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On the compressibility of a spherical solid body 

A. TRZ~SOWSKI (WARSZA WA) 

A CRYSTALLINE sphere is subject to hydrostatic pressure or tension and to a uniform temperature 
field. A nonlocal phenomenological model of mechanical properties of the sphere is proposed. 
The model makes it possible to account for nonlocal phenomena occurring in the crystalline 
body due to the long-range binary interactions. 

W pracy rozwatana jest krystaliczna kula poddawana wszechstronnemu cisnieniu tub ciunieniu 
oraz dzialaniu jednorodnych temperatur. Zaproponowano nielokalny fenomenologiczny model 
wlasno5ci mechanicznych tej kuli. Pokazano, i;e model ten pozwala na uwzglctdnienie nielokal­
nych zjawisk w krystalicznym ciele wynikajctcych z wplywu dalekich binamych oddzialywail. 

B pa6oTe paccMaTPHBaeTcn I<pacra.nnatiec~Hif map, noASepmYTblii BcexcropOimeMy ,nas­
JieHHIO llJIH paCTH>f<eHHIO, a Tai<>f<e ,neit:CTBHIO O,nHOpOAHbiX TeMIIepaTYP. llpe,nJIO>f<eHa BC­
JIOKaJILHaH ~HOMeHOJIOI'I{tleCKaH MO,ne;u, MeX&HHlleci<HX CBOit:CTB 3TOI'O wapa. lloKa33BO, 
t{TO 3Ta MO,nem. 003BOJIHeT ytlHTbiBaT& HeJIOI<&Jl&Hbie HBJieHHH B I<pHCTaJIJIH'IecKOM TeJie, 
BblTeKaiO~He H3 BJIHHHHH ,na.nei<HX 6HH&pHbiX B3aHMO,neHCTBaH. 

1. Introduction 

INVFSTIGATION of compressibility of crystalline solid bodies subject to hydrostatic 
pressure is of considerable importance for determining their elastic properties. This is 
connected with the fact that under conditions of hydrostatic pressure it is possible to de­
termine experimentally the elastic response of the body to the deformation 

(1 .1) F = ll, ;. > 0 

without producing any plastic deformations due to the lattice defects (e.g. [1, 2]). As 
a result, the macroscopic elastic response of the body determined by measuring the vo­
lume variation due to pressure changes is more closely connected with the character of 
atomic interactions in ideal crystals than in other types of deformations. This statement 
is confirmed for example by a fairly good experimental verification of certain formulae 
(like that of Gill man) for the bulk modulus K [3]: 

(1.2) 
3e2 

K = --4-. 
4nr0 

Here e- electron charge, r0 - atomic radius. 
In the ca.se of hydrostatic pressure leading to three-dimensional compression of the 

body(deformation (1.1) with l < 1), the relation between the external pressure and tlie 
actual volume may easily be investigated by experimental methods (e.g. [1, 2, 4]). In 
contrast, all-round tension leading to expansion of the body (deformation (1.1) with 
;. > 1) cannot be produced easily and hence the relevant experimental data are not avail-
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12 A.T~WSICI 

able. In view of this situation, use will be made of the results of the paper [5]. In that 
paper the curve describing the relations between pressure or tension and deformation 
(1.1) was found by means of numerical calculations based on the analysis of bond energy 
changes in a cubic crystal lattice subject to such deformation; in the range of pressures 
the results of the paper [5] coincide with the type of curve known from experiments. In 
the present paper the crystalline sphere (or cube) subject to three-dimensional pressure 
or tension will be considered as a body with the size effect and liqujd-like response [6, 7]. 
Such a model will be shown to comply with the results of the paper [5]. 

