Arch. Mech. 32, 2, pp. 285-298, Warszawa 1980

Unsteady shearing flows and plane shear waves in simple fluids
S. ZAHORSKI (WARSZAWA)

IT 15 sHOWN that certain unsteady shearing flows belong to the class of motions with super-
posed proportional stretch histories discussed elsewhere [3,9]. These flows include two-di-
mensional harmonic oscillations, plane circular shearing as well as other homothermal motions
discussed by CARROLL [4]. The corresponding representations of the constitutive equation of
a simple fluid are also considered. Certain solutions of the governing equations in the case of
plane harmonic oscillations are obtained either for fluids with linear shear response or for
flows with small amounts of shear. Various properties of two mutually perpendicular plane
shear waves are discussed in greater detail for very low and very high (ultrasonic) angular
frequencies.

Pokazano, 7ze pewne nieustalone przeplywy scinajgce nalezg do klasy ruchéw z nalozonymi
propomjonainynu historiami deformacji, wprowadzonej poprzednio [3, 9]. Przeplywy te obej-
muja zardowno dwuwymiarowe harmoniczne oscylacje, plaskie kolowe $cinania, jak i inne
ruchy homotermiczne dyskutowane przez CarroLLa [4]. Rozwaiono réwniez odpowiednie
reprezentacje roOwnania konstytutywnego cieczy prostej. Pewne rozwigzania réwnan ruchu
w przypadku plaskich harmonicznych oscylacji uzyskano dla cieczy z liniowg reakcjg na éci-
nanie lub dla przeplywoéw z malymi gradientami $cinania. R6zne wlasnosci dwoch wzajemnie
prostopadiych plaskich fal scinania przedyskutowano bardziej szczegblowo przy bardzo nis-
kich i bardzo wysokich (naddzwigckowych) czestosciach kolowych.

IToKa3aHo, YTO HEKOTOPhIE HEYCTAHOBHBIUKECA CABHTOBLIE TeUeHMA NPHHAIJIEHKAT K KJAcCy
IBIKEHMH ¢ HAJIOYKEHHbIMH IMPONOPLHMOHAIBHBIME HCTOPHAMK HedopmManmy, KOTOPhIi BBeleH
passie [3, 9]. OTH TeveHUA OXBATHIBAIOT TaK JBYMEPHBIE TaPMOHMYECKHE OCIQULLALIAMN, TIIOC-
KHe KPYToBble CABHIM, KaK ¥ IPYIHe FOMOTEPMHYECKHE ABHKeHHA, obcy»klaemble Kappoiom
[4]. PaccmoTpeHB! ToXKe COOTBETCTBYIOILME MPEACTABIECHHA ONpPeNelAIOILEr0 YPaBHEHHA IIPo-
croif »uIKocTH. HekoTophlie pellleHua ypaBHeHWH INBIYKEHHA, B CJIyyae IUIOCKMX TapMOHH-
YeCKMX OCIMJUIALN, NOITYYeHb! JUIA HIKOCTH C JHHeHHON peaxuyel Ha CABMT WM JUiA Te-
YeHHH C MAIBIMH rpajiMeHTamMy caBura. PasHble cBoiicTBa ABYX B3aMMHO HEPNEHIMKYIIAPHLIX
IJIOCKHX BOJIH caBHra obcyaeHs! Oonee nmogpoGHO IPH OYeHb HH3KHX H OYeHb BBLICOKHX
(CBepX3BYKOBLIX) KPYroBbIX YacTOTaX.

