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On the motion of a drop of a viscous incompressible fluid 
in an ideal incompressible fluid 

W. M. ZAJJ\CZKOWSKI (WARSZAWA) 

T.HE EXISTENCE and uniqueness of local in time solutions of a motion of a drop of a viscous 
incompressible fluid (described by the Navier-Stokes equation) bounded by a free surface 
in an ideal incompressible fluid (described by the Euler equations) is shown. The existence is 
proved in such Sobolev spaces that the equations are satisfied classically. To prove the result 
there is assumed that density and viscosity of the viscous fluid are much larger than the density 
of the ideal fluid. 

Pokazano istnienie i jednoznacznosc lokalnych w czasie rozwi'lzan ruchu kropli cieczy lepkiej 
niescisliwej (opisanej r6wnaniami Naviera-Stokesa) ograniczonej swobodn'l powierzchniC~, 
w cieczy idealnej nie§cisliwej (opisanej r6wnaniami Eulera). Istnienie zostalo udowodnione 
w takich przestrzeniach Soboleva, ze powyi:sze r6wnania SCI: spelnione klasycznie. Aby udowod­
nic powyzszy rezultat przyj~to, ze g~stosc i lepkosc cieczy lepkiej S'l duzo wi~ksze niz g~stosc 
cieczy idealnej. 

I1oi<a3aHbi cymecTBOBaHHe H e~HHCTBeHHOCTb JIOI<aJibHbiX BO BpeMeHH pernemfii ~BH>I<eHWI 
I<arrnn BH3I<OH HeC>KHMaeMoH >I<H~I<OCTH (orrncaHHoH ypaaHeHWIMH: Haai>e-CToi<ca) orpaHH­
"4eHHoH cao6o~OH IIOBepXHOCTbiO B H~eaJlbHOH Hec>KHMaeMOH >KH:,lli<OCTH (oiiHC8HHOH ypaa­
HeHHHMI-1 3HJiepa). Cymecrnoaamre ~oi<aaaHo a Tai<mc npocrpaHcrnax Co6oneaa, '1TO Bb:trne­
ynoMHHYTLie ypaaHeHHH y~oaneTaopeHbi I<JiacCH'tleCI<R. qTo6LI ~oi<a3aTh 3TOT peaym.TaT 
IIpHHHTO, '1TO IIJIOTHOCTb H BH3I<OCTb BH3I<OH >I<~OCTR MHOrO 6om.rne, "4eM IIJIOTHOCTb H~e­
aJlbHOH >I<H,w<OCTH. 

1. Introduction 

WE CONSIDER the motion of a drop of a viscous incompressible fluid in an ideal incom­
pressible fluid. We assume that the surface of the drop is a free surface. It is the 
intersurface between these two fluids which is built up of the same moving particles of 
simultaneously viscous and ideal fluids. 

A motion of the viscous incompressible fluid in the drop is described by (see [4]) 

(1.1) 

!?1 (v1 , +v1 • Vv1) + Vp 1 -vVv1 = e1!t 
divv1 = 0 

in nr' 
in .Qr, 

in !J1, 

where Q[ = U QH x {t}, !J11 is a domain of the drop in a moment t and !J1 = !J1o 
t E (0, T) 

is its initial domain. Moreover, v1 = v1 (x, t) is the velocity of the fluid in the drop, p 1 

= Pt (x, t) the pressure, / 1 = / 1 (x, t) the external force field per unit mass, v the viscos­
ity coefficient, e1 = const the density. 
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308 w. M. ZAJ,o\CZKOWSKI 

We consider a motion of an ideal fluid in the exterior domain f2u = R 3 "(!Jltvo!Ju). 
To omit technical difficulties (connected with the behaviour of solutions to the Euler 
equations at infinity) we assume that the viscous and ideal fluids fill up a bounded domain 
Q c R 3 with a boundary r (!JuUf2u c !J). Knowing that only local existence theorems 
for the Euler equations are known, we can assure that the drop does not meet r by assu­
ming that the domain .Q is sufficiently large and the drop is sufficiently far from r at the 
initial moment. Therefore a motion of the ideal fluid in f2u which is exterior to !2 11 at 
time t is described by (see [4]) 

e2(v2t+v2 · Vv2)+Vp2 = (h/2 m ilL 
(1.2) divv2 = 0 in QT 

2' 

,2,1=0 in Q2, 

p2. nlr = 0 on rr = Fx (0, T), 

where DI = U !J2, x {t }, !J2 = !J20 is the domain in the initial moment, v2 = v2 (x, t) 
IE (0, T) 

is the velocity of the ideal fluid, p2 = p2(x, t) the pressure, / 2 = f 2(x, t) the external 
force field per unit mass, nlr is the unit outward vector normal to r, e2 = const the 
density. 

Finally the following boundary conditions are imposed on the free intersurface 

(1.3) 

where sr = u Sr X {t}, S, = o!Jlt is the boundary of the drop in the moment t , 
IE (0, T) 

nls, is the unit outward to .Qtt and normal to the S1 vectors, T1 and T2 are the stress ten­
sors of viscous and ideal fluids, respectively, such that 

(1.4) 

(1.5) 

where I is the unit matrix, 

is the deformation tensor. 

Tt(Pt,Pt) = -ptl+2vD(vt), 

T2(P2,p2) = -p21, 

i,j= 1, 2,3, 

Let S, be given by the equation q;(x, t) = 0. Then fils = __ Vp_ and the following 
' !Vq;l 

kinematic condition holds: 

(1.6) 

Therefore the surface S, can be constructed either by curves determined by 

(1.7) 
dx 
dt = Pt(x, t), xlr=o = x 0 E S = S0 
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or by 

(1.8) 
dx 
dt = v2 (x, t), xlr=o = x 0 E S, 

what means that the boundary of the drop is built up of the two kinds of fluid particles. 
The initial velocities v10 , i = 1, 2, have to satisfy the compatibility conditions 

(1.9) divv10 = 0, i = 1 , 2. 