2. Size effect 

Let ~0 be a homogeneous material sphere of radius R0 > 0 subject to hydrostatic 
pressure or tension and to temperatures in the range enabling us to disregard the dissi­
pative phenomena. Let us assume the sphere to exhibit, in the states considered, isotropic 
mechanical and thermal properties (like e.g. in the case of crystals with cubic lattices -
[8]). Denote by R+ the set of positive real numbers and by I c: R+ - a certain interval 
of absolute temperatures. Under such assumptions the sphere ~0 may be considered as 
a thermodynamic system with states determined by ordered pairs (A:,O) e R+ xI, with 
A > 0 denoting deformation (1.1) of the sphere ~0 and 6 > 0 being the uniform tempera­
ture of the deformed sphere. Then the physical properties of the sphere ~0 may be des­
cribed by means of three scalar functions of class C1(R+ x J):'P- free energy, E- inter­
nal energy and S- entropy. The functions are related to each other by the formulae 

(2.1) 

'P = E-6S, 

iJ'P 
s= -ao· 

The functions depend also on the solid ~0 (cf. [6]); due to the assumed isotropy the de­
pendence is reduced to the single parameter R0 > 0. 

The generalized thermodynamic force N acting on the sphere ~0 has the form (cf. [6]) 

(2.2) 
iJP 

N = N(R0 ; l, 6) = - ai (R 0 ; A, 0) = - V(A)t(R0 ; A, 8)A- 1 

with the notations 

1 iJP 
t(R0 ; A, 8) = · V(l) ai (R0 ; A, 8)l, 

(2.3) 

V(A) = V0 A3
, V0 = 4/3nR~. 

The tensor T(Ro; F, 8} = _!_ t (R0 ; A, 6) 1 for F = A 1 is the Cauchy stress tensor in the 
. 3 

actual configuration ~ (being another sphere of radius R = AR0 ) of sphere ~0• In the 
language of the paper [6] the tensor describes "the isotropic ideal thermoelastic body ~o" 
witb the size effect in the form of a relation between the mechanical properties of the body 
and its radius (cf. Eq. (2~3)). 
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ON THE COMPRI!SSlBlLITY OF A SPIIBRICAL SOLID BODY i3 

The equation of temperature of the deforming body has the forni (cf. [6]) 

. at 
KJ.(Ro; 8)8 = V().)O OO (R0 ; )., 8)d+Q(R0 ; t), 

(2.4) 

V().)= V0 ).3 , d = i;.-t, 

KJ.(Ro; 8) being the heat capacity at a constant deformation, i.e. (cf. [6, 8]) 

(2.5) 
oE oS o2~ 

KJ. = a8 = 8aff = -O o82 

and Q(R0 ; t) is a heating. The thermodynamic processes considered here are reversible, 

and so Q = OS. The functions KJ. and Q are assumed to be known from elsewhere. 
If a homogeneous sphere 5B0 of mass m > 0 is acted on by a time-dependent exter­

nal pressure or tension p = p(t) and the generalized thermodynamic force N(R0 ; A, 8) 
then, disregarding the body forces, the dynamics of the process of deformation of the 
sphere is characterized by the equation (cf. (6]) 

.. 1 . " 
J o ). = 3 N. ( Ro ; ). , 8) + VoP( t), 

(2.6) 

Jo = ! mR~, J.(O) = l. 

Here 3J0 denotes the moment of inertia of the sphere 5B0 with respect to its mass center. 
Equations (2.2), (2.4) and (2.6) constitute a closed system describing the time varia­

tion of deformation and temperature of 5B0 with the size effect. 

3. Spherical body 

A homogeneous thermodynamical system with states determined by ordered pairs 
(R, 8), R > 0 being the radius of a homogeneous material sphere of fixed mass m > 0, 
and (} - its uniform absolute temperature, will be called a spherical body of mass m. 

