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Classical mechanics in infinite-dimensional Hilbert space

H. ZORSKI and J. SZCZEPANSKI (WARSZAWA)

THe MECHANICS of a denumerably infinite set of particles constitutes in a sense an intermediate
case between the usual mechanics of many-point systems and the continuum theory. In this
paper we present some of the fundamental principles of classical mechanics in a real separable
Hilbert space. Both kinematics and dynamics are investigated.

Mechanika nieskorficzonego przeliczalnego zbioru czastek stanowi w pewnym sensie przypadek
posredni pomi¢dzy zwykla mechanika ukiadu ztozonego ze skonficzonej liczby czastek a mecha-
nikg osrodkoéw ciggltych. W pracy tej przedstawiono odpowiedniki postawowych pojeé i praw
mechaniki klasycznej w nieskoficzenie wymiarowej rzeczywistej przestrzeni Hilberta. Rozpa-
trzono zaréwno kinematyke jak i dynamike ukladow o nieskonczenie przeliczalnej liczbie stopni
swobody.

Mexanuka DeCKOHEYHO CUETHOI'O MHOXKECTBA UACTHI] COCTAaBJIsieT B HEKOTOPOM CMBICJE IIPO-
MEXKYTOUHbIIA ClIy4yail Me)<Iy oObIKHOBEHHOM MeXaHHMKON CHCTeMbl, COCTOSILUEH M3 KOHEYHOIo
KOJIMYECTBA YaCTHI[, H MEXaHHKOH CIUIOIUHBLIX cped. B Hacrosugeit pabore mpepmcraBiieHbI
aHAJIOTH OCHOBHBLIX TTOHATHH W 3aKOHOB KJIACCHYECKOM MEXaHWKH B OECKOHEUHOMEPHOM [I€H-
CTBHTEJIBHOM T'HMIILOEPTOBOM NPOCTPAaHCTBe. PacCMOTPEHbI TaK KWHEMATHKA, KaK ¥ JHHAMHKA
CHCTEM C GECKOHEUHbBIM CUETHBLIM KOJIMUECTBOM CTeneHeld cBoGo/IbI.

Introduction

THERE ARE many physical systems which have to be considered as systems with an infinite
countable number of degrees of freedom. The most natural class of such systems which
recently have been intensively studied is a system of infinitely many point particles. The
fundamental problem arising when studying dynamical properties of such systems is:
what is the set of initial conditions for which there exists a solution of the following infinite
system of equations:

*) 4 =pi. P = —Zgraddi(lqrqjl), i=1,2,..,

Jj#i
where ¢;,p;,i = 1,2, ... denote respectively the position and momentum of the i-th
point and @ is an interaction potential.

This highly nontrivial problem was studied by LANFORD [8, 9] for classical point-particle
systems interacting by means of a two-body bounded, smooth and short-range potential
®. He proved an existence and uniqueness theorem for the system of equations (*) in
the one-dimensional case, assuming that the initial density of positions (g;)i>; is small
enough and the initial momenta (p;)2, increase with the distance from the origin at
most logarithmicaly i.e., |p;] < Klog,|¢;|. In an unpublished paper Gnibre proved the
existence and uniqueness theorem for the system of equations (*) in the three-dimensional
case but with stronger restrictions on the initial data, namely he assumed that both density
of momentum and density of position are bounded.

8*
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The result of Lanford was expanded some years later by DOBRUSHIN and FRriTz in
two directions: allowing singular potentials [3], and two-dimensional systems [4]. Still
later Fritz improved this result [5] proving the existence of the dynamics for superstable
interactions [5] of finite range in dimensions one and two; the above method, however,
cannot be applied to a dimension greater than two.

Another approach to this problem was given by SINAI [13]. His method based on some
probabilistic considerations connected with a GiBBs state u [13], can be applied in any
numbers of dimensions. Using this method, he was able to prove the existence theorem
for the set of initial conditions which has measure u equal to 1; this set, however, is not
known explicitly.