To prove the existence of solutions of the above problems we introduce the Lagran­
gian coordinates ~ = (e' ~2 ' e) by the relation (see [2]) 

t 

(1.10) X = ~+JUt(~' z)dz = x.,l (~' t)' ~ED 1' 
0 

where x = (x1, x 2 , x 3
) and u1 (~, t) = v1 (X.,

1 
(~, t), t). The transformation describes 

a relation between Eulerian and Lagrangian coordinates. Assume that D 1 is given, then 
QH = {x:x = x(~, t), ~EDt}, where x(~, t) =X.,.(~, t) is a solution of the following 
Cauchy problem: 

(l.ll) 

Moreover, for ~ E S we get that Sr = {x:x = x(~, t), ~ E S}. 
Using Eq. (1.10) and the notations introduced by Solonnikov in [6, 7, 8], we write 

the problem (1.1) with the boundary conditions (1.3) in the form 

(1.12) 

where 

V111 • Ut = 0 

U1it=O = V10 

in D[ = Q 1 x (0, T), 

in D[, 

in D 1 

on sr 
' 

DI = D1x(O, T), q1(~, t) = Pt (X.,1 (~, t), t), q2 = P2(X.,~(~, t), t), 

gt(~,t) =ft(Xu 1 (~,t),t), 

a~i 
V., =A(~, t) · V = - a- V;t, 

t X 

T1.,(u, q) is a matrix with elements 

( 
a~m aui a~m aui ) 

-qbu+v Bxi a~n~- + axi a~m 

and the summation over repeated indices is assumed. Since the Jacobi matrix of the 
transformation ~-+Xu (~, t) = x is equal to one, elements of matrix A are minors of 

1 

the matrix 
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310 w. M. ZAJ~CZKOWSKI 

Moreover, n(~, t) = n(X,1 (~, t)) = 1i, 1 (~, t). 
Therefore,. for a given q2 the problem (1.12) determines P1 , p 1 and Qlt· Then we can 

treat the problem (1.2) in a known domain !J2 t. To consider the problem (1.2), we replace 
it by the following system of problems: 

(1.13) Pu +'~'2 · VP2 = - -
1
- Vp2 + /2 in .Qr, 

(h 

'~'2lr=o = '~'2o in Q 2, 

where p2 is treated as a given function and 

-
1
- L1p2 = -V"'2 · VP2+div/2 

e2 
in Q2P 

(1.14) 1 aP2/ < v ) - !: - s, , --a- =- '~'2t+,2· '~'2 ·n+ 2·n on 
e2 n s, 

1 ap>l - !: - r , - -a- = +,2.,2·Vn+ 2·n on 
e2 n r 

where v2 is treated as a given function. 
: To solve Eq. (1.13), we introduce the characteristics 

(1.15) dy(x, t; s) ( ( ) ) ds = P2 y x, t; s , s , y(x, t; t) = x, 

so we write Eq. (1.13) in the form 

(1.16) 
dv2 (y(x, t; s), s) 1 ( . ) f ( . ) d = - - V,p2 y(x,t,s),s + 2 y(x ,t,s),s, 

s e2 

v2 (y(x, t, 0), 0) = v20 (y(x, t; 0)). 

Integrating Eq. (1.16) along the characteristics, we obtain 

(1.17) 

To solve the problem (1.14) with v2 determined by Eq. (1.17) and in the correspondence 
with the problem (1.12), we extend the vector P1 suitably (we need some reqularity which 
will be formulated later) on !J2. Let v 1 be the suitable extension (see (4.3) and the Hestense 
method [1], Ch. 9) such that 

(1.18) 

To apply the transformation (1.10) with the vector v1 , we introduce 

Ut(~, t) = Vt (X;l(~, t), t) = vl (x(~, t), t), where ~ E Q2, 
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so !11:. = {x:x = X;1 (~, t), ~ ED2}. Therefore we have the relation 
t 

(1.19) X = ~ + J u1 (~, s) ds ::: X u
1 
(~, t), ~ E !J 2 • 

0 

Using Eq. (1.19) in Eq. (1.17), we obtain 

(1.20) u2 (~, t) = v2(X;1 (~, t), t) = V2o(y(X;1 (~, t), t; 0)) 

+ }[- -
1 Vyp2(y(X;1(~, t), t; s), s)+/2(y(X;1(~, t), t; s), s)]ds. 

0 . (]2 

Applying Eq. (1.19) to Eqs. (1.14) gives 

1 e; L1;1q2 = - V;l u2 V;;l u2 + V;l. g2' 

(1.21) 

1 - - -- n-- . v-- q = u . u . v-- n- +g . n-
(!2 u1 u1 2 2 2 u1 u1 2 u1 ' 

where 

and 

Finally we introduce some notations. Let !J be an arbitrary domain in Rn. By llll 1 ,p,.o' 

I > 0, p ~ 1, we denote the usual norm in Sobolev-Slobodetski space w;(D) and by 
llp,Q the usual norm in Lp(Q), where Q is equal either to Q or !JT = {J x (0, T). In the 
anisotropic Sobolev-Slobodetski space W1•1'2(!JT), I> 0, p ~ 1, we denote the norm 
by II · 11 1• p, nT. Moreover we introduce 

II I IL,1<o, T; w;«m ::....: II ll1. p, q, nT 

and 

where 

and also 

Finally we assume 

llllw;:~(.QT) = llllt,k,p,q,.QT• 

The aim of this paper is to prove the local existence of solutions to the problems (1.1 ), 
(1.2), (1.3). The importance of this problem consists in the fact that a free boundary 
problem to the Euler equations is considered. The author does not know any result about 
a free boundary problem to the Euler equations. However, the problem is not strictly 
a free boundary problem for an ideal fluid; the free surface is an intersurface between a 
viscous and an ideal fluid. The occurrence of the viscous fluid is essential in the proof of 
the existence. But to prove the existence of the solutions, we have to assume that density 
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of the viscous fluid and a viscosity coefficient must be much larger than the density of 
the ideal fluid. Therefore the existence is shown for such a fluid in the drop which is very 
dense and viscous, so the drop behaves similarly to a rigid body. 

To prove the existence of the solutions of the problems (1.1), (1.2), (1.3), we replace 
it by a system of problems (1.12}, (1.20), (1.21). In Sect. 2 a result about the existence 
of solutions to the problem (1.12) for a given q2 is formulated. This section is based on 
results of Solonnikov [9]. In Sect. 3 the existence of solutions of the problem (1.21) for 
given u1 and u2 is shown by the method of successive approximations (see Lemma 3.5). 
Moreover, the regularity of u2 expressed by the problem {1.20) is shown (see Lemma 3.4). 
Finally in Sect. 4 the existence of solutions of the problem (1.1)-(1.3) is proved (see The­
orem 4.1). 

