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The laminar boundary layer on a moving cylindrical rod
A. ZACHARA (WARSZAWA)

Tre supiect of this paper is a laminar boundary layer on a cylindrical rod moving in axial
direction through a fluid at rest, Boundary layer equations have been reduced to one partial
differential equation using the Mangler and Falkner-Skan transformations, with a nondimen-
sional stream function as an unknown function. The equation was solved numerically. The
results obtained have been presented in the form of integral boundary layer parameters as well
as a skin friction coefficient and have been compared with the theoretical and experimental
results obtained by other authors.

Przedmiotem pracy jest laminarna warstwa przyscienna na cylindrycznym precie poruszajqcym
si¢ w kierunku osxowym przez nieruchomy osrodek ciekly. R6wnania warstwy przysmcnnej
zostaly przy uzyciu transformacji Manglera i Falknera-Skana sprowadzone do jednego row-
nania czastkowego typu parabolicznego, zawierajacego funkcj¢ pradu jako niewiadomg. Row-
nanie to zostalo rozwigzane numerycznie. Otrzymane wyniki zostaly przedstawione w formie
catkowych parametréw warstwy przyéciennej oraz wspolczynnika tarcia powierzchniowego
i porbwnane z wynikami obliczeniowymi i eksperymentalnymi innych autoréw.

Ilpeamerom paGoTel ABJAETCA NaMUHAPHBLIA IOTPAHUYHELA CJIOA HA LLTMHAPUYECKOM CTEPIKHE
ABIDKYIIMMCA B OCEBOM HANpPABJICHHHM 4Yepe3 HENOABIXKHYIO JKHAKYIO CpeAy. YpaBHEHHA
TIOTPAaHNYHOIO CJIOA, IIPH MCIOJIB30BaHWH npeobpasoBannii Manrnepa u <Poyxuepa—Ckana,
CBeJIEHbI K OJHOMY YPaBHEHHIO B YAaCTHBIX NPOH3BOMHBIX NapaboiMuecKoro THHA, CoAep-
JKABINEMY, KAK HEHSBECTHYIO, (DYHKIMIO ToKa. DTO ypaBHEHHE PELICHO YHCJICHHBIM 00pasoM.
TlonyuenHble pesynbTaThl OpeACTaBIeHbl B OpME HHTErPAJbHBIX IIaPaMETPOB IOTPAHHYHOIO
CJI0f1, 2 TaroKe Ko3(hdHIMEHTa TIOBEPXHOCTHOI'O TPEHMSA M CPAaBHEHBI C PaCUYeTHBLIMM U JKCIIe-
DHMEHTAIBHBIMKE pe3yJIbTaTAMH IPYTHX aBTOPOB,

1. Introduction

THE SuBJECT of this paper is a steady laminar flow induced by the motion of a cylindrical
rod issuing from an orifice into a fluid at rest. Due to hydrodynamic friction, the
fluid adjacent to the rod’s surface is carried in the axial direction. At a short distance
from the orifice, the flow takes the form of an axisymmetric boundary layer on the sut-
face of the cylinder. The flow will be considered in frames of the laboratory reference
system in which the velocity of the fluid on the rod’s surface, equal to the velocity of the
rod, decreases in normal direction to zero. The problem set here takes its origin in the
field of man-made fibre spinning. The moving cylinder corresponds to the filament extru-
ded from the spinneret and drawn in the axial direction through the fluid. The ambient
fluid motion has a great influence on the process of fibre formation but not much atten-
tion has been paid to it in fluid dynamics research.

Papers on axisymmetric boundary layers are much less numerous than those on the
boundary layers in plane geometry. The first meaningful works in this field of GLAUERT
and LIGHTHILL [1] and STEWARTSON [2] are dated as late as the nineteen fifties and con-
cern the flow past a stationary cylinder. SAkiADIS [3] was the first who calculated a flow
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past a moving continuous cylindrical surface, making use of Pohlhausen’s integral
method with the Glauert-Lighthill logarithmic velocity profile. A similar approach has
been applied recently by MAy [4] and KuBo [5] to a boundary layer on a filament with
a velocity and diameter variable in the axial direction.