Still another approach to this problems was presented by C. MARCHIORO et al. [11].
They considered the following Cauchy problem which is related to the dynamical
problem (*):

d
g;fz = Zf,
fico =f,  feLy(Z.w.

where

Lf = Z{ F (q)} is the Liouville operator,

Z is phase space of the system (*), u is Gibbs measure invariant with respect to the dy-
namics given by (*) and f'is an element of algebra % < L,(Z, u) called “observable”. Each
function in % depends only on the coordinates of particles that fall in the fixed bounded
region. It is possible to show [6] that if & is essentialy antiself-adjoint on %, there exists
a dynamical flow (%, T}, u) such that

(U (x) =ATx), teR, xe&, [eLl(¥, p.

where U, = %

Marchioro et al. proved antiself-adjointness of the Liouville operator for a one-dimen-
sional hard core system with singular two-body interaction. We see that in this approach
the main idea is to study the time evolution of the functions describing microscopic state
observables rather than the motion itself. Furthermore it was proved in [15] that by appro-
priate assumptions on the initial state u, the phase space of a physical system can be re-
duced to the infinite-dimensional separable Hilbert space.

Other examples of systems with an infinite countable number of degrees of freedom
appear when the required physical quantity related to the described phenomenon is a func-
tion f(x, r) from Hilbert space L,(£2). The evolution operator in this case is usually some
differential or integral operator (Schrédinger equation, Boltzmann equation) acting on
the space L,(f2). The function f(x, t) can be expanded into Fourier series in an ortho-
normal complete basis ¢;(x) e L2(2), i = 1,2, ....

Sflx,t) = th(f.)ei(x)-
i=1
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It is easy to see that the time evolution of the function f(x, t) is equivalent to the time
evolution of its Fourier coefficients (g;(¢)){2;. The phase space here is also the Hilbert
space: namely the space [2.

The above considerations and the fact that the infinite set of particles constitutes, in
a sense, an intermediate case between the usual mechanics of many-point systems and
the continuum theory, prove the necessity of constructing a direct counterpart of classical
mechanics [1, 14] in infinite-dimensional separable Hilbert space. The present paper is
devoted to this problem.

One of the most interesting transitions from the finite-dimensional to the infinite-dimen-
sional mechanics have been given by Lax [10]. He defined the counterparts of the basic
concepts of classical mechanics in the infinite-dimensional case and put the Korteweg-de
Vries equation in Hamilton formalism. Thus he proved the existence of an infinite system
of conserved functionals for this equation. In our paper, we do not postulate Hamilton
equations but derive these equation from the variational principle. In addition we give
the definition and the fundamental properties of the divergence of velocity. This concept
of divergence plays an important role in the derivation of the infinite-dimensional count-
erpart of the Liouville equation [15, 16].

1. The kinematics of motion

1.1. The mapping X — x

Consider a homeomorphism f: X — x, X, x € H, of a real separable Hilbert space onto
itself; the inverse mapping will be denoted by g: x — X. Assume that f is continuously
Fréchet differentiable, i.e., the mapping X — Df(X) is continuous and the linear operator
Df(X) is a linear homeomorphism of H onto itself. Then the Fréchet derivative Dg(x)
is also continuous and the linear operator Dg(x) is a linear homeomorphism inverse to

DA(X).
(1.1) Df(X) o Dg(x) = Dg(x) o Df(X) = I.

Frequently, if no confusion results, we shall write x(X) rather than f(X) and X(x) instead
of g(x).

We shall also consider the mapping f:(X, t) — x where ¢ is time, ¢t € [0, T] = R; then
we assume that x(X, ¢) is a homeomorphism of H for all ¢ and that it is continuously
differentiable on Hx [0, T7; then

(1.2) "E?z‘ x(X, 1) = (X, 1)

will be called the velocity of point X € H. Since H is identical with its tangent dual space,
we assume that ©(X, t) € H. Moreover, we assume that the linear operator

2 8
(1.3) Do(X, 1) = Do x(X, 1) = - Dx(X, 1)

is continuous and the mapping (X, t) — Dv(X, ¢) is also continuous.
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Since X — x is a homeomorphism, the velocity can be regarded as a function of x, ¢;
then, applying the chain rule, we have
(1.4) Dv = D,vo Dx.