The motions of a viscous incompressible fluid bounded by a free surface were con­
sidered by SOLONNIKOV (6, 7, 8]. 

2. Existence of solutions of the problem (1.12) 

To prove the existence of the solutions of the problem (1.12}, we write it in the follo­
wing form: 

etu1t-11Viut +V;qt = -11(Vi-V~)u1 +(V;-V,)qt +gt = F in .Qf, 
div;u1 = (div;-div,)u1 = G 

(2.1) Utlt=o='Vto 

ToD,
1
(ut)ii = 0 

no (Ttu
1 
(ut, q~)- T2(q2))n = 0 

in 

in 

on 

on 

where n0 = n0(~) is the unit outward vector normal to S at ~' To = T0 (~) is a tangent 

vector to S, n(~, t) = ~~::g~l , the index~ denotes that the operators are taken in coor­

dinates ~. To obtain the boundary condition (2.1)4 , we have used 

II(T~u1(uh q1)-T2(q2))n = 211D,
1
(u1)n = o, 

because Jig = g-n(g · ii) and Eq. (1.3) is satisfied. 

Moreover, knowing that ~;~ Ali = ~k1 , we have that Ao.eJ = 0 so G = div;R. In the 

above considerations we assumed that n0 • n is separated from zero, what always holds 
for sufficiently small time. 

To use the result from [9], we rewrite Eqs. (2.1) as follows: 

e1 ult-vVfu1 +V;q1 = F, div;u1 = G in .Q[' 

(2.2) Utlt=O = V10 in .Qh 

T0 D;(u1)n0 = To (D;(ut)no -D"• (ut)fi) = H on ST, 

no Tt;(u1 , qt)no = no (Tte(u 1, qt)no- T1u.(u1, qt)n)+ no· nq2 = K on ST. 

Using Theorem 3.2, from [9] (see also Theorem 2 in [8]) we have: 
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THEOREM 2.1. Assume FE Lp(O, T; w;(.QI)), Vto E W4- 2/P(.Q1), GELp(O, T; w;(.Q1)), 
R, Rt E Lp(O, T; W~(.Q1)), D~,' HE w~- 1 /P. 1 / 2 - 1 /2P(ST), ;' E s, I ttl ~ 2, K E Lp(O, T; 
w:-1/P(S)), S E w;-1/P. Moreover, some compatibility conditions are satisfied 

(2.3) divD~v0 =0, D~."i0 D(v10)n0 l 5 =0, lal~2, for p>3, x'ES. 

Then the problem (2.2) has a unique solution such that D~u1 E w;·1(.Qf), D~q1 E Lp(O, 
T; w;(.Q1)), D~q1ls E w~- 1fp, 1 /2 - 1 /2P(ST), lal ~ 2, and 

(2.4) .E (11l1D~u11l2. p, .o~ + IID~q111t. p, p, .of+ IID~q11sllt-1/P. p, sT) 
Jcx j .;;;2 

~ c(T)(IIFII2. p, p, .of+ llvtoll4-2fp. p, .o1 + IIGII3, p, p, .of+ IIRII2. p, p,.of + IIRtl b. p, p, nf 

+ .E liD~, Hllt-tfp,p,sT+IIKlb - tfp .. p.p,sT), 
jcxj.;;;2 

where ~' E S, a = min {e1, v} and c(T) is a nondecreasing function. 
Now, by Theorem 3 from [8] one obtains 
THEOREM 2.2. Assume D;/1 E L 00 (R 3 x (0, T)) and are Lipschitz continuous with res­

pect to X, lal ~ 2, Vo E W4_2,P(.Q1), q2ls E Lp(O, T; w:-1/P(S)), s E w;-1/P and the 
compatibility conditions (2.3) are satisfied. Then, for t ~ T1 , where T1 is sufficiently small, 
there exists a unique solution to the problem (1.12) such that D~u1 E w;·1(.Qi), D~q1 E 
E Lp(O, t; w:(.Q2)), D~qtls E w:-1fp,1/2- 1/2P(St), lal ~ 2 and 

(2.5) .E (ai!D~utll2,p,.of + IID~q1111,p,p, .of + IID~q11s11 .1-1fp,p,st) 
Jcx j.;; 2 

~ c(T1) Gl.h l12. oo, oo. R3 x (o, t) + llv1oll4-2fP. p, .01 + llq2lsll3-1fp, p, p, st) · 

REMARK 2.3. To obtain Eq. (2.5), we have used 
p-1 

(2.6) IIK11i2. p, p,.of ~ cT112 1lfll2. oo. oo, R3 x(o. n(l +cTTIIutll2,p,p,ei)2. 

3. Existence and regularity of solutions of the problems (1.20) and (1.21) 

Theorem 2.2 implies that we have to prove the existence of solutions to the problems 
(1.20) and (1.21) in such a class that q2 E Lp(O, T; w;(.Q2)). 

At first we need 
LEMMA 3.1. Let UtE Lt(O, T; w:(.Q2)), p > 3 and~= ~(x, t) be the inverse transfor­

mation (1.19). Then one has 

(3.1) l~:c(X, t)j ~ cP2(1iiitll2,p,l,.oJ), X E.Qu, t E (0, T), 

(3.2) l~xxlp.D2 ~ cP3(11'\112.p,l,Di)llutll2,p,t,a~, tE(O,T), 

(3.3) l~xxxlp . .o2 ~ Ps(ilutlb.p.t..oJ)IIutll3.p,l,.o.f, tE(O, T), 

where Pk(x) is a polynomial of degree k with respect to x which does not vanish with x. 
Proof. Knowing that {~x} is the inverse Jacobi matrix to {x;} with a determinant 

equal to one, we have 

t 

i~xl ~ c(i+ fiuHjdsr ~ c(l+lliitllt.oo.t . .oJ)2 ~ cP2(Jiutli2,p,t,.oJ), P > 3. 
0 
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The form of the Jacobi matrix {~x} implies 

t I 

(3.4) l~xxl ~ c ( 1 + J liit~(~' s)l dsr f liltee<~' s)l ds. 
0 0 

Hence L 11(!J2), p > 3, the norm of the relation (3.4) gives the relation (3.2). Differentia­
ting twice, the Jacobi matrix {~x} gives 

t t t t 

(3.5) ~~xxxl ~ c( 1 + J lilte<~, s)Jdsr( J liitee<~, s)ldsY + c( 1 + J lute<~, s)dsY J liit;~;lds. 
0 0 0 0 

Taking L11(D2), p > 3 the norm of the relation (3.5) gives the relation (3.3). This ends 
the proof. 

