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Weak discontinuity waves in materials
with semi-empirical temperature scale

W. KOSINSKI(*) and K. SAXTON (NEW ORLEANS)

IN THIS PAPER, weak discontinuity waves are investi%ated for rigid and elastic heat conductors. For
rigid conductors, a weak wave is represented by a thermal wave which propagates with finite speed.
A thermoelastic material admits two families of waves which transport both thermal and mechanical
disturbances. In the case of a one-dimensional body, a differential equation is found to describe the
evolution of the amplitude of the weak wave. It is shown that the amplitude in both rigid and elastic
conductors can blow up in finite time which can lead to the formation of shocks.

1. Introduction

WE CONSIDER the problem of heat transported by conduction in rigid as well as in de-
formable bodies, in which heat pulses are transmitted by waves at finite speeds.

The first theory of heat conduction with finite wave speed was proposed by CATTANEO
[1,2] and VERNOTTE [3]. However, it seems that it was MAXWELL [4] who was the first
to modify Fourier’s law. Hence we refer to

(1.1) Tq: +q=—kVY

as the M.C.V. (Maxwell—Cattaneo—Vernotte) equation. Here 7 > 0 is a suitable relax-
ation time, ¢ denotes the absolute temperature, k is the conductivity and q the heat flux
vector. When 7 = 0, Eq. (1.1) reduces to Fourier’s law. However, if no terms are omitted

from Eq. (1.1) and the internal energy < is a function of 9, as for rigid solids, then the
energy equation

(1.2) pe +divg=10
combined with Eq. (1.1) leads to a telegraph equation
(1.3) Tonev ) g — kAD + ppevd ¢ = 0,

where ¢y represents the derivative of the energy with respect to 1, and is called the heat
capacity, assumed to be constant in Eq. (1.3).

The last equation is hyperbolic if k/(Tpyev) = s? is positive, and it transmits waves
of temperature weak discontinuity at the speed s. (Here & has been assumed con-
stant.)

Heat conduction with finite wave speed can be analyzed in the context of the the-
ory of materials with memory (e.g. GURTIN and PIPKIN [5]). One can use a different
approach that consists in employing internal state variables in modelling the behavior
of heat conducting bodies. This model is obtained by enriching the set of the inde-
pendent variables appearing in the constitutive equations by additional quantities called
internal state variables. Suitable kinetic equations for the evolution of the internal state

(*) The paper was completed when W. K. was an appointed Visiting Professor at Loyola University, New
Orleans on leave from IFTR-PAS, Warszawa.
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variables are then postulated. The additional equations are evolutionary first order dif-
ferential equations (e.g. KOSINSKI, PERZYNA [6], KOSINSKI [7], KOSINSKI, SZMIT [8],
MIHAILESCU, SULICIU [9], MORRO [10]). Difterential approaches have been used by
MORRO, RUGGERI [11] and MULLER [12]. To study the physical meaning of tempera-
ture waves and heat conduction, kinetic theory and the extended thermodynamics of
LARECKI, PIEKARSKI [13] and PIEKARSKI [14], have been employed. The ‘inertial’ the-
ory of heat conduction with modified Onsager’s symmetry relations was developed by
KALISKI [15].

In the present paper a different model is used; in the case of a rigid heat con-
ductor, the heat flux vector is given by a Fourier-type law, in which the gradient of a
semi-empirical temperature appears, instead of the absolute one. The concept of the
semi-empirical temperature scale has been introduced by KOSINSKI [16], and the physical
foundations of the new temperature scale have been given by CIMMELLI, KOSINSKI [17,
18]. ‘

The case of a deformable continuum considered in this paper is restricted to a thermo-
elastic body. In that case, the final system of governing equations is hyperbolic under mild
assumptions concerning the partial derivatives of the internal (or free) energy functions
and the heat conductivity.

