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BRIEF NOTES

A generalized variational principle for piezoelectromagnetism
in an elastic medium

J.S. YANG (NEW JERSEY)

A VARIATIONAL principle is devek()jped for piezoelectromagnetism in an elastic medium with dis-
placement, strain, stress, electric displacement, magnetic field, scalar and vector potentials of the
electromagnetic fields as independent variables. All the governing equations and boundary condi-
tions can be obtained as the stationary conditions of the functional.

1. Introduction

VARIATIONAL PRINCIPLES for piezoelectromagnetism in a solid medium can be found in a
series of publications [1-11]. All these variational principles have a common feature that
they all have constraints. Using the Lagrange multiplier, the constraints can be removed
and a variational principle without constraints can be obtained. The principle in nature
is like the Hu-Washizu Principle in elasticity [12].

2. Constitutive relations of piezoelectromagnetism

For a piezoelectromagnetic elastic body, the internal energy density U is a function of
strain ¢, ;, electric displacement D); and magnetic induction B;

U = Ulgy, 5. 4) ,
and
60U = UileE,'j + E,‘&Di + HidBi,

where o;; is stress, F; electric field and H; magnetic field.
The electric enthalpy H can be introduced by partial Legendre transform as follows:

H =H(e;;, Ei, B)
=U - E;D;,
and
OH = O'ijéé‘,'j &= DiéEi + H;6 ;.
With I, the constitutive relations assume the following form:

o0H oH oH
= Dt = — — 5 f[1 = —,
65,5 ’ BE,' aBi
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3. Governing equations and boundary conditions

Let the space region occupied by the piezoelectromagnetic elastic body be V', the
boundary surface of V be S, the unit outward normal of S be n;, and S can be partioned
in the following way:

SuUS, =5,USp=54U8g=15,
SuNSy =8,NSp=8sNSyr=0.
The governing equations and boundary conditions are
dynamics
ojij+pfi=pi; inV;
geometry
Eij = %(ui,j +u;;) inV;
potential representation
Ei=—-¢:- A,
Bi =gij;Ax,; inV;
Maxwell’s equation
Dii =pe,
E,‘ijk‘j - D,‘ =J¢ in V;
constitutive relations

oH oH oH
—J— i i T s 4 V &
des;’ D; 3L’ H; inV;

0',']'

J0B;
boundary conditions

u; —u; =0 on Sy,
oin;—1t; =0 onlS,,
$—¢=0 onSy,

Din; —d=0 onSp,
€ijknjAx —a@; =0 on Sy,

gijknjHy — h; =0  on Sy,

where p is mass density, f; force per unit mass, p. density of electric charge, J; density
of electric current, and they are all considered to be known quantities. @, #;, ¢, d, @; and
h; are quantities prescribed on the boundary. ¢ and A; are scalar and vector poten-
tials of the electromagnetic fields. Because of the potential representation two homoge-
neous ones of the four Maxwell’s equations are identically satisfied and the other two are
left.

4. A variational principle

Consider the following functional:
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II = H(ui)gij’aija Ei,Di,Bi,Hi,¢,A')

f dt f [ —pUit; + pfiu; — H — pep + J; A;

ty

1 1 )
+ 0y (E,‘j — EUi'j - iuj,,-) — Di(F; + ¢,,' + A;))+ Hi(B; — E,'jkAk’j] dVv

t
+ f dt fcrj,-nj(ui—ﬁ,-)d5+ fdt ff,—u,-dS

to Su ty Ss

t
+ [ dt [ Dini(¢—$)dS + fdt [ dpds

ty Se to Sp

t t
+ [dt [ Hi(eijemjAx —@)dS — [ dt [ hiA;dS.

ty Sa to Su
With integration by parts, the following expression for the variation of II can be obtained

811 = [ [piibu; — D6 A)}, dV
1%

1 1
=iy, 5 uj,,)ﬁor” dVv

+fdtf [(031,J+pf, pili)ou; + (€ij — 5

ty

+ f dt [[—(Ei+ ¢+ A)SD; + (B — eijx Ay ;)6 Hi] dV
t 14

¢
+ f dt f [(Dii — pe)éd — (eijHrj — D — J;)6A;]1dV
ty 14

OH OH oH
+ fdtf[(am BE”)&U (D +8E)6E,-+ (Hi aB)éB]dV

ty

t
+ fdt f(ui—ﬁi)éoj;njd5+ fdt f (f,‘—dﬁ’nj)éuids

to ty So

+ jdt [ (¢-®)6Din;dS + fdt [ (@- Dini)spds

to S4 to Sp

t t
+ f dt f (EijknjAk - E,—)(SH,' dS + f dt f (E,‘j}cn]‘Hk —_ E,‘)(5A1‘ ds,
ty Sa to Sy

where du;, d¢;j, 60ij, 0F;, 6D;, 6B;, 6H;, ¢ and 6 A; are independent variations.
Hence we have the following variational principle:



798

J. S. YANG

Let
5u,~|t0 =6u,-|t =0, (5A,'|t“= (5A,'|t =0,
then 611 = 0 implies

oiij+pfi=pl; inV,

€ij = % (uij +uj;) inV,
Ei=-¢;- 4,
B; =¢ijpAx; inV,
Di,i = Pe,
Eiijkﬁj—D,' = J,' ier,
_ ol oH _on

= inV,

Uz‘j—a, Y Hi_&B,-
u;—u; =0 onS,,
ogiinj—t =0 onS,,
¢>‘-$=0 onSq;,,
Dini—d=0 onSp,
E.‘jkn]‘Ak—E{ =0 onS,,

.Eijknij—E— =0 on SH.
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