1. Introduction

IT 1s WELL known that numerous unsteady shearing flows belong to such particular classes
of motions in which much can be learned without making essential simplifications con-
cerned with a form of the constitutive equations (cf. e.g. [1, 2]). Apart from unsteady
viscometric flows and motions with constant or proportional stretch history [3], there
exist many other shearing flows, especially those of oscillatory character, which exhibit
interesting kinematic or dynamic properties when applied to compressible or incom-
pressible elastic and dissipative media. These are, for example, unsteady homothermal
motions [4], various oscillatory plane motions [5, 6, 7], certain structural orientation
patterns [4] as well as motions leading to progressive or standing shear waves with linear,
circular or even elliptical polarization [8, 9, 10].
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In the present paper two types of unsteady plane shearings are considered as belong-
ing to the class of motions with superposed proportional stretch histories [3]. For com-
pressible as well as for incompressible simple fluids (cf. [1]), the corresponding constitutive
equations are derived and the Rivlin-Ericksen type of representations developed. The
resulting governing differential equations can be solved in a closed form in the case of
harmonic dependence on time and linear shear response (generalized viscosity independent
of shear rate or small amounts of shear). Certain spatially periodic solutions, leading
to linearly polarized two shear waves, are considered in greater detail. Various properties
of waves such as damping effects, phase shifts, maximum amounts of shear etc. are dis-
cussed for very low as well as for very high (ultrasonic) frequencies.

2. Unsteady plane shearing flows

Consider the following two types of plane shearing motions:
x = X+9(2)£i(v),

2.1 ¥ = Y+9(2)f3(v),
z=2,
and
x = X+9(2)f,(2) +9(2)f(7),
(2.2) y = Y+9(2)f2(v) —9(2)/i(),
re=Z,

where x, y, z, denote the Cartesian coordinates of a particle at an arbitrary time T,
X, Y, Z — the Cartesian coordinates of the same particle in a reference configuration,
@ and y are certain functions of the variable Z, while f; and f, are smooth functions of
time only. In the first case only translational motions in the material planes xy are
possible, while in the second case some rotational motions in these planes are admissible.
It is seen, moreover, that either for ¢(z) = y(2) or for f;(z) = f,(z) the more general
motions described by Eq. (2.2) take particular forms of the simpler motions (2.1). The
corresponding velocity and acceleration fields can easily be calculated from the above
equations.

The deformation gradients at time v with respect to reference configurations can in
both cases be expressed as

2.3) F(7) = 1+M£i(0) + M. £2(7) = exp(M /i (7) + M, £5(v)),
where
[0 0 ¢’ 000
(2.4) M]=|000]}, [M,]=|00 ¢
000 000
for the motions described by BEq. (2.1), and

00y
(2.5) M]=100 —y'|, [M;]=]|00 ¢
000
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for those described by Eq. (2.2). Primes denote the derivatives with respect to z. It is
also seen from Eqgs. (2.4) and (2.5) that
(2.6) MM, = M,M, = M]M, = MIM, =0,

where the superscript T denotes the transpose.
Introducing the relative deformation gradients with respect to the reference configura-
tion chosen at present time ¢ (z < 1),

2.7 F(x) =F)F (1), F@=1,

we arrive at the history of the right Cauchy-Green relative deformation tensor (cf. [1])
in the form

28) C(s) = K (t—5)F,(t—5) = exp (g.(s)MT+22(s)M3 Jexp (g, ()M +22(s) M),

where s € [0, o), and

29) 2(5) = flt—-)—f(0), i=1,2.
Bearing in mind the definitions of the velocity gradients L(z) (cf. [1]), we also have

L(t) = FOF(1), L) = MA@, i=1,2
(2.10) L(t) = L;(1)+L,(1),

where dots denote the material differentiation with respect to time. Thus, instead of
Eq. (2.8) we arrive at

(2.11) C(s) = exp(g:()LT+g2()LY exp (g, (5)Ly +£2(s)Ly),

where g;(s) = g:(®)/fi(1), i=1,2.

It can easily be observed that Eq. (2.8) as well as Eq. (2.11) define particular cases
of the motions with superposed proportional stretch histories discussed elsewhere [2, 3].
In other words, the motions described by Eqgs. (2.1) and (2.2) belong to the class of the
above motions.

It is worth-while to note that the above examples of flows can be considered as certain
unsteady homothermal motions defined by CARrOLL [4]. On taking functions f;(z) and
f2(z) or ¢(z) and w(z) as cosine and sine, respectively, we obtain various examples of
motions discussed by Carroll in a series of papers (cf. [4-8]). For sinusoidal dependence
on time, Egs. (2.1) and (2.2) describe plane oscillations; for sinusoidal dependence on
z, these equations may characterize certain orientation patterns observed in liquid crystals
at rest (cf. [4]).