One of the aims of this paper is to show that the propagation of the weak discon-
tinuity waves in both rigid and deformable cases is governed by a Bernoulli equation
in which the nonlinear term may lead to the finite time breakdown and formation of
shock waves. On the other hand, if the heat capacity (the specific heat) is a suit-
able power of the absolute temperature, then the nonlinearity in the amplitude equa-
tion will disappear and no singularity will form in the propagation of weak discontinuity
waves.

The organization of the paper is as follows: in Sect. 2 we shall derive the governing
hyperbolic equations based on physical foundations. In Sect. 3, thermal waves are consid-
ered. Section 4 is devoted to the thermoelastic case, and in Sect. 5, concluding remarks
are given.

The present paper can be regarded as a continuation of the investigation of the pre-
vious two papers, KOSINSKI, SAXTON [19], where the finite time blow up of the ampli-
tude of one-dimensional temperature rate waves in a particular class of rigid and de-
formable conductors was investigated, and the paper CIMMELLI, KOSINSKI [20], where a
local in time existence, uniqueness and continuous dependence result was obtained for sol-
utions of a Cauchy problem of a rigid heat conductor with the semi-empirical temperature
scale.

One of the open problems is the question of global existence. This problem will be
discussed in further papers together with shock wave analysis.

2. Rigid heat conductor with thermal relaxation

The classical Fourier law relating the heat flux vector to the gradient of the absolute
temperature does not allow for propagation of thermal waves. The first theory of heat
conduction which admitted finite wave speeds was included in the Landau two-fluid model
for helium II in 1940.

Rigid heat conductors were discussed by CATTANEO [1, 2] and VERNOTTE [3]. In
their derivation an extra term in the heat equation had appeared, which was proportional
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to the time derivative of the heat flux. The proportionality constant (or coefficient) was
called by them a thermal relaxation time. It seems, however, that it was MAXWELL [4]
who obtained, for the first time, such a term in his derivation of an energy balance
equation based on statistical arguments. However, he dropped this term after his deriva-
tion.

The modifications of Cattaneo and Vernotte, as well as a particular case of that
of Maxwell, can be summarized simply by the following so-called Maxwell—Cattaneo—
Vernotte equation,

(2.1) TTq+q=—kV,
where the superposed dot denotes the time derivative, q is the heat flux vector, Vv
denotes the temperature gradient, while £ and r are, in general, material functions, called
the heat conduction coefficient and thermal relaxation time, respectively. In most known
physical models, the value of 7 is very small, and varies in the range around 10~% —
10-1s— 1

In the subsequent parts of the paper, another model will be explored with a Fourier-

type proportionality law. To this end, let us notice that the Fourier law, often written in
the form

(2.2) q=—kVY,

with the heat conductivity & depending in general on 4, is a consequence of an averag-
ing procedure, performed at the macroscopic, or statistical level by CATTANEO [2]. The
starting point of this procedure is a proportionality rule between the “protoplast” q of the
heat flux vector and the gradient of the kinetic energy of molecules ¢,

(2.3) q=-AVG,
where A is a constant. Since (7, in that model, is proportional to the absolute temperature,
i.e. ¢ = mv, we can recover (2.2).

The proportionally rule (2.3) is the first approximation in which one has assumed a
constant, in time, value of (;. A time-dependent function (7 requires a second approxi-

mation in which an extra term is added to the right side of Eq. (2.3), that is proportional
to the second mixed derivative of (7, namely,

(2.4) q=—-AVG + aV{(,

where o = 74,

If we define, formally, a new semi-empirical temperature scale as a solution of the
kinetic equation

(2.5) mB = (0 - 4),

then the macroscopic counterpart of (2.4) will be a proportionality law (compare
CIMMELLI and KOSINSKI [17]),

(2.6) q=-kV3,

with 3 given as a solution of Eq. (2.5) under the initial condition 3(0) = J(0), provided
that at the initial time thermodynamic equilibrium was maintained. In the general case,
however, 3(0) = ), may differ from 7(0) = Jy.