Apart from the Pohlhausen approach, methods of direct integration of boundary
layer differential equations have also been used. CrRANE [6] and KuikeN [7] calculated
a flow past a moving cylinder using series expansions and the obtained asymptotic solu-
tions valid near the orifice (x = 0) and far down the cylinder (x — o). The first numeri-
cal computations of axisymmetric boundary layer differential equations were made by
JAFFE and OxkAMURA [8]. Their computations, which concerned the case of a stationary
cylinder, were carried out in the full range of x, without limitations involved in the papers
[6] and [7].

The present paper, like the work [8], also contains numerical computations of axi-
symmetric boundary layer equations but these computations concern here a moving
cylinder. The results obtained, presented in the form of integral boundary layer par-
ameters, as well as a shear stress coefficient are compared with the results of SAKIADIS [3]
and CRrANE [6].

2. Governing equations and boundary conditions

We consider the steady, axisymmetric laminar boundary layer of an incompressible
fluid on a continuous cylinder moving from an orifice in an axial direction at constant
velocity through a fluid at rest. The radius of the cylinder and its velocity are denoted
as g and U, respectively (Fig. 1). The flow is considered in frames of the boundary layer
coordinate system in which the x-axis, parallel to the axis of symmetry, is posed along
the solid surface and the y-axis is normal to it. The origin of the coordinate system is
put in the plane of the orifice. The velocity components in the x- and y-directions are
denoted by u and v, respectively.

We shall start with the general two-dimensional boundary layer equations [9]

“ax Py T E o\ oy
4 k. d k. oy
g;(r u)-i-a—y (r 7)) = 0,

ou ou y 0 K. 6u)
2.1

where r(y) = a+y.
These equations describe fluid flow in a plane as well as in axisymmetric geometry
according to the value of the exponent

(2.2) B {0, plane case,
1, axisymmetric case.

The boundary conditions are as follows:

2.3 u(x,0) = U, o(x,0)=0, limu(x,y)=0.
y—>0
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FiG. 1.

Now we shall put the system of Egs. (2.1) into a nondimensional form using the com-
bination of the Mangler and Falkner-Skan transformation [9]. To this aim we introduce

the nondimensional normal coordinate 7 and nondimensional stream function f(x, 1)
defined as

U 1/2 ( y k
(2.4) n= ‘;7) y 1+E >
2.5 fGe,m) = p(x, ) (Urx) ™12 - a7,
The velocity components read then as follows

. T
re dy an
€8 | a\* Bf
f= —?'7’:‘?=’(T) [f“" KZ)

Inserting the components (2.6) into Eq. (2.1), we obtain, after differentiation and some
rearrangements, one partial differential equation (2.7) with f(x, %) as an unknown function:

Y| [PV L4 L O S T 2 a4

where the primes (') denote differentiation with respect to %. This equation is valid for
both plane and axisymmetric geometry. It is seen that its form for an axisymmetrical flow
differs from that for a plane flow by the presence of the transverse-curvature term in
square brackets. If a boundary layer thickness is much smaller than a body radius, this
term may be neglected. However, in our case the boundary layer thickness may exceed
many times the cylinder radius and the transverse-curvature term must be accounted
for in Eq. (2.7). It is also worth noting that the boundary layer equation (2.7) in its axi-
symmetric version (k = 1) cannot be transformed to the self-similar form by taking
x-derivatives equal to zero since the transverse curvature term will still be dependent
on x.
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We shall from now on limit ourselves to the axisymmetric version of Eq. (2.7). It is
convenient to introduce a nondimensional variable in the axial direction

dpx \'?
(2.8) &= (W) ’
and a new nondimensional stream function f(&, %), which is equivalent to the stream

function f(x, ) provided & and x satisfy Eq. (2.8). In these terms the velocity compo-
nents u and v (2.6) can be expressed as follows

o =&,
=3 va 1 _!_(f'. _f)_i

» l/1+5'7i'[‘5 g af]
and Eq. (2.7) takes its final form

1 1 af’ L, 9

@10 [(A+En) Y+ f S = E-(f’- I~ 7;;)
The boundary conditions (2.3) now read
(2.11) fi6,00=0, f'¢,0=1, Ilimf'¢,n =0.

