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Steady linearised aerodynamics
III. Transonic

D. HOMENTCOVSCHI (BUCHAREST)

IN THIS PAPER we discuss the application of the integral equation method to the study of steady
transonic flow of inviscid fluid past an aerofoil. For the three-dimensional nonplanar aerofoil
the solution of the problem is reduced to that of system of two singular nonlinear integral equa-
tions. In the plane case we succeded in obtaining an integral equation whose kernel is expressed
in terms of elementary functions only.

Przedyskutowano zastosowanie metody rownan catkowych do analizy ustalonych przeplywow
okotodzwigkowych plynéw nielepkich wokot plata. W przypadku plata tréjwymiarowego za-
gadnienie sprowadza si¢ do uktadu dwdch nieliniowych rownan catkowych osobliwych. W przy-
padku ptaskim uzyskuje si¢ rOwnanie catkowe z jadrem wyrazonym przez funkcje elementarne.

OO6cy)/IeHO NMPHUMEHEeHHe METOJa HHTerpalbHLIX YPAaBHEHWil JUIS aHAIH3a YCTAaHOBHBIIHXCHA
OKOJIO3BYKOBBIX TeUeHHH HeBA3KHX KUIKOCTeH BOKPYT KpbUia. B ciydae TpexmepHOTo KpbLia
3aJjava CBOJIMUTCA K CHCTEME IBYX HENMMHEHHBIX 0COOBIX MHTEIPAJBHBIX YpaBHeHHil. B muockom
clIyyae IMOJIYYaeTCA WHTErPANIBHOE YPaBHEHME C SIPOM, BBIDXKEHHBIM Yepe3 3JIEMEHTapHBbIC
byHKUIHH.

1. Introduction

THIS WORK continues the papers [1, 2] concerning the linearised motion of compressible
fluid past thin aerofoils. While in papers [1] and [2] we considered the subsonic-supersonic
regimes, the regime investigated here is the transonic one. A common feature of all these
papers is the fact that they are based on fluid motion equations (and the corresponding
jump conditions) only, without any supplementary hypothesis concerning the discontin-
uity surfaces inside the flow.

Thus, our analysis avoids the consideration of the sources and vortices on the body
surface and on the vortex sheet (free vortices) behind the airfoil, as in other lifting line
or lifting surface theories (e.g. [3]), and we do not need the replacement of the body sur-
face by a continuous distribution of momentum as assumed in [4] either. This is important
since it proves that it is of no use to look for other “models” to describe the motion of
inviscid fluids in the limits of the small perturbation theories. Some terms in the obtained
representation formulae can be associated with contribution of sources and vortices on
the body surface and of a vortex sheet behind the body, but this is a consequence (therefore
an aposteriori result) of the theory and not a hypothesis in developing it.

In all cases we succeeded in obtaining integral equations for determining the main
parameter of interest — the local lift on the aerofoil. In the supersonic regime, for a large
class of thin bodies this equation can be analytically solved; in the other cases the corre-
sponding integral equations are integrated numerically or asymptotically.
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The approach used herein is somewhat different from those considered in the previous
papers [1] and [2]. So, unlike the line of attack of the papers mentioned, based on the form
of distributions of the flow equations, here the direct use of the Fourier transforms proved
to be sufficient for developing the complete theory. Theoretically the form of distributions
of the flow equations is more general, they being valid for general nonlinear equations;
from the practical point of view to solve these equations one must very often linearise them
first. The fact that we left aside the form of distributions of the flow equations consider-
ably simplyfyies the tratement. Now, the main mathematical apparatus used is that of
integral transorms, in fact a “generalized operational calculus”. By means of this calculus
we obtain the integral representation of the solution and, further on, the integral equations
of the problem.

