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Uniqueness in the elastostatic problem of bending
of micropolar plates

P. SCHIAVONE and C. CONSTANDA (GLASGOW)

Crasses of functions are indicated for which Betti and Somigliana relations hold in the exterior
of a bounded domain in the problem of bending of thin micropolar plates. A uniqueness theorem
is derived, and an example is discussed to illustrate the theory.

1. Introduction

THE EXISTENCE and uniqueness of the solution of the traction boundary value problem
for a finite micropolar plate in the theory of bending proposed by ERINGEN [1] were
investigated in [2]. The other problems usually covered by the boundary integral equation
method were not considered there because of the lack of adequate uniqueness results
in exterior domains. This drawback is caused by the fact that the matrix of fundamental
solutions corresponding to the equilibrium equations of bending exhibits a growth of
O(x]*In|x|) as |x| = oo, which means that the Betti formula cannot be established in
exterior domains. A similar obstacle encountered in the theory of classical plates with
transverse shear deformation has meanwhile been removed by formulating the problems
in special uniqueness classes of finite energy functions characterized by a certain behav-
ioural pattern at infinity (see [3]-[5]). In this paper we construct similar classes for the
micropolar case and prove the corresponding uniqueness theorems. The discussion is
concluded with a simple illustrative example.

2. Preliminaries

Unless stated otherwise, throughout what follows Latin and Greek suffixes take the
values 1, 2, 3 and 1,2, respectively, and the convention of summation over repeated indices
is understood.

We consider a homogeneous and isotropic micropolar plate occupying a cylindrical
region £ x [—ho/2, ho/2] in R3, where £ is a bounded domain in the (x,, x;)-plane and
ho = const the plate thickness. We assume that the boundary 82 of £ is a simple closed
C2-curve. The equilibrium equations of the theory developed in [1], in the absence of body
forces and couples and of forces and couples on the faces, can be written in the form [2]

2.1 L(d)v(x) =0, xef,
where L(0,) = L(2/0xy),
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(22) L& = L&)

As"’"hz(’l'*"l‘)ﬁ ROA+pé &, —pé, 0 x
WA+ & E,  A3+R2(A+w)é —ué, — % 0
= ué, ués 4, —xé; %, »
0 —% #Ey A+ (a+PET (x+P)é &,
%2 0 *”51 (a+ﬂ)5|52 A2+(a+ﬂ)E%
v = (v,,...,0s)" is a (5x 1)-matrix characterizing the displacements (,, v,,v;) and mi-

crorotations (74, vs), 4, i, x, o, f, y are the elastic constants of the material, 4 = §,&,,

Ay = (u+0)A, Ay = pA—=2x, Ay = (u+#)(h*4—1), and h* = h3/12. For the sake of

simplicity, if the v,, ...,v5 are elements of a function space X, then we write v € X.
We also consider the boundary integral operator 7(d;) = T(0/0x,), where

23) T = T()

Wy Eana+ A1 Eny) WP (uéyny+ Aéany) 0 0 0
(A& ny+uésny) W2 (g éana+ A E2n) 0 0 0
= un, uny TR — %N, xn, ;
0 0 0 y&engt+o éing BEiny;+aéon
0 0 0 abyny +BEn yEana+a éan,

Ay = A+pu, uy = u+x, «y = 2+p, and n = (n,, n,)" is the unit vector of the outward
normal to 09. In view of the simplifying assumptions made in [1], Tv is the vector of re-
sultant stress and couple on 0f2.

Throughout what follows we assume that

2A42u+»x >0, 2u+x>0, x>0,
2a+B+y >0, y+>0, y—p>0,

which ensures that the system (2.1) is elliptic and that the internal energy density £(v, ©)
[2] is a positive quadratic form.

Let 2, = Q and Q., = Rz\.a(,,. If u, v e C3(21)NC'(£2,0), then we obtain [2] the
reciprocity relation

[ @' Lu—u"Lo)do = [ (@ Tu—u"Tv)ds
o5

£2in

and the Betti formula

2.4 [v'lvdo+ [ 2E(@v,0)do = [ v Twds.
o2

in Dia
Also, E(v,v) = 0 if and only if v is a rigid displacement, that is,
(25,) ‘U(X) = (029 —Cpy €1 Xy —C2 Xy +C3) Cy, Cz)T.

where ¢, ¢, and c¢; are arbitrary constants.
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Let B(£) be the matrix of cofactors of L(£). Then the matrix of fundamental solutions
of Eq. (2.1) is [2]

(2.6) D(x, ) = (B(2x))"t(x, y).
where
2
2.7 Hx,y) = g?r [(ks|x—y|*+4ky) In|x—y| +4k; Ko (LI x — 3],

K, is the modified Bessel function of order zero, and k, k, ..., ks, and /; are well-defined
constants expressed in terms of the elastic coefficients. Introducing the matrix of singular
solutions

(2.8) P(x, y) = [T(3,)D(y, x)]",

we can now show [2] that every solution v e C*(2,,)nC*(2;,) of Eq. (2.1) admits the
Somigliana representation

(2.9) 1@oe) = [ (DG, T)(0) - P(x, o(y)lds,,
a0
where
1, x €.,
n(x)=1{1/2, xeaf,
0, xef. .

