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Shock waves in thermo-viscous fluids with hidden variables

A. MORRO (GENOVA)

THIS note investigates the amplitude’s evolution of a shock wave entering a thermo-viscous
fluid at equilibrium, through a model of fluid with hidden variables. It is shown that the evolu-
tion of the shock is determined by the difference between the volume gradient and a critical
value reflecting the properties of heat conduction and viscosity.

Rozwazono ewolucje amplitudy fali uderzeniowej przenikajacej do plynu termolepkiego znaj-
dujacego sie w rownowadze; zastosowano model plynu z wewnetrznymi zmiennymi stanu.
Wykazano, ze ewolucja fali uderzeniowej okreslona jest przez roinicg gradientu objgtosciowego
i pewnej wartosci krytycznej zwigzanej z wlasciwosciami przewodnictwa cieplnego i Jepkosci.

PaccmoTpena oBo/moLMA aMIMTYALI YAAPHOH BOJIHBLI ITPOHHKAIONIEH B TEPMOBASKYIO JKHI-
KOCTb, HaXONAUIYIOCA B PaBHOBECHH; IPHMEHEHA MOJENb MMIAKOCTH C BHYTPEHHMMH nepe-
MeHHbIMH cocTosiHuA. Iloxasamo, uTO SBOMOLMA YAAPHOH BONHBLI OMpejesieHa PasHULEH
00 eMHOro rpafiHeHTa M HEKOTODLIM KPHTHYECKMM 3JHAUeHHEeM, CBAJAHHEIM CO CBOHCTBAMH
TEMJIONPOBOJAHOCTH M BA3KOCTH.

1. Introduction

THis PAPER deals with the evolution of shock waves propagating in thermo-viscous
fluids. The investigation is accomplished by adopting a fluid model where heat con-
duction and viscosity are accounted for via hidden (or internal) variables (or para-
meters™). With respect to the literature on materials with hidden variables, the present
constitutive assumptions are rather unusual as far as the argument of the response func-
tion is different from that of the growth equation. This is so since it is assumed that
the hidden variables depend on the temperature gradient g and the rate of the strain
tensor D whereas such is not the case for the response function. We mention that a dis-
tinction like this, though confined to the temperature gradient, is present, for instance,
in the paper by KosiNski and PERzyNA ([2], Sect. 5) in connection with thermal waves.

The present model delivers a description of thermo-viscous fluids which yields Fourier’s
and Navier-Stokes’ laws when g and D are time independent. Moreover, it is compatible
with the propagation of shock and acceleration waves. As a result of this, the analysis
of the growth or decay of shock waves shows that for a wave entering a fluid at equi-
librium, heat conduction and viscosity determine the existence of a critical value of the
volume gradient. As it is well known, the existence of such critical values has already
been found in other similar contexts (e.g. [3,4]). Therefore this note provides, in
particular, a physically significant example of a critical value for shock propagation
in materials with hidden variables.

(*) Such a viewpoint may also be applied to the general case of shock and acceleration waves in
thermo-viscous materials [1].
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2. Constitutive assumptions and thermodynamic restrictions

Throughout R, R*, R** stand respectively for the set of real, positive real, and
strictly positive real numbers. The symbols Y, Z, A, Z denote finite dimensional vector
spaces. A superposed dot indicates the material time derivative. A subscripts 0, o,
g, ﬁ, 1, X denotes partial derivatives.

A material with hidden variables {y,, Zo, &%, &, h} on Yx Z x A consists of a ground
value (Yo, Zy, @) of the independent variables (y,z,a) e YxZx A and of the maps

(2.1) 6 cC¥(YxA,Z), heC}YxZxA,A).

The growth of the hidden variables & € A is determined by the whole set of the in-
dependent variables through the evolution function h, whereas the response of the ma-
terial depends only on the pair (y, a) through the response function &.

The function h is subject to the following conditions.

I. There exists a map E: Y xZ — A such that for each pair (y, z) € Y x Z the hidden
variable E(y, z) € A yields

h(y,z,E(y,2)) = 0
and
E(yo, 2o0) = ao.
II. There is a map A € L(A, A) and a positive constant & such that
Ih(y, z,a+B)—h(y,z,0)—AB| < SIBl, (yv,2eYXZ, a,a+PeA,

while A+ 61y is negative definite.
Thus h(y, z, ) € Lip(|A|+ J) for every (y, z) € Y x Z. Property II ensures the asympto-
tic stability of (¥o, 2o, @) and the uniqueness of the solution of the evolution equation

2.2 a=h(y,z,a), a(,) =a.
As we are interested in thermo-viscous fluids, we confine our attention to the choice
y = (6, v) and z = (g, D), where 0 is the temperature and v the specific volume. Mean-

while, we represent by o the set of the (specific) free energy y, the entropy #, the Cauchy
stress tensor T, and the heat flux q. So the thermo-viscous fluid is described by

o= &(9; v, a):
a=h(,v,g,D,aqa).