Let now Dx* = Dx*(X, t) be the operator adjoint in the sense of the Hilbert space
to Dx, i.e.,

(1.5) (Dx(V)1Z) = (Y|Dx*(2))
for all Y, Z € H. We recall that ||[Dx*|| = ||Dx||, (Dx*)* = Dx, (Dx*)~! = (Dx~1)*.
For arbitrary Dx, i.e., for arbitrary X, ¢ we introduce a linear, continuous, self-adjoint
operator C = C(X, t) = Dx*o Dx; this operator is positive definite, i.e., for 0 # Ye H
(C(YV)|Y) > 0; furthemore ||C|| = ||Dx||®. Then there exists [12] a unique linear conti-
nuous operator, called the absolute value of Dx, ;/ C= |Dx|, such that |Dx|?> = C; the
operator |/ C is positive and commutes with every operator commuting with Dx. The
corresponding notations for Dx* are the following: ¢ = Dxo Dx¥, ]/ ¢ = |Dx*|; we
have |lc|| = [|Dx*||* = ||Dx||*> and ]/ ¢ commutes with every operator commuting with
Dx*.
We now invoke the polar decomposition theorem [12]: for every Dx there exists a uni-
tary (linear continuous) operator U mapping H onto H such that

(1.6) Dx =UyC.

For the adjoint operator Dx*

(1.7 Dx* = Ve,

V is also unitary; taking the adjoint relations we obtain

(1.8) Dx* = Y CU*, Dx =ycV*
Constructing the operator Dx o Dx*, we have

(1.9) DxoDx* =c=Uc)CoyCoU*
i.e.

(1.10) ¢=UoCo U*

and similarly

(1.1D) C=Vocol*
Comparing the decompositions of Dx we have

(1.12) VeoV*=Us)C ie. Ve=Us)CoV,
whence

(1.13) c=Uol)CoVolUo}yCoV,

Thus, from Eq. (1.10), ¥ = U* and finally
Dx = U-o l/b = I/EOU,

(1.14) o _
Dx* =/ CoU* = U* oy/c
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and
(1.15) c=UoCoU* C=U*ocol.

The polar decomposition of Dx is the counterpart of the decomposition of the defor-
mation gradient in the finite-dimensional Euclidean spaces into the product of the rotation
and the strain tensor; we shall call therefore C the right Cauchy-Green strain tensor and
¢ the left Cauchy-Green strain tensor.

1.2. Definition of the divergence of v(x, f) and its properties

Consider the velocity v(x, ¢). In the case of finite-dimensional space, denoting by {®, },

n=1,2, ..., N the system of base vectors orthogonal, normed and by (|) the scalar pro-
duct, we have

N N N
(1.16) dvoli) = ZZ(@,,[ gxim (b,,,) - Z(d),,lbxvdi,,).
n=1

m=1 n=1

Thus in the considered Hilbert space we define

.17 divo(x) = > (@,[D,0®,)

n=1

where, as before, {@,}°, is an orthogonal system. We assume that it is complete. We

recall that for a linear operator 4, > (®,/A®,) is called the trace of A4 and denoted by
n=1

TrA or SpA. In order that this definition be meaningful, we assume that the operator
D,v is nuclear. Then (and only then) [7] the above expression for div v(x) is independent
of the choice of {®@,}7; and dive(x) < co. Moreover,

(1.18) divo(x) = 3 A,
n=1

where 4, are the eigenvalues of D,v. Note that since Dv = D,vo Dx,

(1.19) divo(x) = Y (#,/Dv - Dx'd,).

n=1

The expression div v(x) plays an important role in further considerations concerning
the Liouville equation.

Introduce now the displacement
(1.20) u=x(X,1)-X=ulX,1t)

which can also be regarded as a function of x and ¢, and define the linear, continuous,
self-adjoint operator

(1.21) E=C—-I=Dx*oDx—-1I
or, in terms of the displacement,

(1.22) E = Du+ Du*+ Du* o Du.
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We assume now that the operator E is nuclear; then the system of its eigenvectors
{®,}=, is a complete basis in the considered Hilbert space H which we assume to be
orthogonal and normalized. The eigenvalues of E

(1.23) ED, = },®,

are real and

(1.24) N i, < .
n=1
The operator C has the same system of eigenvectors
(1.25) CcP, = (L,+1)P,
and since C is positive definite,
(1.26) A+1>0.
The relation (1.25) can be written in the form
i
(1.27) Yn = i Pns
where
(1.28) Yo = Dx®,, y,= (Dx*"'P,.

