, 2, .... 

Therefore, in order to satisfy (3.4) we introduce the projections 

m+l m+l m+1 m+l 
(3.5) 1ty y' = y' - v f/Jy 

7* 
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268 W. M. ZAJ.~t<:nOWSKJ 

such that 

(3.6) 

m+l m+l 
L1 q;, = div y' in QT, 

m+l 
aq; m~l -__ ,_ = y · n on ST, an 

f
m+l 
rp, = 0, 

{J 

and then we assume 
m+l m+l m+l 

(3.7) 'Y = n, y' . 

Now let us determine the existence of the presented sequence and the necessary a priori 
1 m 

estimates to prove the existence of solutions of the problem (A, B, E). Assume that oc, 
m 

fJ E C0 ([0, T]; w;(D)), r > 3, lXo, f:Jo E w;(D) and satisfy Eq. (3.4). Moreover, 
m 

Vq,/E Lt(O, T, w;(D)). 

Then the existence of solution to problems ('"A' l ('".B 
1
) is proved by means of the 

method of characteristics. Moreover, by-applying D~ to ('"1 1
) 1 (lal ~ 2), by multiplying 

m+l m+l 
it by D~ <X' ID~ <X' 1'-2, integrating over Q and repeating the same procedure also for 

('".8 1
) 1 , one obtains 

(3.8) 
d m+l m m+l . m m+l 
dt II <X' II~.,~ cllf:Jil~.,ll a.' ll~.,+c(II/112,,+11Vq2,,)11 a.' 11~:}, 

(3.9) 
d m+l m m+l m m+l 

Tt II P' II~.,~ clla.ll2,rll fJ' 112,,+c(ll/112,r+IIVqlb.,)ll fJ' 112:} 

(here and in the sequel each constant depends at most on r and D). 
Integrating the equations (3.8) and (3.9) with respect to time one obtains 

(3.10) 

m+l 
1 

m m 
II a.' (t)112,r ~ [lla.oll2,r+c J (11/112,r+IIVqlb,r)dt']exp(ct!lfJII2,r,oo,D'), 

0 

m+l t m m 

II fJ' (t)lb,r ~ [!lfJoll2,r+c J (ll/112,r+IIVqll2,r)dt']exp(ct!la.ll2,r,oo,.O'), 
0 

m+l m=l m+l m+l 
so lX1

' {J' E L<X>(O, T, w;n). Now let us prove that lX1 
' {J' E C0 ([0, T]; W,2(D)). 

(
m+l) m+l m+l 

Applying once more D~ to A 1 (Ia I ~ 2), multiplying by D~ a.' ID~ <X' 1'-2, inte-

grating the result over Q and, next, with respect to time from t' to t (and repeating the 

(
m+l) ) • same procedure for B 1 one obtams 
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m+1 m+1 
1 

m+1 
(3.11) II a.' (t)ll~.,-11 a.' (t')ll~., = ~ f ~£-P·V a.' 

lal<2t' 

m m+1 m+1 
+f-Vq]D~ a.' ID~ a.' l'- 2dxdt, t ~ t', 

and 

m+1 m+1 
1 

"1+1 
(3.12) II {J' (t)ll~.,-11 {J' (t')ll2,, = ~ f D~[-a. · V {J' 

a~2 t' 

m m+1 m+1 
+f-Vq] · D~ {J' ID~ {J' l'- 2dxdt, t ~ t'. 

From (3.11) and (3.12), using Eqs. (3.1), (3.2), estimates (3.10) and the fact that f, 
m 

Vq E L 1(0, T; W;(Q)) it follows that 

m+1 m+1 [ 
(3.13) Ill a.' (t)ll2,,.-ll a.' (t')ll~,rl ~ 1t-t'lllfJII2,r,oo,DT 

m+ 1 
1 

m m+ 1 

· II rx' ll2,r,oo,Dr+ f (IIJII2,r+IIVqll2,r)dt] II a.' 112-:-r~ oo. Dr, 
t' 

and 
m+l m+l [ m 

(3.14) I ll {J' (t)ll~,,.-11 fJ' (t')ll2,rl ~ lt-t'lllrzlb,r, oo ,DT 

m+1 
1 

m m+l 

·II fJ' ll2,r,oo,. nr+ f (IIJII2,r+IIVqll2,r)dt] II fJ' II~~/, 00 ,QT• 
t' 

