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Existence in nonlocal elasticity

S. B. ALTAN (PRINCETON)

AN EXISTENCE theorem on the displacement boundary value problems of homogeneous, iso-
tropic, linear, nonlocal elasticity is given. After introducing the notation and some preliminaries,
the displacement boundary value problems of homogeneous, isotropic, linear, nonlocal elastic-
ity are defined. A Hilbert space in which the solutions of the considered boundary value prob-
lems are searched is defined and an inequality which plays an important role in the existence
theory of elasticity is proven. Finally, it is shown that the bilinear form which appears in the

weak formulation satisfies the requirements of the fundamental existence lemma (Lax-Mil-
gram’s Theorem).

Podano twierdzenie o istnieniu rozwigzania dla przemieszczeniowego zagadnienia brzegowego
w liniowej lecz nielokalnej teorii sprezystosci ciala jednorodnego i izotropowego. Zdefiniowano
przestrzen Hilberta, w ktorej poszukuje sig rozwigzania rozwazanego zagadnienia brzegowego
oraz wyprowadzono nierownos¢, ktora odgrywa lstotna role w twierdzeniach o istnieniu roz-
wigzan teorii sprezystosci. Wykazano na komec ze forma bilinowa pojawiajaca sie w stabych
sformulowaniach tej teorii spelnia wymagania podstawowego twierdzenia Laxa-Milgrama.

IlpuBeneHa TeopeMa O CYINECTBOBAHHHM PeUICHHA ST KpaeBoil 3a[aud B IlepeMeILEeHHAX
B JIMHEHHOM, HO HEJIOKATHHOH TEOPHH YNPYrOCTH OJHOPOLHOTO M M3oTponHoro Tena. Ompe-
JlenieHo TUNBGEPTOBOE MPOCTPAHCTBO, B KOTOPOM MINETCS PEIIEHHsT PaCCMaTPHBaeMOol KpaeBoit
3ajauM, a TAK)KE BBIBE/IEHO HAPEBEHCTBO, KOTOPOE HTPAacT CYLIECTBEHHYIO POJIb B TeOpeMax
0 CYILIECTBOBaHUM pEllICHHI Teopu ynpyroctu. HakoHell, mokazaHo, uTo OunuHelHas cop-

Ma, TOABJAKILIAACA B cnabbix (GopMYyJIHPOBKAX 3TOH TEOPHH, YAOBJIETBOPAET TpeOOBaHHUAM
OCHOBHOIT Teopemb! Jlakca—-Muurpema.

1. Introduction

ONE OF THE MAIN streams of the advancement of science is to enhance the extent of the
fundamental hypotheses of a theory when the theory proves to be insufficient in explaining
the problems in its field. Although these enhancements bring a lot of complications, the
efforts go on for the sake of explaining more phenomena. Similarly as in other branches
of science, in continuum mechanics there is much research carried out in this direction.
Here the nonlocal theory of continuum mechanics is perhaps the most recent study.

The nonlocal theory of continuum mechanics takes into account the nonlocal effects
as its name suggests and differs from the local one in fundamental hypotheses. As is well
known, in the local theory the fundamental conservation laws are assumed to be valid
in any portion cut from the body. In the nonlacal theory, the assumption of the validity
of conservation laws in any portion of the body has been abandoned and the conserva-
tion laws are assumed to be valid only over the whole body. With the assistance of the
Clausius-Duhem inequality in global form and of some additional hypotheses, consti-
tutive equations are obtained in such forms that the value of the dependent constitutive
variables at a point are described by the value of the independent variables at all points
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in the neighborhood of the considered point. For a comprehensive account on nonlocal
continuum mechanics, ERINGEN [1] and EDELEN [2] can be consulted.

The constitutive equations of various media obtained in the nonlocal approach can
be found in the literature [3-11]. A number of problems solved in the frame of nonlocal
continuum mechanics indicate the power of the theory. As is well known, the classical
field theories fail to explain the phenomena at the atomic scale. For example, the propa-
gation of waves with a very short wavelength is not dispersive in the classical theory.
When the same problems are solved in the frame of nonlocal elasticity, a dispersion relation
(a nonlinear relation between the wavelength and the phase velocity) is obtained, [12-16].
Another example is the crack problem. It is a well-known fact that there are some absurd
stress singularities in the solutions of crack problems in the classical theory of elasticity
[17, 18].- When these problems are handled in the frame of nonlocal elasticity, it has been
shown that these singularities do not appear [19, 21]. The singularities in total strain
energy and in stress appearing in the classical solutions of the dislocation problems [22]
disappear in the solutions realized in nonlocal elasticity [23-25].

