Arch. Mech., 41, 4, pp. 503-509, Warszawa 1989

Nonlinear scalar parabolic equation
describing the temperature and flow of a heat conducting gas

Z. PERADZYNSKI (WARSZAWA)

WE ARE CONCERNED with the quasi-static flow of a heat conducting gas under some additional
assumptions allowing for reduction of the system of five flow and energy equations to a certain
nonlinear parabolic equation. Some properties of this equation are considered; the uniqueness
and existence of global solutions is proved. The elliptic (stationary) case is also considered.

Zajmujemy sie quasi-statycznym przeplywem gazu przewodzacego ciepto przy pewnych dodat-
kowych zalozeniach umozliwiajacych sprowadzenie pieciu réwnan przeplywu i energii do nie-
liniowego réwnania parabolicznego. Rozwazono pewne wlasnoéci tego rownania; udowodniono
twierdzenia o istnieniu i jednoznacznoéci rozwiazan globalnych. Rozwazono rowniez przypadek
eliptyczny (stacjonarny).

3aiimeMcsi KBa3UCTATHUECKUM TCUCHHEM TEILIONPOBOIAIIECTO I'a3a TIPH HEKOTOPBLIX IOMOJTHU-
TENBHBLIX TPEANMOJIOMKEHHAX MAIOUIMX BO3MOXKHOCTh CBEJICHHUS IIATH YPABHEHWIA TEUEHMS
U DHEPTHU K HEJIHHEIHOMY mapabonnyecKoMy ypaBHeHHIO. OOCY»KIeHbl HEKOTOPble CBONUCTBA
3TOr0 YPaBHEHHS ; I0Ka3aHa TEOPEMa CYIIICCTBOBAHNA H €IMHCTBEHHOCTH IJ106aIBHBIX PELIICHHI .
OOGCYy)KIeH TOXK€ IJUJIMITHUCCKHiIT (CTallMOHApHBINH) Ciyuaii.

1. Introduction

IN MANY circumstances, when considering the flow of heat conducting gas, the flow itself
is relatively slow whereas the temperature and hence the density of the gas may widely
vary a few times or even more. In such cases when the flow takes place under constant
exterior pressure, the influence of local variation of pressure due to dynamical effects
on the local density can be neglected. Indeed, the dynamical pressure is of the order of
2

(6;) which, compared to p = RTp, leads to %’ = %
¢¢ = RT is the isothermal sound velocity. Therefore, if the variations of the velocity in
the flow are not too large, when compared to the velocity of sound, the pressure in the
equation of state can be assumed to be constant. In this way the density ¢ becomes the
function of the temperature only. Thus the fluid is considered to be incompressible but
temperature extendable. On the other hand, the gradient of the pressure cannot be removed
from the momentum equation siuce it is of the same order as other terms in the equation.
Thus the pressure in the momentum equation becomes a free variable not related to density
as it always takes place in the theory of incompressible fluids.

When the flow is realized in the vessel of a finite volume, the total pressure may change
due to the heat supply. In that case one may still preserve the splitting of the pressure into
the independent dynamical part p, appearing in the momentum equation and the “average

= (0v)?/2c3, where
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pressure” P which appears in the state equation. This can be done by assuming that the
average pressure P can only depend on time. Integrating the state equation over the whole
volume

P(t) fdex - R J odx = Rm,
2 2

the dependence of P on ¢ can be determined. Here m denotes the total mass of the gas. In
such a case, however, we have a functional dependence of ¢ on the temperature

_m(fld_1
e=7\) T4 -
Q

Although further considerations can be carried out, in this case we will not deal with them
because they lead to some additional complications for the boundary conditions.

1. Derivation of the basic equation
We start from the following system of equations in R3:

o Ej;fi +Vp = ydv+V(Cdive),

do

(1.1) ar +odive = 0,

e, U1 = div(vT) 0,

where ¢, = ¢,(T) > 0, x = »(T) > 0, O(x, t) = 0. Here% = %%v Vv =9(x,t)—

velocity field.
To simplify the system (1.1) we assume the following hypothesis:
HI. density o is a function of the temperature only, ie., 0 = o(T);
H2. 7 — the first viscosity coefficient is constant;

H3. a) the inertial force p % is negligible, or

d . d & .
b) 977% may be replaced by p —;:—-, where (average) g is constant;
H4. the ratio o.r := —oa is constant, « > 0.