So, by the theorem on the absolute continuity of the integral (see for instance [1], p. 63) 
we have proved the theorem. 

m+l m+l 
Due to the properties of a.' , {J' shown above we conclude that solutions of the 

problem (3.6) belong to C0([0, T]; w:(Q)) (the existence easily follows because the ne­
cessary compatibility condition for the Neumann problem is trivially satisfied); hence 
m+l m+l 

a. , {J also belong to C0([0, T; w;(D)), and 

m+l m+l 
(3.15) II y ll2,,.,oo,.ar ~ ell y' ll2,r,oo,.or. 

m m 
Similarly, from the problem (E) for S E C4 follows the existence of q E L 1 (0, T; W~(Q)) 
such that · 

m m m 
(3.16) llqll3,r,l,.or ~ c[ll/112,r,t,.ar+tlltxll2,r, 00 ,.orllfJII2,r,oo,.or]. 

Introducing the quantity 

(3.17) 

and 

m m m 

y(t) = lla.ll2,r,oo,.O'+IIfJII2,r,oo,.O' 
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from Eqs. (3.10), (3.15), (3.16) one gets 

(3.18) 

m 

m+l 
1 

m 111 

Y (t) ~ Yo+ c [ J llf(t')ll 2, ,.dt' + ty2(t)] lty(t). 
0 

w. M. ZAJ-\CZKOWSKI . 

Let (! > 1 and let y(t) ~ (!Yo. Then there exists time t 1 (e) such that the following ine-
quality 

(3.19) 
t 

Yo+c[j11J(t')ll2,rdt'+t(! 2Y5ject(lyo ~(!Yo 
0 

is valid fort ~ t 1 (e). Hence we have obtained the estimate 

m 
(3.20) y(t) ~ (!y0 , for m = 0, 1, ... , and t ~ t1 ((!). 

Therefore we have proved 
LEMMA 1 

Let sEC\ lXo, PoE w;(D), /E Ll(O, t; w;(D)), r > 3. Let (! > 1. Then for 
t ~ t 1 (e), where t 1 (e) is a solution of the equality in (3.19), the estimate (3.20) is valid, 
m 
y(t) being determined by (3.17). 

REMARK 1 
m+lm+l 

To obtain the estimates (3.8), (3.9), (3.13), (3.14), the third derivatives of oc' , P' 
are required to belong to suitable spaces; this, however, is not so important because they 
do not enter the final estimates (here density-type arguments must be used). 

m m m m 
To prove the convergence of the sequences {y, y', q, <p,..}, the following problems must 

be considered : 

m+l m m+l m m m 

A; +P· VA' +B· Vee'= -VQ, 

m+l 

A' lt=O = 0, 
m+l 
p,. Is = 0, 

where 
m m m-l m m m-1 m m m-l 
A' = a'- a' , A = a- a , B = p- p , 

m m m-1 0 0 

Q = q- q , A = a0 , B = Po, 
m+1 m m+l m m m 
B; +a· VB' +A· VP' = -VQ, 

m+1 

B' lt=O = 0, 
m 

a,.ls = 0, 
where 

m m m-1 

B' = P'- P'' 
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m m m m-1 m 

L1Q = - (V1A/v1 {3 + V1 rx1 V1B1), 

J Q = 0, 
fJ 

m+l m+ 1 
L1 (/>Y = div T', 

(3.21) 

m+l 

a (/>y I - mr+, •• -, -- - ns an s ' 

Jm+1 
(/> = 0, 

fJ 

where 
m m m-1 m m m-1 

(]>Y = cpy- ({Jy' T' = y'- y' . 

Finally, we have the relations 
m+l m+1 m+1 

(3.22) r = r' - v (/> y , 

were 
m m m-1 

r = y- Y . 