The bases {y,}21, {¥, 12, (in general neither orthogonal nor normalized) will be called
biorthogonal, since
(129) (‘Pml‘P;) = (Dx¢m|(Dx*)—l¢n) = (¢m|¢n) = 6mn

Let us now differentiate the operator E with respect to time, denoting now the differ-
entiation by a dot; making use of Eqs. (1.4) and (1.21) we have, after transformations,

(1.30) E = Dx*o2do Dx,
where
(1.31) d= %(D,,-v+Dx‘v*)

is the rate of the strain operator. We shall later need the “rotation operator”
(1.32) w = %(va—va*).

Furthermore, since 4, = (D,|ED,), (d%,@,,) =0and E*=F
(1.33) A, = (DIED,) = (D,|ED,)+(D,|ED,)+ (D, ED,)
= 1(D,|D,) + (D, ED,) + (ED,|D,) = (P, ED,)
and making use of Eq. (1.30),
(138)  J, = (D.|Dx* 0 2d o Dx®,) = 2(DxD,|d > DxD,) = 2( (A, + 1) y;|dy,)
1e.,
A ,
Z"_I__l - (Wn'dw")-

0| =

(1.35)
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Since the bases {y,}, {¥,} are biorthogonal, in view of the theorem of invariance of the
trace of nuclear .operator [7] we obtain

— . B
(1.36) rd = > ildys) = Zln;/znﬂ - %Innwnﬂ.
n=1 n=1 n=1

Furthermore, since tr D,v = tr D,v*, we have, making use of Eq. (1.31),

K

(1.37) iy = Z%((vawxv*)%m;) .
n=1
whence
(1.38) dive = - In /| Vi+1.
Denoting by
(1.39) 7=[]va+t
n=1

the counterpart of the Jacobian in the finite-dimensional case, we define the determinant
of the operator C as follows:

(1.40) detC = J?
Thus

. D D ot
(1.41) dive = - InJ = - In }/detC.

Note finally, that the definition (1.28) of the base vector {y,} implies the formula

(1.42) J= [ [ lill.

1.3. Hamiltonian velocity

In order to develop the Hamiltonian mechanics and the Liouville theorem, it is impor-
tant to introduce the Hamiltonian velocity. To this end we first decompose the considered
Hilbert phase space into the product of two identical Hilbert spaces

H=H xH'
corresponding in the finite-dimensional case to the decomposition of the 2n-dimensional
phase space into the n-dimensional configuration and momentum spaces. The scalar pro-
duct, with the obvious notation, is defined as usual in terms of the scalar product in H
((xl » Yl(xa, J’z)) = (xq]x2) + (111y2),
where (x,,y,) e H' xH', (x,, y,) e H x H'.
Introduce now the linear operator

(1.43) o: H'xH - H' x H’
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given by

43 0 -1
(1.44) o= I o
in terms of the unit operator in H; thus, we have

(1.45) a((x,») = (¥, —Xx)
for (x, y) € H' x H'. We note that the operator o is anti-Hermitian, 6* = —oand ¢? = —1.
Let now the Hamiltonian # be a real function of class C?
H HxH x[0,T]- R
and define the Hamiltonian velocity by the formula
(1.46) v = go D,

where Do is the Fréchet derivative of 5#. Thus, if (g, p) € H' x H', suppressing the time
argument

(147) 'v#’(qi p) =V = (Dp‘#(qr p)! _Dq‘#(qs P))
and

D,,#(q,p), D,,#(q, p)
. Hhisler = [—qumq,p), —D,,qx’(q,p)]'

The second Fréchet derivatives are linear operators from H' into H'. We now have
THEOREM 1. If v is @ Hamiltonian velocity and D, vw is a nuclear operator (from H into
H), then div vy = 0.
Proof. According to the definition

(1.49) divo = ) (@,ID,2®,),

n=1
where {®,}2, is a complete system in H, which can be considered as two systems
{(en, 00}, {(0, e)) 37, where {e,}*., is a complete (orthogonal and normalized)
system in H'. Thus

(1.50) dive = ' ((en, 0)Dxv(en, 0))+((0, €)ID,0(0, e,))
n=1
but
D,#, D, ¥

(L51)  D.o(e,, 0) = [_ Do, - D,qu (en, 0) = (Dgpt €| — DoaH'e)
and
(1.52) D,v(0 e)=[ Du¥, D”"‘#] ©, &) = ((DyyHen, —DygHe,).