The constitutive equation of a simple fluid (cf. [1, 2])

@2.12) T() = ?g(:(s)),

where T(¢) is the stress tensor at time ¢, and F denotes an isotropic constitutive functional,
after substituting from Egs. (2.8) or (2.11), can be written in the following forms (cf. [3]):

@13) T = G(& () () M, M) = H(i(s), £20); L, La).
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Here, G as well as H denote functionals of the first scalar arguments, and are simulta-
neously isotropic functions of M; and M, or L, and L,, respectively.
Taking into account the relations (2.6) and either

2.14) trtM,M] = ¢, trM, M = ¢
for M; and M, given in the form of Eq. (2.4) or
(2.15) trM, M7 = trM,M] = ¢'24y'2

for M, and M, expressed by Eq. (2.5), we arrive at the following representations:
(2.16)  T(r) = so(8:(5), g2(s); #*)1
+t(2:(5), 22(9); %* JMT+M,) +t(22(5), 2 (5); *)(ME + M)
+5,(2:1(5), £2(9); xz)Ml M7 +s, (22(5), 8:(5); "2)Mz M7
+52(21(5), 82(5); %2 )MTM, +5, (22(5), 21 (5); *)MIM,
+512(8:(5), 2(5); %2 ) (M, MI + M, M),
where »? stands for the arguments ¢'2, 2 or ¢'?+y'?, respectively. The material func-
tionals s,, t, s,, 5, and s,,, five in number, are scalar functionals of gi(s), i = 1, 2, and
can be expressed as certain functions of ¢ and »2. Only s, and s,, are symmetric with
respect to interchange of functions g, and g, or indices 1 and 2. In the case of incompres-
sible simple fluids the term s,1 should be replaced by a hydrostatic pressure pl.
It is easy to notice that the last term involving functional s, is responsible for mutual
coupling of two component motions; when only one-dimensional flow is considered
this term vanishes altogether (cf. [4]).

On the basis of Egs. (2.16) the corresponding stress components can be written as
™ = t(él(")! 22(5); "2)?"!
T = t(g2(s), 81(s); #* )y,
217 712 = 2512(?1(“'): 82(5); "z)q"'.‘",
T = 50(21(5): Z2(5); %%)+5, (2:(5), 22(5); %) @2,
T?? = 50(81(5), 22(5); %*)+51(82(5), &1 (5); #*) 92,
T3 =5, (51(3): 82(5); 2% )+52(21(5), 82(5); %2 ) @' %+, @';(5')’ g1(8); 22y
for the flow described by Egs. (2.1), and
T2 = t(g1(5), 82(5); #*) @'+t (22(5), £1(5); %*)y',
T = —t(g,(), 22(5), %)y +1(g2(s), 8, (5); #*)¢’,
T2 = 25,,(g1(5), 82(5), "2)(9"2 -v'?),
(2.18) T =5, @1 (5), 82(5); "3)4‘ Sy (§1 (5), 82(5); ?"2)‘?’rz
+51 (2209, 81(5); %292+ 25,2 (8:(5), 22(5); %*) @'Y’
T2 =5, (§1(S), g2(5); %*)+s; (§1 (5), 22(5); "2)'#'2
+$; (gz(-‘*'), g1(5); "2)‘?’2 —2s,, (571 (s), £2(9); ";)‘P"P',
T3 = 50(g1(5), 82(5); %7 )+52(21(), 82(5); %*) (@ +9'%)
+52(2209), 2:1(9); #*) (@2 +9'?)

il

for the more general flow (2.2).
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When either ¢(z) = p(2) or fi(7) = fo(7), the above formulae simplify considerably.
Similar simplifications can also be achieved for a particular choice of time dependence
(cf. Sect. 5).

3. Representations of the Rivlin-Ericksen type

Although the constitutive equations (2.16) contain a relatively small number of material
functionals, it is sometimes more useful to operate with other explicit forms of representa-
tions involving kinematic tensors of the Rivlin-Ericksen type (cf. [1]).