(
m+ 1) (m+ 1) 

From the problems a and b it follows that 

(3.23) 
d m+1 m+1 m m m+l m+1 

dt(li A' ll'i,r+IIB'ill.r) ~ c(llrx li 2.r+llf3112,r)· (/IA'II'i,,.+/1 B' 11~ ... ) 
m m m+l m 

+c/lrx'll2,riiB/It,rll A' 111:-/ +cllf3'//2,,. 
m m+l m m+1 m+l 

· IIAI/t, ,./I B' ll'i:-,1 + ci/Q/12, ,.(II A' ll'i~ i +II B' ll'i:'i). 
Introducing the new quantity 

m m m 
(3.24) Y'(t) = 1/A'I/t,r,CXl,.!lt+ 1/B'I/t,r,CXl ,.O' 

m m m 
and Y(t) for A and B, after integration of Eq. (3.23) with respect to time, we obtain 

m+l _ w t m 

(3.25) Y' (t) ~ ect [ ctY(t) + c j IIQ(t')il 2 , ,.dt'], m = 0, 1, ... , 
0 

where c = cey0 , use being made of the equality 

m+1 m+l 
(II A' lit,,.+ II B' llt,r)lr=o = 0. 

(
m+l) 

The problem e implies 
m m 

(3.26) /IQII 2 , ,., 1, 0 r ~ ctY(t) 

http://rcin.org.pl



272 w. M. ZA11tCZKOWSKI 

and from (3.21) and (3.22) we have 
m+l m+l 

(3.27) Y (t) ~ c Y' (t) . 

Using (3.26) and (3.27) in (3.25) we get 
m+l _ m 

(3.28) Y (t) < ctectY(t), m = 0, 1, .... 
0 

Knowing that Y = II<Xoll 1 ,,+ llfJoll 1 ,, = Y0 , from the inequality (3.28) and .sufficiently small 
m m m m 

t ~ t2 (c, Y0), it follows that the sequence {y, y', q, q>,} converges to a solution of the 
problems (A', B', E) and (3.6) for the limit function y, y', q, q>, and y' = :rcyy (where 

m m · 

(A'), (B') denote problems (A'), (B') for the limit functions). 
It remains to show that for the limit functions we have y = y', so that div y' = 0, 

y' · iils = 0. Then q>, = 0 andy, q are solutions of the problem (A, B, E). To show it 
let us use [2]. Taking the divergence of (A') and (B') and using (E), (3.5), (3.7) one ob­
tains 

(3.29) 
(div<X')t + fJ · V div<X' + V,/11 V, V1 q>a. = 0 in 

(div fJ')t +<X· V div fJ' + V, <X1 V, V1 q>8 = 0 in 

Projecting the normal components of (A') and (B') on Sand using (E), (3.5), (3.7) one 
obtains 

(3.30) 
<X~,t+ fJ · V<X~ = fJ · Vn, V1q>a. 

fJ~.t+<X·VfJ~ = <X·Vn,V1 q>fJ 

Using the problem (3.6), we obtain from (3.29) 

on 

on 

sr 
' 

(3.31) 
! lldiv<X'IIo,l ~ ciiVfJIIo,oolltl>a.112,2 ~ ci!V/JIIo,oo · (lldivy'llo,2+ii<X~IItt2,2,S), 

! 1JdivfJ'IIo,2 ~ ciiV<XIIo,oolltl>tJiil,l ~ c!IV<XIIo,oo · (lldivfJ'IIo,2+11fJ~IIt/2,2,S)· 
To obtain the estimates for <X~, fJ~ on S, we introduce the following curves on S 

d sr y(x,t;t)=x ds y(x, t; s) = <X(y(x, t; s), s) on ' on S, 

(3.32) 
d 
ds z(x, t; s) = fJ(z(x, t; s), s) on sr z(x, t; t) = x on s. ' 

Therefore Eq. (3.30) can be written in the form 

d 
ds <X~(z(x, t; s), s) = /11(z(x, t; s), s)Vz,nJ(z(x, t; s))VzJtl>a.(z(x, t; s), s), 

(3.33) 
d 
ds fJ~(y(x, t; s), s) = <X1(y(x, t; s), s)V,.,n1(y(x, t; s))V,.Jq>fJ(y(x, t; s), s~. 

Setting a'(x, -r; t) = <X'(z(x, -r; t), t), P'(x, -r; t) = fJ'(y(x, -r; t), t) and proceeding 
similarly with respect to other functions from (3.33), one gets 
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(3.34) 

Using the inequalities 

:r lla~lltf2,2,S ~ c!IPII2,rlltPcxll3f2,2,s, 

! IIP~IItf2,2,S ~ cllall2, rlltPpll3f2, 2,S. 

