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Pseudo-similarity analysis of long rods 
in the transient creep range 

Notations 

R. SESHADRI (REGINA) and T. Y. NA (DEARBORN) 

PsEUDO-SIMILARITY solutions are determined for thin long rods that operate in the creep 
range of temperatures and which are subjected to time-dependent loadings. A time 
-hardening creep expression is used as the material constitutive relationship. The 
similarity variable is introduced in the non-similar description, and the method of 
quasilinearization is used to solve the nonlinear partial differential equation. When time 
is zero, the non-similar solution degenerates to a similarity solution. 

Wyznaczono rozwi~zania pseudopodobne dla dlugich pr~t6w w zakresie niestacjonar­
nego pelzania pod dzialaniem temperatury i zmiennych w czasie obci~en. W zwi~ku 
konstytutywnym uwzgl~dniono czlon odpowiadajllCY pelzaniu. Wprowadzono zmiennll 
p~obienstwa i zastosowano metod~ quasi-linearyzacji do rozwillzania nieliniowego 
r6wnania r6iniczkowego CZllStkowego. Dla zerowych czas6w rozwillzanie problemu 
degeneruje si~ do rozwillzania podobienstwa. 

OnpeAe.'leHw perneHHR ncesAonoAo6ux .ll.J'lR A.JIHHHhiX CTep:llme.H s o6JiaCTH nec­
TaU.HOHapHoii ll0Jl3Y'ICCTH llO.ll. AeHCTBHeM TeMnepaTypw H nepeMeHHbiX BO BpeMeHH 
HarpyAKeHHH. B onpeAe.UIOIUeM COOTHOllleHHH Y'ITeH 'IJieH OTBe'lalOIUHH llOJIJyqeCTH. 
BseAeHa nepeMeHHax nOA06HSI H npuMeneH MeTO.ll. KBa3H.'IHHeapu3aLJ.HH A.'ISI pellleHHSI 
HeJIHHelUIOfO JJ.H<t><t>epeHUHa.'lbHOfO ypasHeHHSl B 'laCTHbiX npOH3BO.ll.HhlX. ,lJ,AA Hy.'leBbiX 
speMeH pellleHHe Ja,ua'IH Bblpo:lK.ll.aeTCSl B perneHHe llO.ll.OfiHSI. 

x coordinate of the axis of the rod, 
t time, 

rr (x, t) nominal compressive stress; compressive stress is assumed to be positive, 
v (x, t) particle velocity, 
e (x, t) nominal compressive strain; compressive strain is assumed to be positive, 

m, n, A material constants describing first stage of creep, 
' similarity variable, 
p density of the rod material 

1. Introduction 

SIMILARITY representation is obtainable for a boundary-value problem provided 
the governing partial differential equations and the auxiliary conditions are 
invariant under a group of transformations [1]. A similarity transformation 
essentially reduces the number of independent variables in partial differential 
systems. Consolidation of auxiliary conditions is required, and the resulting 
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solutions are therefore domain and boundary condition limited. If any of the 
equations or auxiliary conditions is not invariant under a group of trans­
formations, then the problem description becomes non-similar. For such prob­
lems the methods of 1) superposition of similarity solutions, 2) fundamental 
solutions and 3) pseudo-similarity analysis have been used [2]. For nonlinear 
problem descriptions, however, the method of pseudo-similarity analysis is 
perhaps the most promising. 

In this paper, pseudo-similarity solutions are determined for long rods that 
operate in the creep range of temperatures, and which are subjected to 
time-dependent loadings. The first stage of creep relationship based on the 
time-hardening formulation [3] is appropriate for time-dependent load ap­
plications. It is assumed that the creep deformations are large compared to the 
elastic deformations (Fig. 1). The solution essentially describes how the stresses 
or displacements at diferent locations in the rod change with time for the 
variable loadings. The results are useful for evaluation of creep-damage and 
related design considerations. 

VARIABLE 
LOADING ~~ ~{0---------- - ---------~~x 

X=O SEMI- INFINITE ROD 

cr 1 x = o, t 1 = ere { 1 + cJ:>< t 1 } 

FIG. 1. Impact of a semi-infinite rod. 