3. Betti and Somigliana relations in the exterior domain

Since, by Egs. (2.2) and (2.6)-(2.8) for y € 622
D(x,y) = O(x|’In|x[), P(x,y) = O(ln|x]) as |x| —» oo,
the usual technique does not yield the analogues of Egs. (2.4) and (2.9) in ... To derive
such formulae, we need to restrict the behaviour of the solution of Eq. (2.1) at infin-
Ity.
’ Let of be the set of (5x |)-matrices v in £2,, having an asymptotic expansion of the
form [6]
v, (r, 8) = r~'[a,sin6+2a,cos 0 —a,sin 30 + (@, —a,) cos 36)
+r=2[(2b, +d,ysin20 + d, cos 260 — 2b, sin40 + 2b, cos 46]
+r~3[2e,5in 30 +2f, cos 30 + 3(e, — e,) sin 58 + (f, — f,) cos 56] + o(r=*),
(3.1)  vy(r, 0) = r~'[2a,sin 0+ a,cos 8+ (a, —a,)sin 30 +a, cos 36).
+r72[(2b, +d,)sin20 — d, cos 26 + 2b, sin 46 + 2b, cos 40]
+r73[2f,8in 30— 2e,c0s 30+ 3(f, — £, sin 50 + 3(e, — e;)cos 56]+ O(r=*),
03(r, 0) = —(a, +a,)Inr— [a, +a, +a,sin 20 + (a, —a,) cos 26]
+r (b, +d,)sinB+ (b, +d,)cos O — b, sin30 + b, cos 30]
+r~%[g,sin20+ g, cos20 + (e, —e,)sin46 + (f, —f;) cos46] + O(r=3),
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(3.1)  94(r, 0) = —r~'[2a_sinf+aycosl + (a, —a,)sin 30+ a,cos 36]
feont] — r=2[(2by +dy)sin20 — d,c0s20 + 2b,5ind0 + 2b,cos4]
—r7?[(2f2 +a3)sin 360 — (2e, — a,) cos 30+ 3(f> — f1) sin 56 + 3(e, — e,) cos56]
+0(r=*),

os(r, 0) = r[aysin0+2a, cos —a,sin 36+ (a, —a,) cos 30]
+r2[(2b;, +d,)sin 20+ d, cos 26 — 2b, sin 46 + 2b, cos 40]
+r73[(2e, +a,)sin30 + (2f; +a3)cos 30+ 3(e, —e,)sin 50 + 3(f5 — f1) cos56]
+0(r=*),
where (r, ) are polar coordinates and ag, @y, €ay 2,Pa, dyydy, €4, fo, and g, arbitrary con-
stants. Also, let &#* = {v*|v* = v+v,,v € o, v, is of the form (2.5)).

REMARK. Any solution v of Eq. (2.1) of class & or «/* is a finite energy solu-
tion [6].

THEOREM 1. If v € C}(2,)NCY ()N is a solution of Eq. (2.1) then

22(X)v(x) = — ] [D(x, y(To)(»)— P(x, y)v(p)]ds,,
a
where
0, x e,
72(x) = 11/2, xe€dQ,
1, xefl.,.

Proof. Let K be a circle with the centre at x € 2, and radius R sufficiently large
so that £, = K. Applying Eq. (2.9) in 2., nKg, we find that

(3.2)  o(x) = — :" [D(x. »)(To)(») — P(x, Y)v(»)]ds,

an

+ | DG (T)(0) — Plx, ) o(y)] ds, .
KR

Choosing the pole at x, from Egs. (2.2), (2.3), (2.6)-(2.8) and (3.1) it follows [6] that,
as R — oo,

T30, = R™2 {(u+x)[(e; +e;—2g1)sin 20+ (f, +f, —2g,) cos20]
+x(aycos20+a,sind0) } + O(R™%),

2

(D3aTay+ D3y Tiy— Ps;) ) = ’;h—xZ(zerx)zksR-l[(ﬁ—/zZA)(sz+ 1
—h*(A+ )+ yllaesin20 + (a, —a,) cos20]+ O(R™*InR),

(DaiTij— Poj)v; = O(R™?InR),

(D Ti;—P)v; = O(R™?InR), i,j=1,..,5 k=45.

Hence, the second term on the right-hand side of Eq. (3.2) is O(R™* In R) and the desired
relation is obtained by letting R — co.
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If x € Q,, then, by Eq. (2.9), the right-hand side of Eq. (3.2) is equal to zero, since x
is in the exterior of 2.,nKg. The proof is similar for x € 0Q2.