To this end we can introduce the following definitions of the partial Rivlin-Ericksen
(R-E) tensors (cf. [11]):
i=1,2

B.1) A =L+L, Aupn= A«(:)+Au(i)Li+LiTAuw, ne=1.213

where superposed dots denote the material time-derivatives, and where the partial velocity
gradients L; have been defined in Eq. (2.10). It can be checked that the R-E tensors A,
and partial R-E tensors A,;, are related as below:

d"C(s)
dS': s=0’
It can be proved in a way similar to that used for the motions with proportional
stretch histories (cf. [11, 2, 3]) that the first and second partial R-E tensors A, ), A2
and A,(;y, A2z determine L, and L, uniquely, if the tensors A,(y, and A,,, have three
eigen-values distinct. This is the case for the flows considered.
The above result enables to express Eq. (2.13), in the following form:

G2 A= (1)

An = A“(1)+A"(2), n= 1,2, 3, PR

(3.3) T(t) = E (81(5), 82(5); 25 Ay i)(0), Ay ay(0), Azcry(1), Aza)(1)),

where as previously g(s) = g:(S)/fi(2), i =1,2.

In the case of the motion described by Eq. (2.1), an expanded form of the constitutive
Eq. (3.3) is
(B4 T = o1+ A+ A+ Agy+ A0y + 83 A1y + @3 Ad oy + 0 Ad(s)

+ %4 A2+ %s(Ay ) Az + Az JA1<1})+§55(A1(2)A2(2)+ AryAr(2)
+as(Aj) Ay + A Aray) F 07(Azy Az 2y + Azizy Azary)
+ag(Ar 2y A2yt AzmAuzl)‘i‘és(A:mAz(z)‘F AryAiy)

+9(Ad) Aoy + Ady Adr) + Bo(Ad 5y A o)+ Ady AT )
where, for simplicity, we have denoted
() = &(2i(), 8209 %), @ = % (ga(s)s &a(8); %2), i=0,1,..,9.

Only the material functionals e, as and «, are symmetric with respect to the interchange
of the functions g, and g,; the remaining functionals may essentially depend on their
sequence. For incompressible simple fluids the number of ten functionals reduces by one
since the term «,1 can be replaced by pl.
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Taking into account Egs. (2.4), (2.10), and (3.1), we arrive at the following stress

components:(*)

T =%,/ ¢'+%/i ¢,

T2 =, f,9' + % /29,

T'? = (ashifo+ @ /i /) 9V + @afifa+ 0 fi2) PV,

T = 0o +%3f 3¢/ +%af 19" +20s /1 f19'* + 206 1 194,

T2 = oo+ &3 f 392+ f 392+ 2052 /29> + 280/ 31394

T = 0o+ 285/, /19" +2asfa fry%,

where «; are the new functionals of the arguments indicated in Eq. (3.5), and, moreover,
we have denoted f; = fi(?), fi = fi(t) etc. It is quite clear that all the stress components
are independent of X and Y.

In a similar way, an expanded constitutive equation can be written for the motion
described by Eq. (2.2). Then, the number of material functionals «; amounts to twelve.
By way of illustration we quote only those stress components which enter into the dynamic
equations of motion (cf. Sect. 4). We have, for example,

T = 4 fi¢' + %, oy + % fi o' + T fav,
BT TP = ~Gfiy+8f29 ~Lfiy +Efa9
T* = ao+@f1+8:/D) (@2 +9)+ @f T +8SD (@ +v'?)
+2@s/ 1 fi+8sfof) (@29 + 2@ H 1+ 033 (92 +9?)
+2(a10f:ff=§+°:1 1f?f%) (2 +9?),
where the new functionals «; are again of the forms (3.5).

Further simplifications in Eqgs. (3.6) and (3.7) can be achieved either for f,(7) = f,(7)
or for a particular dependence on time.