.0(0, e, _p, ., -0 s — bl
Hence
(1.53) ((ens OV[(Dgpten, —DygHe,)) = (en|Dypites),

(0, e)|(D,,#e,, — D, He,)) = (e, — Dpg¥e,)
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and introducing Egs. (1.53) into Eq. (1.50), we obtain

0
(1.54) dive = ) [(@dDepen) + (e = Dyee,)] = 0
n=1
since D, # = D, #. QE.D.
We now return to kinematic considerations based on the operator o, which will be
used later, in investigating canonical transformations. First, we introduce the anti-Her-
mitian operators

C,=Dx*o0oDx, E,=C,—o,
(1.55)

¢, = Dxo oo Dx¥, € = Ca—0O
or, in displacements,

E, = 0o Du+Du*o a+Du’lk ogo Du,
(1.56)
¢; = Duo o+00 Du*+Duc oo Du*.

The time derivatives of the above operators have the form
(1.57) C, = E, = Dx*o 2w,0 Dx,
where

1 1
w; = — (0o Dw+Dv*o06) = — (00 Dw— (o0 D0)*),
(1.58) 7.8 ) 2( ( )

*

Wy = —w,.

It is also convenient to use the Hermitian operators

(1.59) d, = —;— (0o D,v—D,v*00) = % (ao D,v+ (oo D,v)*).
Observe that
(1.60) 0y(¥) = w(ov), d,(v) = d(o0v).

The condition w, = 0 is equivalent to the self-adjointness of the operator a0 D.v =
D, (oo v). Thus, we have the following equivalent statements:
i) v is a Hamiltonian vector field, v = g D5,
ii) the operator D,(ov) is self-adjoint,
iil) w, = 0, i.e. D,v* = g0 D,v o o,
iv) G, = 0.

1.4. Canonical transformations

Define first the Poisson brackets as follows: for the Fréchet differentiable functions
figeH'xH - R
(1'61) {f: g} = (Dxfldeg)H'xH’v

where x = q,p), D.f = (qu; Dpf)s D,g = (Dqg: ng) and by Riesz lemma D,f, D,f,
D.g, D,g € H'. Thus
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.
0 -7
(1.62)  (Duf10De@uxr = (Duf, Do) [ E 0] (a8, D,

= ((Dof, DoN)(Dyg, —Do@))mrxn: = (Dof IDyp8)y-— (D f Do) -
The Poisson bracket (1.61) has the same properties as in the finite-dimensional case and
reduces to the latter if H is finite-dimensional:
i) it is bilinear,
i) {fg}=—-1{&f}

iii) {f; {g, h}}+ {g, {h, f}}+ {h, {f.g}} = 0 the Jacobi identity.
We define a canonical transformation g: x — x as follows: for arbitrary f, g

(1.63) ly*ofip*og)={fg}oyp™!
i.e., omitting the argument 3!
(1.64) D.foDy~'—oD,go Dy~ = D.foooD,g

or, equivalently,
(1.65) TP*"'Ug = U!p‘og

for arbitrary g.
Taking into account that

(1.66) D.ge Dy~ = (Dy~* D,g,
we have our definition in the form
(1.67) DypogoDy* =g
ie.
e = 0.

We note that since deto = 1,
(1.68) detDy = *1.

In the finite-dimensional case the condition (1.67) has the form
(1.69) x gx!p okt = oV

or, decomposing the phase space (e, 8, » = 1, ..., N),

oq* 9"  3q" 89" oq” 09"  oq" oq"
oQ" oP7 ~ 8P" 80" 20 oPF ~ oP* QP
og* op” _ 0" opf _ .y Bq7 Op _ 2q" op p
oQ* OPY 9P* oP* ~ ~ °  90* aPP ~ oPF gp T %’
ot o _ W Gt apr op? pY
oQ” oP” ~ 9P a2Q” Q% oPF  90f oP"
(summation over ).

