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Theoretical analysis of ductile-brittle transition 

R. B. P~CHERSKI (WARSZAWA) 

THE AIM of the paper is to propose a local ductile-brittle transition criterion with an account 
of scale effect and stress multiaxiality. It is based on the analysis of microscopic mechanisms 
of brittle fracture and a detailed analysis of the statistical effect and stress state factor as well. 
Also a method of calculation of ductile-brittle transition temperature is discussed. 

Celem pracy jest sformulowanie lokalnego kryterium kruchego przej8cia z uwzgl~dnieniem 
efektu skali i zlozono8ci stanu napr~i.enia. Wykorzystano przy tym anali~ mikroskopowych 
mechanizm6w kruchego ~kania i szczeg61ow'l anali~ efektu statystycznego oraz wsp61czyn­
nika stanu napr~:Zenia. -Zaproponowano r6wnie:Z metod~ okreslenia temperatury kruchego 
przej8cia. 

UeJibro pa6oTbi HBIDieTCH <IK>PMYffilPOBKa noKaJibHoro KpHTepWI xpym<oro nepexoAa c yqe­
TOM 34lQ>eKTa MaCIIITaoa H cnO>KHOcTa HanpiDKeHHoro COCTO.RHWI. IJpH 3TOM HCTIOJib30BaH 
aHanH3 MHKpOCKOJilNeCKHX MeXaHH3MOB xpym<oro pacrpeCIGlBaHHH ll TIO.lq)OOHbiH aHBJm3 
cram~ecKoro 34>4leKTa, a Ta.IDKe Ko34$1UUleHTa Hanp.IDKeHHoro coCTOHHJlH. IIpeAJio>KeH 
TO>Ke MeTO.D; onpeAeJieHHH TeMIIepaTypbi xpym<oro n~xo,lJ;a. 

1. Introduction 

THE PLASTIC properties of bee metals are very sensitive to strain rate and temperatur:e. 
This is manifested in an increase in yield strength and decrease in ductility when teJ;llperature 
decreases or strain rate increases. It is then required that the range of the exploitation 
temperature of inany engineering components be limited by the Nil Ductility Transition· 
Temperature. This temperature is usually determined in standard tests for standardized 
specimens. The method provides satisfying results for comparing different materials but 
does not supply adequate information on the ductile-brittle transition temperature characte­
ristic of a whole body. The Nil Ductility Temperature for an engineering component is 
usually estimated empirically on the basis of the standard test results and a range of cor­
rection factors. Such a method is rather ambiguous and bears many limitations. In the 
author's opinion these shortcomings might be cleared up by means of a theoretical analysis 
of the ductile-brittle transition. 

The paper is devoted to the formulation of a local criterion of ductile--brittle transition 
and a method of derivation of transition temperature with an account of scale effec~ and 
stress multiaxiality. The criterion is based on the analysis of microscopic mechanisms of 
brittle fracture and statistical effect as well. Scale effect is taken into account with a view 
of the concept of a certain characteristic volume, while stress multiaxiality is defined by 
a stress state factor. The derivation of transition temperature for a whole body requires 
the solution of a suitable mechanical problem with temperature effects. 

2* 
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2. Physical motivations 

The microscopic mechanisms of brittle fracture have been investigated by such authors 
as CoiTRELL [1], KNOTT [9], PETCH [16], TETELMAN, Me EVILY [22], and YOKOBORI [28]. 
The author's paper (~CHERSKI [17]) was also devoted to the detailed analysis of the exper­
imental and physical foundations of ductile-brittle transition as well as related mecha­
nisms of plastic deformation in mild steel. On the basis of the results mentioned above. 
the following general conclusions can be drawn. 

The initial stage of brittle fracture is the ·nucleaction of microcracks ·in single grains. 
It is preceded by a local, nonhomogeneous, plastic deformation realized in separate grains 
by slip or twinning. The mechanisms of cleavage is governed, therefore, by motion and 
pile-up of dislocations on sufficiently strong obstacles. As a result of this, a severe local 
stress concentration arises. In certain circumstances (low temperature, high strain rate, 
neutron irradiation) cleavage may occur in neighbouring grains. 