LEMMA 3.2. Let ill E Ll(O, T; w;(.Q2)), p > 3. Then for the transformation (1.19), 
one has 

(3.6) lxel ~ c(1 + llil1ll2, 11,t,n~), ~ E (0, T), 

(3.7) lx~el 11 • .a2 ~ cllil1112,,.t,nf, t e (0, T), 

(3.8) llx,llt,p,n
2 
~ cllillllt.p,n

2
, te(O, T), k = 0, 1. 

t 

Proof. The relation (3.6) follows from lx~l ~ 1 + fliit~(~, s)Jds ~ c(l + lliitll2.p.t.nr),. 
0 

t 

p > 3. Differentiating Eq. (1.19) twice with respect to ~implies lx~;l ~ J liit;e(~, s)Jds, 
0 

so taking the L 11 norm gives the relation (3. 7). From (1.19) we have x, = il1 (~, t), hence 
the relation (3.8) follows easily. This concludes the proof. 

Now we consider the problem 

(3.9) 
dy(x t· s) 

ds' =w(y(x,t;s),s), y(x,t;t) = x, xeD2 , 

and ro. n = ,1. n on s,, w. n = 0 on r. 
-LEMMA 3.3. Let y = y(x, t; s) be a solution of Eq. (3.9), x E .021 and x = x(~, t), 
~ E .02, t E (0, T) be determined by the transformation (1.19). 

Assume that ro, il1 E L1 (0, T; w;(.Q 2)), p > 3, where w(~, t) = w(x(~, t), t ). Then 

(3.10) IYxl ~ cexp[P4(lliltll2.p,t,ni)IIIwlb.p,l,nf], 

( f )1/p 
(3.11) IYxx(x(~, t), t; s)JPd~ ~ P4{11iltll2. p,l,.or)P~ 1P(Ilwll2. p,t..or) 

D2 

X exp [P 4(11iitll2. p, 1. nr)JJroli2. p, 1. nr]' 

(3.12) Jy,J ~ llwllt. p . .o
2
P 2(IJiitll2. p,t, .or) exp [P 4(1Juti b. p,t , .o~)JJroJJ2. p,t . .o~], 

( J )l/P 

(3.13) IYrx(x(~, t), t; s)IPd~ ~ <J?t(llutll2.p.t,nf,llrollb.p.t.ni) 
D2 

x [Jiwll2. p,l, .o; + Jl wllt. p • .aJ, 
where <p1 is an increasing function, Pk is determined in Lemma 3.1. 
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P r o o f. For solutions of Eq. (3.9) we have 

t T 

(3.14) IYx(X, t; s)l ~ cexp(sup J lmy(y(x, t; s)lds] ~ cexp[J lim(· ,s)lb,, . .auds], 
x,t 0 0 

because y(x, t; s) e !J2s and p > 3. Therefore we consider 

(3.15) lim(·, s)1!2., . .a2s = ( J (lwnl"+lw.vl"+lml")dyY'" 
.Q2S 

~ c( f lw~;l"l~yl 2" + lw;l"(l~.v.vl" +I~ .vi")+ lwl")d~r'" ~ P4(1lut1l2. ,,t..ar)llwll2, ,,.a 
.a, 

where we used that !J2,3Y = e+ )"u,(e, r)dr, e E!J2, det {~;}=I and W(e, t) = 

= ro(J(~, t), t). From the relations (3.14) and (3.15) the relation (3.10) follows. 
From Eq. (3.9) we have 

d di Yxx(x, t; s) = m.v.v(y(x, t; s), s)yi(x, t; s)+my(y(x, t; s)yxx(x, t; s) 

so 
t t 

IYxxl ~ c J IYx(X, t; s)l 2 lmyy(y, s)jdsexp J jmy{y, s)jds. 
0 0 

Using the relation (3.1 0), we get 

(3.16) ( fiYxx(x(~, t), t; s)l"d~t'" ~ cexp[P4(11ii1112.p,t.ai)IIwll2. ,,t,a~l x 
.a, 

t 

x J ds( J lmn(Y(x(~, t), t; s), s)i"d~Y'"· 
0 .Ql 

The lc:st factor is estimated by 

t 

(3.17) J ds( J lmyy(y(x(~, t), t; s), s)l"l~xllxyjdyY'" ~sup (l~xllx.vi) 11 P 
0 .Q25 t 

t 

x J ds( J jmy.v(y(x(~, t), t; s), s)i"dyY'". 
0 Du 

I 

Using the relation (3.1) and that Xy = 1 + J my(y(x, t; r), r)dr which is estimated by 
0 

r 

(3.18) ixyl ~ c(l+ fimy(y, r)jdr) ~ c(1+P4(11iitlb.,.t..oi)IIwlb.,,l,.ar) 
0 

(see till relations (3.14) and (3.15)), the relation (3.17) is bounded by 

t 

cPJ 1P( II iii/2.P.t.Df)llw ll 1!~.t.!.lf J ds( J Jmyy(y(x(~, t), t; s), s)l"dy) 11
P. 

0 D2s 

4* 
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Now, to estimate the last integral we use the relation (3.15) so we finally get the relation 
(3.11). 

I 

From Eq. (3.9) we have y1 = -w(x, t)+ J W.vYtdr, so 
0 

t I 

(3.19) IYrl ~ Jwjexp J iw.v(Y, r)Jdr ~ Jwjexp J llw( ·, r) lb .p . .o
2

r dr 
0 0 

~ P 2 (Ji iil ll 2. r; .t . .o;)!Jiv!lt.p . .o2 exp [P 4( Ji u~ ll 2.p,l,n;)llwll2.p,t,.of]. 

Hence the relation (3.12) is satisfied. From the expression of y 1 we get the problem 

(3.20) 

Integrating Eq. (3.20), we obtain 

t t 

(3.21) IYtx(X, t; s)l ~ exp J iw.v(y(x, t; s), s)Jds( J lw.v.vllYxllY1lds+ Jwx(x, t)Jf. 
0 0 

Repeating the considerations from the proof of the relations (3.10) and (3.11 ), we show 
the relation (3.13). This concludes the proof. 