Assume now that « is in fact a pair (a,, a;) of a vector &, and a symmetric tensor
a,. Letting dimA = dimZ — see, e.g. [5] — property II is certainly satisfied if h is so
chosen that the evolution equations for &, and a, are

b= @), a) = o,
2.3)

i | p
a; = '_r—(D—uz); a,(t) = a;.
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Physically the quantity = € R** plays the role of relaxation time. The obvious solu-
tions of the initial value problems (2.3) are

a,(t) = g(t)+ajexp{—(t—1t))/t}, t—1, eR,

(2.3) "
a,(1) = D(t)+azexp{—(t—1fo)/tr}, 11—t R,

the symbol &(t) being defined as

[
~ 1
E0 =+ [ ew (-0,
fo
Consider the set of evolutions of hidden variables starting from the vanishing initial
values & = 0, a; = 0(?). In this case the response function 6 = {, 7, T, q} is restricted
by the Clausius-Duhem inequality expressed by

l - A 1 A l ] -
29 - (Yo—m)0+tr {(T—%I—?ﬂ'%)n}" (‘ET‘I‘F ;UTWE)‘E

l - ~ A
+5 Wi g+ur{pp D} >0,

which must hold for every path () = (0, v, g, D)({), {—1, € R*. It is a general property
within the theory of hidden variables, true here as a particular case, that a(t) is in-
dependent of the present value m(z). Therefore Eq. (2.4) holds if and only if

2.9 = b T=Rlt o9 4= -
(2.6) ¥z - g+t {ysD} > 0.
The application exhibited in Sect. 3 and 4 corresponds to choosing the free energy
in the form
%~ .

2.7 v=90,v,0) = W(B,v)+m'{ﬁg §+ptr{ﬁﬁ}+%(trﬁ)3},

where », u, A are non-vanishing constants. The function (2.7) is compatible with inequa-
lity (2.6) if and only if

(2.8) >0, 3A+2u>0; x>0,
Meanwhile Egs. (2.5);,3 deliver
(2.9) T=—-p0,0, )[+2uD+A{trD}I, q= —xg,

being p := —¢,. If D(*) and g(-) are time independent, i.e. D(t) = D, g(t) = g, t€R,
we have the asymptotic condition

lim@(1), D)) = (g, D).

t=o0

In this instance, except for the dependence of p on @, Eqgs. (2.9) asymptotically become
Navier-Stokes” and Fourier’s constitutive equations. Then the conditions (2.8) may be
regarded as Stokes-Duhem’s and Fourier’s inequalities.

() This condition is meaningful in view of the asymptotic stability of Eq. (2.3).
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It is worth emphasizing that the assumption (2.7) does not significantly reduce the
generality of the present note. As it is shown in Sects. 3 and 4, the contributions to the
jumps arise from the linear terms.

3. Jump relations

The motion of the fluid is described by a function x defined on # x R, & being a fixed
reference configuration with volume v,. Labelling the particles by their position in the
reference configuration, we say that
(3.1) x =x(X,1), (X,1)e#xR,
is the position at time 7 of the particles X. Consider a motion containing a shock wave
&(t). Adopting the usual definitions, we denote by [£](¢) := &~ (1)—&*(#) the jump
across #(t) of any function £ defined on # xR and by U(t) the speed of propagation
of #(t). The motion (3.1) is assumed to be continuous across #(t). Moreover, as a(t)
is independent of =(z), the same assumption is introduced for the hidden variable o.
Then, letting V stand for the material gradient operator, we set:

S1. The functions x, @ are continuous on # xR.

S2. The functions 0, v, x, Vx, &, Va, and the derivatives of higher order suffer jump
discontinuities across & but are continuous functions on (Z x R)/%.

S3. The body force and the heat supply (per unit mass) are supposed to be C' func-
tions on #Z xR.

Although D(?) has a jump discontinuity the function f)(r) is continuous. This implies

that
(1] = - [p]I.

An immediate consequence is that the shock waves are always longitudinal while the
same property is not true for the acceleration waves [1]. Thus, in the study of shock
waves we may confine our considerations to uni-dimensional waves; henceforth we will
refer only to the meaningful component of vectors and tensors relative to the direction
of the wave. A standard procedure applied to the balance of momentum (in integral
form) leads to the well-known relation

(3.2) [ ‘:‘f— [v]
being
(.3) Ulo] = —vo[4l.

Moreover, since [g] = 0, the energy balance makes it possible to write the Hugoniot
relation

(34 [e] = (e,

where e is the internal energy and T := (T~ +T+)/2. The balance of momentum and
energy in differential form yields the further relations

(3.5) [%] = ©o[Tx],

(3.6) [e] = [To]—vo[gx].
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With respect to previous analyses of shock waves in fluids with hidden variables — see,
e.g. [3] —the set of jump relations (3.4)-(3.6) exhibits the additional contributions
(T+p)[v), [Tx+px), and [(T+p)?] due to viscosity and [gx] due to heat conduction.
Just these terms are responsible for the existence of a critical value of [vy] in the evolu-
tion of [¢].

