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On well-posed mixed problems for ideal incompressible
magnetohydrodynamics

W. M. ZAJACZKOWSKI (WARSZAWA)

In THIS PAPER well-posed initial boundary value problems are found for equations of ideal
magnetohydrodynamics describing a motion of an ideal infinitely conductive fluid with constant
density in a bounded domain in R3.

W pracy znaleziono dobrze postawione problemy poczatkowo brzegowe dla réwnan idealnej
magnetohydrodynamiki opisujacej ruch idealnej nieskoniczenie przewodzacej cieczy ze stala
gestoicia w ograniczonym obszarze w R3

B palore HafiicHbl KOPPEKTHO IIOCTABJIEHHLIE HAYalbHO-KpaeBhle 3aJaul A YDPaBHEHMH
HAEAIbHOM MarHMTOIHAPOAMHAMHEKH, OIHCHIBAIOLIEH [BIKEHHE MICAJIPHON, OECKOHEUHO-
HPOBOAAIIEH »HIKOCTH C IOCTOAHHOM IUVIOTHOCTHIO B OTPaHMYeHHOIM obnacte B R3,

1. Introduction

THE AIM of this paper is to present well-posed initial boundary value problems for equa-
tions of magnetohydrodynamics describing a motion of an ideal incompressible and infi-
nitely conductive fluid in a bounded domain 2 < R3 [1]:

1.1 B,+v-VB—-B-Vu =0,
1
(1.2) v, +v Vv+Vp+zn—go—Bx rotB = f,
(1.3) dive = 0,
(1.9 divB =0,

where B = B(x, t) is the magnetic induction, v = v(x, t) is the velocity, p = p(x, 1)
is the pressure, f = f(x, t) is the external force and g, is the constant density.

By well-posed initial boundary value problems to Eqs. (1.1)-(1.4) we mean such a prob-
lem for which the existence, uniqueness and continuous dependence on data ¢an be pro-
ved.

At first we assume the initial conditions

(1.5) Vim0 = vo(X),

(1.6) Bl_o = Bo(x),
which, in view of Egs. (1.3) and (1.4), satisfy,

(1.7) diveg =0, divB, =0.
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To find boundary data for the Cauchy problem (1.1)-(1.6) we replace Eqs. (1.1)-(1.4)
by a system of two such problems for which well-posed initial boundary value problems
are well known. First we introduce new variables

o=-J o =B
(1.8) l/rng—o— L] 0 ]/431;()0 )
B2
1.9 g=p+ T

where ¢ is the total pressure because B?/(87p,) is the pressure of the magnetic field. Next,
using the identity BxrotB = —; VB*—=BVB in Eq. (1.2) and then adding and subtrac-
ting Eqgs. (1.1) and (1.2) give

(1.10) a,+p Vo = f—Vq,
(L.11) pi+a-Vp=rf-Vq,
where

(1.12) o =v+w, f=v-w.

Moreover, using Egs. (1.5), (1.6) and (1.8) implies
(1.13) Ulimo = Oo = Vo+wo, Pliao = Po = Vo—wo.

Therefore we have obtained the evolution problem (1.10)-(1.13) where the unknown
functions are «, f and g is assumed as given. To obtain an equation for ¢, we apply the
divergence operator to Egs. (1.10) and (1.11) and using Eqgs. (1.3) and (1.4), we get

3
(1.14) Ag = divf— D V,0,V,4,
hLj=1

where «, f§ are treated as given and V; = -;x—, i=1, 2, 3.
i

Therefore we replaced the Cauchy problem (1.1)-(1.6) by two problems: the evolu-
tion problem (1.10), (1.11), (1.13) and the Poisson equation (1.14). Firstly there appears
the question of equivalence. In Sect. 2 it is shown that Egs. (1.1)-(1.6) and Eqs. (1.10)-(1.14)
are equivalent Cauchy problems (22 = R?, see Lemma 1). However this equivalence exists
in a class of sufficiently smooth functions because Eq. (1.14) is the second order equation
whereas Eqgs. (1.1)-(1.4) are only of the first order.