LEMMA 3.4. Assume that wE Ll(O, T; w;(.Q2)), q2, UtE Ll(O, T; w:(.Q2)), V2o E 

E w;(.Q2), / 2 E La)(O, T; W!(R3)), p > 3. Then u2 described by Eq. (1.20) belongs to 
La)(O, T; w;(.Q2)) and 

(3.22) llu2ll2.p.a:> . .or ~ (/)l(llii1112.p.l,.of• ll w ll 2.p,1.n~HIIv2oll2.p.s;,~2 
1 - 1 

+ - 1Jq2112. p, 1, nrllut ll 3, p , 1. .or+ ·--- 1Jq2 11 3. p , 1. .Q~ + cTIJJ2 11 2. C( · ' oo . 1\3 X (0 ,1')], 
(!z (h 

where (/) 1 (a, b) is an increasing function. 
Proof. From Eq. (1.20) we have 

(3.23) !lu2112,P,n
1 
~ llv2o(Y(xa, t), t; 0))112,p,.o

2 
+IIi[- --

1
- V.vP2(y(x(~, t), t; s), s) 

0 (h 

+f2(y(x(~. t), t; s), s) ]dslb,,,n,, 

where x(~, t) = X;;1 (~, t), ~ E .Q2 andy= y(x, t; s) is determined by Eq. (3.9). At first 
we consider the first term in the right-hand side of the relation (3.23). It is sufficient to 
consider the second derivatives only. Knowing that y(x, t; 0) E .Q2 for x E .Q2,, we get 

(3.24) lv2o,uiP. ll 2 W = Jv2o, .v.vY~xf +v2o,1.v(Yxxxf + YxXEe) lp,.02 W 

~ supJyxl 2 sup Jx.; l2lv20 , .v.vlp,n
2
w+ sup Jv2 0 , .vi sup lxEI 2 1Yx." lp,.Q2 <.;> 

eenz .;enz .;enz een2 

+sup Jv2o,y l sup lYxllxee ll p,ll2 W' 
eenz eenz 
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where Lp(Q2(1J)) denotes the space of integrable functions with respect to the Lebesque 
measure drJ. Using Lemmas 3.1-:--3.3, one obtains 

(3.25) lv2o .~~~ p, .a2 w ~ <P~ (ll u t ll2 .P ,t . .a~, llcol l2 ,P,t . .o~) (Jv2o ,Y>' I P ,!22 w + Jlv2o ,Yilt ,p,.a2 <v). 

Changing the variables !12 E ~ ~ y(x(~, t) , t; 0) E !12, we get d~ = lfxlixy[dy so by 
the relation (3.25) we obtain 

(3.26) l\v2o(Y ( x(~, t), t; 0) ) \\ 2,p ,.a2 <~> ~ <P~ ( ll uJ 11 2 , P,t,.a~, llwii2,P,t,.a;)llv2o(Y)II2 ,p,n2 <Y>, 

where w;(Q2 (rJ)) denotes the space with respect to the variables 17· 
Now we consider the second term in the right-hand side of Eq. (3.23). Let us 

consider the first term only 
t 

II J V yP2(y(x(~, t), t; s ), s )ds!\2,p,.a2 <v 
0 

t 

~ J ds( f ( IVfVyp2(y, s)JP + J V~ Vyp2(Y, s)[P + [Vyp2(y, s)IP)d~r/P, 
0 .Ql 

where y = y(x(~, t), t; s), ~ E !12 , hence 

t 

~ f ds (I (iX;eYx v;P21p + lxfY:xx v;P2 ip + lxf Y.~v:P2ip + IX~Yx v;p21p + IV,p2jP)d~r'p. 
0 .02 

Knowing that y = y(x, t; s) E !J2s, using Lemmas 3.1-:--3.3 and the relation (3.18),after 
changing the variables !12 E ~ ~ y(x(~, t), t; s) E !12:., we obtain 

t t 

(3.27) IJ J Vyp2(Y, s)ds\\2,p,.a
2
w ~ <P~(IIz7tll2,p , t,.a;llwll2.p,l..a;) J dsiiV,p2(Y, s)! l2,p,.a2!<,,. 

0 0 

Making use of the fact that there exists a Lagrangian varable C E Q 2 such that y = C + 
s 

+ J u1 (C, r)dr, one has 
0 

I t 

J dsi1Vyp2(y, s)li2,p,.O:u ~ J ds( J (lq2.cccC; +3q2,cCC,C,Y+q2,C,YYIP 
0 0 .Ql 

'1/P 
+ iq2,ccc; +q2,ycy,,p + iq2.c CYIP)dtJ , 

where q2 (C, s) = p 2 (y(C, s), s). By Lemma 3.1 the above expression is estimated by 

<P~CIIutll2,p,1 . .ar llwii2,P, 1 • .ai)(I + llutll3,p,l . .arl)llq21 b,p,l • .a;. 

Similar considerations can be applied to the last term in the relation (3.23), where we have 
made use of the fact that 

This concludes the proof. 
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Now we show the existence of solutions to the problem (1.21). To do this we consider 

-1-L1~q2 = -1-(LI~-LI;)q2 -V;;1 u2V;u2+divg2 = Ht+H2+H3, ee!J2, 
(]2 .. (!2 .. 1 1 

(3.28) 

e eS, 

where 

ees, p o(e) = lJ'(¢' 0), 

P(e, t) = q;(X;
1 
<e, t), t), ees, 

is the unit outward vector normal to rat e. 
Assuming that u1 and u2 are known, the existence of solutions to Eq. (3.28) will be 

proved by the method of successive approximations in Lp(O, T; Wi(!J2 )), p > 3. 
LEMMA 3.5. Assume 

Ut ELt(O, T; w;(.Q2)), Ut eLp(O, T; w;(Dt))nL~(O, T; Wi(Dt)), 

u2 EL00 (0,T;Wi(D2)), lJI0 ew:-tfP(S), Few~-t!P, p > 3, /EL00 (0, T;Wc!(R2)) 

and 

(3.29) 

Let T be sufficiently small. Then there exists a unique solution to Eq. (3.28) such that 
q2 E Lp(O, T; Wi(!J2)) and 

I 
(3.30) ~ llq2113,p,p,D~ ~ (1 +(/)2(11utii2,P,t,Df' illJ'oll3-tfp,p,s))lllutl!la,Df 

where~> 0. 