The geometry of the aerofoil considered in this work is more general than that studied
in previous papers; we consider here the case of nonplanar thin aerofoils at a small inci-
dence angle. From the very begining the analysis of the problem puts into evidence the
parameter of aerodynamic interest /(x, ) (the local lift on the aerofoil). The usual mathe-
matical tool, the Fourier transforms, enables us to obtain an integral representation of the
velocity field in terms of local lift, of the aerofoil geometry and of the velocity compo-
nent v, along the undisturbed velocity direction. This representation holds at any point
of the space including, possibly, vortex sheets and shock surfaces within the flow. By impo-
sing the boundary condition that the fluid slides the airofoil, we obtain an integral relation
over the lifting surface which involves the functions /(x, y, z) and v,(x, y, z). By adding
to this integral relation the expression of the component v, resulting in the above-mention-
ed representation, a system of two integral equations (one at the lifting surface and the
other in the whole space) is derived for determining the motion. The integral equations
are singular and both of them contain nonlinear terms.

We note that a complete formulation of the problem includes the system of integral
equations discussed above. The use of a single integral relation considered by some authors
in the planar case is incomplete, and the numerical results obtained in this way depend
directly on the type of approximation introduced for the nonlinear term. In the case of
planar symmetrical aerofoil the first integral equation is identically satisfied and the other
relation is just the Oswatitsch’s integral equation.

In Sect. 4 we consider the case of plane flow. We obtain an integral representation for
the complex velocity w = v, —iv, and solution of the problem is reduced to the solution
of an integral equation for the velocity component v,(x, z). The integral equation is still
singular and nonlinear but its kernel is expressed in terms of elementary functions only.
Thus, we were successful in incorporating more analytic steps into the theory in the prob-
lem of interest.

For easier reading of the paper Appendices A, B, C are included containing some
formulae concerning singular integrals occurring in the paper and also some laborious
calculations.
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2. Basic equations

We consider the steady motion of an inviscid fluid past a thin aerofoil S. The body
is supposed to be nearly contained in a cylindrical surface S, with fairly arbitrary cross-
section. Let the origin of coordinates 0 be a point on S, and let the x-axis be parallel to
the generatrices of S,. We write Sy(y, z) = 0 for the equation of the cylindrical surface
and S, (x, y, z, ¢) = 0 for the equations of the upper and lower sides of the aerofoil sur-
faces. Here ¢ stands for a small parameter characterising the thinness of the body. We
denote by n, the unit vector of the normal to the surface S, and by n — the unit vector
of the normal to the surfaces S, directed as in Fig. 1.

Selryz,e)=0 O

FiG. 1.

The far flow is characterised by density g, pressure p,, and velocity V. We suppose
that the incidence angle is small (V- n, = O(¢)).
The equations characterising the fluid motion are

2.1 div(pV) = 0,
(2.2) o(Vgrad)V+grad P = 0,
(2.3) o= {1-0.5(y—)ML(V*—1}1,

Also, on a discontinuity surface X inside the flow, to the above mentioned system of
equations the jump conditions of Rankine-Hugoniot

(2.4) [eVa] =0,
(2.5) oV,[V]I+[Pln=0 on ¥

must be added. Here [a] stands for the jump of the quantity @ across the surface X.
Relation (2.3) is the Bernoulli’s equation where the hypothesis of the isentropic flow
was included. In the case of transonic flow we shall write this relation in the form

(26) 0 =1-05Mi(F*=1)+0.125 M*(2—y) (V2= 1)+ O(ME(V2 —1)*).

Here we used dimensionless variables by choosing the following characteristic quantities:
L for space variables, p,, for density, V, = |V,| for velocity, o, V2 for pressure.
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It is assumed that the presence of the body induces small perturbations into the basic
quantities. Let us denote by small letters the perturbations. Correspondingly, the linearised
form of the system (2.1)-(2.3) will be

ov, dv, 0dv,

M2 _ a2 _ 2 _
2.7 {1-M2-M2(3+(y—2) M2)v,} By T 2 g 0,
ov
Now, we introduce the reduced quantities [5]
x=% fy=3 p=%
p - [ B - £ .
Uy = —= Uy, Uy = —<—U,, U, =729, = —=—PD,
i y y % p i 14

where % = 1—M? and k = M?- (3+(y—2)M?) is a transonic parameter.
Denoting again by x, y, z, v,,v,, ., p the new variables we obtain the system of equations

. 1 o2
(2.9) divv— 7 iax“ = 0,
(2.10) O _eradp =0,

ox

The system (2.9)-(2.10) will be used at regular points inside the flow domain; on a
discontinuity surface 2 we add the linearised form of the jump conditions (2.4), (2.5)

1
2
(2.12) [Vlny+[pln =0 onZ.