Going back to mixed problems we know what kinds of boundary data may be imposed
on the Poisson equation (1.14) and also on the evolution equations (1.10) and (1.11),
for which the existence of solutions follows from the method of characteristics. However-
we cannot prescribe the boundary data arbitrarily. They must be assumed in such a way
that the obtained initial boundary value problems to Eqs. (1.10) and (1.11) and the bound-
ary data to Eq. (1.4) imply Egs. (1.3) and (1.4) (because Egs. (1.3) and (1.4) are not
explicitly included in Egs. (1.10), (1.11), and (1.14)). In Theorem 1 the proper boundary
data to Eqgs. (1.10), (1.11) and (1.14) are formulated.
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We must emphasize that the obtained boundary data depend on replacing the basic
equations (1.1)—(1.4) by Egs. (1.10), (1.11) and (1.14). In [3] well-posed mixed problems
to Egs. (1.1)-(1.4) are found by replacing Egs. (1.1)-(1.4) by the symmetric hyperbolic
system for v, B and Eq. (1.14), where Egs. (1.8) and (1.12) must be used. Considering
noncharacteristic boundary value problems for the hyperbolic system, we found in [3]
a narrower class of boundary conditions than in this paper (see Theorem 2).

However, the problem of finding all suitable boundary data to Eqgs. (1.1)—(.14) is still
open because we do not know if Eqgs. (1.1)-(1.4) can be replaced (or not) by other equa-
tions which admit other boundary data.

The idea of finding boundary data was used in [4, 5] for Euler equations describing
a motion of an ideal, incompressible fluid.

Equations (1.10) and (1.11) are not known in literature. They describe an evolution
of invariants of Alfvén waves which are one kind of Riemann simple waves for equations

. : B
of ideal magnetohydrodynamics. For Alfvén waves we have g = const, so ¢ = v +I7AZ:: 5
TEQO

are also constants (where equations with /= 0 are considered) (see [6, 7]).

B
peo= 4700
Equations (1.1)-(1.4) contain both elipticity and hyperbolicity, therefore it is under-
standable that they are replaced by hyperbolic and elliptic equations.

The main result of this paper is formulated in Theorem 2 where three kinds of the
simplest well-posed initial boundary value problems to Egs. (1.1)-(1.4) are described.

2. Formulation of mixed problems

In this section we assume that a solution of the problem (1.1)-(1.7) is as smooth as
we need.

First we show the equivalence of Cauchy problems (1.1)-(1.6) and (1.10)-(1.14).
Applying the divergence operator to Eqs. (1.10) and (1.11), one gets respectively

3
@.1) Aq = divi— ) V,0,9,,— (dive,+ 8- Vdive),
i,j=1
3
2.2) Ag = divf— Y Via,V,f—divf,+a- Vdivp).
i, J=1
Therefore by Eq. (1.14) one has
2.3) (dive),,+p - Vdiva = 0,
2.4) (divp), +a- Vdivg = 0,

so in view of Egs. (1.7) and (1.13), Egs. (1.3) and (1.4) are satisfied. The converse implica-
tion is also valid because from Egs. (2.1) and (2.2) and the relations (1.3) and (1.4) we
get Eq. (1.14). Hence we have proved
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LemmMmA 1

The problems (1.1)-(1.6) and (1.10)-(1.14) are equivalent for £ = R3.
Now we have to underline that, contrary to the problem (1.1)-(1.6), one can easily

prove the existence of solutions of the problem (1.10)-(1.14).

To formulate the boundary conditions we introduce curvilinear coordinates. Let
n(x), 7,(x), 7T»(x) be an orthonormal system of vectors defined in the neighbourhood of
a boundary 02 = S, such that 7i(x), x € S is the unit outward vector normal to the bound-
ary and 7,(x), 7,(x), x € S are tangent to S. Moreover, by n(x), 7,(x), 72(x), we denote
orthonormal curvilinear coordinates corresponding to the above system of vectors such
that n(x) = 0 describes the boundary locally and 7, (x), 7,(x) are tangent coordinates on it.