+(/)3(11utll4,p,t,Df' llut/13,p,t,Df' lllJ'oll3-tfP,P,s' !IF/13-tfp,p, T) [T"(IIIutlll:,nf 

+ llu211~.P, oo .D'f) + Tllf2!12,oo ,oo ,R3 , x (O, T)], 

Proof. At first we estimate the right-hand sides of Eq. (3.28) (see [3, 1, 5]) 
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IIH:zllt,.,,,,n~ ~ P4(11iitll:z,.,,t,.oi)IIu:zlli.,,:z,,n~ ~P4 T11"llu:zll~ .... co.o~, 

llhtll:z-t1,,,,,,sr ~ e
1

2 
q,allutiiJ,P,t . .a~II'PoiiJ-tfP,P,s)lli'itlll,p,t,.oiiiVq:zll:z,,,,,o~ • 

Now we consider 

(3.31) llh:zll:z-lfp,p,p,ST = ll(ul. n;),,-u:z@;),,+U:z. V;l(Ut. n;l) 

319 

-U:z. U:z. V;tli;;lll:z-tj.,,,,,,sr. 

We estimate particular terms in the above expression. At the beginning we consider the 
first term, so we have 

(3.32) llu· ·' I~ : ~: ::1 liz- lfp,p,p,Sr .;;; llu, ·'liz ,P.P.ar + IVu, ~ . Vii.,+ Ut ·' vzn., I'·"~ 
~ [1 +<P~(IIutll2,p,t,DI' IIP'olb-t/P,P,s)]llut,rll:z,,,,,n~, 

where nu 1 is defined in {J 1 ' and 

(3.33) llu• ( I~: :e:ol ) II r ~ Wi(llutiiJ,p,t,nf, IIP'oiiJ-tfp,,,s) e o ,, 2-tfP,P,P,s 

x [llu. Ut,ello,oo,p.nr + lu•.eeeutl,.nr+ lut,eeUt .el.,,.a~]. 

By [3, Ch. 2] and [1, § 18] the terms in the square brackets are estimated in the follow­
ing way: 

llu 1 Ut,ello ,oo ,p,Df ~ l!utll 0 ,oo.PPt .n~llut .e II 0. oo,pp~ .DI ~ cllutll2 ,1 ,p ,q .n~llut .ell2 ,l,p ,q .or 
2(1'-ll) 

where 

1 1 
-+-~1, p>3, 
p q 

1 1 -+-, = 1, 
Pt Pt 

1 4 1 1 . 
where-+-~ 3, p > 3, q < p, -+-, = 1. Fmally 

P q Pt P:z 

-- :z 
~ cT Pll lllutl\l,.,.ar 

q < p. 

:Z(p-q) 

~ cT---pq lllu.lll;.nr, 

lut,eUt,;;ll,,nf ~ lu.,;lpp 1 ,nrlut,e;I,P~.nr ~ cllut,;ll:z ,t,p,q,n~llut,;ll:z.t.,,q,nf 
2(P-Il) 
-- 2 

~ cT pq lllu.lll,.,nr, 

1 1 1 1 
where - +- ~ 4, p > 3, q < p, - + -, = 1. 

P q Pt Pt 
Similarly we obtain 

(3.34) 11-U:z. (n;)t + U:z. V;l (ul . n;)112-1fp,p,p,ST ~ q,~(llutii4,P,l .nr, IIP'oll3-1fp,p,s) 

· T"'llu:zll:z,,,oo,.ar, lllutllla,nr, 

http://rcin.org.pl



320 w. M. ZAJ.ttCZKOWSKI 

where rx' > 0 and 

(3.35) llu2 u2 V;l n;1112-1/P,P,P,ST ~ (P~(IIut 114,p,l,Di' 11Po113-lfP,P,S) Tllu2 II~.P.oo,Df. 

Moreover, we have 

J!kt!12-1/P,P,P,rr ~ (P~(jJut lla,p,t,.a;, JjTJI3-tfp,p)jJut 113,P,t,.a;JJVq2JI2,P,P,DI, 

and 

llk2112-lfp,p,p,rr ~ (P;(IIzitii3,P,l,Df' 11F113-tfp,p) Tllu211tP,oo,Df · 

Finally we consider terms with g2 • Therefore we obtain 

lldivg211t,P,t,.a;+ IIK2 • ii;11lt,1fP,P,P,sr+ IIK2 • ; 1 112-lfP,P,P,rr 

~ cTJI/2112,oo,oo . .or(P~(IIutlla,p,t ,.ar) · 

From the above estimates, Eq. (3.29) and for sufficiently small time T we obtain the esti­
mate (3.30). To prove the existence of solutions of Eq. (3.28) we use the method of success-

m 
ive approximations such that in the left-hand sides of Eq. (3.28) we put q2 and in the 

m-1 0 
right-hand sides q2 in the place of q2. Assuming q2 = 0, we show the existence in L 
Lp(O, T; w:(.Q2 )) for a sufficiently small T. This concludes the proof. 

4. Existence 

To prove the existence of solutions to the problems (1.12), (1.20), (1.21), we use the 
following method of successive approximations: 

m+l m+l m+l m+l 
et Utt -PV!+ 1 Ut + V;+ 1 qt = ql, Vm+l • Ut =0 in .Q{, 

Ut Ut u, 

m+l 
(4.1) Ut lr=O = 'Pto in Ql, 

m+l m+l m 

Tlm+t(Ut' qt )nm+t(~, t) = T2(q2)1im+t(~, t) on ST 
' 

Ut u, Ut 

m 

where q2 is treated as a given function, 

1 m m m 
- L1;;.q2 = -V;;. u2 V;;. u2+divg2 
(!2 Ut Ut Ut 

ID 

(4.2) 
1 m m m m m mm 

e; n:l · v~ q2 = -(u1 · n~),,+u2 ·<n:
1

),t+u2 ·V:
1

(ut · nT:!+u2u2 · v~~n=~ +g2 · n:l 

on S, 

1 _ m m m _ 

-;;- n;, · V;, q2 = u2u2 · V;;. n;;. +g2 · ii;;. 
1::2 Ut Ut Ut Ut Ut 

on r, 

- -m m m m m 

where u2, u1 , u1 are treated as given and u1 is an extension of u1 on .02 such that 
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;, m 
(4.3) lllullla.n~ ~ cl!!ulll~a.nf· 

Finally we consider 
m+l m 

(4.4) u2 (~, t) = v2~(y(X;(~, t), t; 0) 
lit 

'[ ] 1 m m m 
+ J -- VmP2(y(X;(~, t), t; s), s)+f2(y(X;(~, t), t; s), s) ds, 

0 (}2 Y Ut Ut 

m m m m 
where u2 , u1 , q2 are assumed to be given, y is a solution to the problem 

'" 
(4.5) 

dy(x t· s) m m ' ' = v (y(x t· s) s) 
ds 2 

' ' ' ' 

m 

y(x, t; t) = x. 