In this study, an existence theorem for the displacement boundary value problems of
homogeneous, isotropic, linear, nonlocal elasticity will be given. A study of the conditions
under which the solutions of a mathematical problem exist andeare unique is of more
than academical interest. This kind of studies describes the limitations of the mathematical
models, the stability of the solutions, the consistence of the data, etc. Moreover, it is very
important to know the space in which a problem has solutions, especially if one employs
approximate methods, such as finite elements, finite differences, etc.

The existence and uniqueness of the boundary or initial value problems given by
differential equations are studied extensively [26-29]. The boundary value problems of
classical elasticity which are given by an elliptic partial differential equation are also studied
from the existence and uniqueness points of view [30, 31]. The uniqueness theorems of
the boundary value problem of linear elasticity can be found in [32]. In a previous work
[37] we have given a uniqueness theorem for the initial-boundary value problems of non-
local elastodynamics. In another work [38] a uniqueness theorem for the initial boundary
value problem of nonlocal visco-elasticity can be found.

2. Notation and some preliminaries

Throughout this paper Cartesian coordinates are used and conventional indicial nota-
tion is employed. An open, bounded, simply-connected region of three-dimensional Eucli-
dean space occupied by the body will be denoted by B. For the boundary surface of the
closure of B (B) we use the symbol S and it is assumed that this surface is regular enough
to permit to employ the Green—Gauss identity

@1 [divvde = [ V- nda,
B S
where V, n, dv, da stand for a tensor-valued function, the unit outward normal vector of S,

differential volume and area elements, respectively. Unless otherwise stated the subscripts
have the range of the integers 1, 2, 3 and the repeated indices imply summation over the
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range. Indices following a comma indicate partial differentiation with respect to a space
variable and for the position vector the notation x is used. u;, &, t;; stand for the com-
ponents of the inifinitesimal displacement vector, the strain tensor and the stress tensor,
respectively. f; denotes the body forces and A, x4 are the elastic constants.

The set of functions which are continuous with their first derivatives, have a compact
support in B and vanish near the boundary of B is denoted by C,(B). The notation éw B)
is used for the set of functions which are infinitely differentiable, have a compact support
in B and vanish near the boundary of B. The space i]l (B) is defined as the closure of
the set él (B) with respect to the norm

(2.2) lull =V (,w), ueCy(B),
where (.,.) is the inner product defined by
@3 - w,0) = [u v, dv,  u,vel(B).
B
Although the norm (2.2) gives the impression of a semi-norm, it can be easily shown that if
2.4 llul| =0,
then
(2.5) u=0

almost everywhere in B. The notation L,(B) is used for the space which contains all func-
tions square-integrable in B.

Now we wish to introduce the notion of weak solution of a boundary value problem
in a restricted form appropriate to our purposes. Let us consider the equation

(2.6) Lu=f in B
with the homogeneous boundary condition
2.7 u=0 onsS,

where L is a linear operator which transforms the elements of a Hilbert space H into L,(B).
Let L* be the adjoint of L and let ¢ € C,,(B). A function u € H satisfying

.8) [ur*¢do = [ fodv
B B

for every ¢ € C,, (B) is called a weak solution of the boundary value problem defined by
Egs. (2.6) and (2.7). For some purposes it is convenient to take ¢ € H instead of ¢ € C.,(B).
For a precise definition and detailed information about weak solutions, the work [31] can
be consulted.

As is well-known from the theory of integral equations, if a function u is given by the
equation

(2.9 f a(x, D)u(z)dv(z) = f(x),

B
then, what we need to solve is a Fredholm integral equation of first kind. If the kernel
a(x, z) is subject to the condition below

(2.10) a(x,z) = oz, X),
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it is called a symmetric kernel. The following properties of symmetric kernels are employed
in this study:
Mercer’s Theorem: Let «(x, z) be symmetric, continuous and such that the integral

2.11), [, z)2do(x) < D < oo
B

is bounded in the set B. Moreover, if we have
2.11), ffoc(x, z)u(x) u(z)do(x)do(z) > 0
B B

for every u € L,(B) not identically zero in B, then the kernel can he expressed as an infinite
sum