The appearance of the coefficient m in the kinetic equation (2.5) can be explained
in terms of statistical mechanics arguments; here the product g3 can be regarded as
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a non-equilibrium thermal energy(!) related linearly to the new semi-empirical tem-
perature (. Moreover, the presence of m(?) in Eq. (2.5) will be of a special im-
portance when a deformable continuum is discussed in Lagrangian and Eulerian se-
tups.

For the purpose of this paper we assume a simplified version of Eq. (2.5) — m will be
constant. First, we investigate the behavior of rigid conductors. The constitutive equations
form a set of relations involving the following functions: the Helmholtz free energy v,
specific entropy 7, and heat flux q, which are represented, in general, by functions of
temperature 1}, and gradient of the new temperature V3,

=49, VA),
(2.7) n =14, V3)= = y(¥,V3),
q=—k(@)Vp.

We assume that the free energy is given by

n.A( )
)(}

and that the internal energy ¢ = ¢ + nU does not depend on V3. Here 7 = 7y is a
constant relaxation time. As a consequence of the second assumption, we obtain

(2.9) e =2(0) = ¢'(¥) - 0 (V),
and for the heat conductivity

(2.8) (0, VB) = )+ = va.vg

(2.10) u@—‘“ﬂ

[)
where ky = k().
The system of equations for a rigid conductor consists of Eq. (2.7);, the evolution
equation for 7 (2.5) (with mm = const), and the energy balance law:

= —k(I)V3,
(2.11) B=1w-p),
)
[)()6: + d1vq =(.

Here p is a reference density, and we assume there to be no heat supply. Using
Eqgs. (2.8), (2.9) and (2.10), we obtain a second order partial differential equation for /3
of the form

(212) —pn’i’()l‘)(z,('\,:‘ (17)/3'” +2kgmg0V 3 VL?[ +A”‘3172;343—[)|)L’;'!,C‘,f (1?),’3_t +2kIV3E-VE =0,

where by Eq. (2.11) @ = ¥(8,5,) = nf, + 3, and ¢y (V) = dny > 0 is the specific heat
at constant volume.
By introducing new variables w and p through the equations

(2.13) Bi=w, p=Vj,

(') Formally, the |Llat|onshtp<. (2.4)—(2.6) are compatible with an extra term in Eq. (2.5), m74d, which is
negligible. :

(*) Notice that m has the dimension of the heat capacity.
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Eq. (2.12) can be written as a quasi-linear system,
(B, w)yw s+ b(Fow.p) Vw +a(B,w)Vp+ H(B,w,p) =0,
(2.14) Bi—w=0,
p:—Vw=0.
The coefficients in the above system (2.14) are
C(3,w) = pprydiev (D),
b(3, w, p) = 2kyrydp,

(2-15) (1(‘13. u') = A’()lgza

H(3,w.p) = 2kodp - p — podier (Nw,
where
(21()) U= l?(/f. w) =nw+ 3,

and we used the heat condictivity k(?) given by Eq. (2.10).
Nonzero eigenvalues A for the system (2.14) satisfy a quadratic equation,
CA*+Ab-n—a=0.

This system is hyperbolic; for ky > 0,7 > 0,cy > 0, all eigenvalues are real, and the
corresponding set of five eigenvectors are linearly independent for all orientations of the
wave normal n. This can be shown by following the same calculation as in the paper
by KOSINSKI, SAXTON [19], although here some of the coefficients in Eqs. (2.14) are not
constants but functions of .7, w and p.

In the next section thermal waves governed by the system (2.14) will be discussed. The
question of how the present model is related to the classical one is, however, still open.
To answer this question, let us consider the consequence of a vanishing thermal relaxation
time 7.

The first consequence, given by Eq. (2.16), is that
(2.17) 0=,

i.e. both scales coincide. Then, instead ol Eq. (2.12), the equation in terms of ¥ can be
written

(2.18) p”z‘)(",c‘r({))ﬂ‘t — kg2 A = 2kgIVY -V = 0,
which is the only equation remaining as a consequence of the balance energy equation
(2.19) poliev (00, — Vo (ko0?VY) =0,

Since the coefTicient &y is constant and Eq. (2.9) holds, we can rewrite the last equation
as
22 02( ( ko a3y _
(2.20) podi(e(D)).c = ?4\(1) )=0.