The second stage of brittle fracture is the growth and noncontinuous propagation of 
microcracks. Finally, they join in a macrocrack which may be responsible for failure of 
a structural member. The propagation of microcracks occurs in 'cleavage planes similar to 
a surface perpendicular to the lines of the maximum tension stress. Thus the critical point · 
of brittle fracture is the propagation of a microcrack preceded by local plastic deformation. 

Consequently, it is evident that the necessary condition of brittle fracture is an unstable 
growth of microcrack. The suitable criterion was formulated by CoiTRELL [1] and, inde­
pendently, by PETCH [16]: 

(2.1) 

where p. denotes the elastic shear modulus, 'Ye is the density of the effective surface energy, 
l1, Kj are the "friction" stress responsible for dislocation motion in suitable glide planes 
within a singular grain and the grain size factor in the Hall-Petch relation, respectively. 
The coefficient P determines three states of stress for which the criterion' (2.1) is valid: 

(2.2) 
{ 

1, 
p = 2, 

1/3, 

for tension, 

for torsion, 
for notched bar. 

The criterion (2.1) is very useful for qualitative analysis of the ductile-brittle transition 
process but has some disadvantages from the practical point of view. First of all, the 
criterion is valid only for single crystals or pure polycrystals (cf. TETELMAN, Me EVILY [22]). 
It is formulated in microscopic quantities which are difficult to determine experimentally. 
Furthermore, it is applicable only for small specimens in three special states of stress. 

3. Formulation of ductile-brittle transition criterion 

The remarks mentioned above substantiate the necessity of further search for a new 
ductile-brittle transition criterion which would be valid for technical alloys, e.g. carbon 
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steel, · and would be applicable in the analysis of the real structural member in a complex 
state of stress. 

The susceptibility to brittle fracture is strongly dependent on the state of stress, the 
stress concentration and nonhomogeneity as well as the size of the body. The scale effect 
is manifested in a statistical effect and in an amount of the stored elastic energy which 
is released during the fracture process. In the case of the local growth of a microcrack, 
the statistical effect is of great importance. The stored elastic energy plays a substantial 
role during macrocrack propagation and failure of a whole structure. The statistical 
effect may be shortly explained in the following way. 

Nonhomogeneity is characteristic of all real materials. The larger the body, the greater 
the probability that there exists such a site in which suitable local stress concentration, 
nucleation and critical growth of microcrack occur. Thus, for the same concentration 
of nonhomogeneity the probability of fracture increases with · increasing volume (cf. 
FREUNDENTIIAL (2]). 

In conclusion, it is assumed that the most important factors affecting the local growth 
of microcrack are: 

(i) the maximum principal tension stress u 1 > 0; 
(ii) the stress state factor which in the case of th~ body without macroscopic stress 

concentrators is equal to 

(3.1) 

where 

(3.2) O'eq = /(0'1, 0'2, 0'3) 

is the equivalent stress which is a certain scalar function of the principal stresses; 
(iii) the plastic stress concentration factor in the case of the body with macroscopic 

stress concentrators 

(3.3) 
O'f 

Ka(p) = -, 
O'y 

where O'f, O'r are the maximum tension stress in a local plastic zone and tensile yield strength, 
respectively; 

(iv) the volume of the most severely stressed part of the body Vk. This is the character­
istic volume necessary for suitable local stress concentration and growth of microcrack. 

In our further consideration two cases will be dealt with. First, a criterion of ductile­
brittle transition for a body without macroscopic stress concentrators is proposed. Then 
a suitable criterion for a notched body is formulated. 

In the first case, the ductile-brittle transition occurs if in the volume Vk the yield limit 
is reached: 

(3.4) 

and the inequality 

(3:5) 
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in the volume V1 is satisfied. The symbol <1p(V") denotes the fracture strength correspond­
ing to the critical volume vk. 

The criterion takes a more compact form when the definition of the stress state factor ll, 
given by Eq. (3.1), is used: 

(3.6) Gr ~ ap(V")El in V". 