2.12) (x, 2) = Z ﬂ’%@l

n=0

which is absolutely and uniformly convergent with respect to the pairs of variables x and z.
For the proof of this theorem PoGORzELSKI [33] can be consulted. It can also be shown
that the set {¢,(x)}§ appearing in Eq. (2.12) forms a complete, orthonormal base in L,(5B)
and o, are positive numbers having no finite accumulation point.
As is well known, any 4 € L,(B) can be expressed as an infinite sum

@.13) hx) = ) hata(x)

n=0
almost everywhere in B, where the set {¢,(x)}¥ is a complete, orthonormal base in L,(B)
and

(2.14) by = | ) bo(x)do.
B

The following theorem of functional analysis is very useful for our purposes.

The Lax-Milgram Theorem: Let H be a Hilbert space with the inner product (u, v).
Further, let B(u, v) be a bilinear form (that is, a form linear in both u and v) defined for
u € H, v € H, and such that there exist constants K > 0, « > 0, independent of u and v,
so that for every u € H, v € H we have

@.15) |B(u, v)| < Kllull lloll,

(2.16) B(u, u) = aflul|?.

Then every linear functional F bounded on H can be expressed in the form
(2.17) F(u) = B(u,z), ucH,

where z is an element of the space H uniquely determined by the functional F. At the same
time the inequality

|LE1]
(2.18) [lzl] < g

holds, where ||F|| is the norm of the functional F.
The proof of this theorem can be found in [30] or [31].
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3. Displacement boundary value problems in nonlocal elasticity

In this section we wish to introduce the displacement boundary value problems of
homogeneous, isotropic, linear, nonlocal elasticity and their weak solutions. The basic
equations of linear, nonlocal elasticity are given by ERINGEN [12, 23, 24]. These equations
consist of the displacement-strain relations

1
3.1 Eij = (i, 5+ w5,
the stress-strain relation
(3.2) 1(x) = f a([x—x") { Ao (x') Oy + 2pe,(x) hao
B

the equilibrium equations

(3.3) Lt =0, t;=t;.

We assume that the interaction kernel «(/x—x'|) appearing in Eq. (3.2) satisfies the cond-
itions of Mercer’s theorem.

A displacement boundary value problem of homogeneous, isotropic, linear, nonlocal
elasticity is to find a triplet {u;, &;.t;;} satisfying the equations (3.1)-(3.3) and the boun-
dary condition
(3.4) w(x) = Uyx), xeS
for given f; in B and U, on .

The weak solution of this problem is a vector-valued function u,(x) which satisfies
the global energy balance equation
(3.5) [ ty@ede = [ 1,x)vx)da,+ [ f,(x)o,(x)do

B S B
for every v; chosen from a Hilbert space which will be defined in the following section.
If ; s chosen as
(3.6) 24(x) =0, xe€e85,
and if we employ the stress-strain relation (3.2), then, from Eq. (3.5)

BT [ [ alx—xD{2ew(X) enn(¥) + 24X ) e,(x)do(x)do(x) = [ £, ()2 (x)dko
B B B
is obtained where

(3.8) 2¢;5(x) = v, j(x)+9;,;(x), x€B.
Equation (3.7) is fundamental in this study.

4. A function space

In this section we wish to introduce a Hilbert space of the weak solutions of the
displacement boundary value problem of homogeneous, isotropic, linear, nonlocal
elasticity. For u, v € C,(B) we define an inner product as follows:

(4.1) 0, = [ [ 2(x, Du,(x)e, /@) do(x) do(@).
B B
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We assume that the function «(x, z) satisfies the conditions of Mercer’s theorem. It can
be easily shown that this inner product satisfies the following properties:

i) (u,v)e, = (v, we,.
ii)  For any two real numbers «,, a,
(v, ayv, +azi’2)é’, = a,(u, 7’1)(‘:]"‘“2(”’ ‘1’2)6,-

iii)  (u,w)e, 2 0, (u, )¢, = 0, u,; = 0 almost everywhere in B.
On the other hand, it can be verified that if
u; =0 almost everywhere in B
then
u =0 almost everywhere in B.
As is usual we define the norm of a u € C,(B)

4.2) llulle, =V (u, u)
and the metric for every pair of u, v € él (B)
4.3) o(u, v) = |lu—vlle,.