Now we use the results for the Euler equations [4, 5]. First we introduce characte-
ristics to Egs. (1.10) and (1.11), respectively,

BB 5, 39),9),
'yi(x’ t; t) =X,
i=1,2, 6;(w, 1) = a(x,t), 8:(x, 1) = f(x, ). Therefore Eqs. (1.10) and (1.11) can be
written in the form

2.5

2.6) %61 (vs(x, 1:5), 8) = fys(x, 1, 9), 5) =V, (v5(x, 15 5), 5),

where i # j; i,j=1,2,andi=1,j=2,i = 2,j= 1 are obtained from Eqgs. (1.10) and
(1.11), respectively. Note that the evolution of « is given along the characteristic, the
velocity of which is equal to § and vice versa.

To integrate Eq. (2.6) we distinguish the following kinds of characteristic curves (2.5).
Let p, é be either y,, d; or y,, 0,.

a) y(x,t,5) e for any se[0,1t], xe .

b) There exists a moment t*(x, t) € (0, z] such that y(x,1,1*(x, 1)) €S, y(x,1;5) €2
for s > t* (x,t) and y(x,1,5) ¢ 2 for s < t*(x, ). Moreover x €2 and &,(y(x, t; t*
(x,1)) < 0 (where 8, = &-7 and 7 is the unit outward vector normal to the boundary).

©) There exists a moment 7*(x, t) € (0, t] such that y(x, #; 7*(x, 1)) € S, y(x, 1;5) e 2
for s < 7* (x,t) and y(%,t,5) ¢ Q2 for s > 7*(x, ). Moreover x ¢ 2 and d,(y(x, t;7*
(x,1)) > 0.

In the sequel we shall use (a,), (a;), t¥, t¥ and so on for y,(x, t; 5) and y,(x, t; s),
respectively.

Integrating Egs. (2.6) along the characteristics (2.5), respectively, we get

Q7 4(yx,t58),5) = Gt(yj(x, t; 1(x, 1)), t(x, t))

+ [ x50, D)=V, a(ritx, 15 D), 7)]dr.

xn
where we have two cases i=1,j=2and i=2, j = 1.

For the characteristic curves of the family (a) and (c), £(x, t) = 0 and 8(y(x, ¢; 0), 0)
is determined by the initial data (1.13) only because y(x, t; 0) € 2. For the characteristic
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curves of the family (b) —1t(x, t) = t*(x, t) < 5 and to determine solution (2.7) uniquely
dls = O(y, 15 1*(x, 1)), t*(x, 1)) must be prescribed.

The above considerations imply different types of boundary data. Assume that the
boundary of £ may consist of parts S,,» = 0, ..., 4, with the following types of boundary
conditions.

Let S; be such that

(2.8) tls, <0, fuls, <0,
then Egs. (2.7) and (2.6) imply that all quantities «, § have to be prescribed on S, so
(2.9) “[S; =1, ﬁ[sx =9,

such that the relation (2.8) is satisfied.
Let S, be such that either

(2.10) %ls, <0, PBuls, >0,

or

(2.11) s, <0, fuls, =0,

be satisfied. Then Eqgs. (2.7) and (2.6) imply that 8 has to be prescribed only, so
2.12) Bls, = 9,

where 4, = 0.
Similarly let S; be such that either

(2.13) tals, > 0, Pals, <0

or

(2.14) s, = 0, Bals, < 0

be satisfied. Then Eqgs. (2.7) and (2.6) imply that « has to be given only, so
(2.15) als, = 7,

where 7, > 0. Let S, be such that

(2.16) tls, >0,  Bis, >0,

Tals, = 0, ﬂnls, >0,

@2.17)
an!S‘ > 0: ﬁnls‘ = 0.

