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Structural tensors for anisotropic solids
J. M. ZHANG (SHANGHAI) and J. RYCHLEWSKI (WARSZAWA)

A SIMPLER PROOF is given for Rychlewski’s theorem that clarifies the idea of extending a g-in-
variant function into a function which is invariant under a larger group. For an anisotropic
solid, the theorem ensures the possibility of transforming the problem of representation of
an anisotropic constitutive function into that of an isotropic function through some tensors
which characterize the symmetry group. The structural tensors for all 32 crystal groups are
presented. The structural tensors for all the orthogonal subgroups of non-crystal symmetries
are also investigated.

Podano prostszy dowod twierdzenia Rychlewskiego, wyjasniajacy ideg polegajaca na rozsze-
rzeniu funkcji g-niezmienniczej na funkcje niezmiennicza wzglgdem obszerniejszej grupy prze-
ksztalcen. W przypadku ciat anizotropowych twierdzenie to zapewnia mozliwo$é¢ przetransfor-
mowania problemu reprezentacji anizotropowej funkcji konstytutywnej na problem funkcji
izotropowej za pomoca pewnych tensorow charakteryzujacych grupe symetrii. Podano takie
tensory strukturalne dla wszystkich trzydziestu dwdch grup symetrii krysztaléw. Zbadano
réwniez problem tensorow strukturalnych w przypadku wszystkich ortogonalnych podgrup
symetrii niekrystalicznych.

IIpuBeneno Gonee MpOCTOE AOKA3ATENIBCTBO TeopeMbl PRIXIEBCKOro, BHISICHAIOMIEN HAEIO,
3aKJIOYAKIIYIOCA B PaclIMPDEHHHM g-WHBApHAaHTHOH (GYHKIIMH HA MHBapUAHTHYIO0 (YHKIDO
TI0 OTHOLIEHMIO K Ooniee oOLIMPHOH Ipymmbl npeobpasoBaHuii. B ciyuae aHu30TpomHBLIX Ten
oTa Teopema ofecrieunBaeT BOSMOYKHOCTh IIPeoOpa3oRaHusl 3aqaun PeICTABIICHHA AHA30TPOII-
Holi onpenessmomeil GYEKIMK B 3371a¥y H30TPONHOH (QPYHKUKMK IIPH IMOMOLIM HEKOTOPhIX TEH-
30POB, XapaKTEPHU3YIOIIMX IPYNNy CHMMETPHH. IIpuBeleHBI TakHe CTPYKTYPHBIE TEH30DBI
OJ1A BCEX TPHALIATH OBYX CPYIII CHMMETPHMH KpHCcTaJuloB. McciiemoBaHa TodKe 3afaya CTPYK-
TYPHBIX TEH30POB B CJIy4Yae BCEX OPTOrOHAJIBHBIX IOATPYIIN HEKPHCTAIUIMYECKUX CUMMETPHIA.

1. Introduction

REPRESENTATIONS of the constitutive functions of isotropic materials have been extensively
investigated. Thus, engineering materials often present mechanical anisotropy. The material
symmetries characterizing the anisotropy impose definite restrictions on the form of the
constitutive function of the material. Therefore, representations of anisotropic functions,
which specify all possible forms of the functions meeting the restrictions, are indispensable
in obtaining constitutive equations for anisotropic materials.

An approach presented by BoEHLER [1] was to work with the representation problem
of anisotropic functions using the well-known results for isotropic functions. Liu [2]
precised the idea and represented it in a theorem form which establishes a relation between
isotropic functions and anisotropic ones through some vectors and second order tensors
which characterize the symmetry groups. Only transverse isotropy, orthotropy and
some special crystal symmetries are considered because many subgroups of the ortho-
gonal transformation group of the three-dimensional Euclidean space cannot be char-
acterized only by vectors and second order tensor.
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If the tensors which characterize the symmetry groups, called structural tensors here,
are found, the representations of the constitutive functions with such symmetry groups
are transformed into representations of some isotropic constitutive functions. Therefore,
it must be very meaningful to find the structural tensors for all the subgroups of the
orthogonal group O(V). LoHIN and SEDOV [3] have obtained suitable results.

In the present study a simpler proof is given first for RYCHLEWSKI [4] theorem on in-
variant extensions of anisotropic functions. The theorem clarifies the idea of extending
a g-invariant function into a function which is invariant under a larger group. For an
anisotropic solid our theorem ensures the possibility of transforming the problem of repre-
sentation of an anisotropic constitutive function into that of an isotropic function through
some tensors which characterize the symmetry group. A detailed analysis of the struc-
tural tensor for the group D,, is given, and on this basis an exhaustive presentations of
the structural tensors for all orthogonal subgroups, both of crystal symmetry types and
of non-crystal symmetry types, are given.