(211) ["vi]nx— [‘Z),,] = 0’

To solve the above system we need appropriate boundary conditions. Thus all per-
turbations must vanish far upstream. On the other hand, the fluid velocity must be tangent
to the wing surface. The linearized form of this condition is
(2.13) Ven, = —up-np¥ni on(l§,

where u, is the unit vector along the undisturbed velocity direction; n* = ny+nfi+ 0(e?),

n~ = —ng+n; i+ 0(e?) refer to the upper and lower side of the aerofoil surface, respec-
tively.

3. Transonic integral equations for nonplanar aerofoils

To solve the system (2.9)—(2.12) we apply the Fourier transform with respect to all
space variables. We assume all dependent variables extended by zero values inside the
body. Let

bulks, ay k3) = Flod = [ [ [ 0.x, 3, exp{—ilky x+kay + ks 2) Jdxdyds,
Ay _— .9"[2),,], ‘;"z . g[vz]s ﬁ = ﬁ[p]
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be the corresponding Fourier transforms. We have [6]:

F [gradp] = ik-ﬁ—ff [p]ne“"k"‘da—ffpne‘“‘"‘dcr,
z s

F[divV] = ik- V= [ [ [V]- ne-%xdo— [ [ V- ne-ikxdg,
= s

where k = kji+k,j+k:k, x = xi+yj+zk.
The Fourier transform of the system (2.9) and (2.10) will be

k- 9=0.5ik 2% = [ [ ([2]~0.5[03n)e-**do+ [ [ me=xda,
P So

3.D
ik, V+ikp = ff([v]nx+[p]n)e—ik.xd0-+fflnoe—ak-xdo.,
z So
where
m = —(ni+n5)
is a known quantity and
I =p*—p-

remains to be determined. In fact this is the main aerodynamic term of interest in solving
this problem. The integrals over the discontinuity surface X' vanish due to jump conditions
(2.11) and (2.12).

The solution of the system (3.1) can be written in the form

(3.2) V=AT,
where
V7 = [0y, Dy, 02, D),

T? = [0, ff Ing, e~ xdg, lf Ing,e~®>*dg, 0.5ik, F [v2]+ ff me kxdg
S0 So 5o

and A is the matrix

Lk ik ks ik
ik, k? k2 k? k?
izﬂ B 1_ s (lkz)z lk;_ * lkg. __’ki
k2 fk1 ikl - k2 ikl k2 k2
Lk{ iky " iks __1__+ (ik3)? _ﬁ
k2 ik1 * kl lkl ikl * k2 k2
ik ik, iks ik,
CTE e E R

To determine the inverse Fourier transforms of the above relations we use the formula

)

1 1
33 -l = - -
( ) [lkl % kz ] 47I lnlx rl,
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where r? = x2 4 y2?+z2, This formula takes into account the vanishing of all perturbations

far upstream.
Outside the surface S, we have

34 vix,py 2= grad{ ffl nl ~In|x—x"—R|do’

e E”"—lfffz"'"’ﬁl ;
4nﬂzz“"’ 8 ) J ) OOV DG R )Y

p(x’ Vs Z) = '—Ux(x! Vs 2).
We have denoted
R=VE—xVY+0—-y12+@E-2) [1=Ix,y,7), do' =dxdyd? etc.
Formula (3.4) is just the representation relation looked for. If the last term in it is
neglected, this formula may also be used to develop a nonplanar wing theory in subsonic
flow. Here it will be used to obtain the system of integral equations to study transonic
flow over aerofoils.

To obtain the integral equation for determining the function /(x, y, z) we shall impose
boundary condition (2.13). We get

’ X—X (y y )nO)’+(Z 4 )n0=
G — 4,,ff’(‘+ ) G-y rGe=z)p O*

e o e

= —uy-moFn¥ for (x,,2)eS§.

