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BRIEF NOTES 

A generalized variational principle for piezoelectromagnetism 
in an elastic medium 

J. S. YANG (NEW JERSEY) 

A VARIATIONAL principle is developed for piezoelectromagnetism in an elastic medium with dis­
placement, strain, stress, electric dtsplacement, magnetic field, scalar and vector potentials of the 
electromagnetic fields as independent variables. All the governing equations and boundary condi­
tions can be obtained as the stationary conditions of the functional. 

1. Introduction 

VARIATIONALPRINCIPLES for piezoelectromagnetism in a solid medium can be found in a 
series of publications [1-11] . All these variational principles have a common feature that 
they all have constraints. Using the Lagrange multiplier, the constraints can be removed 
and a variational principle without constraints can be obtained. The principle in nature 
is like the Hu-Washizu Principle in elasticity [12]. 

2. Constitutive relations of piezoelectromagnetism 

For a piezoelectromagnetic elastic body, the internal energy density U is a function of 
strain Eij, electric displacement Di and magnetic induction Bi 

U = U(Eij, Di, Bi), 

and 

8U = aij8Eij + Ei8Di + Hi8Bi, 

where aij is stress, Ei electric field and Hi magnetic field. 
The electric enthalpy H can be introduced by partial Legendre transform as follows: 

and 

H =H(Eij, Ei, Bi) 
=U- EiDi, 

8H = aij8Eij- Di8Ei + Hi8Bi. 

With H, the constitutive relations assume the following form: 

8H 8H 8H 
aii = 8Eij ' Di = - 8Ei ' Hi = 8Bi 
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3. Governing equations and boundary conditions 

Let the space region occupied by the piezoelectromagnetic elastic body be V, the 
boundary surface of V be S, the unit outward normal of S be ni, and Scan be partioned 
in the following way: 

SuUSa =S¢USv = SAUSH = S, 
Sun Sa =S¢nSv = SAnSH = 0. 

The governing equations and boundary conditions are 
dynamics 

geometry 

potential representation 

Maxwell's equation 

constitutive relations 

boundary conditions 

Di,i =pe, 

£ijkH k,j - bi =Ji in V; 

8H 
Hi= BBi in V; 

Ui - Ui =0 on S u , 

CTjinj - li =0 on Sa, 

</> - ""¢ =0 on S¢>, 

Dini - d =0 on S D , 

CijknjAk- ai =0 on SA' 

. £ijknjHk- hi =0 on SH, 

where p is mass density, fi force per unit mass, Pe density of electric charge, Ji density 
of electric current, and they are all considered to be known quantities. Ui, li, ""¢, d, ai and 
hi are quantities prescribed on the boundary. </> and Ai are scalar and vector poten­
tials of the electromagnetic fields. Because of the potential representation two homoge­
neous ones of the four Maxwell's equations are identically satisfied and the other two are 
left. 

4. A variational principle 

Consider the following functional: 
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II= II(u i,Eij,aij, E'i,Di,Bi,Hi,¢,Ai) 

t 

= j dt j [~pU;U; + pf;u;- H- Pe<P + J;A; 
t 0 v 

+a·· (c ··- ~u · · - ~u· ·)- D·(E· +A-·+ A ·)+ H ·(B·- E· ·kAk ·] dV l J l J 2 t ,J 2 J 'l t l If/' l t t l t J ,J 

t t 

+ J dt f ajinj(ui- Ui) dS + f dt f tiui dS 
to 

t t 

+ j dt j Dini(¢- (f>)dS + j dt j d¢dS 
to s<~> 

t t 

+ j dt j Hi(EijkniAk- ai) dS- j dt j hiAi dS. 
to to 

With integration by parts, the following expression for the variation of II can be obtained 

bii = J [puibui- DibAi]~0 dV 
v 

t [ 1 1 l + J dt J (a· · · + pf· - pii ·)bu · + (c · ·- -u· · - -u · ·)ba · · dV Jl,J l t l lJ 2 t,J 2 J,t lJ 

to V 

t 

+ J dt J [ -(Ei + cP,i + Ai)bDi + (Bi - EijkAk,j )bHi] dV 
t 0 V 

t 

+ j dt j [(Di,i - Pe)b¢- (EijkH k,j - iJ - Ji)b Ai] dV 
to v 

t t 

+ j dt j (¢- (f>)bDini dS + j dt j (d- Dini)b¢ dS 
to 

t t 

+ J dt j (EijknjAk- ai)bHi dS + j dt j (EijknjHk- hi)bAi dS, 
to SA to SH 

where bui, bEij, baij, bEi, bDi, bBi, bHi, b¢ and bAi are independent variations. 
Hence we have the following variational principle: 
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Let 

then b II = 0 implies 
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