The closure of the set C,(B) with respect to the norm (4.2) will be denoted by V¢ (B).
Since the accumulation points of all fundamental sequences with respect to the metric
(4.3) are in f/C (B), this space is complete. On the other hand the inner produvct (4.1),
the norm (4.2) and the metric (4.3) deﬁned for the elements of C, (B) can be formally exten-
ded to the elements of the space Vc (B). Therefore the space V,_ can be considered as
a Hilbert space or Banach space.

The space obtained by the Cartesian product of three IG/C‘(B) will be denoted by Vcl(B):

(4.4) Ve,(B) = Ve, (B)xVe,(B)xVc, (B).

5. Inequality of Korn’s type

In this section we wish to prove a theorem analogous to Korn’s inequality which
plays an important role in the existence studies of the boundary value problems of classical
elasticity [34, 35, 36]. This inequality can be generalized for nonlocal elasticity as follows:

THEOREM . Let the kernel o(X, z) appearing in the definition of the norm (4.2) have the
property

ca(x, z) du(x, z)
G- o, | oz

Then, for every u € \07(; , the inequality

y B=1,2, 3.

(5.2) J f a(x, 2){&,;(X)e;,(2) dv(x) dv(z) = -, Hllll

holds, where

1
(5.3) Eij (u gt Wy =7(Ui.j—“j,i)-
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Proof. The following equalities are straightforward:

[ J a(x, 2) ,,(x) &1,(2) do (X) do(z)

B B

= 5 [ o D 00w 0+ N @) o) o)
(5.4) ee
ffoz(x, z) wi;(x) wi;(z) dv(x) dv(z)
B B

- Bf Bf (X, 2) {1,004, @) 1, ()1, () o () o)

By subtracting these equalities side by side, we obtain

(5.5 f f (X, 2){&;;(x) &;,(2) — wi;(X) w;;(z) }dv(x) do(z)
BB

= f J al(x, 2)u;, [(X)u;, (z) do(x)dv(z).
B B

Now we wish to show that the right hand side of Eq. (5.5) is positive. To this end, we con-
sider the following identity:

(5.6) (X2 = 527 {u, () uy(2) — 14y, (X) 145 (2) }

+ e, 1 (X) 2y, (2)+ 'a% {u; ;(X)u;(2) = w  (X)u(2) }.

Forau; € éz(B) we have

61 b= [an L 0w -0 d () dot)
B B g

= — [ [ 2D s 0100) e 600 Yo () o)

B B

and

5.8 I, = ffcx(x,z)—é%- {uy, j(X)1;(2) — w1 (X) 1,(2) } dv(X) do ()
BB t

-

B B

da(x, z)
0x;

{1, () 43(2) — 1 (%) i (2) } do (X) do (2) -

Under the assumption (5.1) it is clear that
Il = -']2.
Consequently, from Eq. (5.6) we obtain

69 [ [ax, Du, ,0u; @ do@do@) = [ [ a(x, 2w u @) dox)do(@).
B B B B



32 S. B. ALTAN

On the other hand, since

£15(x) €:5(z) = wi,(X) wiy (@) = wy, ;(X)uy,:(2),
we arrive at

(510) [ [ e, 2) {e1y(x) 84,@) — wiy (0 wyy(2) } do (x) o (2)
B B

= [ [ ax, D ()1, @) do(x)do(@) > 0.
B B

Similarly, since
£15(X) £(2) + Wi, () wiy(2) = up, () uy, 5(2),
we have

61D [ [ alx, 2) (e ®) 6@ + wi 3w (@) Y o) do(z)
B B

= [ [ atx, Duy 0w, @ do(x)do(@) = ][} -
BB Ci
By summing the relations (5.10) and (5.11) side by side, we arrive at

(5.12) 2[ [ a(x, ) e, i@ do(x)do@) > Ilul13 .