n—+w
The governing equation (2.10) with £ as an independent variable in axial direction is
convenient in the region near the orifice (£ < 1); however, far downstream (> 1) it is
advantageous to introduce a new ordinate [1]

4yx
(2.12) ‘8 =In (W) = ln(Ez).
The alternative form of Eq. (2.10) reads as follows
1 , af' ., o
ﬁ’z. . I7a 1 n . I!= [ YL
(213) [+ m) £ Ty S = f " =1 5

with the boundary conditions the same as before Eqs. (2.11).
It should be noticed that Eq. (2.10) as well as Eq. (2.13) are given in a universal
form and do not contain either the Reynolds number or any other free parameter.

3. Method of solution

Equation (2.10) is in fact a partial differential equation. However, if we replace deri-
vatives with respect to & on the right hand side of this equation by suitable algebraic
formulae, we may consider Eq. (2.10) as an ordinary differential equation with the %-coor-
dinate as an independent variable. This approach was previously used by some authors
for boundary layer calculations on a stationary body [8-11].

A fairly good approximation of the £-derivatives may be obtained with the use of the
three-point backward difference relation derived from the Lagrange interpolation for-
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mula for an unequally spaced mesh points. This approximation contains the new value
f» and two previously calculated £,_, and f,_,:

T % g Aol ot A foca 4 Asl) fumal,
G.1) 55
YL e FA A i+ 400 fi,
where
A£=En_£n 1» § = 5"1Z5ﬂ 27
s+2 1
Ao =1 (”“) = a5

In the same way we shall approximate the derivatives df/d8 and of'/d8 from Eq. (2.13).
Both forms of the governing equation are given below

_ b ;
- 2 /JE [fn (A .f;1+A .f;:—l

Az [l ) =S Ao fat Ay fum i+ A5 £,
] ’ P ’
Iﬁ[ﬂi ‘(AO'.fu+Al'fn—l

+ Ay fii) = (Ao fut Ay fuoa + Az i)
Equations (3.2) and (3.3) form an infinite set of ordinary differential equations, each
of them corresponding to a given ordinate &, or 8,. They are solved successively by
a downstream-marching process starting from n = 0 (&, = 0) where Eq. (3.2) redu-
ces to the Blasius equation. In the next mesh point n = 1 (& = &) the derivatives of '/0&
and df/o& in Eq. (2.10) are approximated by two-point backward difference quotients.
The form of Eq. (3.2) and (3.3) works for the mesh points n > 2 (£, > &,) downstream on.

Equation (3.2) was integrated in the & — direction at subsequent net points &, until
&, = 1, which is equivalent to 8, = 0 (2.12). From this point Eq. (3.2) was replaced by
Eq. (3.3) and the process continued until 8, = 10, which corresponds to & ~ 148.4. The
process was stable and could be continued farther on.

The resulting ordinary differential equations were solved numerically by the Runge-
Kutta-Gill algorithm adopted from [11]. While the boundary conditions at 5 = 0 could
be directly introduced to the algorithm, the condition at infinity could be fulfilled by
a shooting method in some approximation. A tentative value of f,’(0) was introduced
and the equation was integrated up to the value 7, at which the velocity profile f'(&, n,)
had its minimum. The magnitude of this minimum was checked by the condition

(CX) féEm)<e

If this condition was not satisfied, a corrected value of f,'(0) was put into calculations
and the iteration continued. The Runge-Kutta algorithm was used with an increasing
step size, starting from the value h, = 0.025. As a result of testing calculations, it was
found that taking A¢ = 0.1 and 48 = 0.5 leads to final results of good accuracy.