The cases of the free energy function ¢, and heat capacity cv, discussed later (cf.

Egs. (3.14), (3.15)) lead to the following form of the internal energy function e(3),

5
9 1
(221) £ =€y + £1 (l—) § & = 5(‘(;1‘)0,

(*) Note that, by Eq. (29), .9 = cy.
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and consequently to the following form of (2.20)

L.
c1pd (%), - %g(lﬁ) =0.

3. One-dimensional thermal waves

In this section we will investigate the conditions which lead to the blow-up, in finite
time, of the amplitude of thermal waves for one-dimensional rigid conductors. The system
(2.14) reduces to 3 x 3, in terms of J,w and p:

—C(B,whwe +b(3, 0w, pwe + a(Bw)p . + H(B,w,p) =0,
3.1 Bi—w=0,
pi—w, =10,
where coeflicients are given by Eq. (2.15) with p now scalar-valued.
We will call a one-dimensional smooth curve an acceleration wave having speed of

propagation s, if across the curve /3, w, and p are continuous, but certain first derivatives
are not. Namely,

(3.2) [w #0 [pJ#0
and since 3 = w,
(3.3) [5.0=0.

As a result of Egs. (3.2), (3.3), and the definition of the directional derivative along the

curve:
d d 1
— +s5— = ‘
ot

1
(3:4) &t “or i

there follows:

lw:Q#0, MpD1#0 [8:]=0,
also by Eq. (3.1)3,

| 1 |
(3.5) [p.1= “;Ul‘,r]] = —;H“’..r]] = S—Zul”.zﬂ-
Evaluating the system (3.1) across the wave, and using Eqs. (3.4), (3.5), we obtain the
quadratic equation for nonzero s:
(3.6) Cts* +b*s—at =0.
Here we defined C* = C'(3%,w*), 0" =687, w*,p*),a* = a(#*,w"), and pg* and w*
are the values of 3 and w, respectively, at the wave.

If we assume additionally that the wave is propagating into a material which is in a
state of rest, such that

(37) ,d(,‘l',i-) = ,3+ = const 7é 0, 1.7(-13.1.) = 1-)+ = O‘ w(‘g, [) = TU+ =0
in the region in front of the wave, then

i _ (1.(,3-’-!0) _ k()(ﬁ+)2

¢t CE*r.0) e (8*) )

J(Bt,0) = g

(3.8) st =

because, by Eq. (2.16), v*
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We define the amplitude of the acceleration wave by
(3.9) a(t) = [w. ().
Note that by Eq. (2.11)2, a = [[w,]] = TLHI‘)"H'

0

The amplitude «(¢) evolves in time along the characteristic accordingly to a first order
ordinary differential equation. To derive this equation (cf. KOSINSKI, SAXTON [19]), we
differentiate the system (3.1) with respect to ¢, evaluate it at the wave by taking the values
of the corresponding continuous coeflicients at (3*,0,0) (cf. Eqs. (3.7)), and use the
following relation for the constant speed s given (Eq. (3.8)):

(3.10) 2%[[“’.!]1 = [[w ] — 52[[11)_”]] .
The equation obtained for o is of Bernoulli type,
| 5 1
(3.11) ([I—l(r — nTy + 2_71)0‘ =1,
where
) _ 2 "\+',0
(31_) n = B—{:*ﬁ

Since (1/(2m)) > 0, the solution a(t) of Eq. (3.11) has the property; a(t) — +oo as
t — ty, t finite time, if the initial condition « = «(0) satisfies the inequality,

(3.13) 2napri —1> 0,

and the blow-up time ¢, can be calculated to be

ty = 21‘() lﬂg ———2]”’1’(:1-‘% »
27’LL\'(;TG -1
It can be easily verified that ¢; is a decreasing function of 7 for fixed «a.