6. Existence of the solutions

For existence of the solutions of the displacement boundary value problems of homo-
geneous, isotropic, linear nonlocal elasticity, it is sufficient to show that the bilinear form

B@,v) = [ [ allx, X' {Zew(x")en(x)+2pe,(x ) ey,(x) b (x ) do(x).
B B

6.1) .
u,ve Vg (B)

which appears in the weak formulation of these problems satisfies the conditions of the
Lax-Milgram Theorem given by the inequalities (2.11) and (2.16). To this end we wish
to rearrange Eq. (6.1) employing Mercer’s Theorem. According to the Mercer’s Theorem,
the kernel «(|x —x'|) can be expressed as follows:

6.2) a(lx—x']) = 2‘ 91(%15&‘_') ,
n=0 L
Let us define
63) =] eu@bde. ol = [ ey(p,0do.
B

If we introduce Eq. (6.2) into Eq. (6.1) and consider the relations (6.3), we obtain

(6.4) Bu,v) = ) oy {2y + 26y}

n=0
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With the following definitions

Ci+2s A A 0 0 0 i B
A A4+2u A 0 0 O 7322 Viz
A A A+2u 0 0 O N33 Y33
6.5 M = =| /5 =l 5 |
(6:5) 0o 0 0 20 of Yyl BT|vawe,
0 0 0 02 O V29! V245
0 0 0 0 0 2u, V293 | V2 |
we obtain
(6.6) B@,¥) = ) o BIMy,.
n=0

It can be easily shown that the eigenvalues of the matrix M are

©.7) 3442u, 2u.
Let %, denote the absolutely largest eigenvalue of the matrix M, then
(68) ‘pnMYrJ s ”1|B: : Tn! g xl'pnl IYn‘

can be written. Introducing this inequality into Eq. (6.6) and employing the Schwarz
inequality we obtain

(6.9) |B(u, v)| < "IS“»T'IP‘,.I ¥l < {2 ﬁnlﬁni} {2 ?n;?ni }1’2‘
u=0 n

It can be easily verified that this last inequality can be written equivalently as follows:
(6.10) 1B, )| < %llull VI,

which means that the condition (2.15) of the Lax-Milgram theorem is satisfied for
(6.11) K = », = sup{|34+2u|, |2ul}.

To show that the condition (2.16) is satisfied, we consider that the expression
612) B, w) = [ [ a(x—x) {Aeu(x) eux) +2pe,,(x) &,(x) }o(x') do(x)
B B

can be written equivalently as

=]
(6.13) B(u,u) = ) ot {YIMy, ).
n=0
Since «, > 0 for all n, both eigenvalues of M must be positive, i.e.,
(6.14) 34420 >0, u>0
to ensure that
(6.15) B(u,u) >0

foraue \q’cl not identically zero in B. Let %, denote the smallest eigenvalue of the matrix
M. The following inequality is obvious:

(6.16) YaMY, = %Y.l = %l

3 Arch. Mech. Stos. 1/89
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By introducing Eq. (6.16) into Eq. (6.13),

617) B, u) > %, ), ex'niymly = s [ [ alx—x']) (%) e, (x)do(x") do(x)
n=0 B B

is obtained. On the other hand, by considering the generalized Korn inequality (5.12), we
arrive at

6.18) Bu,w > 2 f f (X =X,y (X do (x) = 22 I[ullZ,

which indicates that the condition (2.16) of the Lax—-Milgram theorem is satisfied for

(6.19) o« = % %, = inf {34+2u, 2u}.
Thus we have proved:

Boundary value problems of nonlocal elasticity with homogeneous boundary condi-
tions posses a unique solution if the interaction kernel is a positive definite kernel and the

elastic constants obey the inequalities (6.14).

7. Conclusions and remarks

In this study we have shown that the displacement boundary value problems of homo-
geneous, isotropic, linear, nonlocal elasticity possess a unique weak solution under some
conditions. For this purpose, a new function space is defined and in this space an important
inequality, which is a generalization of the inequality known as Korn’s Inequality in classical
elasticity, is proven.

The function space denoted by VC is a corner-stone of this study. The analysis of the
properties of this space is left to a further paper. Accordingly, we also have not mentioned
about the dual space of \nfcl (B). However, it is quite clear that some elements of this space
exist in the distibution sense, what means that the solution of some displacement boundary
value problems cannot be represented by means of continuous functions. If the continuum
hypothesis is considered, this seems to be a lack of nonlocal theory. But, according to
the opinion of the author, this situation is an advantage of the nonlocal theory which
enables us to deal with problems without absurd singularities in stress for which the con-
tinuity fails (e.g., dislocation and crack problems). On the other hand, as is clear from
Eq. (3.7), if V¢, (B) is restricted to H, (B), then the dual space of V¢, (B) becomes L,(B).

Finally we wish to point out that the uniqueness and existence conditions of the field
equations of nonlocal elasticity are the same. As is well known, the same situation arises
in elliptic partial differential equations.
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