0 0 

Moreover, we assume that u1 = v 10 (~, t}, u2 = v20(~, t}, and m = 0, 1, .... 
By Theorem 2.2 for T sufficiently small there exists a unique solution to the problem 

(4.1) such that 

m+l m+l m 

0'111 U1 lll~~ . .or+ II qt 113,p,p,ni ~ c(T)[II.ftlb,oo,oo,R3 x<o,T)+ l!vtoll4-2fp,p,n1 + llq21!3,p,p,or1, 

where 0' = min {e1 , ft }. Next, by Lemma 3.4 we have 
m+l p-1 m m 

(4.7) II u2 ll2.p,oo,nr ~ C/J1(T-,-IIutlb,,,,,or,TIIu2112,P,oo . .or) 

X [11~zoll2,p,D, + 11/zllz,oo,oo.R'x (O,T)+ eJ
2 

r";'llqzll3,p,p,Df(l + r';' ~~~~~~3,p,p,Df)]. 
Finally Lemma 3.5 implies 

(4.8) 

+C/>Jr";
1

l~tii4,P,P,Df' l!qfoll3-1fp,p,si!TI13-1fp,p'T) (Tcx(lll~tlll;,nf+ 11:211i,,,oo,Di) 

+ Tll/2ll2,oo,oo,R1 x(O,T)]. 
Introducing the quantities 

(4.9) 

m m m 

X= il!utl!la,nf+l!u2112,p,oo nr, 

CX = I!Vtoll 4 _~,p,D 1 +11/llb,oo,oo,R3 x(O,T)' p 

fJ = llv2olb,P,f.l 2 +1!/2112,oo,oo,R3 x(O,T), 

from the relations (4.6), (4.7), (4.8) we obtain 
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(4.10) 
1 m [ ( P-1 m)) m ( P -1m) m2 e; llq2ll3,p,p,Dr ~ 1 +<f;6 T-"P X x+<f;, T- ,-x [T"' X+ TfJ], 

where e > 0, so 

+ I!~ r';' [(t +rli.);+rli,(T" ';' + TP>l] = a( ... p, r, ~, ;) , 
where the arguments of <f;, i = S, 6, 7, are written in the relation (4.10). The function 
G is a positive continuous nondecreasing function of its arguments. We have that G(oc, p, 

(j 

0, 0, 0) = Ko > 0. Then there exist T2 and a0 such that for T ~ T2, - ~ a0 there 
(!2 

exists K > K0 such that 

(4.12) o(o:, p, T, ~. K) ~ K. 
. (!2 

(j 
Therefore for T ~ T2 , - ~ a0 we have 

l!2 
m 

(4.13) x~K, m=O,l, ... , 

0 

where x = llvtoi14-2JP., . .o
1 
+ llv20 ll2,11,.o2 

~ K must be satisfied, too. 
m m m m 

Now we show that the sequence {u1 , q1 , u2 , q2 } converges. For this purpose we 
consider the following system of problems: 

m+l m+l m+l m m 
etat Ut -vV.!+t U1 +Vm+t Q = v(V.!+t-V;)ut-(Vm+t-V,.)qt 

Ut Ut U1 Ut Ut Ut 

+it (Xm+1(~, t), t)-ft(X,.(~, t}, t), 
Ut Ut 

m+1 m 
(4.14) V,.+1" U1 = -(V,.+t-V,.)·u1, 

Ut Ut Ut 

m+l 
U lt=O = 0, 

m+l m m 
"T0 • D,.+ 1 ( U1 )n,.+1 = -"i0 • Dm+1(u1)nm+1 +"To· D,.(u1) · n,., 

Ut Ut Ut Ut Ut Ut 

m+l m+l m m m m 

no. T m+1( u1 ' Ql )nm+1 = -noT m+1(u1' q1)n,.+l+no Tlm(U1, q1)n,. 
1 Ut Ut 1 U1 Ut Ut Ut 

m m-1 
+no T2(Q2) • nm+1 +no T2( q2 )Qim+t.-n,.), 

Ut Ut Ut 

m m m-1 m m m-·1 
where ui = ui- ui 'Qi = qi- qi' i= 1,2. 
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1 m m-l m m m-1 m 
-L1;;.Q2 = -(Ll;;.-Ll;;._.) q2 -(V;;.U2V;;.u2+V;;. u2 V;;.U2)+ 
f!2 Ut Ut Ut Ut Ut Ut Ut 

m-1 m-1 m-1 m-1 

-(V;;. u2 V;;. u2 -V;;._t u2 V;._t u2)+V;;. ·f2(X;.(e, t), t)-V;;._.f2(X;._.(e, t), t), 
Ut Ut Ut Ut Ut Ut Ut Ut 

(4.15) 
1 m m-1 m m-1 

-n;;. · V;.Q2 = -(ii;. · V;.-ii;._. · V;;._.) q2 -(U.n;.)r-( u. ·(ii;.-n;._.))r 
f!2 Ut Ut Ut Ut Ut Ut Us 1ft Ut 

m m-1 m m m-1 
+ [u2 ·(n;.)t- u2 . (n;;._)t]-u2. V;.(Utii,;+ Ut (ii;;-n;._.)) 

UJ Ut Ut Ut Ut Ut 

m m-1 m-1 m m m-1 m 
+ (u2. V;;.- Uz . V;._.) Ut n;._. + (U2u2 + Uz U2). V;.n;;. 