NS

Since the integral equation contains an unknown function @2 we have to consider also
the first relation (3.4) in the form

! e (1) 1 8 (1
3.6)  v.(x,y, =__ff1___) ,___J‘f '_(__) ,
(B.6) v.(x,y 2 an ) an(,)(Rfia i) ' Rda
2 - [ [[ ey 260=x)P = Q=yP-(=7) ,
+lv‘(x’y9z) _8; o vx(x,) AZ)" SEEIIS R5

In relations (3.5) and (3.6) symbol f f f * denotes a regularization of the corresponding
integral discussed in Appendix A. When the finite part of the integral is defined by elimi-
nating a small sphere from the domain of definition we have 4 = 1/6, in case of the Os-
watitsch’s definition of the principal value of the integral we have to put 4 = 1/2.

The two relations (3.5) and (3.6) form a system of two nonlinear singular integral
equations for determining the functions /(x, y, z) and v.(x, y, z).

We can eliminate the terms containing the function m(x, y, z) in (3.5), (3.6) by means
of Prandtl’s linearised solution T(x, ¥, 2), Ux(x,y,z). These quantities satisfy relations
(3.5), (3.6) where v2 is formally assumed to be zero.
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, r—y)noy+(z—2")ng,
(3-5) '“Fo 4::” (” ) el L

| ¢ |
- )" (R)“’“'= —uomeFni for (yx2) on S§
7 .SO. 0

l _ 3 l - -‘7 C’f ] ;o 1 ff ¥ a 7& ’
(3.6) t).x(xv _]',Z) = 4:_{7 ‘iJ ! Fn—g—(}i)da z; % mn 73;(R)d0‘ '

By subtracting relation (3.5’) and (3.6") from (3.5) and (3.6), respectively, we get

d ; x=x"\ (y=y)no,+(@z—-zYno, ,,
6N -3 ”“‘”( ) e i e

fff (x }’ = (x x){(y y)Rnf?y_i'(z z)"Oz}d - 0, (x y,Z)ESO,

. g e B e M,l i I_~f—_a__1 ’ 2 )
(3'8) z.\'(xv s ") = 'Lx()" s Z) 4}} f (1 1) 6n6 (k‘)do’ +va(x> s “)

~ 8 ij vi(x, ), z Z(x ol i (};yl)2“(2~21)2 @', (x,y,z)e R

This system of two integral equations may be solved by the method of succesive approxi-
mations, Prandtl’s linearized solution being assumed as the zero’th approximation.
The relation (3.8) over S, also gives

(B9 vilnr2) =805 DF 4 U022 D)

ff( -I)a ( )da+?~vx(x),,z)

_ 8]1 rffvi(x” ¥, 2) 2(x—x") "'(}’I;s.l’) —(z—2") &, (e 2)e S

In the case of planar aerofoil (S, = {z = 0}) the above relations are somewhat simply-
fying. Thus the integral containing m in Eq. (3.5) disapears as well as the integral con-

taining /—/ in Eq. (3.9).
In this case we have

(y—=y)no,+(z—z")ne, ,
3"0 ff (+_ ) T
L r x—x'
" am 1 dx'dy’ =0,
4z ff (y—y’)z( i 1/(x—x’)2+(y—y’)2) ey iR

ff ong ( ) T T 4m ff {(x— x)z+lif(~’;liy}'},)2+22}3/2 , z#0.
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4, The plane flow

For the plane flow relations (2.9) become

“.1) x tox =

dv, adp
ax "oz

Likewise the boundary conditions will be
“4.2) v,(x, £0) = —up, Fni(x) for xe(-1,1).