The above boundary conditions are valid for some interval of time determined by theorems
of existence. Finally by S, we assume

(218) anlso = ‘anso =0.

Then no quantity must be given on S, and S,.

Therefore the above considerations imply that for S; curves (a;)(b), i = 1, 2, for S,
curves (a,), (@), (by), (cz), for S; curves (a,), (az), (¢,), (b;) and for S, curves (a),
(c)), i = 1, 2, appear. In the end, for S, the curves (a;), i = 1, 2 appear only.

Now we formulate the boundary conditions for Eq. (1.14) in such a way that they
imply
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diva| = divg] = 0,
(2.19) divfls, = 0,
divals, = 0,
because then by the definition of S;, i = 1, 2, 3, and Eqgs. (2.3)-(2.4) it follows that in the
neighbourhood of S; in £, i =1, 2, 3, diva and divf vanish.
Let us consider the case of S; boundary. Projecting the normal components of Egs.
(1.10) and (1.11) on S,, summing and subtracting the results one gets

1 _ _
(2.20) R Vqls, = = 5 @i+ Buita VB 4B Vo i=2h)s,
and
(2.21) (otn, e = Pu,e+ B Vo n—a-Vf-n)ls, = 0.

Using the curvilinear coordinates the equation divd|s = 0 can be written in the form
o2
(2.22) [ Vo, oudivi+ Y G- V8, +0,dive)]ls = 0,
i=1 '

where 6, = 6°7;, i = 1, 2, and then assuming that S = §;, 0 = « and 0 = f§ instead
of Egs. (2.20), (2.21) and (2.9) we have

3
1
= —:2—(17“'[ +0,|, t) -+ 2 ni,xj(m??j+m’(9,-)

! hj=1

= Cd)
@2) gl

2

2
— M 0F VA 0,5 V) b, [@9,,div7i N -Vz9,1+ﬁ"div%,)]
u=1

t=1
2
)
+9, [n,,divr—z+ pNCE Vn,,-l-vy,idivf,-)] — 7 divBls, — Budivals, +ils,
i=1

=g, (n, '9,fa31)—mdivﬁlsl—ﬁ‘ndiVO!ls,,

3

2
Q@24) =Tt D) @ T V=T VOt Y (9= Smdm,,
i=1 Li=1

2
+ [ﬂn(il K V"?r, +19t‘diV%i)”ﬂn(%i & V"]t[ +nv,diV?I)]+ﬂndiva|Sl_ in djvﬁlsl
i=1

= go(n, ?, S+, divals, —n,divfls, = 0,
where x, is the Lamé’s coefficient. To satisfy the relation (2.19), instead of Eqgs. (2.23)

and (2.24), we assume

1 dq| _
(225) ZW s, = gl(’?s '-99 fs Sl)’

(2.26) go(n,9#,5) =0
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so comparing Egs. (2.25) and (2.26) with Egs. (2.23) and (2.24) we have

Puy M\ [divals,

@27 (o o) (divms.) =0
"Therefore the relation (2.19), is satisfied if , 3, # 0, what follows from the relation (2.8).
Then we have shown

LEMMA 2

For £2 with the boundary S, the problems (1.10), (1.11) (1.13), (2.8), (2.9) and (1.14),
(2.25), (2.26) are equivalent to Egs. (1.1)-(1.6), (2.8), (2.9), (2.25), (2.26).

For solutions of class C!(27), 2T = 2x [0, T}, we have the following compatibility
conditions:

(z- V)‘(“o[s{“’?l::o) =0,
(fp ) V)’(ﬁo]sl“??h:o) =0,
where s = 0, 1, u = 1, 2 and 7, € T'S, which is the tangent space to S;.
Let us consider the boundary S,. Since the curves (b,) appear only, we have
2.29) dive =0 in Q.