Let us now define the Lie derivative of a smooth scalar function (for an arbitrary
velocity ) as follows:

(1.71) L.f = Dfo.

=0,

(1.70)
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The operator &%,: F(H) — F(H) is a derivation, i.e., satisfies the following conditions:
i) &, is linear
ii) the Leibniz rule holds, i.e.,

(1.72) Z.(f8) = (L.f)g+[(£.8).

Of course, if ¢ is a constant, &,¢c = 0. Let us now see how this operator behaves under
the diffeomorphism v; we have

(1.73) Lpwoo*eof) = yp*c Z.f.
In fact
(1.74) Lot of) =D(foyp ™o Dypovoyp™ = Dfevoy™ = yp*c L f.

We note that for a Hamiltonian velocity v,, the Poisson bracket (1.61) can be written
in the form

(1.75) (/.2) = Dfe, = 2 1
Hence
(1.76) (/i8) = 2.1

Thus the function space F(H) with the composition { , }is a Lie algebra.

DEFINITION. The diffeomorphism w: H — H is canonical if it preserves the Poisson
bracket, i.e,
(1.77) {w*of,y*ogl=vy*{f. 8}

THEOREM 2. The diffeomorphism vy is canonical if and only if for v, = o Dg

(1.78) P oV = Vprog.
Proof. It follows from the definition (1.77) and from Eqs. (1.73), and (1.76) that
(1.79) {y*of.y*ogl =2, @*f).
If now vpx ., = p* o g,
(1.80) Lo W) = Loory 9o 1) = v* > {f, g}

and conversely.
As usual, canonical transformations constitute a group:
THEOREM 3. The set of canonical transformations with the composition “°” is a group.
Proof. The identity is of course canonical. Let now v, @ be canonical; for @0 p we
have

(L81)  {P*oy*of D*oy*og)t = P*c {yp*of yp*og} = P*oy*o {f, g}
= (@oy)*o {f’g}-
It follows also from the above formula that if y is canonical, ~! is also canonical; it is
sufficient to write @ = y~!.
We shall now find the general form of transformations preserving the form of the

Hamilton equations. Let x — y be a diffeomorphism of H. We have the Hamilton equa-
tions
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X = oD,

(1.82) . ., 0
y= nyx-i-%tw.

We require that
(1.83) y = oD, H#',

where 5’ is a Hamiltonian; thus we must have

(1.84) - (D,yk+%) = -D# or o (D,,y °go Dxam?ii) = —D,#
and hence it is necessary and sufficient that the linear operator [2]

oy
(185) Dy g o D,yo g o Dx”+ﬁ_

be self-adjoint for arbitrary 4. It follows that the operators in (1.85) containing different
derivatives of 5# must also be self-adjoint.

1.86 Dl 2} = 1 aoﬁ)*
(1:58) ¥ atl  7? ot
ie.
ay _ oy :

(].87) Dx (0‘ o E)D,,x = [DI(UQ W)D,x]
or

1.88 aD D,x=-D -——arD)a
(. ) go ;ﬁt— xY y X = yX ot x) '
Multiplying on the left by D, y* and on the right by D, y, we obtain

0

(1.89) 5 C, =0,

where C, = Dx* o g0 Dx(*) is the anti-Hermitian operator introduced in Egs. (1.55).
Since D.s# or oo D, is arbitrary

(1.90) goD. D,yeD,x = Dyx*o D (D,y)* o o*.
and multiplying as in Eq. (1.88), we have
(1.91) D.C,=0.
The condition for the second derivatives is
(1.92) oD yocoD . D# oDyx = (coD,yoooD,D.# oD x)*
or, after simple transformations,
(1.93) C,c00D,D.# =D .D.Ho06°C,
and D, D.2# being arbitrary
(1.94) C, = uo,

(') More precise notation is Cy,xoy
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where u € R. In view of Eqs. (1.89) and (1.91) u is a constant real number. Finally, taking
into account the fact that the identity is a canonical transformation, we obtain u = I.
Thus the required condition is

(1.95) C, = o.