(.2 [A+&- - fi'T+- ﬁ. "

(B3 [A+e™2-n) 1+ f.. "

5%
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4. Results of calculations

Equations (3.2) and (3.3) were solved and velocity and shear stress profiles were ob-
tained at each station &, and B,. In this section these results will be presented not in their
detailed form but, for the sake of clarity, in the form of some commonly used boundary
layer parameters, such as characteristic integral areae and shear stress coefficient. It will
also make the comparison of our results with the results of other authors easier since
they used the same type of presentation.

We shall first direct our attention to the integral parameters of a boundary layer,
which are the displacement area 4 (4.1) and the momentum area & (4.2). In our notation
they read

A 2 fo ‘
4.1 e et r-udrz‘f' lim E, »
( ) 2 U'a2 a- qﬂoof( n)
D) A , -
= gEe | rwdr =& | 1 dn.
0

a

(4.2)

These parameters are presented as functions of the streamwise coordinates & and f in
Figs. 2 and 3, respectively. The present results are compared here with those of SAKIADIS
[3] and CrANE [6). The Crane data presented in Fig. 2 are calculated from the formulae
given in [6]
A 3
ot = E-(1.62+1.165)+ O(&?),
4.3)

_;22, = £-(0.888+0.1908) + O(£),

derived on the basis of the asymptotic approximation valid for § € 1. A good agreement
between the Crane results and ours is evident, even for & close to 1, which is outside the
range of the adopted approximation. The same refers to the results in Fig. 3, where the
data of Crane were calculated from the velocity profiles derived within frames of asymp-
totic approximation valid for & > 1 [6]. Here the Crane data start with f = 4.29 which
corresponds to & x 8.5.

The results of SAKIADIS [3] obtained from an integral boundary layer equation cover
the whole range of the streamwise coordinate & from O to infinity. They are also plotted
in Figs. 2 and 3. The momentum area evaluated using of the Sakiadis method is in satis-
factory agreement with the present results but his displacement area is highly under-
estimated in Fig. 2 as well as in Fig. 3. The discrepancy grows from about 30%; near the
orifice to over 60% at large axial distance. This rather surprising effect needs detailed
examination. To this aim we shall compare the velocity profiles calculated by our method
and by that of Sakiadis and deduce their influence on the integral boundary layer par-
ameters.

Both profiles are plotted in Fig. 4, for the chosen axial coordinate § = 4.29. It is seen
that while in the region close to the surface of the rod both profiles nearly coincide, in the
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outer part the Sakiadis profile strongly deviates from ours. It does not fulfil the boundary
condition at infinity, taking the value zero in finite distance from the surface. It is due to
the logarithmic character of the adopted Glauert-Lighthill velocity profile.

The influence of the velocity profile on the integral boundary layer parameters A
and @ can be detected in Fig. 5 where the integrands from Eqgs. (4.1)-(4.2) are presented.

/

present results

Sakiadis [3]

r/a

FiG. 5.

We can see that multiplication of the velocity profile by the normal ordinate, (u/U) - r/a
makes the difference between our case and Sakiadis case even more pronounced. This
explains why the displacement area in the Sakiadis case is so strongly underestimated.
On the other hand, the square of the velocity profile in the integrand (u/U)? - r/a makes
the difference between the two cases decrease, especially in the outer part of the layer
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where u/U <€ 1. This is the reason for good agreement between our results and Sakiadis
results in the case of the momentum area calculations.
We also calculated a wall friction coefficient which is defined as
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where 7(x, @) denotes shear stress at the rod surface. It has been plotted in Figs. 6 and 7
vs. the coordinates & and f3, respectively, together with the corresponding results of SAKIA-
DIs [3] and CrANE [6] as well as the experimental data of KOLDENHOFF [12]. It is seen
that the agreement of all the results is very good. It indicates that all the methods compa-
red here predict well the velocity profile near the surface of the cylinder.

The computational method presented in this paper appears to be a useful tool in cal-
culations of axial boundary layers. It has helped to display the advantages and limitations
of the existing approximate methods. We may expect that it will also work in more com-
plex axisymmetric boundary layers involved in fibre manufacturing.
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