Similarly as above, to guarantee div = 0 in 2 we shall obtain boundary conditions for g
in the form which implies the relation (2.19),. Projecting the normal component of Eq.
(1.11) on S,, using Egs. (2.12) and (2.22) for 6 = f and S = S, we obtain

(2.28)

3 2
1 dq| H—- N,y =
(2.30) g = S, —ﬁ'[sl—ﬂ""+(_2n"‘:a’ i 2{ %y, Ti Vz?..) s,
iyj= i=

2
+o, [z?,,divﬁ + Z GV, +z9,'div?,)] —a,divfls,
S
i=1 2
= gZ(as 79'9,f5 SZ)ISZ_ andiVﬁlsz.
Assuming the boundary condition in the form

1 oq|
Z‘Wis’ == gz(aa 63_{: SIZ)!S2

by comparing Eq. (2.31) with Eq. (2.30) and using Eqgs. (2.10) and (2.11), we get the
relation (2.19),. In the case of C! functions the condition (2.28), on S, must be satisfied.

Hence we can formulate
LeEMMA 3

For £ with the boundary S, problems (1.10), (1.11), (1.13), (2.10), (2.11), (2.12) and
(1.14), (2.31) are equivalent to Eqs. (1.1)-(1.6), (2.10)-(2.12).

Considering the boundary S;, we have that divg = 0 in Q. To satisfy the relation
(2.19); and then the relation (2.29), we obtain the boundary condition for ¢ from Eq.
(1.10), similarly as above, in the following form:

3 2
1 0 Y o
(2.32) ?3_3'3 =fn|s,—77n.r+(2"£,,17hﬁJ"Z.Br‘Tx'Vﬂu)L

i,j=1 i=1 1

(2.31)
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|
| ;
S5

2
([2.32]) +ﬁ,.[17,,divii + Z (i Ve, + n,idivi.-)]
cont. el
where we used Eqgs. (2.13) and (2.14) to satisfy the relation (2.19);. We have

LeMMA 4

For £ with the boundary S; the problems (1.10), (1.11) (1.13), (2.13)-(2.15) and
(1.14), (2.32) are equivalent to Eqs. (1.1)-(1.6), (2.13)-(2.15).

Now we consider the boundary S, . In this case the curves of families (a;), (¢;),i = 1, 2,
appear only. Since Eqs. (1.3) and (1.4) are satisfied, we have an arbitrariness in assuming
boundary data for Eq. (1.14). We prescribe the Dirichlet condition

(2.33) gly, =
However, the case (2.17) cannot be considered because we cannot guarantee that «,'s, = 0
or f,ls, = 0 for # > 0 if they are satisfied for 1 = 0. This fact follows from that we have
not any relation describing a behaviour of a, = a,(t), B, = Ba(?) on S,. For the same
reasons the cases (2.11) and (2.14) cannot be considered. Therefore we have

LEMMA 5

For 2 with the boundary S, the problems (1.10), (1.11) (1.13), (2.16) and (1.14),
(2.33) are equivalent to (1.1)-(1.6), (2.16). '

In the case of the boundary S, the curves (a;) i = 1, 2, appear only. Therefore Egs.
(1.3) and (1.4) are satisfied, too. However, we have to show that the conditions (2.18)
are stable, what means that they would be satisfied for any finite time if they were sa-
tisfied in ¢ = 0. To show this we take the normal components of Eqgs. (1.10) and (1.11)
and project the results on S,. Using

3 3

| Wl
Z atjﬂ;n,,xj‘sc = 24 ajﬁl.njvxi[lso$
ij=1 ij=1
one gets
3
(2.34) n-Vg lS.;. = (fn"' Z “1,31”“,‘:‘)&5,,
i,j=1
and
d
< +B:V)a =0 on S,
(2.35)

0
(E+oc-v)ﬁ,l =0 onS,.