(3.6)

4. Dynamical equations and governing equations

The dynamical equation of motion can be written in the following form (cf. [1]):
(4.1) divT —grad P = ¢X,

where X is the acceleration vector, o(t) — variable density of a fluid and P denotes a po-
tential of conservative body forces. Since all the stress components may depend on the
variable z only (through the functions ¢’ and '), it is reasonable to assume that also
P = P(z,1). '

Substituting from Eqgs. (2.17) or (2.18) into Eq. (4.1) and calculating the inertia terms,
we obtain

(*) The functionals @ and & (i = 0, ..., 9) in Egs. (3.6) are not exactly the same as those used in
the general equation (3.4). To avoid further multiplication of symbols we have included certain terms
even with respect to ¢, ¥’ into the new functionals.
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0 i _ -
7z [t(gl(s)- 22(5); ?‘;)‘P']"Eﬂ?’ =0,

(42 2 [e(2x(o) 25)s 2T —cfip = O,

;; [0 (21(5), g2(5); #*)+52(2(5), 82(5); #*) @' +52(22(5), £:(5); x’)w”l—% =0

for the motion described by Eq. (2.1), or
T [ 22093 )9+ (a(0) 2u(5); W)~ p—ifiw = O,
(4.3) 2 =t (@6, )3 29+ @), 205 #)g T ~efap—eiw = O,

B0 (B9 2205 ¥ +52 (B ), 29 #) @2 +9')

82800 205 %)@ 9= 0= 0

for the more general motion (2.2). Here, the symbol »* stands for ¢'?, "2 or ¢'2+y'2,
respectively.

For compressible simple fluids, the above system of coupled differential equations
can be satisfied only in the following cases:

a) there are no body forces (P = 0), then ¢'?, v'? in Egs. (4.2) or ¢'*+¢'? in Egs.
(4.3) must be constant with respect to z;

b) there are body forces (P # 0) of such a form that the third equations in Egs. (4.2)
or (4.3) are satisfied.

It is worth noting that the case a) is valid for circular shearings discussed elsewhere
[8,9, 10]. For these flows, the solutions of Egs. (4.3) which are periodic with respect
to z and satisfy appropriate initial and boundary conditions correspond to progressive
or standing circularly polarized plane shear waves.

For incompressible simple fluids, the above system of differential equations can always
be satisfied for arbitrary potentials P(z, t). The first two equations (4.2) or (4.3) with
appropriate initial and boundary conditions can, at least in a numerical way, be solved
for @ and y. The corresponding third equations determine the hydrostatic pressure func-
tions p.

In what follows, we shall discuss only particular solutions of the system (4.2). For
incompressible simple fluids this system, after taking into account Egs. (3.6), can be
expressed in the alternative form:

B oo e By G
7 [ /i +afi9l—0fip = 0,
- B - i

49 2 Ghiv +adiw-efiw = 0,

9 o e s e 0P
g [—p+2asf, /192 +2as /2 /29"%] - & e 0.
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It is seen that the terms in square brackets in Egs. (4.2) and (4.4) determine the shear
stresses in the flows considered. The first two equations (4.4) become independent of
each other and linear with respect to ¢ and y only in the following cases:

i) the constitutive equations considered are such that the shear response of a fluid
is linear; then either t(g,(s), g,(s); #?) or a; and a;, i = 1,2, do not depend on ¢'? and
v'2, i.e. on the variable z;

ii) the amounts of shear determined by the functions ¢’ and 3’ are sufficiently
small to disregard higher order terms as compared with those of the first order.

The case i) covers all fluid models with linear shear response, e.g. Newtonian fluids,
second order fluids, finite linear viscoelasticity models etc., and may be used without
any further restrictions imposed on the amounts of shear.

In some cases it is useful to introduce the following generalized viscosity functions:

13
’?1 = nl(rs xi) = fT‘ = '-;_t(é](s)’gZ(s); x2) = EI+'§-1_&2?

.
’

4.5 . B A
) ns =t = T e 500590 =+ 225, »
oy f2 f2 .

where the notation from Egs. (2.17) and (3.6) has been applied.
Under the assumption of linear shear response or for small amounts of shear, the
first two equations (4.4) simplify to
mhe' —efig =0,
nfy —of2y =0,
where primes and dots denote the derivatives with respect to z and f, respectively.