This inequality means that the ductile-brittle transition occurs provided the tensile 
yield strength attains in the volume V" the value of the critical fracture strength determined 
by the material properties, the volume V", and the state of stress. 

As an example of the specification of the function ap(V") we may assume that the size 
effect is described by the classical Weibull relation 

1 

(3.7) "• = aJ( ~: )". V, > V*, n > I, 

where d1 is the local macroscopic cleavage strength pertaining to the elementary volume 
V* and n denotes the Weibull nonhomogeneity coefficient. 

The localcleavage strength d1 is a.measure of material resistance against microcrack 
growth. The concept of e11 w~s introduced by 0ROWAN' [14], HENDRICKSON et al. [5] and 
KNorr, COITRELL [8]. These authors investigated the fracture modes of a notched specimen 
in low temperatures and found that brittle fracture always occurs after the tension stress 
exceeds a certain critical value ~ocally in a small zone beneath the notch root. This idea was 
further developed by KNOIT [6, 7], WuLLAERT [27], GRIFFITHS, 0ATES [3], 0ATES [12, 
13], TETELMAN et al. [23], [,24], RAu, TETELMAN [19], GRIFFITHS, OWEN [4], RICHTm et 
al. [20] and PARKs [15]. It was proved experimentally that the local cleavage strength d} 
is relatively independent of the strain rate and the temperature. 

The quantity d1 can be determined on the basis of the results of an instrumented CharJ>y 
test, and an analysis of stress distribution in the local plastic zonq beneath the notch root. 
In the papers of MALKIN, TETELMAN [11], WILSHAW et al. [26] the relation between o1 
and the critical fracture toughness K1c was established: 

(3.8) K1c = 2.96ar[ exp ( :~ -I) -I r J"e 
provided that e ~ eo' where eo is the minimum value of the notch root radius dependent 
on the material microstructure. Thus, for given values of K1c, ar and eo the local cleavage 
strength ct1 may be determined: 

(3.9) aJ = <1u{l +In [I+ 2~;6 ( !;c )']1. 
It is worth mentioning that the quantities ct1, V* are determined by the microstructure 

only, primarily by the grain size and the distribution of second phase particles. Thus they 
are the material parameters independent of specimen geometry. The question arises as 
how to evaluate the quantity v•. 

The volume V* should contain such a number of grains which is sufficient for microcrack 
growth. It is possible to estimate the quantity V* basing on theoretical models of microcrack 
growth as well as on microscopic observations. 
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A simplified method of the calculation of an elementary volume was proposed by 
TETELMAN et al. [24] 

(3.10) 
* _ {4det, 

v. - 8d2t 
' 

e ~ 2d, 

e < 2d, 

where t denotes the specimen thickness and e is the radius of the notch root. As a matter 
of fact, V:,* defined by Eq. (3.10) depends on the notch root radius and the specimen 
thickness. To be precise we should connect With v: the cleavage strength a1, determined 
by the following relation: 

1 

(3.11) (V*)-; a*· = CJ* -I, I V,* . 

From Eqs. (3. 7) and (3.11) the following relation for the fracture strength ap correspond­
ing to the characteristic volume Yk is obtained: 

1 

(3.12) ( 
V.* ) n 

CJp = a1, ~" . 

Let us remark that ap is referred now to the quantities a'•' V.*, which depehd on size and 
specimen geometry. However, for suitably small specimens we may assume that 

1 

(3.13) (~.:r .. ~ 
The maximum admissible value of the specimen thickness t should be determined 
experimentally. 

In the case of a body with macroscopic concentrators the ductile-brittle transition 
criterion takes the form 

(3.14) 

which follows from Eqs. (3.3) and (3.5). The volume Vk now corresponds to the region 
beneath the notch root in which the maximum tension stress a 1 is higher than the cleavage 
strength a1. 

The crucial point in the determination of the characteristic volume V1 in both cases 
is the demand that the distance along which the stress CJ 1 is higher than a1 be equal to the 
double grain diameter or a mean space b~tween second phase particles. On the other hand 
the range of applicability of the macroscopic theory of plasticity should be taken into 
account (cf. ~CHERSKI [18]). 