Equations (2.34) and (2.35) are disjoined because at first Eq. (2.34) gives a boundary
datum for Eq. (1.14) and at second Eq. (2.35) implies that the conditions (2.18) are stable
in time. Equations (2.35) show noncontradiction of the conditions (2.18) with the con-
sidered problem. Conversely, if Eq. (2.34) is satisfied, then Eqgs. (2.35) are satisfied, too,
and the problem with the boundary S, is well posed.

This problem is very interesting because no quantity has to be assumed on a boundary.
Therefore the problem can be considered as a free boundary problem. Moreover this
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problem corresponds to the problem for an ideal incompressible fluid with a vanishing
normal component of a velocity on a boundary, where also no quantity on the boundary
has to be prescribed.

We have shown:

LemMMA 6

For a domain £ with S, boundary the problems (1.10), (1.11), (1.13), (2.18) and (1.14),
(2.34) are equivalent to Egs. (1.1)-(1.6), (2.18).

Summarizing the above considerations one can formulate:

THEOREM 1. For equations of an ideal incompressible magnetohydrodynamics (1.1)-(1.4)
with the initial conditions (1.5) and (1.6) one can distinguish the following types of boundary
conditions:

0. (2.18),
1. (28), 2.9,
(2.36) 2. (2.10)+(.12),
3. (2.13)=(2.15),
4. (2.16), (2.33).

Hence the boundary condition (2.36), corresponds to the S, boundary, v =0, ..., 4. Let
us denote by (L,) the problem (1.1)-(1.6), (2.36),,v = 0, ..., 4.

Remark 1
Equations (1.3) and (1.4) imply the following integral compatibility conditions:
(2.37) fv.=0, [B,=0.
a i

Therefore the problem (L,) can be considered in 2 with 42 = S,. For the other problems
((L), i = 1, ..., 4) we have to assume that 42 consists of at least two disjoined parts on
each of them different boundary conditions are imposed. For example we have the
following possibilities:

082 = S,US,, S NS,=0,

a2 = S,uS;, S,NnS; =0,

20 = S,US,US;, SinS; =0, i,j=1,2,3,

02 = S,uS;US,, SnS; =0, 1i,j=2,3,4, etc.

Let (4,), (B,) be the evolution problems (1.10), (1.11), (1.13) for « and f, respectively,
with boundary data (2.36), for a given ¢, » = 0, ..., 4. Let (E,) be the elliptic problem
(1.14), (D,) for q,» = 0, ..., 4, where «, B are given and (D,) = (2.34), (D,) = (2.25),
(D,) = (2.31), (D3) = (2.32), (D) = (2.32).

REMARK 2

We cannot consider Neumann problems (E)), i = 1, 2, 3, only because we do not know

how to satisfy the compatibility condition f Au = f —g% Therefore we shall consider
I o0

(2.38)

combinations of Neumann problems (E;), i = 1, 2, 3 and the Dirichlet problem (Ey)
in such a way that (2.37) is satisfied (see [3]).
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From Theorem 1 and Remarks 1, 2 we have
THEOREM 2. Instead of initial boundary value problems described in Theorem 1 we have

the following examples of well posed systems of problems
(Pl) (Al’Bl’E])+(A4s B4.5E4):
(P2) (42, By, E))+ (A3, B, E5)+ A4y, Bs, Es),
(PO) (AO’BOs EO)'

To formulate the result, suitable compatibility conditions (see Egs. (2.28)) are assumed.

REMARK 3
The above representation suggests that the existence of solutions of the problems

(Py), (P,), (P,) can be proved by the method of successive approximations.

REMARK 4
Let us generalize the boundary conditions (2.12) and (2.15). Assume that

(2.39) Bls, = P(x, D),
where @ is a sufficiently smooth function. Then, considering the boundary data (2.31),

we see tha —z% depends on the first derivatives on « on S,. However, from Eq. (1.10)
Is,

it follows that to estimate the k-derivative of o we need the k+ I-derivative of g. This
contradicts the claim that the boundary condition (2.39) can be assumed. The same con-
siderations can be applicable to the relation (2.15).
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