(4.6)

5. Oscillatory shearings and plane shear waves

Now we shall discuss in greater detail the case in which f,(z) and f,(t) are harmonic
functions of time, viz,

(5.1 Si(v) = expiw, v, fo(7) = expiw, 7,
where w, and w, are real positive angular frequencies. Since, according to Eq. (2.9),
(52) 5_'1(3) o eimlr(eimga_l), g,(s) - e‘“’"—l, i= 1, 2’

the generalized viscosities defined by Eqs. (4.5) depend only on w, and w, if the assump-
tion of linear shear response holds. Instead of Eqs. (4.6) we obtain

iw,nt(w;, wz)?’”"'gwf@ =0,

iwyn3 (w2, w)y" +owiy = 0,

where 7 and %3 can be considered as the mechanical impedances or the generalized

dynamic viscosities for two oscillations superposed in two mutually perpendicular planes.
On using representations of the Rivlin-Ericksen type, it results from Egs. (4.5) that

(5.3)

(5.4) ﬂz(wuwz) = ET"“:"-‘:E:,
n3(w2, w,) = ai+iw,a3,

where o* are also dynamic functions of two angular frequencies @, and w,.
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A general solution of the system (5.3) can be written in the form
(5.5 @(z) or y(2) = Aiexp(B+iy)z+ Biexp(—p—iy)z, i=1 or2,
where A; and B; are integration constants, and

; ipw —own; +iow;;
69 vty = 10 gouritigong,
where the real (primed) and imaginary (doubly primed) parts of functions 5f, i = 1, 2,
are defined by
Ny =ni—iny, M= odi—egay, ) = —a) —oa),

.7 i B = g,
Ne = N2—M2, Nz = 0;—Wy0;, Nz = —0; —W0;.

Periodic solutions of the form (5.5) describe plane sinusoidal waves, standing or
propagating along the z-axis with the phase velocities ¢; = w;/y;. The parameters f;
depending on angular frequencies w; characterize growth or decay of the wave amplitude
and may be called the coefficients of attenuation or damping. The parameters y; de-
termine a dispersion of waves and may be called the phase shifts or the wave numbers.

Equation (5.6) leads to the following useful relations (cf. [12, 1]):

2 _ 00 1 _ & ]= chft[ 1 _ & ]
8 b= [,/““Hs,{.‘ 1+&2] 2y |V 1+8]

(5.9) ?iz‘= Qw’i [___1*__ + & ]= Qwif:[ .__l____ + & ],
2 L V1+& 1+ 2 L V1+8,  1+&
where
A 1
5.10 =M _ 1 i1
( ) EJ ’?: tgé; H I 1’2

The second forms of Egs. (5.8) and (5.9) are valid only for &; # 0. By an analogy to
the theory of linear viscoelasticity §; can be considered as the generalized loss angles
(cf. [13)).

It would be quite interesting to discuss the behaviour of phase shifts and coefficients
of damping in the full range of angular frequencies, i.e. from zero to infinity. Such an
analysis for one-dimensional sinusoidal waves in a second order fluid has been presented
by TRUESDELL [12, 1]. Since in our case an explicit dependence of &; on o, is not known,
we shall rather analyse §; and y; as functions of the parameters &;. We shall omit, more-
over, the indices i = 1, 2 and overbars denoting each of the component motions. Although
the latter simplifications are formally equivalent to the assumption that w; = w, = P
or to the cases in which either w, or w, is constant, some information can be obtained
for motions with two distinct frequencies, since the material characteristics with index 1
(or single overbar) are such functions of @, as those with index 2 (or double overbar)
of w,.

To begin with, we note that for numerous viscoelastic fluids like dilute and uncross-
linked polymer solutions, light oils with small amounts of polymeric additives etc., it
is reasonable to assume that

(5.11) lim é(w) =0, lim&(w) = oo.
w—0 ]
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The above assumptions mean that for very low frequencies or very long times the fluid
considered behaves like a purely viscous fluid while for very high frequencies or very
short times its behaviour is almost purely elastic. In other words, for w — 0 the tangent
of loss angle tends to infinity, while for @ — co it is negligibly small (cf. [13]).