The sphere 5B of radius R will be called the actual configuration of a spherical body. A dis­
tinguished sphere of radius Ro will be called the reference configuration of a spherical 
body. The reference configuration 5B0 of a spherical body may be considered as a thermo­
dynamical system the states of which are determined by pairs {)., 8) eR+ xI, where l = 

= R/R0 is the deformation (1.1) due to passing from configuration 5B0 to the actual 
configuration 5B of the spherical body. From the definition of spherical bodies it follows 
that if fP = <P(R, 8) is the free energy function of a spherical body and 'P = 'tJI(R0 ; )., 8) 
is the free energy function of its reference configuration considered as a thermodynamical 
system, then 

(3.1) VR0 > 0, V{)., 8) eR+ xi, 'tJI(R0 ; )., 8) = fi>(R0 )., 8). 

An analogous condition is satisfied by the functions E = · E(R0 ; )., 8) and S = S(R0 ; A, 6) 
(cf. Eq. (2.1)). 
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14 A. TRZ~WS~I 

Let ~0 be the reference configuration of a spherical body and dx - the relative change 
of actual volume V= V(.A.) of that body (cf. Eq. (2.3)), 

(3.2) 
dV 

dx =V' V(1) = V0 , 

then 

(3.3) 
V 

x =In-= 3e, e =1nl. 
Vo 

Let us denote 
3a(R0 ; x, 0) = t(R0 ; e113,., 0), 

(3.4) 00' 
K 8(R0 ; .A.)= a; (R0 ; 3ln.A., 0), 0 = const. 

The function K6 = K8(R0 ; .A.), .A. e R+ depending on the parameters R0- and 0 will be 
called the isothermal compressibility of configuration 580 of a spherical body. Consider 
the case when, in a certain interval of temperatures I c R+, the condition is satisfied: 

I 

(3.5) VO e I, 3R0 (0) > 0, t(R0 (0); 1, 0) = 0. 

Configuration 588 of radius R0 (0) satisfying the condition (3.5) will be called the natural 
configuration of a spherical body at temperature 6. Observations of the behaviour of sol­
ids and liquids indicate that the existence of stress-free configurations is a characteris­
tic feature of solids, while liquids do not assume such configurations (cf. [10)). Once the 
condition (3.5) is satisfied, the spherical body may be considered as a model describing 
the properties of a certain solid body. Let us denote 

3a6(.u) = t(R0 (0); p, 0), 

(3.6) 
(R . Ll) _ Ro(O) 

" o, v - Ro . 

From Eqs. (2.3) and (3.1) it follows that 

(3.7) 3cr6(p) = t(R0 ; pv(R0 ; 0), 0). 

Equation (3. 7) enables us to reduce the analysis of mechanical properties of a spherical 
body to the analysis of stress functions for the natural configurations of that body. For 
instance, observations of the behaviour of real material bodies make it possible to assume 
the following postulate (cf. [10]): 

Postulate of compressibility: In the process of deformation of a natural configuration, 
increasing volume requires tensile stresses, and decreasing volume - compressive stres-l 
ses. 

The condition (3.5) and the compressibility postulate may be written in the form of 
a condition for e18 = fl6(p), 

(3 .. 8) VO e I (e18(1) = 0, Vo < p :1= 1 cr8(p)(p-I) > 0). 

In order to investigate the consequences of the conditions (3.5) and (3.8), let us 
consider the small relative change .1 of the volume of the natural configuration 58e, that 
is (cf. Eq.(3.3)) 
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0N 1111! COMPRI!SSIBIL11Y OF A SPHERICAL SOLID BODY 1 S 

" = L1 + o(LP), IL11 < I , 
(3.9) L1 = V(p)- Vo(8) vt .. ) r7 (8) 3 

Vo( 8) ' n,p = ,. o p ' 

Then 

(3.10) 

with the notations 

(3.ll) 

a0(p) = K(8)L1 + o(L1 2
), 

1 
p = 1 + T L1 +o(L12), 

K(8) = K8(R0(8); 1). 