By taking the Fourier transform with respect to both space variables the system (4.1)
becomes

iky O+ ik, = - ‘Ikl‘vx-l- f{['v,n,-i-'vznz] — [0 ]’1::} e—ik-xs
43 + f('vxnx+vznz—O.Sﬂﬁn,)e‘“‘"‘ds,
€

ik 0.+ iksp = f{[vz]nx+[p]n,}e“k'xds+ f(v,n,-kpn,)e‘”“ds,
r F

Here k- x = k,x+k,z, I'is a discontinuity line within the fluid and C is the profile curve.
Due to jump conditions (2.11) and (2.12) the integrals on /’ vanish and by using also the
linearised boundary conditions we get
1
ik, Os+ k30, = 0.5 ik, 02+ f m(x')e~ *iXdx’,
-1

(4.4) 1

ik 0, — k30 = f I(x") e~ ikw'dx’,
21
Hence
1
&K 1 ik, A 1 f . T
45 — - —_— yzﬁ.__._.._ g ! o~ ik x .
(4.5) Ox—iv, = - e+ i) Ux KTk, ) {1(x")+im(x') }e dx

To determine the inverse Fourier transform of this relation we use the formula

1) i
4.6 F N — =,
() { ky+iks |~ 2n(x+iz)
By considering the complex variables { = x+ iz, {’ = x’+iz’, the inverse Fourier transform
of relation (4.5) becomes

1
) 1 XN +im(x) |, f <b’,;()c ) Vot
4.7 - = e/
@30 Ve =5 1 —x' dx+4n ox J s
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where ' = x'+iz’. The last term in this relation can be written alternatively as

L[S 0 a0 L[

at every point where the function v2(x, z) is continuous; here A = 1 if the principal val-
ue of the integral is obtained by removing the singularity by a small circle, and A = 2
if we use the Oswatitsch’s definition of the principal value. The representation formula
(4.7) is somehow similar to the formula given in [8].

On the segment (—1,1) of the real axis we have

(4.8) o.(x, +0)—iv.(x, £0) = F i"l(x)-i—t’m(x)}

fl(x)-l—zm(x)d +_n_ff 'Ux;x ;) g

The boundary conditions (4.2) give

1
1 I(x'
4.9) ;_‘[ x(_ig, dx' = —2up,—(n (x)—nx (x))

ff z'dx'dz’
27: ox (x —x)4z%

Let us suppose, for the moment, the r.h.s. of relation (4.9) as being known. Then, the
solution of the integral equation (4.9) is

4.10)  I(x) = ]/1+x f]/-l—t’— {2uo,+n:(t) nx (t)

1.d ‘“ f 2, ) Z'dx'dz’ dt
n?”az X 2 (t=x)+z?) x—t

The Kutta—Joukowsky condition was mutually included during the inversion of equation
(4.9).

The real part of relations (4.7), (4.8) and (4.10) give up to some sign changes the Ni-
xon’s integral relations for lifting profile in transonic flow [9].

Let us substitute /(x) given by relation (4.10) in formula (4.7). We get

@.11) wx—f«uz:zi J ?(xx)d +~—Jf v3(x, téxldg,

1
1 -1 (. /1+4t( 1 ’dx’dz )
20 £+1 _-! ]/l—t (2:'5 dt ff =, 7 —1)2+2?

dt l L+t 2ug,+nt()—nz(2)
=t t C+I j l/ t—¢ "
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It is next possible to perform analytically the integration in the last term of relation
(4.11). The details of calculation are given in Appendix C. We obtain

1 1
1 = 1
@12) v, io, [ ) s % f]/ 13 2up, 1} (tz n()
-1 s
v,(;c z)_ 1 202" 5 dx’d‘
+4 ff{vx(x, V+oi(x, —z')} 7
+'§E J {oi(x', ) =0k, —2)} K(, ) dx'dz,
where
N /=1 STHT 1 I
@13 Haid= l/ £+1 &1 {(:'2—1)(5-:') @=o2r

The real part of relation (4.12) gives the integral equation of the lifting profile problem
in transonic flow [10]

o fm(t)!ft+ - dl+4—m‘ fl/ lirt {uo+nk(t)—nz(t)}

|/£_1__1;_]/E1‘d,” wi(x, )
SIS C+1 ¢ 4
1
_ v2(x, 2)+oi(x', -z )}{ e s }d 'ds!
]61 ¢[‘f{ Xig (C C)z (C C')z X dz

+ Ts;‘ [ f {02(x'z)—0d(x’, =)} {K(, &) +K(C, {)}dx'dz,
R2

(4 14) ‘vx(xs 2) =

where
(= x+iz, U =x"+iz", mt)=v,(x, +0)—v.(x, —-0),
2ug, +nt—ng = —(@(x,+0)+v.(x—-0)).