The investigation of the growth of a wave hinges on the compatibility relation

d[-f]

3.7 = [8]+ Ul&4l.

On account of Egs. (3.3), (3.5), and the continuity equation ¥ = v,%xx, the application
of Eq. (3.7) to £ = v and & = x gives

d[v]

(3.8) 2U—~+[v ] dt = U?[vg]—v3[Tx].

4. The shock amplitude equation

Henceforth we suppose that the fluid ahead of the wave front has been at equilibrium,
@,v,g,D,a) = (6%,0%,0,0,0), at all past times. Moreover, we assume as (uniform)
reference configuration that of the fluid before the arrival of the wave. Then we have

.1 j+ =0, 9*=0, g*=0, D*=0, a*=0, & =0,
and '
“2) gt =0, D*=0, §'*=—_lr—g*, 5*:%1)*,

on the wave. The assumptions (4.2) slightly simplify the jump relations. In fact,
Tt = —pt, [T6] = -[pil,
while the compatibility condition [5] = —U[Dy] allows us to write

A+2pu

[Tx] == [Px] E: [D]

Furthermore, since p is a quadratic function of Z and D, it follows that the derivatives
of p with respect to g and D vanish at the wave. Thus, according to Egs. (4.1), substitu-
tion in Eq. (3.8) yields

d[ﬂ] 3(A+24) .

4.3) s

~—==4{y ] = (U*+93p;)vz +vops 03+
being J, = (vo/v)0x. As we are looking for the evolution equation both of [v] and of
U, further informations are required. These may be achieved via the following procedure.
First, as a consequence of Eq. (3.6) we obtain

e _ d[v] _ 3
(4.4) 0~ = ( 7 Uv) »Uwby,
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where » = 93/tU%0~ v~ ;. The jump of p is due only to [0] and [v]. Then, using Eq. (4.4)
we have

(4.5) "’j; =y dg] i U"f? ’;5 o5 + Upy (1 - xw)05 ,
where y = p; —psns [ns. Applying the compatibility condition (3.7) to e = y+0n we get
%‘:iz -~ dg} +UB~ 7505 + U~ (1 — ) B .
On the other hand, differentiation of the Hugoniot relation [e]+p[v] = O provides
e _ 1 d o dle)
dt 2 dr dt

By comparison it follows at once

d
46) (1 -%0)05 = 75— {11 N n.,vx}

On account of Eq. (3.2), substitution of Eq. (4.6) into Eq. (4.5) gives

dp~ _ v+2¢ d[v]
a  "1+29 at’

where ¢ = 0~ 95 [p5[v], v = — U?/v}y. Another expression of dp~/dt may be obtained
by differentiating Eq. (3.2) with respect to ¢; it turns out that

dp~ _ _2 “dU_ U? d[v]
Tar T CTor v dt

A comparison shows that dU/dt and d[v]/dt are related by

dU _ U ¢(1-) dlv]
W EaCE

Finally, substitution of Egs. (4.6)-(4.8) into Eq. (4.3) delivers the evolution equation
dlv] _ (1-»(1+29)U

@7

92 Tat 3r—1+¢(3v+'1')( %),
where
_ Yo VoX% ,_ o

According to the result (4.9), the evolution of [¢] is determined by the difference between
the volume gradient vy and the critical value I". The coefficient of I'—vy is usually
a positive quantity. Indeed, recalling that the medium ahead of the wave has been at
equilibrium until the arrival of the wave, we have

P = ﬁ(ﬂa v, O)s
n= ;?(Gs v, 0);
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on the wave. Then, letting 5, # 0 so that we can write p = p(y, v), it is reasonable to
assume the validity of Weyl’s inequalities

E’u=7‘(0- _bW}Ol .IE'!*)O'

As a consequence the shock is compressive, [¢] < 0, and the shock speed is subsonic
with respect to the material behind the wave ([6], § 65); this implies that

@.11) 0<v<l.

In conjunction with NuNziATo and HERMANN [7], since [¢] < 0 and ;3,, > 0 the quantity
¢ is restricted by

@.12) ¢ < —%.

The sought result follows from Eqgs. (4.11) and (4.12). So the quantity |[¢]| either grows
or decays according as vy is greater or smaller than I

In view of Eq. (4.10) the value of I" is the whole result of heat conduction and visco-
sity; it vanishes if the fluid is non-viscous and non-conducting, i.e. A =0, u =0, x = 0.
Moreover, I is inversely proportional to the time constant z. Thus the contribution of
heat conduction and viscosity vanishes in the limiting case 7 — co. We may interpret
this behaviour in terms of an extremely long memory which hides the effects of the
shock as far as heat conduction and viscosity are concerned. On the other hand the value
I, and d[v)/dt as well, increases unboundedly as 7 tends to zero. This is hardly surprising
since the memory effect due to the hidden variables fades more and more as r tends to
zero; at the limit 7 — 0 the constitutive Egs. (2.9) deliver Navier-Stokes” and Fourier’s
equations which are not compatible with wave propagation.
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