2. The variational principle and the equations of motion

2.1. The du Bois-Raymond lemma in Hilbert space

Let (-, t) be a linear continuous functional on Hilbert space H depending on the real
parameter f, and let 4(r) € H; then f(h(¢), t) € R. We assume that both A(¢) and f(-, 1)
are continuous in ¢. By this assumptions we have the following

Lemma. If
t
(2.1) [ af(h@e), 1) =0
131
f8r an arbitrary A(t) € H satisfying the boundary conditions A(z,) = h(i;) = 0, then
23) fh(t), 1) =0 for telt, ).

Proof. According to the Riesz lemma, the considered functional has the form of
a scalar product

(2.3) S(h(), t) = (a@)lh(t)),
where a(t) € H is uniquely determined by f, and || f|| = ||a||. Furthermore, a(t) is continu-

ous in t. Let for a 7€ [t;,t,] a(z) # 0, then a(¢) # 0 in a certain neighbourhood of
T 1.e., in [T—¢, 7+¢]. Additionally we assume that for s € [1—¢, v+¢),

(2.4) (a(s)la(v)) > g > 0.

Now we choose in this region

(2.5 h(t) = a(z) ()

where @(t,) = ¢(z;) = 0, p(t) is continuous, supp ¢ < [t—¢, T+¢) and @(7) > 0. Then
15 13 T+e&

(2.6) [ af(ne). 1) = [ dr(a@)n@)) = [ dipp) > 0
i3 £ T—¢

which contradicts the assumption. Hence a(t) = 0 and therefore f(h(z),¢) =0 for
tety, 1.

REMARK. It is easy to see that the above lemma holds even in the case when the func-
tions A(z) are of class C® with compact support and A(z,) = A(¢,) = 0. Observe that in
the finite-dimensional case it is sufficient to assume that only the functions A(t) and f(h(¢), 1)
are continuous in ¢.

2.2. The equations of motion. Passing from Lagrangian to Hamiltonian mechanics

Now we are in a position to proceed to the Hamilton principle. Consider the Lagran-
gian functional L: Hx Hx [t,, t,] = R or L(g(z), ¢(¢), t) € R and introduce new vectors
(0g(t), 0q(t)) € Hx H,
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where
@7 84(1) = & d‘ii(:) = % 8q(t).
Assuming that the Fréchet derivative of L exists and is continuous (?) on H x H, we have
2.8) L(g+dq,q9+06q,t)—L(g,q,t) = DLo (6q, 6q)+r,
where
o s jisgli+N8al - 0.
||0g||+|ldql|
The action of the linear continuous functional DL in H x H can be written in the form
.9 DL~ (8q, 8¢) = DyLo 8q+D; L~ 64,

where D, L and D; L are partial Fréchet derivatives. The quantity in the left-hand side of
the above equation will be called the variation of L, i.e., 8L = DLo (dq, ). We have

(2.10) D;L- dquL‘i& (DL o 0q)— —‘LDL o dq.

Consider now a smooth trajectory C and the action functional

2.11) A[C) = [ dtL(q(1), 3(0), 1).

Let C’ be another trajectory with different, in general, end points and denote the variations
’;—tl = 6[1, té"ta o= 6!2,

212) q'(t) = q(t)+0q.
Observe that
@.13) ¥ = i)+ bq().

We are interested in the variation of the action functlonal

2.19) 04 = A[C']-A[C] = f ditL(q'(1),q'(1), t)~f drL(q(r),q(r), 1),

Making use of Egs. (2.8), (2.9) and (2.10), we obtain

2

41

13
(215) 64 = fdr [(DqL—dith'L)oéq+gf (D;,Loéq)]+£6f
f

1;2

fdt (D L—- D L) g+ (Lot+D,Lo 6q)[

We shall state the Hamilton princ1ple as follows: for variations of trajectories with
fixed end points, i.e., 6 = 0, and dg = 0 at the end points,

t;
2.16) 34 = f dt (D,,L—g; Dq'L)oéq -0
1y

(*) This assumption is needed only later.
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for arbitrary variations dq, continuous in ¢ and vanishing at ¢; and ¢,.
The du Bois-Raymond lemma implies for ¢ € [¢,, #,] the Lagrange equations of motion

.17 DqL‘“di D;L =0
t
for the considered system described by the trajectory g(z) in the Hilbert space H. These
equations state that for the real trajectory the element of H* given by the left-hand side
of Eq. (2.17) vanishes.
Performing the differentiation we have the equation

i . d
(2.18) Dq'Dq'Loq+D,,Dq'Loq—DqL+—a—t— D;L =0

containing explicitly the acceleration g(r).