0*cy
The last assumption is satisfied, for example, in the case of an ideal gas P = RTp
under constant pressure. In this case one gets a = R/Pc,.
In general H4 implies that the specific enthalpy, under constant pressure, is given (or

may be approximated) by the formula

W) = hot o
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resulting from the integration of the formula in H4. The assumption H1 is well justified
when the flow velocity is small compared to the velocity of sound. In that case the influence
of small changes in pressure on the density may be neglected. Multiplying the continuity
equation (1.1), by pc, and the energy equaton (1.1); by ¢ 5, one arrives, after subtracting
one from the other, to the following equation:

oc,divo+o r[div(xVT)+ Q] = 0,
which, by the assumption H4, is reduced to
(1.2) div(z—axVT) = aQ.
The general solution to this equation can be written as
(1.3) v = a(xVT+Vy)+o,,

where Ay = @ and divy, = 0.
Now, according to the assumption H3, we consider two cases:
a. When H3. a) holds, then ¢, must satisfy the Stokes equations

(1.4) (Vdiveg+ndeo, = Vp,  dive, = 0.

Since the inertial terms are not present in the case H3. a, the initial condition for  must
be relaxed. As this case can be formally obtained by assuming o — 0, we have the following
physical picture — in the short time scale, of order /o, the flow parameters are adjusted
in such a way that v, satisfies Eq. (1.4).

The natural boundary condition for , in R?® is that v, tends to a constant flow v,,
for x| = co. In this case the only solution of Eq. (1.4) for v, is v, = v,. However, one can
admit also unbounded solutions for v,, assuming, for example, that o, is a shear flow.

b. When H3. b) holds, we assume that v, is a gradient of a potential ¢ satisfying Ag = 0
or even somewhat less for non-simply connected domains, that v, is rotation and divergence-
free

(1.5) roto, = 0, dive, = 0.

Let us notice that if v, satisfies Eq. (1.5), then it satisfies also the Navier-Stokes ecquations
with constant density.

Inserting the expression (1.3) into the momentum equation (1.1),, we see that in both
cases a) and b) of the hypothesis H3 the equation is fulfilled since every term in the equation
has the form of a gradient. Therefore this equation serves for the determination of the
pressure.

Applying now the expression (1.3) in the energy equation (1.1);, we arrive at the follow-
ing nonlinear parabolic equation:

(1.6) QCP{ 3(")7; +oax(VT)*+q- VT} = div(xVT)+Q,

where ¢(x, 1) = «Vy+o,. At this moment it is convenient to introduce a new variable,
heat potential s = fx(T)dT. This reduces our equation to

(1.7) 9; {?:+a(Vu)2+q'Vu}= Au+0Q,
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or to another divergent form

(1.8) (ZL: = div(aVu)—p(Vu)*—q - Vu+aQ,
where
P ) do
a:Q(‘,,’ p’=l+d;.

Let us note that having any solution of Eq. (1.6) (let it satisfy T — const at infinity),
one can determine from Eq. (1.3) the corresponding solution of the whole set of flow
equations (with ¢ = 0 or ¢ >~ ¢ according to H3. a or b).

2. Existence theorems

In order to prove the existence of solutions, we refer to suitable theorems proved in [2].
Chapter 5. We are searching, however, nonnegative solutions of Eq. (1.8) and need addi-
tional estimates. These estimates are based on the notion of sub and supersolutions. Let
us consider the initial boundary value problem (IBVP)

Lu = u,—div(a()Vu)+b(x, t, u, Vu),

(2.1) ulf".(é:r =X, QT = QX [0» T]x

where ¢'Q7 denotes 2x [0}udRx [0, T] and where 2x R" is a bounded domain with
C?*# boundary d2. We assume that y(x, t) in the relation (2.1) is a restriction of a
C2+A-1+P12 fupction on R"xR to &'Q;.
DEFINITION. A function u(x,t) e C*'(Q2;) (or ue C*'(£2;)) is called a subsolution
(a supersolution) for IBVP (2.1) if the following inequalities are true:
Lu<0 (Luz0 in2; and ulyo, < x(@Heor 2 ).

Sub and supersolution are useful in finding a priori estimates for the supremum norm
of the solution. We recall:

THEOREM 1. Let u(x,t) € C*'(£2r) (or u(x, t)) be a subsolution (supersolution) of the
IBVP (2.1) and let u(x, t) be a solution of IBVP (2.1) of class C**, then

u(x, 1) < u(x, 1) (u(x, 1) <i(x,1)) in Q.
In order to prove this, let us notice that denoting by w the difference u—u, we have
(2.2) Lu—Lu = w,—div(e; Vo) —div(fw) +dVo +co = 0
with
®lpor 2 0, where a; >0, &= (&,...,&), d=(d,...d)

and ¢ are functions depending only on x and ¢. In the derivation of the inequality (2.2)
we made use of the following formula:

n 1
F)=fye) = E ' —yb) f 5){ (yo+s(y—yo))ds,
i 0

i=1
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which is valid for the C! function f()', ..., y") defined in a convex domain of R*. Taking
u, Vu for y and u, Vu for y, and then substituting their values at (x, 7) € 2, under the
integral, one obtains appropriate terms in Eq. (2.2). Hence w satisfies a homogeneous linear
equation with non-negative initial and boundary conditions: therefore by the maximum
principle [3], @ > 0 in £2;. This proves the theorem in the case of subsolution. In a similar
way taking Zu—.%u, one arrives at its counterpart for a supersolution. Basically the
maximum principle is valid for bounded domains. It may be extended, however, to the
unbounded domains imposing some restrictions on the growth of u for |x| - oo (the
Phragmen-Lindeloff principle [3]) as for example assuming that & — 0 for |x| — co.