This integral equation holds at every point of the plane including, possibly, the dis-
continuity surface (shocks) inside the flow.

For the symmetrical profile and zero incidence angle we have v,(x+0) = v.(x—0)
and the integral equation (4.14) reduces to the Oswatisch’s integral equation [11, 12].

To obtain the lift on the profile we can use the velocity component v, (x, +0). By
using relation (B.6) we get

e 1
@15) 0(x+0) = f’"(“"') 4 5 J l/ L+1 2o +nz (D +0:(0)

"'2:71 14+x 1—1t t—x

+ o (@ 0 +olls, ~0)
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’ (x—=x)*—z* .y
(419 g | ] (R Aok~ T avas
T3 { f o2, 2) =02, —2)} Ky (x, L) dx'dz’,

where

T+l 1 !
Ki(x,§) = ]/1+r ]/ { 2 -Dx-0) (x-c’)z}'

Appendix A

We shall consider now the definition of principal part of the integrals appearing in
Sects. 3-4. Let @ € 2(R?) be a test function [7]. We have

| & 1 /Blaqa_fffxaqa
By (axz e P “ﬂ I\E—‘z;m-’E)— JJ e

The last term can also be written as

wn [[[ e Sinml [[[ 2oz [[] wax(wa)dv}
b [fo Zonos [[] 225 ).

Here D, is a domain containing the origin, whose volume vanishes as ¢ —» 0, S, is the
boundary surface of this domain and n—the external with respect to the domain D, nor-
mal to the surface S,. Since the last integral in relation (A.2) is semiconvergent, we obtain
different expressions for different domains D,. Let D, be the sphere r < &. We have

X de = 90,00 f f
Js;f o(x, y, 2) i n.do = dre? S xn,.do

1 .
s *@-lf {(P(x, »2)—¢(0,0,0)} xn,do.
But

u;f {@(x, y,2)—@(0,0,0)} xnxda‘

2 nl2
<& f dp _/fz |p(ecosbcosep, ecosbsineg, esinf)— (0, 0, 0)| 48,

ffxnxdo_-fffd 4’”
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such that we have

(A-3) fff 4nrd Bx - ‘7’(0 s ff 72} Zm' —Z ~ i

Relations (A.1) and (A.3) give

0? 1 1 2x2—y?—-22
ekl o) = - o0 | 2 }O‘
The sign © indicates the regularization of the corresponding distribution by means of
spheres.
Let now
D, = {(x,y,2)|—e < x < ¢}.
We have

(A5 f [ w3 9 mde = - f e e

2n ©
_— if de f 97(8, EOCOS@’ EQSIHQP)'F(P(_E, £0C05¢’ £0 S'lﬂ(p)
T 4n v (1+0%)%?

We have also

ff4r3”"d - (000)f f(lfgf)m

0
+_l_f d f o(e, eocosg, eosing)+@(— &, cocosg, epsing)—2p(0, O, 0)
an (+0)"

The last integral vanishes as ¢ —» 0 so that we have

(A.6) fff — a"’ do = —(0,0, 0)+fff%tpdv.
[+

Finally, we can write

o? 1 2xt—yr—2z2
(A7 W(m) = —6(x, », Z)+{T}I~I’

where now last term indicates the distribution

wo (Z7E L wena)= [[[ 22 g g
Il I

=limf{f s y_z @(x. , 2) dv.

e—0
|x|>&



STEADY LINEARISED AERODYNAMICS. I1I. TRANSONIC 15

Likewise, in the plane case we obtain

2 1 1 I
TR R =2 Ef}
(A.9)
LR RN
ax 22l T\ 2l
Appendix B

In this appendix we shall calculate the derivative

d f f(x 2) reds

aan L=

at a discontinuity point of the function f(x, z). Let z' = z be a discontinuity line of the
function f(x', z’), and let us put