In the model presented, the heat conductivity can result in a mixture of stabilizing
(due to diffusion) and destabilizing eflects, for n # 0, on the behavior of the ampli-
tude «. This fact can lead to the formation of shocks. Although destabilization exists,
it is not very strong, and depends on the order of the coefficient nr. If 7y is very
small, then the stabilizing eftect is dominating. Consequently, if 7y — 0, then s2 — oo,
ty — oo, and a(t) — 0 as t — ~, which is the case corresponding to the classical Fourier
law (2.2).

For the special case of the specific heat ¢y, i.e. where

a\!
3 ;= il
( ]4) Cy (4}) (0”)

then the amplitude decays along the wave, and blow-up does not occur,

a(t) = m)e_:{a .

The heat capacity represented by Eq. (3.14) is possible if the function '(¥) in the
free energy tunction (2.8) together with (2.10), has a form

(3.15) VH0) = ep + 10 + 0%,

where ¢, e1, e2 are constants, and ¢) = —20921‘)?,.
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4. Acceleration waves in thermoelastic materials

We will consider constitutive equations for thermoelastic materials as represented by
the following quantities: free energy v, Piola—Kirchhofl stress tensor T,, entropy 1, heat
flux g,

% k(v ;
y = ¢(F,0,V3) = ¢'(F, 7)) + -TEVH V3,
2 [}()i)
(4.1) T, = To(F,0) = pod p(F.0.V5) = pov' p(F.0),
n =R/ 0,Vj3) = —y(F 0,V3),

q=—k(V3,

where F is the deformation gradient, and k(2?) is given by Eq. (2.10).
The system of equations contains: the law of motion, compatibility condition, energy
balance law, and the evolution equation for 3,
povy —divT, =0,
F,—gradv =20,

4.2) ) . .
podn sl + podny-F, +divg =0,

]
B;—=—(W-5)=0,
70
where v ; is the particle acceleration.
Next, we write the system (4.2) in terms of new unknowns 4, = w and Vj3 = p.

! —1 4K = 3 ,
UVie— Py Ale\ M J;II‘K = Tofy A Wy = G'=0,
ol d—
Fr.—vr=0;
(4.3) dp—w=0,
W, — (Tn(:\‘)_ll”)ih ”',,I\" - (Pnf‘\")_l'(',uPK O (/‘(Jﬂl("')*lkék'l?f}; +H=0,
pra—wyg =0,

where we introduced the notation:

AH\' M _ ()’1‘1[\ 1)”\' - 07;{!\'
" ary, a0
(4.4) H(Fy . Bow, pr) = 11-“_l w— (p“'r“('r)"lklupl\-p!‘- \

(’;I(F‘{’,,;‘i. w,py) = /:(T] P”‘j},{
and J = nyw + 3.
The system of differential equations (4.3) is quasilinear, of the form

(4.5) Ui+ 20U + 2(U)U; + 23(U)U s + B(U) = 0

where we write U; = U ., i=1,23,

and £2; are square 17 x 17 matrices.
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Let ¥ be a characteristic surface for Eqs. (4.3) (or Egs. (4.5)), £ : f(x,t) = 0, A the
normal speed ol propagation, and n the unit normal vector to Tt

J
(4.6) A= i
The speed A is a solution of
(4.7 det [2in' + @2:n* + 230 — M| = 0.
Across the surface ¥, U is continuous, but its first derivatives are discontinuous, i.e.
(4.8) (=0, (uU.Jj#0, [u;j#0 =1,23.
We have the compatibility relation
(4.9) [U.J= = "[UK].
Equation (4.5) must hold on either side of £, thus after using Eq. (4.9), we get
(4.10) (2™ =MD =0,

where ¢ = n[[U ] is the amplitude of the jump in the field U.
Equation (4.7) for the system (4.3) has nine vanishing A, the remaining A different
from zero can be obtained whenever the following new amplitudes are introduced,

(4.11) W= Mt FL )

and

(4.12) v = ol w k]

As a result, Eq. (4.10) corresponding to system (4.3) evaluated at ¥, reduces to
(4.13) (Q—poA°Dw + 72y =0, Mppdz- w + (K — Mpymoey — Aror)y = 0.
Here Q is a symmetric acoustic tensor

(4.14) L= ANMagengy,

and for simplicity we introduced the following notation

(4.15) r=kyp+n, z=DPn.