Ut Ut Ut Ut 

m-1m-1 

+ u2 Uz . (V;;;n;.-V;._.n;._.)+f2(X;;;(e, t), t)n;,-f2(X;;;_.(e, t}, t)n;;;_., 
Ut Ut Ut Ut Ut Ut Ut Ut 

1 _ m m-1 m m m-1 m 
- n;. · V;;;Q2 = - (n;;; • V;,-n;;;_. · V;;;_.) qz + (U2u2 + u2 U2) · V;,n;. 
f!2 Ut Ut Ut Ut Ut Ut Ut Ut 

m-1 m-1 

+ u2 Uz (V;.n;;;-V;;;_.n;;;_.)+n;. ·fz(X;;;(e, t), t)-n;,_tf2(X;;;_.(e, t), t). 
Ut Ut Ut Ut Ut Ut Ut Ut 

Finally from Eq. ( 4.4) we obtain 

m+1 m m-l 

(4.16) U2 (~, t) = ,2o(Y(X;.(e, t), t; O))-P2o( y (x;._t(e, t), t; o)) 
Ut Ut 

t 
1 f m m m-1 m-1 

+ - [-VmP2(y(X;.(e,t),t;s),s)+Vm-tP2 ( y (X;;;_t(e,t),t;s),s)]ds 
f!2 O Y Ut Y Ut 

t 

+ J [fz(;(X;.(e, t), t; s), s)-!2(my
1 

(X;;;_ 1(e, t), t; s), s)]ds. 
O Ut Ut 

m 
Moreover, Y(x, t; s) is a solution to the problem 

(4.17) 
d m m m m-l , m m 
ds Y(x, t; s) = V2(y(x, t; s)+V.Ym P2 (.Ym(x, t; s), s)Y(x, t; s), Y(x, t; t) = 0, 

where 

m m m-1 m m 
Y(x, t; s) = y(x, t; s)- y (x, t; s), V2(y(x, t: s), s) = P2(y(x, t; s), s) 

m-1 m m-l 

- P2 (y(x, t; s), s), Ym(x, t; s) E [y(x, t; s), y (x, t; s)], 

[(X, Pl is a segment between (X and p. 
At first we find an estimate for solutions to the problem (4.14). Using Theorem 2.2 

gives 

'm+1 m+1 m+l m m+1 

(4.18) a lii Utll l b,!.?~+ll Qtll2 , p,p,.a~ ~ <J?t(ll u.IIJ,v,v,.ai' llut !J,v,v,.ar){ll Ut!IJ,p,t.!.?~ 
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- ---- ----

m m 
(4.18) 
(cont.) 

• (llutll3,p,p,Jir + jjqtll2 ,P,P,Df +lift IlL~ (O,T; Lip1 (R3 ))) 

m m-l m+l 

+ IIQ2!b.p.p . .o; + 11 q2 ll2.p,p . .orll ul l12.p.l.!Jr}, 

where we made use of the fact that f 1 .x is Lipschitz continuous with respect to x(f1 E 

E Lip1 (R3)). From the relation (4.18) for sufficiently small T, one obtains 

m+l m+l m+l m m 

(4.19) alii Utlllb . .or +If Ql lb,P,P,.Of ~ 9' 2(11 Ut 113,p,p,.O~'"Ut I!J,p,p,Dr). IIQ21 il,P,P,.Q;. 

Assuming that / 2 ,x is Lipschitz continuous with respect to x(f2 E Lip1 (R3)), we obtain 
from Eq. (4.15) 

(4.20) 

where the function 9'3 depends also on T and ll/211Loo <o. T;Lipl<R3»· Moreover, a > 0. 
To estimate Eq. (4.16), we write it in the following form: 

t 

+ J [!2(;(X,;(~, t), t; s), s) -f2 (my
1 

{X;;(~, t), t; s ), s) ]ds, 
O Ut Ut 

where 
m m-l 

y,.(m) = y,.(X,;;(~, t), t; s), y,.(x, t; s) E [y(x, t; s), y (x, t; s)], 
Ut 

X,. E [X;(~, t), X,;;_l(~, t)], 
"' m 
y(m) = y(X,;(~, t), t; s), 

m m m-l 
Y(m) = y(m)- y (m), 

Ut Ut 

m-1 m-1 

Y~- 1 (m) E [ y (X,;(~, t), t; s), y (X;_ 1 (~, t), t; s)]. 
Ill Ut 

From Eq. (4.21) one has 

m+l 1 m m m 

(4.22) II U21l1 ,P,oo,.oT ~ c(K) (llv2oi12,P,.o2 + -llq2113,P,t . .or) (II Yilt ,P.~.nr +II Uti It ,P,t . .or) 
l (!2 

1 m m m 

+ - c(K)IIQ2112,p,l,Di + llf211Loo(O T;Lip1 (R3))(11YIIt,p,oo ,n; +II Utllt ,P,l ,n;) 
(h 

and from Eq. (4.17) one obtains 

(4.23) 
m m 

IIYIIt,p,oo,.o; ~ c(K)IIU21lt,p,t,D~· 
IS 
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m 
Finally, from Eqs. (4.18), (4.20), (4.22) and (4.23) it follows that the sequence {u1 , 

m m m a 
U2, q1 , q2 } converges for sufficiently small T and for sufficiently large- (a= min {e1 , v}) 

!?2 
to a limit { u1 , u2 , q1 , q2 } which is a solution of the problem (1.12), (1.20), (1.21). We pass 
to the limit easily because Eqs. (1.12) and (1.21) are satisfied classically. 

By the standard arguments we prove uniqueness for sufficiently small T and large !!_ . 
!?2 

Therefore we have proved 
THEOREM 4.1. Assume that v10 EW!- 21P(.Q1), 'V2oEW;(.Qt), ft, f2ELoo(O,T; 

W!(R3)), s E w~-l/P, r E w;-l/P, p > 3. Moreover, the following compatibility condi­
tions diVVio = 0, i = 1, 2, Vto · nols = V20 • nols and 'V20 · llolr = 0, Where fiols iS the OUt­
ward vector to !J1 and normal to S, n0 lr is the unit outward vector normal tor, hold. 

Then, for sufficiently small T and large __!!___, a = min {e1 , v} there exists a unique 
!?2 

solution of the problems (1.1), (1.2), (1.3) such that v1 E Lp(O, T; w:(.Q1))nL;r(O, T; 

w;(.Ql )), PtE Lp(O, T; w:(.Ql )), PtlsT E w;-lfp,lf2- 1'2P(ST), v2 E Loo(O, T; w;(.Q2)), 
P2 E Lp(O, T; w;(!J2,)), t ~ T. 
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