2. General considerations for invariant extension

Let A be a set and g a group. The group operation will be denoted by («, f) — af.
We say that the group acts on the set A if for every A € A and every « € g there exists
a unique element A € A such that

1) for Vo, feg and VA A, (¢f) cA =ao(fA),

2) for the identity i of the group g and any an A € A, we have i 0 A = A,

where “o” represents the action approach of the group g on the set A.
An element A in A is said to be invariant under the group element o if

2.1 axoA =A.

All the group elements in g which satisfy Eq. (2.1) form a subgroup of g and is called the
symmetry group of element A.

Let F: A — B be a function and the group g acts on set A and set B simultaneously.
We distinguish the group action on the sets A and B through denoting them, respectively,
by (g, o) and (g, x). A function F: A — B is said to be invariant under group action
(g, o, x) if for every group element « € g and every A € A

22) F(A) = a~' xF(x = A),

where o~! is the inverse of a.
ExXAMPLE. L(V, n;) is the space of n;-th order tensors on the three-dimensional Eucli-
dean space V. Let F be a function

(2.3) F:L(V,n)x, ..., xL(V,np) - L(V, m).

The action of the orthogonal transformation group O(V) on the product space is de-
fined as follows:

2.4 QA =(Q=+A;,Q=*A,,...,QxA)),
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where A = (A}, A,, ..., A,;), A;eL(V,n;) and Qx is a linear operator defined by the
equation

(2.5) Q+(V,®V,® ... ®Vp) = Qv; QY ® ... ®Qyv,
where v; are vectors in space V.
It is easy to check that (O(V), o) defined by Eq. (2.4) is a group action indeed. Thus

the symmetry group of the function F consists of all the orthogonal transformations
satisfying the following equation:

(2.6) F(A;, ..., A;) = QTxF(Q=A,, ..., QxA)).

In continuum mechanics we call all the orthogonal transformations satisfying the
above equation the symmetry group of the material the constitutive function F describes.

Let ¢ be a group acting on set A, B and C simultaneously and let g be its subgroup.
Assume that S is such an element in set C that g is its symmetry group, i.e.,

2.7 g = {xe%ae@®S = S},

where ““©” denotes the action of ¥ on set C. Let M = {«(®S|x € 4 }. Now we can pre-
sent the main theorem as follows:
THEOREM 2.1 (RYCHLEWSKI [4]). A function F: A — B is invariant under group action

(g, 0, x) iff there exists a function F: AxM — B such that
(2.8) F(A) = F(A,S), VAeA
and for every « € 4 and every A € A

(2.9) a1 xF(x o A, x®S) = F(A, S)

i.e., F is invariant under group 4.
Proof. Necessity. Define

(2.10) FAA,T) = ' x F(x o A),

where @ € ¢ is such that «®T = S. The function F is well-defined. Tn fact, if there exists
another element «' such that «' o T = S, then

(2.11) (Fa")OS =8, ie, odaleg
and

(212)  a7'xFaxoA) = atx (e ) x F((a'a"") o (o 0 A)) = '~ xF(a' o A).

We can show that F defined by Eq. (2.10) is invariant under ¥. For every a €%, let
(') T = S, then

(2.13) o tx ,E(a cA,a@T) = a~1x F(ac"l x(a' o (o A)))

= (a’a)"’F((a'a) o A) = ﬁ(A, T)
Sufficiency. For every a eg, A € A
(214) o 'xF(xoA) = a ' xF(x oA, S) = a~! xF(x ¢ A, x©S) = F(A, S) = F(A).

Hence F is invariant under group g. QED.
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For solid materials, the constitutive equation takes the form (2.3). When an undis-
torted reference frame is taken, the function F is invariant under some orthogonal sub-
group. Therefore, if there exists a series of tensors such that the series is symmetric under
the orthogonal subgroup, then the mechanical behaviour described by the anisotropic
function F can be described by some isotropic function:

(2.15) F': L(V,n)x ... xL(V,n,)xM = L(V, m)).

Thus it is very meaningful to find the tensors S that characterize the symmetry groups
of solid materials.