THEOREM 2. If v € C2(Q)NCH 2 )NL* is a solution of (2.1), then

2 fE(v, Vdo = — fﬂTvads.
a fn

Proof. Letov* = v+v, € ¥, with v € &/ and v, of the form (2.5). Then To* = Tv,
and the desired formula is established by the method used in the proof of Theorem 1 after
verifying [6] that, as R — oo,

Tsv; = O(R™Y),
Toyv, = O(R™?),
Tyv; = O0OR™?, j=1,..,5 k=45

4. Uniqueness of the solution

Let A(x), B(x), R(x) and S(x) be (5x 1)-matrices defined and continuous on 292. We
consider the following interior and exterior Dirichlet and Neumann-type problems:

(Di)  Find v € C3(2,,)nC*(£2,,) satisfying Eq. (2.1) in £,, and

o(x) = A(x), xedf.
(Ni») Find v € C?(2,,)nC'(2,,) satisfying Eq. (2.1) in £, and

(To)(x) = B(x), xedl.
(D) Find v € C2(R,)NC (R )n* satisfying Eq. (2.1) in £, and

2(x) = R(x), xea.
(Ney)  Find v e C2(2.)nC (2. satisfying Eq. (2.1) in 2., and

(To)(x) = S(x), xedf.

THEOREM 3. (i) (Dyn), (Dex) and (Nex) have at the most one solution.
(ii) Any two solutions of (N,) differ by a matrix of the form (2.5).
Proof The difference v of two solutions of (D,,) satisfies Eq. (2.1) and v(x) = 0,

x € 2Q. Then from Eq. (2.4) it follows that f E(v, v)do = 0, therefore, v is of the form

Qin
(2.5), and the homogeneous boundary condition yields v(x) = 0, x € £,.
The proof for (D.,) and (N.,) is similar, with Eq. (2.4) replaced by Theorem 2. In the
case of (N,,), the (5x 1)-matrix supplied by Eq. (2.4) remains arbitrary.
Since in the application of the boundary integral equation method to the above prob-
lems the solution is sought in the form of single or double layer potentials, it is important
to check the asymptotic behaviour of such objects. They are defined, respectively, by

V) = [ DG 920,
an
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W) = [ PG »)z(p)ds,
on

where z is a density (5x 1)-matrix on 90.
THEOREM 4. If z € C(3%2), then
(i) Wed;
(i) Veof if and only if

M = f23d5=0,
éQ

4.1)
Ma = f(xa23_za*8aﬂ,82g+ 3)dS = 0,
o2

where .5 is the alternating symbol.
Proof. Using series expansions for |x—y|~? and In|x—y| with |x| large [4], it is
easily seen that W fits the pattern (3.1), while for ¥ we obtain [6]

kZ

Vilr, 0) = o —ksA [QInr+1)(Mr cos0— M,)—2M, cos?6 — M,sin20] + Vi(r, 0),

2

Vy(r, 0) = rgj—t——ksAl[(Zlnr+ 1)(Mrsin6— M,)—2M,sin20— M, sin20]+ V,(r, 0),

2
Va(r, 0) = :n [ks A, r(2In1 + 1) (M, cos 0+ M, sin0)+4ks A, M(Inr+ 1)

— A, M(4k 4+ ksr)Inr+ Vs(r, 6),

2
Vi(r,0) = — ’g;t—k:;A,[(ZlnrJr 1)(Mrsin0 — M,)—2M, sin%0 — M, sin20]+ V,(r, 6),
k2 ~
Vs(r, ) = -~8~n—k’5 A [Qlar+1)(Mrcos@—M,)—2M, cos?0— M, sin20]+ Vs(r, 0),

where the A, are certain combinations of the elastic coefficients and V = (i;’1 s, Ve)Ted.
It can be shown [7] that the conditions (4.1) are physically meaningful.

5. Example

We consider an infinite plate with a circular hole of radius ¢, whose lateral surface is
acted upon by a normal force px;, where p = const > 0, in the absence of body forces
and couples and of forces and couples on the faces. Choosing the origin at the centre of
the hole, we find that

ph?

(Tuvl)(x) = xaaui, X € 69,

G- (Tyo)x) =0 as |x|>o00, §j=1..5
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where &,; is the Kronecker delta. A solution of this problem is [8]
v,(r, 0) = [o,r '+ 0,03 K,(c3r)]cosb,
0,(r, 0) = [a,r 10,05 K,(c3r)]sinb,
03(r, 0) = —0,—0,0,Ko(car),

0,(r,0) = — [01 rrig % kio,K, (cy)]sinﬂ,

vs(r, 0) = [0’1 ri4 --%-k, a2 K, (c; ")] cos®,

where oy, ..., o4 are uniquely determined combinations of the elastic coefficients and K,
is the modified Bessel function of first order. The solution of this (N,,) is not unique in
general, since v+, also satisfies Eqs. (2.1) and (5.1) for any v, of the form (2.5). However,
we do have uniqueness in the sense of our definition of solution because v+9v, € & if
and only if [6] ¥, = (0,0, —a,,0,0)".
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