Amplitudes w and 5 are not zero if the corresponding determinant of Eqs. (4.13) is zero.
This condition gives an 8th order polynomial in terms of A:

(4.16)  (poA*) mer — (oA {rev trQ + mydz -z + k)})
+(poA ) {ml(z-ztrQ —z-Qz) + ktrQ — mev Hg}
—po A {n0(Qz-Qz —trQ(zoz) - Q— (z-2) [} + kdetQ
“Arr{=(pA) + (PN rQ + pyA g + detQ} =0,

where

o = Lr @ - (rQp).
The coefficients in Eqs. (4.16) are evalugted at ¥, and since v, F, 7, w and p are continuous
across ¥, this implies that they are evaluated atv = v*, F = F*, w = w*, p=p*. If we

assume (cf. rigid conductor in Sect. 3) that in {ront of the wave the state “+” is defined
as

(4.17) F(x,t) = F* = (constant matrix),  J(x,t) = 3% = const,
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(4.17) vix,t)=v' =0, p(x,t)=p" =0,

[cont.]
w(x, t) =wt =0

for points (x, ) in front of £, then this gives us a simplified version of Eq. (4.16), as by
Eqgs. (4.15)

r=rt=0,
and Eq. (4.16) can be written in the shorter form,
(4.18) dy(por?)* — ds(poA?)? + da(por?) — dipor +dy = 0.

The coefficients dy, dy, dz, d3, ds, which come from Eq. (4.16), are all positive under
the assumption that the acoustic tensor Q is positive definite, and ¢iv > 0. Note that
then /1y < 0. Although these are not sufficient conditions for the existence of real roots
of Eq. (4.18), sufficient condition comes directly from single polynomial theory, as was
shown by KOSINSKI, SzMIT [8].

In the last part of this section we concentrate on one-dimensional thermoelastic ma-
terial, whose behavior is described by Eq. (4.1). There we have five unknowns
(v, F, B, w, p), and the basic system of equations can be written in the following form,

vy —Tp(F,8,w)F, — B(F,3,w)w, — G(F,3,w,p)=0,

F,i == U,.t' = 07

(4.19) Be—w=20,
—C(F, B, w)w, + D(F, 3, w)v . + b(B,w,pl)w, +a(B, w)p, + H(F,3,p) =0,

pr—w,y =0,

where the following new notation, more convenient for the one-dimensional case, was
introduced,

Tr(F, B, w) = Tp(F,0) = $'pp(F,9),

B(F, 8,w) = 0T (F.0) = mlpy (F, 0).
G(F, B, w,p) =Ty (F,0)p,

C(F, p,w)= [)1)7111950\,‘(F, J),

(4.20) D(F, 3,w) = pyidTy(F,9),
a(B,w) = koo?
b(3, w,p) = 2koTydp,
H(F,B,w,p) = 2]\7(;!')[)2 = p(n?ﬁcv (F,Mw,
J=0(5,w)=nw+ 3.

As in the rigid conductor, we investigate an acceleration wave as a curve across which all
unknown functions are continuous, but

(4.22) fvd#0, OFD#0, [pd#0. [8.1=0.
We have two amplitudes:

(4.22) a(t) = [w @)

and

(4.23) 8(t) = [lv.](t) .
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For s being a speed of propagation of the acceleration wave, next fo]lows,

1 1
(4.24) vl = MFd=--6. [F.]= el = el = —(u Il = e
Evaluating the system across the wave, we find
(4.25) (s> =TF)o+ Btsa=0, —D¥s6+(a* =b"s—C*s)a =0

and the nonzero speeds satisfy the equation
(4.20) —Ctst b+ (aT + TECY + BYDY)s* + TEbts —TEa® = 0.