3. Basic properties of structural tensors

Now we restrict ourselves to an investigation of the structural tensors for various
anisotropic solids whose symmetry groups, by definition, are subgroups of the orthogo-
nal group O(V) provided suitable reference fremeworks are taken. Therefore all the groups
we will discuss here are supposed to be orthogonal subgroups. There are so many ortho-
gonal subgroups to be considered that it will be of great benefit to investigate the basic
properties of the structural tensors for different subgroups first. The general result we
obtain in this section shows that we need only to find the structural tensors for several
typical orthogonal subgroups in order to gain a clear idea of the structural tensors for
all orthogonal subgroups.

Let S be a vector, a tensor of arbitrary order or a tensor series. S is called a structural
tensor series for the orthogonal subgroup g if its symmetry group is g, i.e.,

@3.1) g =T(S) = {QeOV)QsS = S},

where, when S = (s,, ..., s,) is a tensor series, it is meant by QxS = S that Qxs; =s;,
i=1,..,p.

THEOREM 3.1. Let S, and S, be two structural tensor series for group g, and g, , respect-
ively. Then {Sl ,S2} is a structural tensor series for the subgroup g,0g,.

The proof of this theorem is quite obvious because for any element Q € O(V), Qx{S;,
S,} = {S;,S,} if both Q+S, =S, and Q«S, = S,.

Let S = {s,, ..., s,} be a structural tensor series for some group g, where s,, ..., s,
are n tensors of arbitrary orders. We say that S is a non-superfluous structural tensor

series for the group if no one among the series 51, ..., S, possesses the symmetry group g,
where the series S; is defined by

(3.2) Si = {8y, .. Si1)Sis1s -oerSn )

It can be easily seen that any orthogonal group is uniquely determined by one of its
structural tensor series. It is enough for representing the constitutive function of a solid
with such symmetries to find only one structural tensor series for the symmetry group
of the solid. Of course, non-superfluous ones are best for such a purpose because in such
cases the extended isotropic functions have fewer arguments.
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4. Structural tensors for crystals

The orthogonal group O(V) has 32 subgroups which correspond to 32 different crystal
classes. It can be shown that all space lattices will be characterized by one of the seven
typical groups, namely, C;, Csx, Day, Dyn, D3a, Dgyp and O, (For the meanings of these
Schonflies notations for point groups the readers are referred to [5] or any advanced
text-books on crystallography). These seven groups are called the holohedral groups
and it is easily seen that the 32 point groups are subgroups of these 7 holohedral groups.
According to Theorem 3.1, the main problem to be solved is to find the non-superfluous
structural tensors for several typical subgroups.

Let us discuss the structural tensors for the subgroup D,, first.

Assume that the rotation axis of the group D, is e;. The following n vectors are on the
plane 2 perpendicular to the axis e;.

4.1) a, = e cos(ky)+e,sintky), k=1,...,n, y= -

Obviously, for any integer m, the tensor

4.2) T, m) = 3 @)= D @® ... ®a)
=1 k=1

is invariant under the group D,;.
Taking into consideration the formulae

cosx = %(e"‘+e“”‘),
(4.3)

_ _li (eix_e-l'x)

sinx
(where i is the pure imaginary number unit), we can rewrite Eq. (4.1) into the form

| | )
(4.4) B = (e, —ie;) e + —i—(el +ie,)e ",

Substituting Eq. (4.4) into Eq. (4.2), we get another form of the tensor T(n, m) as
follows:

45 Tn,m) = Z(k ik, e ki
k=1

n

= Z n(kr;iekmvi + [kl;@kgl-P] e—k(m—lp)‘)’i +ky;e-;‘myi),

k=1
where
1 ’
k, = '2‘(91—192),
(4.6)

1 .
kz == 5(e1 +132)



272 J. M. ZHANG AND J. RYCHLEWSKI

and [k ®k%?] denotes the sum of all the possible permutations of the tensor k;® ...

... Qk; Rk, ® ... ®K,.
After taking into consideration the formula

" mkmezemi _ €71 _ [0, if  m—2p # N,
=1 e~ ] n if m-2p=Nn,
where N is an arbitrary integer, we will get the following important conclusions:
(4.8) T(m,m) =0 n>m, modd,
moom
(4.9) T(n, m) = n[k}@k%] n>m, m even,
(4.10) T(n, m) = n(ki+k53) n=m, n odd,
4.11) T(n, m) = n( T+ki+ 7; T(2n, n)) n=m, neven.

Equations (4.10) and (4.11) simply imply that the real part of k] is invariant under
D,,, because k3 is conjugate to k3. On the other hand, because the tensor T, p, n > m,
keeps unchanged under any rotation about axis e;, T, » is transversely isotropic. That
is to say, all tensors T, ,, m < n, can not be structural tensor for the group D;.