From the conditions (3.5), (3.8) and formula (3.10) it follows that K(8) > 0 and is (at 
the given temperature 8 e I) a uniquely determined quantity. This means that K(8) 
may be considered as a physical characteristics of compressibility of a spherical body, 
the so-called isothermal bulk modulus (cf. [1, 4, 5]). The function 

(3.12) K 8(p) = K 8(R0 (8); p,), K;(I) > 0 

will be termed isothermal compressibility of a spherical body at temperature 8 e /. 
Let ~0 be an arbitrary reference configuration of the spherical body. Thermodynam­

ical stability of the configuration ~0 is defined by the following criteria (cf. [9, 11]): 

(3.13) V8 e I K;.(R0 ; 8) > 0 (thermal stability at A. = const) 

and 

(3.14) V A. eR+ K8(R0 ; A.) > 0 (mechanical stability at 8 = const). 

Here K;.(R0 ; 8) is the heat capacity (Eq. (2.5) and K8(R0 ; A.)- the isothermal compres­
sibility (Eq. (3.4)) of configuration ~0• A spherical body will be called stable if its arbi­
trary reference configuration is thermally and mechanically stable, and mechanically 
unstable if its arbitrary reference configuration is thermally stable and is not mechanically 
stable at any temperature 8 e /. 

4. Liquid-like response of a spherical body 

The spherical body will be called to possess the liquid-like response (using the results 
of [7] in the form of a postulate), if its free energy function (/) is of the form 

(f)(R, 0) = a(O) V(R)+b(O)F(R)+c(O)M(R)+d(O), 

(4.1) 4 
V(R) = T ~R3, F(R) = 4~R2, M(R) = 4~R. 

The symbols V(R), F(R) and M(R) denote, respectively: volume of the sphere of radius R, 
area of the spherical surface and the total mean curvature of the surface (cf. [7, 13]). 
The stress function of a spherical body with a liquid-like response is given by the formula 

1 
T(Ro; .1., 0) = T t (R0 ; A., 8) 1, where (cf. formula (2.3) and (3.1)) 
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16 A. TJlZ1!QWSE:I 

(4.2) t(R0 ; 'A, 8) = 3a(8)+ 
6~:) A-1 + 3

;::) ;.-2. 

The isothermal coin.pressibility of configuration ~0 has the form (cf. Eq. (3.4)) 

2 
(4.3) K 0(R0 ; A)= - 3).R~ [b(8)R0 +c(8),l- 1

]. 

From ( 4.2) and the condition (3.8) it follows that 

(4.4) V8 ei: a(8) ~ 0, c(8) E;; 0. 

From (4.4) it follows that at an arbitrary temperature 8e/ there exists at most one refer­
ence configuration, and its radius Ro(8) is determined by one of the following formulae: 

. 1 . 
R0(8) = a(

8
) [ -b(8)+ Jfb2(8)-a(8)c(8)] if a(8) > 0, c(8) < 0, 

(4.5) 
1 c(8) 

Ro(8) = - T b(8) if a(8) = 0, b(8) > 0, c(8) < 0, 

R (0) = -2 b(8) 
0 a(8) 

if c(8) = 0, b(8) < 0, a(8) > 0. 

In the remaining particular cases of the condition ( 4.4) the natural configuration does 
not exist. 

Formulae (3.14) and (4.3) yield the conclusion that a spherical body with a liquid­
like response is mechanically stable (in arbitrary temperatures 8 e I and for arbitrary 
reference configuration ~0) if and only if 

(4.6) V8 e I: b(8) E;; 0, c(8) E;; 0, b(8)+ c(8) #: 0. 

From (4.4)-(4.6) it follows that for a stable spherical body with a liquid-like response, 
the following conditions should be satisfied: 

{4.7) V8 ei: a(8) > 0, b(8) E;; 0, c(O) E;; 0, b(O)+c(8) #: 0. 

It also follows from the conditions (4.4)-(4.6) that in the case of a mechanically unstable 
:Spherical body with a liquid-like response, the following conditions should hold true: 

{4.8) V8 ei: a(8) ~ 0, b(8) > 0, c(8) < 0. 