The symbol “+7, as previously, means the value of a function at the wave where w = w™,
= F*, 3 = 3% p=pt and if the wave is propagating into an undisturbed material
such that Eq. (4.17) holds in the case of one dimension, then the fastest wave s = s; will
propagate into such a state. This means that s, satisfies Eq. (4.26) with b* =

3

(et .  B*D* at B+*D+\?  a*T%
(4.27) ‘53:5{{(‘T+1F+("—+}+\/(c++1*“ T ) —4(,f].

We are making the assumption T > 0, ¢f > 0. Equations (4.25) gives the relation
between the amplitude o and & at the wave which is propagating with speed s1,
Bts at - C*s?

42 5= = v = Loy
(4.28) 3 —TF(‘ sl o

The amplitude o or & evolves along the wave according to a first order difterential equa-
tion, which can be derived by differentiation of Eq. (4.19) with respect to ¢, using the
relations (4.24), and

v = 2256 + SHF ],

/ )
[[U Lf]] = 2'5 v + Sﬂ_{p,l.r]]a

(4.29) 1 d
Lp.ell = = 7o~ sillp el
1d
[Fe] = ﬁ;d—é - sl[IFtr]]

As a result we obtain coupled equations for é and a.

1+ (st = TENF el + B sullpec] = 0,
w2 — i DY[F o]+ (aF — C*sHlp.] =0,
where ¢, and ¢, are functions of «, 6 and their derivatives. Since the coefficients in
terms containing [[p ] and [[F ] satisfy Eqs. (4.25) (with b* = 0, and s = s)), as a
consequence we have a linear relation between ¢; and ¢;:
(4.31) P1=Cor,

where

(4.30)

st—TF _  Bts

s1D* at —c*st’
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Combining relations (4.28), (4.30) and (4.31), we obtain the desired equation for é (or «):
d

(4.32) W‘S + M8% + Mps =0

and
M= S o { 75‘% +s1B7 QDY - BT - )

(4.33) =3(a* = C*s{)Bp + (sf = T ) (dkorp9* — Sff-',Tu)} ;
Mo = at(s} -T¢) 50

2r(C*s} — a*TF) ‘

Equation (4.32) has the same property as Eq. (3.11) for the rigid conductor, that is,
the solution blows up in finite time {,, if the initial condition satisfies

(4.34) M8(0) + Mz < 0.

In contrast to the classical thermoelastic material of the Fourier law, there are two ac-
celeration waves, propagating in the positive direction. For the case of ry — 0,51 — =,
and the second wave s; — s, where s§ = T} is the speed of propagation of acceleration
wave in a classical thermoelastic material.

For s; = sy, the corresponding equation for the amplitude 6 takes the form derived
by DAFERMOS [21],

(—[6 TF+F c2 + /)[)!9+(1—‘v;’)25 = 0
dt 2s3 2k* '

0

5. Concluding remarks

In the last section, the constitutive model of an elastic heat conductor allowed discus-
sion of coupled thermo-mechanical waves of weak discontinuity. These may grow without
bound in finite time, provided their initial amplitude is sufficiently large, and possess ap-
propriate sign. This observation is rather obvious for nonlinear acoustic waves, which
can transform into strong discontinuity waves. The influence of the thermal properties,
however, may have a stabilizing effect on the acceleration wave propagation. This will
be discussed in more detail in future work. Here, one should notice that the appropriate
form of the specific heat function (cf. Eq. (3.14)) can make the amplitude equation linear.

At the present state of the theory, the available experimental data can support a
limited number of situations of physical interest, since the measurement of 7 at higher
temperatures is restrictive.
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