In passing from Lagrangian to Hamiltonian mechanics, the basis is the invertibility
of the relation ¢ - D;L = p between the linear momentum p and the velocity . The
definition p = D, L is in general a nonlinear map of H into H, for a fixed g. In accordance
with the inverse function theorem we have the following result: if for a certain g, € H
the map D;(D;L(g, 4o)) is a linear homeomorphism of H into H*, then there exists an
open neighbourhood %(g,) = H in which the map ¢ — D; L(g, g) is a homeomorphism
onto a neighbourhood ¥(p,) of po = D; L(g, q,) in H. Moreover, if the map ¢ - D; L(g, §)
is continuously Fréchet differentiable m times in %(g,), then the inverse map has the same
property in ¥ (po).

Observe that the condition that D;(D; L(g, §)) is a linear isomorphism ensures that the
acceleration ¢ is uniquely determined in terms of ¢ and g from the Lagrange equations of
motion (2.17).

We are now in a position to perform the transition from Lagrange mechanics to Hamil-
ton mechanics. We can write the Lagrange equations of motion in the form

(2.19) p=D;L, p=D,L

the first equation being the definition of the linear momentum and the second the equation
of motion. We assume that there exists a function #(q, p, t) such that

(2.20) D,L = —D,#
so that
(2.21) p=—DJF.

Thus, for (a, b, ©) e Hx Hx R,

D#(a,b) = D,#(a)+D,# (b) +?§? H#(7),
(2.22)
DL(a,a) = DqL(a)+Dq'L(a’)+% L(7).

In view of Eqgs. (2.20), (2.21) and (2.22), we have

2.23) D#(a, b)+DL(a, @) = D,;E’(b)+p(a')+§t- (#+L) ().

9 Arch. Mech. Stos. 1/89
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Since D(p(q)) (b, @) = p(a’)+¢b, we determine from this relation the quantity p(a’);
introducing the total derivative D” on the space H x H x H x R, we obtain

@24 D'F+L-pi)a, @b, ) = DF DB+ (F D).

Since the elements a,a’ and b are arbitrary, it follows that there exists a function
f:H*x[t;, t;] = R such that

Q25)  F+L-p@=f DF-i=Df, 5 (F+D =4S
or, introducing the Hamiltonian
(2.26) H(q,p,t) = H—f
We have
#(q,p.t) =pi—L(g,9q,1),
2.27

where pg = p(¢) = (p|g)a by the identification of H and H*. Thus, finally we have the
definition of the Hamiltonian

(2.28) H(,p.t) =pg—L(q,q,1)

and the Hamiltonian equation of motion

(2.29) q=D,#, p=—DyK.

2.3. Examples of the invertibility of the dependence p(g)

Let us assume that

(2.30) L(q,9) = K(9)—-W(q) and W(g) =0,
ExaMPLE 1

@31) K@) = 5 @d) = 7 14112,

(2.32) D,L(h) = m(@lh), heH,

(2.33) p=D;L(g,q) = mq.
EXAMPLE 2

(2.34) K@) = 7 @17,

(2.35) D;L(q, q) = ml|ql*(ql-),

(2.36) P = mlql*q.
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EXAMPLE 3
(2.37) K@) = me*(1- yY1-c%(3lg)),
. (mqlh)
2.38 D;L(q. M) = ———==»
@39 i VI=c"2(419)
mq
2.40 ... S
B T
EXAMPLE 4
(2.41) K(q) = (4l49),

where A is a linear self-adjoint continuous operator 4:H — H,

(2.42) D;L(q, )(h) = % (@lAR)+ (k1 AG) = 5 ((A+A")lh),
(2.43) p=md'q,

where

(2.44) At = —;- (A+ 4%).
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