The stress function + t (R0 ; .A, 8) of stable spherical bodies with a liquid-like response 

_is a monotonously increasing function of the argument .A e R+, and 

·(4.9) limt(R0 ; A, 8) = 3a(8) > 0, limt(R0 ; A, 8) = - oo 
A-+oo 1-+0 

what means that (at a given temperature 8 e I) an arbitrary configuration of the body is 
able t~ carry unbounded pressures, but only a bounded hydrostatic tension. Figure 1 
presents the graphs of stresses a6(p,) (cf. (3.6), (4.2), (4.5)) and isothermal compressibil· 
ity ~(p,) (cf. (3.12), (4.3), (4.5)) of a stable spherical body with a liquid-like response 
.(cf. [I 2]). 
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ON THE COMPRESSIBILITY OF A SPHERICAL SOLID BODY 17 

Ke 

FIG. 1. 

5. Mechanically unstable model of a crystalline sphere 

Let us denote by t8(R0 ; it) = + t (R0 ; it, 8) the function of isothermal stres~es of a me­

chanically unstable spherical body with liquid-like response (formula ( 4.2) with the con­
ditions (4.8)). Its graph has two characteristic points: a maximum (itp, tp) and a saddle 
point (it,~ t,), with (cf. [12]) 

. 1 c(8) 
it,= .:t,(R0 ; 8) = - R~ b(8), 

(5.1) 
b2(8) 

t, = t,(8) = a(8)- C(O), 

3 
it, = it,(R0 ; 8) = 2- it,(R0 ; 8), 

(5.2) 
8 b2(0) 

t, = t,(O) = a(O)- -9 c(O) . 

If ~ = R0 (8) is the radius of the natural reference configuration at temperature 8 e /, 
then the function CJ8{jt) = t8 [R0 (8); ,u] (cf. the formulae (3.6), (4.2), (4.5), (4.8)) posses­
ses the characteristic points (,u,, tp) and (fl, t,) where 

(5.3) 
,u, = ,u,(8) = .:t,(R0 (8); 0), ,u, = ,u,(O) = it,(R0 (0); 0), 

,u,(8) > ,u,(O) > 1. 

. In the interval (0, f.tp{O)) the function of isothermal stresses CJ6 = CJ8(p) monoto­
nously increases, while the function of isothermal compressibility K6 = K8(,u) decreases. 
For ft = ,up(()) the stress attains its maximum value, and compressibility vanishes. Graphs 
of these functions are given in Fig. 2 (cf. [12]). 

From formulae (5.1)1 and (5.3) it follows that 

(5.4) 

2 Arch. Mech. Stos. nr 1/81 

1 c(O) 
R0 (8) = ------­

,u,(O) b(O) ·. 
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and the formulae (3.11), (4.3), (5.I) and (5.4) yield the results 

b2(()) 
3K(O) = -2 c(O) p,(O) (p,(O)-I) > 0, 

(5.5) 

a a 
tp{B) 
tr{B) 
a(8) 

b2(()) 
c(O) = a(O)- t,(O) < 0. 

Ke 

FIG. 2. 

A. TRZ~SKJ 

If ~0 is an arbitrary reference configuration, then, taking into account that t8(Ro; I..) = 
= a8 [J..,- 1(R0 ; 8)] (cf. (3.7)) and making use of formulae (5.4) and (5.5), we obtain 
T(R0 ; J., 0) = t8(R0 ; J.) 1 where 

3K(O) [ I ]
2 

(5.6) t6(R0 ; J.) = t,(O)- 2pp(O)(p,(O) -I) 1-pp(O)v(Ro; 8) T 

The formula (5.6) and the conditions (3.5) and t,(O) > 0 yield 

(5.7) t,(O) = ~ (I- p,~O)) K(O). 