The following expressions are very useful for later investigation:

i 1
Im(kj) = - (k3 —ki) = - (Naki +N3kf) = N3T,a,
2 2

4.12)
ki = Tn,n+iN3Tn,n: k; = Tn.n_iNSTn,n-
THEOREM 4.1. The symmetry group of the tensor T(n, n) is exactly equal to the group
Dy,
Proof. Let us rotate the plane 2 about the axis e; by an angle «. Then the vector
a, will be rotated to the position

(4-13) a; = kl e(k?+¢)i+kze—(k?+a)i_

Therefore the tensor T(n, n) is changed into
n
@14) T@,n = @)
k=1
n(kie™i+k3e ") if nis odd,

= . ) 1 5
n(k'ie"“'-i—k;e‘"“‘-i-ﬂT(Zn, n) if n is even.

For both cases of odd »n and of even n, the invariance requirement T'(n, n) = T(n, n)
will lead to the equation for angle « as follows:

(4.15) er™ = |

which has solutions

2 3 Bo=1m

g srry T 9 sene

(4.16) x=0, +
n n
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On the other hand, the other symmetry rotation axes of T(n, n) which are different from
e,, if any, can be only two-fold and the axes must be on the plane #. Taking into account
the fact that T(n, n) is also invariant under reflection of plane 2, we have the conclusion
that T(n, n) is a structural tensor series for group D,,. QED.

We can further prove that the tensor T(n, m) is invariant under any rotation defined
by Eq. (4.13) if m < a, that is, T(n, m) is invariant under group Dy,.

It is derived from Eq. (4.14) that if n is odd, the tensor T(n, n) changes its sign when

“4.17) ne= tlxm, +3xm, ..., £t k-1 xm, ...

Therefore T(n, n)®e; is invariant under D,4. If n is even, the difference between the
tensor T'(n,n) and 1/2T'(2n, n) also changes its sign when « satisfies Eq. (4.17). Thus
S(n,n)®e; = (T(n, n)—1/2T(2n, n)) e, is invariant under D,,.

Table 1. Basic tensors and their invariant transformations

No Basic tensors Invariant transformation
1 €3 Co
2 e;®e; - De, I, o
3 e;Re;Re; Sa
4 E SO(Y) 7

5 N; = e;®e,—e,®¢, Cw, I, on

6 T(n, n) Dy, Dun, S, On

7 | o o -
8 T, - Ts, Sa

9 Tw - a Ty, Se ]

Table 1 provides the basic tensors and the transformations under the action of which
the basic tensors are invariant. This table may be used to construct the structural tensors
for all point groups. In Table 1, o, is the reflection in the plane 2 and I the inversion,
SO(V) is the proper orthogonal group and

(4.18) E =¢e,;®@e,Qe;—e,@e,Q¢e;+e,8e;Q¢, —e;Q¢e,Qe,
+e;Qe,®e; —e, @e;®e,,
(4.19) O, = e;®e,Re;Re, +e,Re,Re,Re, +e;Qe;Res e,
(4.20) T, = e Qe ®e,Re, +e,Re,Qe;Re;+e;Qe;Re, e,
(4.21) T, =e Qe,Re;+e,Qe,Qe;+e,®e; X De, +e;Qe,Re,
+e;®0e;,®e; +e,Re;Qe,.



Table 2. Structural tensors for 32 point groups

Crystal system No S:é‘;?iﬂ;s: Structural sets
Triclinic 1 C, €, €, €
2 C N;, N2, N;
| 3 C; €, €, e;Qe; i
Monoclinic 4 o C, R T(2,2), e;, E
5 Can T(2,2), N3, e;®e;
% Cw | T2 e
Orthorhombic 7 D, T(2,2), E,e;®e;
8 Do T2, 2), &;Q@e;
- 9 Cs T(4,4), €5, E
10 5 | e®e®e, N
11 Can T(4,4), N,
Tetragonal 12 Ca T4, 4), es
13 D24 Ty, e;@e; R
14 Dy T4, 4), E
15 Dip T4, 4)
16 C; TG,3), e, E
17 Cu TG, 3)Res, Ns_
Rhombohedral 18 Cs T(3,3), e; o
19 Ds T(3,3), E -
20 D3, 7'1:7(‘37,73)®e37 .
| a Can 13, 3), N
2 | G T6,6), &5, E |
23 o Cen | 16, 6), Ni
2 Dy X
Hexagonal 25 Ceov mT(G, 6), e
26 . W‘z)a T(6, 6), E »
7 27 7 ;6: N T(6, 6) o
28 T - T, E o
» | ©n | N B
Cubic 30_A 77774 L AT., -
31 o O, E 7 -
32 ) O O, -

[274]
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By analyzing carefully the relationship of all the 32 point groups with those invariant
groups determined by the basic tensors presented in the above table, we will get the struc-
tural tensors for all 32 point groups as presented in Table 2. In the table the tensors N,
and N, are defined by

(4.22) N, = e;Qe;—€;®e,, N, =e¢;®e;—e;@e,.