(B.1) lim f(x, z,) = f(x, z-+0), lim f(x, z;) = f(x, z—0).
We have

(B:2) ox nfff(x Z)d'd,_ﬁr ey f f(x z) dx'dz’

Ra—Dg

([P LD

where
D} = {(x,Z)|lx—e < x’ < x+¢2 >z},
D; = {(x'Z)|x—e < x' < x+¢,2 <z}, D, = D}uD;.
But
®3) fim-2.1 ff S, Z) dx'dz'
=0 OX T

=lim= ” oy e = é“ ey e

We have also

@4 o [ [T aar = - [ [ Lise, 2y me-yava
D D;

S

={)dx'dz = —— ff(x z)In(¢—L")dz'

1 f f o ~In({— ") dx'dz’,
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where C; is the boundary curve of domain DJ. Hence

B35 - ﬂf fx.7) 4 fd,.__l f(x Z’db lff of qu?-

Dg

The last term in (B.S) vanishes as ¢ = 0 and the other gives

1 (&) 4 L e )d 1 [ fi—e )

7 -t 7 e—i(z—z") £l e+i(z—2")
Cy z z

2 8 / 4 ’ 4
= e swf(x » 2')dz' +0(e).

As g/ {na(e*+z%)} is a 6(2) sequence, we obtain [7]

lim = ax n ff(c" CZ,) dx'dz’ = f(x, z+0).

The integral on D; can be calculated similarly. Finally we get

E 1, z') v SO 240 Hf(5, 2-0) FO LY oy
axzn”’ o v 2 f Fis Aakd

In the case of the continuous f(x, z), formula (B.6) coincides with (A.10).

(B.6)

Appendix C

Now, we shall transform the term

. 1 =1 1+t [ d o 0 z'dx'dz' dt
L I= t+1 j]/l—t (dt.[zfﬂ"(x’z) (x'—t)2+z”') t—C

occurring in relation (4.11).
By using the result of Appendix B we have

1
1 C—If 1+:1ff2,,a z ,,)dt
©2 =V 51 ]//l—t (55{ /. u ) G e Y e

I «,—1f 1+z( f 2 Z )
T T Y T+l ) / f et ax o T
Hence
1 _/t-1 o (1 (/1
__ - " 2r e 9 (1 +1t
€ I=-23V 7 .Lf"”‘(x’z)z 3):’(27:_.[]/1—4

" 1 dr
x't—1)*+z'? t—¢

) dx'dz’.
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The inner integral in relation (C.3) can be estimated by means of the residue theorem. Let

(C.4) F(Z)—L Z+1 1 _ 1 ,
27i Z-1 (Z-{YZ-¢t) Z2-¢

where Z = X+1iY, {’ = x'+iz’' are complex variables and the square root is equal to 1
at infinity. We shall integrate this function along the contour given in Fig. 2.

v

3 |

We have
(C.5) f F(Z)dZ + f F(Zydz+ [ F@Z)dzZ+ f FZ)Z+ [ F2)dz
C( 1) Cgl)
£+1 1 ¢'+1 1 &'+1 1

o1 e—oye-o Voot e-oHe-o ¥V T-1 @-oe-o’

The integrals along Cg, C{—V, CV are vanishing as R and ¢ — 0, and the other two give

1+X' 1 dx FES 1 1
& = fl/ X—xy+z2 X-¢ VY -1 2iz’(¢—_§'_g_'§')

N (/c'+1 1 /041 1 )
2iz’ r-1¢-¢ ¥ v-ro-¢)

By using this result we obtain

2 Arch. Mech. Stos. 1/90
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1 1
C.7 I=—-— — = dx'dz’'
€ 87 U s Z)((c oy (c—z')l) o

_“_ffv (', z)l/ {]/CI ( ! — ! )
* +1 ¢*-neg=-¢) -2
_ £+_‘( . — )}dx’dz’.

=1 \E?=-D¢-8) -

(C8) I= —*ff {vi(x', 2)—vi(x, —2)} (?x?)z W;%ff {00, 2)
-~

T c—1]/C'+1( 1 o ) o
ox(x’, Z)}]/CH I\ EE D=8 " G=0)F | "

Finally we can write
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