Taking into consideration Eqs . . (3.6), (3.7) and (3.14) the general criterion for both 
cases becomes 

1 

(3~15) ( 
v• )-; 

Clr ~ a' v" E, V1 >V*, n > 1, 
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where 

. (3.16) E= 1 { 

ll for the body without macroscopic concentrators, 
for the body with 

Ka(p) macroscopic concentrators. 

Thus ductile-brittle transition depends on the macroscopic quantities ay, aJ, V*, n, 
depending on material only, the characteristic volume VA: and the state of stress, as well. 

The Weibull nonhomogeneity coefficient n may be determined experimentally using 
normalized specimens with different thickness t1 , 12 • In such a case we have: 

* _ {4det1, e;;;?; 2d, * _ {4det2, e ~ 2d 
<3·17) v 1 - Sd2t1, e < 2d, v2 - Sd212, e < 2d. 

Due to the fact that 

(3.18) 

we have 

(3.19) 

1 1 

a* * ( Vf )-, * ( t 2 )-, 
ft = a,'l Vi = a,2 I; ' 

12 
log­

lt 
n =---.-. 

log a,1 

a;'l 

Let us consider the examples of the specification of the stress state factor ll. 
In the simplest nontrivial case we may assume that the equivalent stress Geq is given 

according to the Tresca yield condition by the following relation: 

(3.20) 

In such a case the stress state factor is equal to 

(3.21) 

where 

(3.22) 

Assuming that according to the Huber-Mises yield condition Geq is given by 

{3.23) 

where e11 denotes the stress intensity, the Schnadt stress state factor will be obtained (cf. 
SCHNADT [21]): 

(3.24) 

where 

(3.25) 
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In the third case the equivaleqt stress aeq proposed by LEBEDYEV and NoVIKOV [10] iS­
used. The latter found experimentally that at normal temperatures yield of carbon steel 
is satisfactorily described by the Huber-Mises condition. At lower temperatures, however,_ 
they observed a change in the shape of the limiting surface. Namely, the relative resistance 
to strain decreases in the range of biaxial tension and increases in the range of tension­
compression. The test results show that the widening of the limiting surface at lower· 
temperatures develops nonisotropically and a systematic variation of the surface shape· 
takes place in addi~ion. to widening. On the basis of probabilistic considerations, Lebedyev· 
and Novikov formulated the following relation for the equivalent stress: 

(3.26) 

at 1 
where x = -, A = 1 - - are constants depending on material properties at a giveTh 

ac n 
temperature, n is the Weibull nonhomogeneity coefficient, a, ac are the tension and 

compression yield strength, and I== a 1 +a2 +a~- is the parameter of loading severity._ 
~i 

In such a case the stress state factor is given by the following relation: 

(3.27) 

Let us remark that for x = 1 the former relation for the stress state factor is obtained. 

4. Derivation of the ductile-brittle transition temperature 

The inequality (3.15) is useful in an analysis of the influence of different parameters. 
(e.g. the temperature 0., the second invariant of the strain rate tensor/!) on the ductile­
brittle transition process. The parameters ctj, V*, n are assumed to be dependent on the 
material structure only, whereas the quantities kr, Vk, E are the functions of 0. and /f. 
In order to determine the characteristic volume Vk and the stress state factor E, a suitable­
mechanical problem with temperature effects must be solved. The quantity vk is calculated 
after determining the first yielding site. The requirements of the minimum plastic zone· 
size, discussed . before, must be taken into account by that. Then, for the loading process.. 
which induces the plastic zone containing the volume Vk, the stresses and the coef-­
ficient E are calculated(!). The loading process is the fictitious one which allows to test_ 
the behaviour of the body in extreme conditions. The ductile-brittle transition temperature· 
appears to be a suitable parameter characterizing the behaviour of the body. In such a case' 
the criterion (3.15) takes the form . 