Thus the limits in Eqs. (5.11) and the formulae (5.8) and (5.9) imply also that

(5.12) lim 2 =0, limp? =0 or finite,
a—0 W00
2
5.13 limy? =0, limy? = lim —7s. = lim g
( ) m—-oy m—-a-my ( ) @0 G( )

where G’ = " [/w can be considered as the real part of the generalized complex modulus.
If the last limit is finite, the wave length is constant for ultrasonic frequencies; if y? tends
to infinity the wave length tends to zero for sufficiently high frequencies. It turns out,
moreover, that in any case y? increases monotonically while 2 may reach a maximum
value for & = 1//3, ie. for tgé = V3. It is also seen from Eq. (5.8) that

2 00 Pk
(1 Pows = By ~ 86 0a)”
where the critical value of angular frequency results from the equation

619 W (o) = VI (00) = 3 LD

In agreement with Truesdell’s remarks [12] any critical value of angular frequency de-
termines a certain characteristic time of a fluid: 6 = 2x/w,. On the other hand, the
existence of a critical frequency characterizing the strongest damping effects is usually
connected with a passage from purely liquid state to highly elastic state (cf. [14]).

It is worth-while to remind that for Newtonian fluids

5.16 2= B
(5.16) =y 20

where the Newtonian viscosity can be identified with %'(0) = const. In this case, f* as
well as 92 tend to infinity with the increasing frequency w.

A diagram illustrating the above discussed variability of f* and »? is shown schema-
tically in Fig. 1. The abcissae denote the values of &; the corresponding values of w are
indicated only for orientation.

It may happen, however, that for other viscoelastic fluids like more condensed and
cross-linked polymer solutions, polymeric gels etc., the function %" (w) does not tend to
zero for very small angular frequencies but approaches some finite value %"’ (0). Then,
according to Egs. (5.7) and (5.10), we have

oy (w) + o () . oy (w)
di(w)—way (@)  os0  di(w)
The above result means that for @ = 0, £ is equal to some finite, rather small quantity.

It is also seen from Egs. (5.8) and (5.9) that for w = 0, both #2 and »? vanish, while
for £ = 0 we have

- S @®Wo — oy (wo)
C18) b =7 = S —we @) ~ 2(Eanaan) + & @o) i (@e) °

(5.17) lim &(ew) = lim—
w0 a0
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where w, denotes a real positive root of the equation(?):
(5.19) oy (@o) +@o #2(wo) = 0.
Since, moreover, 2 and p? are such functions of £ that
(5.20) B*(—8) = »*(®)

and vice versa, and y? may have only a maximum for £ = —1// 5_,_it is expected that
the limit value of ¢ determined by Eq. (5.17) is greater than —1/)/3. This fact implies

)

I
P0Oh0 0 VR . e
0 Q

o Wer 0~

(?) For such a root to exist it is necessary that &;(w,) < 0. This condition is similar to that for
second order fluids for which always &, = const < 0 (cf. e.g. [1]).
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a monotonic increase of f% and »? in the interval from 0 (for = 0) to f3 = y3 (for
@ = w,) and, moreover, f2 > 2. At the point £ = 0 (or w = w,) where a breakage of
internal structure takes place, the fluid considered behaves as purely viscous.

A diagram illustrating the above discussed situation is shown in Fig. 2. It does not
seem that other possibilities, different from those presented in Figs. 1 and 2, may occur
at all for the case considered. For two shear waves with distinct angular frequencies w,
and w, or for one-dimensional longitudinal waves, however, the whole picture may look
in a quite different way. For longitudinal waves, for instance, two or more maxima on
B*(&) and (&) curves are possible (cf. [15]).