Having this, we can apply the theorem (6.1) in [2], Chapter 5, which we specify here
in the simpler form, more suited to the case of Eq. (1.8).

THEOREM 2. Let us assume that y(x,t), u(x,t) are bounded sub and supersolutions,
respectively, of class C*' of IBVP (2.1) in 21 (21 of class C**F) and let the following condi-
tions be satisfied:

1) «(u) >0 for uel:= [infu, supt] and « e C'*P(I);

Qr Qr
2)  b(x,t,u,p) is Holder continnous in £2x[0, T]x R, xR" with the exponents

B, BI2, B, B; )
there exists a constant p(I) such that for everv (x,t)eRr, uel
1bx, 1, u, p)| < p(1+1pl?);
3)  for every p > 0 there exists a function q,(x,t) such that for every (x,t) €y,
uel and |p| <
Eb,p(a b,us b,l) s (pg(x! t)
and

T

ellavruag = | [ dt ([ 1gatax) ™| < o) < oo,
0 2

where

1+*’3*=]—8 qe[u oo] re[-—-—!-—— OO] O<ex<|l

r 2q ’ 20—-¢)” ) 1=’ ) '
Then there exists a unique solution of IBVP (2.1) in C**+P1+P12(Q.) and, moreover, its mixed
derivatives uy; are in L*(£r).

We assume the following additional conditions:

H.5. The function «(«) in Eq. (1.8) defined on R, = (0, o0) is positive for positive u
and is locally of class C'*”, The vector field v(x, 1) in Eq. (1.8) is of class C*#/2(Q;) and
its time derivative v, has a finite || - ||, , norm in £, where r, ¢ is given in theorem I, «(x)
grows not faster than linearly, i.e.,

a(s) < ¢;s+c¢, for seeR,

and Q(x, t, s) e C*#12:7 satisfies 1) in Theorem 2. There exists a positive constant u (or
positive subsolution) such that

Qx,t, )20 in Q.

6*
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(Denote by @ the infimum of all such constants u). O is bounded from above;
0<C for (x,0)efly, ueR,
and has bounded (weak) derivatives with respect to ¢ and u.

Now we can formulate the existence theorem.

THEOREM 3. Assuming that Q is of class C**7 and the hypothesis H.5 is satisfied. then
the IBVP (2.1) for Eq. (1.8) has a unique C*"*'*PI2(0.) solution for any T > O provided that
min(y—w) > 0 (it may reach zero when w. is positive).
o'Qr

In order to prove this, lest us notice that there exists a positive constant s such that

min y = § > p. One easily verifies that s is a positive subsolution. On the other hand,
Jd'Qr

the solution s(r) to the ordinary differential equation

3 5= C(c;34+¢y), 5(0) = maxy
dt &ar
is a supersolution of the IBVP for Eq. (1.8). Hence we have the bounds for the solution
u(x, 1)
s < u(x, 1) < ().

Applying Theorem 2 we conclude the validity of Theorem 3.

Let us also notice that whenever « , > 0 the solution of IBVP for Eq. (1.8) with removed
quadratic term «(Vu)? is also a supersolutibn for the full equation (1.8). In the case of
unbounded domain we assume that u — u, > s for |x| — o0.

3. Elliptic problem

When searching for stationary solutions, one can again use sub and supersolutions
which are defined in a similar way, the only difference being that there is no u, in ¥ and
instead of (2, we have £2. Again one easily checks that s satisfying infulsp > s> @ is a
subsolution and § = max|a, is a supersolution of BVP. Hence, using the results of the
paper [1] and the form of Eq. (1.7), one easily deduces the existence of a solution u(x)
satisfying s < u(x) < s.

REMARKS. Solutions of Eq. (1.8) in a domain with boundary can describe a real flow
if appropriate boundary conditions for T and v are satisfied. Imposing Dirichlet conditions
for the temperature, we are not, in general, able to control VT at df2 and hence, according
to Eq. (1.3) velocity cannot be prescribed there — the fluid is leaking through the boundary
(perforated boundary). One does not encounter these difficulties in the case of whole R?
when the flow is given at infinity.
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