(4.1) 

e) An example of similar calculations and derivation of ductile-brittle transition temperature for­
a spherical vessel under neutron irradiation is given in the author's paper (P~cHERSKI [18]). 
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This is the equation for the transition temperature {}". In many practical cases the fracture 
strength 

. 1 

(4.2) (V*)-; 
f1t = f1j J7; E 

may be assumed as independent of the temperature. Thus the following equation for {}1 

should be solved: 
1 

(4.3) a,( I}., ID = a;[ v~;n r E(Jf). 

In most practical cases Eq. (4;3) gives satisfactory results. 
In the analysis of the ductile-brittle transition it is reasonable to neglect strain harden­

ing and assume the model of an elastic-ideally viscoplastic material. In such a case the 
dynamic yield condition takes the form (cf. ~CHERSKI [17]), 

(4.4) Y J, = ko(!?)+ A,(.?)t»-{v':.r) 
for the case of the Huber-Mises yield condition, the thermally activated plastic flow cor­
responding to the shear strain rates yP = 2 ylf e (1o-s +5 x 103)s-1, and low tempera­
tures. The symbol J2 denotes the second invariant of the stress tensor. The dynamic yield 
stre:Qgth consists of the temperature-dependent quasi-static shear stren~b k0 (D) and the part 
sensitive to the strain rate where A1 (D) is the temperature-dependent material function, 
fP is the excess stress function and 'Y/t is the viscosity coefficient. Similarly, illf the case of 
viscoqs drag mechanisms corresponding to higher strain rates y" > 5 x 103 s-1 , the dynamic 
yield condition takes the form (cf. PijCHERSKI [17]) 

( 

1 • p ) .. ! JP 1 · p _ . Th r2~Th 
Y J2 = ko(t?)+At{~)4)-l -- + · 

'Y/t 'Y/2 
(4.5) 

In this case the dynamic shear yield strength depends linearly on the second invariant 
of the strain rate. 

In many practical cases the following specification of the material functions 

(4.6) 
k(fJ) = ko-a2fJlogrJ1 , A1 (t?) = -a2t?, 

4>( ·) = exp( ·) 

is justified physically and experimentally as well. 
The criterion of ductile-brittle transition takes ·now ,the following form: 

( .. ;- 1 
4.7) k0 +a2t?1 log r I~ -cx2t?~clOg'YJt = J.lJ f1~t 

.. ;- 1 • 

V
-- r If --"-yg 1 ko+a2t?~clog 
2
1 yg - cx2t?"log'Y/t + . . 

2 
=-= f1t 

' 'Y/3 }"3 
(4.8) 
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for the strain rates y' e (Io-s- 5 x 103) s-1 and y' > 5 x 103 s-1 , respectively. From Eqs. 
(2.17) and ( 4.8) the relations for the ductile-brittle transition temperature {}" may be 
obtained 

(4.9) 

(4.10) 

a 2 log171 
{}" = ko -(]1 

In Eq. (4.9) the inverse of the transition temperature 1/0" depends linearly on log yif 
whereas in Eq. (4.10) the transition temperature {}" depends linearly on -y/j. The first 
dependence has been confirmed experimentally (cf. VITMAN, STEPANOV [25]) while the 
region of higher strain rates has not, according to the author's knowledge, been explored 
experimentally. 

The relations ( 4.9) and ( 4.1 0) also determine the dependence of the transition temper­
ature{}" on the characteristic volume Vt, the stress state f~ctor 1: and the critical cleavage 
strength dJ as well. From Eqs. (4.9) and (4.10) we have: 

(]* E [ ( V*)~J (4.11) {}"(V") = {}"(V*)++ I- -v,; , 
where 

(4.12) 

5. Concluding remarks 

The applicability of the proposed method of derivation of transition temperature 
requires more experimental investigations concerning the determination of the material 
parameters dJ, n and V*. 

The discussed ductile-brittle transition temperature pertains to the ideal model of 
a structural member. The existence of internal stresses and stress concentration produced 
in a technological process have been neglected in the model. The ductile-brittle transition 
temperature of a real structural member is equal to 

(5.1) 

whete Ll{}" is the transition temperature increase caused by technological factors. The 
value of Llf)" should be determined experimentally. 
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