In the isothermal processes in which the temperatures of the process and of the natural 
configuratiogs coincide, the stress has the form 

3K(O) [ I ]
2 

(5.8) a8(J.) = t6(R0 (8); J.) = tP(O) 2p,(O)(pp{0)- 1) I- p,(O) T · 

The paper mentioned in the introduction [5] dealt with the deformation (1.1) of a cube 
(basic cell of crystal lattices), and not that of a sphere as here. The difference is, however, 
not of a considerable importance since the functions of stress and isothermal compres­
sibility for a cube may be reduced to those for a sphere in the following manner: let us 
denote by V(/), F(/) and M(/) the volume of a cube with edges /, the area of its lateral 
surface, and the total mean curvature of the surface, respectively, i.e. (cf. [13]) 

(5.9) V(l) = P, F(l) = 612, M(l) = 3nl. 

The free energy function q,(/, 0) describing of the liquid-like response of a "cubical body'~ 
has the form (cf. [7]) 

(5.10) q,(l, 8) = a(O) V(l)+P(O)F(l)+y(O)M(l)+ 6(8). 
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By putting a = a, fJ = l/2b, y = 1/n, d = din (5.10), the description of the stress res­
ponse and compressibility may be reduced, in the case of reference configuration having 
the form of a cube with edge /0 and material coefficients a(O), {J(O), y(O), d(O), to the de­
scription of the reference configuration in the spherical form with the radius R0 = /0 and 
the material coefficients a(O), b(O), c(O), d(O). . 

In paper [5] three types of cubic crystal lattices have been considered: primitive, body­
-centered and face-centered. Central binary interactions with Morse type potential 
(and natural reference configuration temperature 0°K) were assumed;' It was shown that 
if the crystal lattice is subject to deformation (1.1), then the graphs of isothermal stress 
functions and of isothermal compressibility are, for p e (0, p0 ), p, < p 0 < p, of the 
type shown in Fig. 2. No results are given for the interval (p0 , oo ). It is also shown that 
if the potential describing central binary interactions is of the arbitrary type but takes 
into account the interactions of immediate neighbours only, then the deformation p, of 
the change of sign of the isothermal compressibility function is the same for all types 
of lattices considered; if the potential is of the Morse type, the common value of p, is 
p, = 1.09120 (at temperature 0°K). Taking into account the effects of all nodes of the 
lattice and using the Morse potential, the value of p,, for the types of lattices considered 
here are close top,,= 1.09120:,u, = 1.09167, 1.09171 and 1.09199 in the face-centered, 
body-centered and primitive lattices, respectively. 

The results obtained make it possible to identify the deformation p, as a material 
parameter characterizing, within the range of central binary interactions, the response 
to hydrostatic tension of a crystalline body of the cubic lattice. The results of the paper 

J [ 5] enable us to propose the mechanically unstable spherical body with a liquid-like res­
ponse as a nonlocal phenomenological model of mechanical properties of a crystalline 
sphere of cubic lattice subject to the deformation (1.1 ). The model takes into account 

I 

the nonlocal phenomena occurring in crystalline bodies as a result of long-range binary 
interactions. From formulae (5. 7) and (5.8} it follows that if the reference configuration is 
stress-free, than, under isothermal conditions, the mechanical properties of a crystalline 
sphere (or cube) of a cubical lattice are determined by two (isothermal) material con­
stants: the bulk modulus K(O) and the stability loss deformation p,,(O). The bulk modulus 
K(fJ) is a parameter which has been repeatedly determined both experimentally and theo­
retically (e.g. (1.2)). Paper [5] suggests the possibility of theoretical evaluation of p,,(O). 
Once the values of K(O) and p,(O) are known, formulae (5. 7) and (5.8) make it possible 
to verify the model experimentally, for instance on the basis of voluminal methods of 
measurement of compressibility of a sphere loaded by hydrostatic pressure under isother­
mal conditions. 
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