When the waves considered are caused by some sinusoidal disturbances applied in
any of xy-planes, a maximum value of the amount of shear x? = ¢'2+y'? essentially
depends on w, and w,. For the sake of simplicity, we assume that angular frequencies
of two component motions are equal, i.e. ®; = w, = w. Bearing in mind that, in general,
@' and v’ are complex functions, we obtain from Egs. (5.5)

(5.:21) Xmax = |9 +9%| = CH(B*+?),

where C? = (4,—B,)*+(A4,— B,)* is composed of the integration constants involved

in Eq. (5.5). Substituting for #? and p? from Egs. (5.8) and (5.9), we finally arrive at

(522) Hie = %ca 2. g
Vn'2+n

Taking into account the variability of the parameter & defined by Eq. (5.10), it is seen

that

2 ;/(Tuil_—wa}’)-2+‘t&'l}+wa’z)_2 '

1 ow
5:23 li fn“ = lim--—-C? __:-__ = 0,
(5.23) lim lim -5 o
(5.24) i, B 2o Ll @
w-ro0 w00 7"(w) 2 az(w)

where the last limit may be finite,
The corresponding Newtonian maximum amount of shear is

LI

5.25 =
( ) Hmax N 2 o

where 7, = 7'(0) = const.

The result (5.23) proves that for very low angular frequencies the maximum amount
of shear tends to zero as for Newtonian fluids. On the contrary, the result (5.24) shows
-that for very high or ultrasonic frequencies the maximum amount of shear in vicoelastic
fluids may tend to some finite value, while in Newtonian fluids it increases proportionally
to the square root of the angular frequency. Thereby, we can conclude that viscoelastic
fluids at high frequencies may be sheared less than Newtonian fluids of similar viscosities
subjected to the same initial disturbances. On the other hand, such disturbances in visco-
elastic fluids can propagate at longer distances as compared with those in Newtonian
fluids, since for very high frequencies the damping effects are weaker (cf. [12]).
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6. Speed of wave propagation and ultrasonic velocity

Acceleration and sound waves in viscoelastic fluids can also be considered as the
propagating surfaces of second order discontinuities as shown by COLEMAN, GURTIN,
HErRERA and TRUESDELL [16]. For the case of one-dimensional transverse waves, the
speed of propagation (the intrinsic velocity of propagation) is determined by the formula

(6.1) 7 A 1)

where p is the density of a fluid, and the instantaneous tangent modulus G, is defined as
follows:
a £ t .

(6.2) G, = Wafn (F1(); F(@)),
where F(t) = F'(0) is the present value of the deformation gradient, and Fj(s) denotes
the past history, i.e. the restriction of F'(s) to the open interval (0, o).

Assuming for simplicity that f,(z) = f,(z) = f(r), we see that the shear stress com-
ponents in Eqgs. (2.17) and (3.6) imply that

—_-i o(s): x2 ‘=_1_._ -2=£ ig):i 1 %2
639 6= )= @0in) = % (a4 ea) = L2

and an analogous expression with y’. Here, ¢'f denotes the shear gradient and n — the
generalized viscosity function defined by Egs. (4.5).

For an acceleration wave which since time ¢t = 0 has been propagating into a region
having been at rest in a fixed reference configuration, the instantaneous response is de-
termined by the initial value of the stress relaxation function G(¢) (cf. [16]). Therefore,
on taking G(0) = G,|,-,, we have from Eq. (6.3)

(6.4) G(0) = lim|iwry* ()| = limay/n+7"7,
where Egs. (5.7) have been used. Substituting the above result into Eq. (6.1), we finally
arrive at

i e 22 l ) Gi'
(65) Ui =% limw ‘/n.-z_l_nuz = _g_ llmwn”(w) i (eaJ) .

If the last limit exists, the speed of propagation is finite, otherwise it tends to infinity
as for Newtonian fluids.

On the other hand, it has been proved in [16] that for sinusoidal progressive waves
U, = c,, where c,:

wl

6.6 2 =lim ¢*(w) = lim ———
( ) o @a—+® (CU) w0 }’z(w)
denotes the ultrasonic velocity. Taking into account Eq. (5.9) for w — oo, we obtain
exactly the result expressed by Eq. (6.5).

9 Arch. Mech. Stos. nr 2/80
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It is also worth-while to observe that for fluids with linear shear responses, the in-
stantaneous second order modulus defined by the second derivative of the functional
E(F;(s); F(t)) with respect to F(t) is always equal to zero (cf. [16]). This means that the
amplitudes of shear waves cannot grow unlimitedly in a finite time.
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