It is worthwhile pointing out that LoHIN and SEDoV [3] found the structural tensors
for all 32 point groups in 1963. Our presentations are equivalent to Lohin and Sedov’s
in as far as they determine the same groups. But, basing on the analysis for the symmetry
properties of the tensor T(n, n), we have struck out the tensor e;®e; from the structural
tensor series and replaced Lohin and Sedov’s D,;, by our tensor T(n, n), which makes
our presentation remain non-superfluous.

5. Structural tensors for non-crystal solids

There are infinite orthogonal subgroups of the non-crystal type. Fortunately, it is
possible for us to present the structural tensors for all non-crystal solids according to
some general formulae. All orthogonal subgroups of the non-crystal type can be classi-
fied into four classes: isotropic, transversely isotropic, icosahedral and non-crystal dihe-
drals. By isotropic we mean either isotropic or hemitropic. Transverse isotropy is char-
acterized by a preferred direction e;. Its symmetry groups can be classified into the
following five classes: Co, Cwop, Cowon, Do and Dyy. The icosahedral group Y, presents
the complete symmetry group of a regular icosahedron. It contains the proper subgroup
Y. We classify all non-crystal dihedral groups into the same class which contains the
subgroups C,, Cui, Cuoy Sans Duw, Dyg and Dy, In Table 3 we present the structural ten-
sors for all these groups. The proofs of most of them are almost obvious from Table 1
and Theorem 3.1. Here we pay little attention to the analysis of the structural tensor Y,.

The icosahedral group is the complete symmetry of a regular icosahedron whose all
possible symmetry axes are: 6 fivefold axes through pairs of opposite vertices, 10
threefold axes through the midpoints of opposite faces, and 15 twofold axes through
the midpoints of opposite edges. The 6 fivefold axes are as follows:

a, =e3,
5.1
Gl a, = e;cosp + (e, coské+e,sinké)sing, k=2,...6,
where
2n 1 2
E= " cosp =- -, sing = .
5 ¢ Vs ¢ Vs

Obviously the following tensor of rank six is invariant under the icosahedral group Y.

6

(52) Y, = Z (ak®ak®ak®ak®ak®ak)

k=1
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(5.2) = P06+ el [el®ed) + Sed + el @es]

[cont.]
—[ei®ei®e;]+ [e, ®ei®e;]+3[ef@ed] + [l @e3@ed] —

+3[e3®ei] + [ei®e3] + [e3@e3]+ 1365}

Table 3. Structural tensor for non-crystal solids

Class No Schox_ﬂles Structural tensors
notations
1 isotropic I=¢e¢,®e +e:Qe;+e;Qe;
Isotropic R
2 hemitropic LE
3 Co e;, E
4 Cuwo e;
Transversely 5 Coon e;®e;, N,
Tsotropic - -
6 Dm e3®e3a E
7 Dyn e;®e;
8 Y Yy, E
Icosahedral
9 Y Ya
10 €y T(n, n), E, e;
i
11 Con T(n, n), N3
12 Ceo T(n, n), es
13 D, T(n,n), E ;
Non-crystal dihedrals ==
14 SZH T(", n)®e3 ) N:& i
15 Dipa(n 0dd) T(n, n)®e;,
-
16 Dpa(n even) S(n, n)®e;
17 Dy T(n, n)

Tedious but trivial calculation will show that Y, indeed is the structural tensor for
group Y.
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6. Concluding remarks

It is possible to transform the problems of representations of the constitutive func-
tions of anisotropic solids into those of isotropic functions according to our present
research. However, up to now, almost all the results about representations of isotropic
functions are confined to functions of vectors and second order tensors [6, 7]. Relatively
little is known about the representations of isotropic functions whose arguments contain

tensors of a rank higher than two, see ([8, 9] and [10]). It is necessary to investigate repre-
sentations of such functions.
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