273 

(3.35) 
cexp(- ct !lall2, r,oo . .or)IIP~IItf2, 2,s ~ IIP~IItf2, 2,s ~ cexp (ct llall2, r,oo,.o) IIP~IIt;2, 2, s ; 

cexp(- ct I iPI i2, r, oo,.or)lla~ ll112, 2, s ~ lla~llt 1 2, 2, s ~ cexp(ct IIPII2, r, 00 ,.or)lla~llt/ 2, 2, s 

and similar inequalities for fP« and f!Jp one obtains from Eqs. (3.34), (3.6) 

! 11a~llt 12,2,s ~ co(eYo) (ildiva'llo,2+11a~lltt2,2,s), 
(3.36) 

! IIP~IItf2,2,S ~ Co(!?Yo)(lldivP'IIo,2+1111':alltf2,2,s). 

Here condition (3.20) has been used and c0 denotes a certain function. Using (3.35) at 
the right-hand side of (3.31) and knowing that divex'lt=o = divP'Ir=o = ~lslt=o = 

= P~lslr=o = 0, we see that equations (3.31) and (3.36) imply divex' = divP' = 0, 
ex~ls = P~ls = 0. Therefore it follows that fPcx = f!Jp = 0, so that ex' = ex, P' = p. 

Hence we have proved 
THEOREM 1. Lets E C4 , OCo, PoE Wi(.Q), divcxo = divPo = 0, CXo. nls = Po. iils = 0, 

r > 3. Then there exists such T = min{t1{e), t2 (c, Y0)}, sufficiently small (see (3.19), 
(3.28)) that for t e]O, T[ and fe L 1(0; t; w;(D)) we have ex, P e C0 ([0; t];W;(D))n 
n Wf(O, t; W~(.Q)), q e L 1 (0, t; Wi(.Q)) , which are solutions of the problem (A, B, E) 
in .Qt. 

If fe C0 (£0, t]; Wi(.Q)), then ex, p e C0([0, t]; Wi{!J))nC1([0, t]; Wl(D)) and 
q E C0 ([0, t]; Wi(.Q)), hence ex, p, q are classical solutions of(A, B, E). 

From Eq. {1.8) we find the classes to which belong v, B and p. 
Finally, let us prove the uniqueness. Let (exi, p,, q,), i = 1, 2, be two solutions of the 

problem (A, B, E). Let A = ex1 -ex2, B = P1 -P2 , Q = q1 -q2 • Then from problems 
(A), (B), (E) we get 

(3.37) A,+Pt · VA+B· Va2 = -VQ, Alt=o = 0, A11ls = 0, 

(3.38) Br+tXt ·VB+ A· VP2 = -VQ, Blr=o = 0, B11ls = 0, 

LfQ = -VAVP1 -Va2 VB= -divg, 

(3.39) 

J Q = 0, 
.0 

where g = A · V P 1 - B · V ex2 • Multiplying (3.39) 1 by Q, integrating over .Q and using 
(3.39)2 one gets 

(3.40) IIVQIIo,2 ~ IIKIIo,2 ~ sup(jVa2l + IVPtD (11AIIo,2 + 11BIIo,2) . 
.0 
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274 w. M. ZAJ-\CZKOWSKI 

Multiplying (3.37) by A and (3.38) by B, adding these results, integrating over !J and 
assuming 

(3.41) 

one gets 

z2(t) = IIA(t)ll5,2 + IIB(t)il5,2, 

2 

(3.42) ! z2 ~ 2 2 sup(jVcxti+IV/Jti)z2+411VQIIo,2z. 
i=l D 

Using (3.40) in (3.42) and integrating the result with respect to time one obtains 

(3.43) 

Hence we have proved 

t 2 

z2 (t) ~ z2(0) expc J ~ sup(IV cxd +IV Ptl)dt. 
0 i=l D 

THEOREM 2. Let oc, fJ E L1(0, T; W~(!J)), q E L 1(0, T; W;(!J)), Vr > 1 be solutions 
to the problem (A, B, E). Thef! the solutions to the problem (A, B, E) are unique in the 
class LCX)(O, T; L2 (!J)) x L 00(0, T; L2 (!J)) x L00(0, T; Wi(!J)), respectively. 
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