2. Governing equations 

The time-hardening relationship for the first stage of creep (Fig. 2) can be 
expressed as 

(2.1) 
oe 
- = At'"an at ' 

A, m and n are material parameters that depend on the temperature. For 
commercial aluminum A= 4.18 x 10- 17, m = -0.8 and n = 3.5. 

When the creep deformations are relatively large compared to elastic 
deformation, then Eq. (2.1) represents the physical situation quite well. The 
one-dimensional deformation of thin rods can be described by the following 
equations: 

Equilibrium 

(2.2) 
oa ov 
-= -p-. ax at 
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FIG. 2. Uniaxial creep curve. 

Compatibility 

(2.3) 

Constitutive relationship 

(2.4) 

oe 
at 

= 
ov 
ax· 

RUPTURE 

331 

The auxiliary condition describing the time-dependent application of 
loading is given by: 

(2.5) a(x = 0; t) = O"c {l+cp(t)}, t ~ 0, 

O"c is a constant that corresponds to stress at t = 0. Here cp (t) is the variation in 
stress with time that is caused by external action. The following cp (t) variations 
are considered in this paper: 

cp(t)=t, 
cp (t) = t2

, 

cp (t) = 0.5 sin (0.5 t). 
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The other auxiliary conditions are 

(2.6) a (x -+ oo, t) = 0 

and 

(2.7) a(x, t=O)=O. 

Equations (2.1), (2.2) and (2.3) can be combined to give 

(2.8) 
fPa n 1 00' 1 
- - naA t"'a- - - mpA t"'- ~ = 0. 
iJx2 iJt 

Equation (2.8) is quasilinear parabolic. The system of Eqs. (2.5) to (2.8) is solved 
using "pseudo-similarity analysis". 

3. Pseudo-similarity analysis 

The following non-dimensional quantities can now be defined: 

(3.1) 
- x - t - a 
x = - t = - and a = -

xo' to ao' 

x0, t0 and a0 are arbitrary reference quantities which will be determined 
by invoking "invariance" of the governing equation and auxiliary condi­
tions such that a "minimum parametric description" occurs [1]. Substitu­
ting Eqs. (3.1) into (2.8), the non-dimensional problem description can be 
written as 

-
(3.2) 0' = f(x' t; ne, nb), 

wnere 

and 

ne and nb are non-dimensional parametres that have been extracted from the 
equation and boundary conditions. 
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To obtain minimum parametric description, Eq. (2.8) and the auxiliary 
conditions (2.5) to (2.7) are rendered invariant, i.e. 

(3.3) 

Therefore, the mathematical description becomes 

-

(3.4) u = f(x, t). 

Setting ne = 1 , 

(3.5) 1-11 1-m 
u o- 2- to_2_ 

Xo = 

Since x 0 does not occur in the original problem description, it can be suitably 
eliminated. Therefore, the similarity variable is 

(3.6) 

where 

and 

1-m 
0= -

2 ' 

Since u0 = uc from nb = 1, the similarity tranformation can be written as 

u(x,t) = ucf((), 

where 

r = kx 
1:. 9 • 

t 
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Substitution of Eq. (3.7) into Eq. (2.8) leads to the nonlinear ordinary 
diflerential equation 

(3.8) !" + n(1 ~m) cr-l !'- mf" = 0. 

Similarity solutions exist for specific forms of f/J(r). In this case, fjJ (r) = 0. 
Therefore, auxiliary conditions become 

(3.9) f(O) = 1, 
f(oo) = 0. 

If fjJ (t) is not invariant under a suitable group of transformations, then 
a non-similar description would result, which can be written as 

(3.10) 
kx 

r= - r=t 
':. t9 ' ' 

u (x, t) = F (C,r). 

The transformed Eq. (2.8), which would still be a partial differential equation is 
now given by 

(3.11) 
a2p n(l-m)rpn-taF- F"- pn-taF 
a(2 + 2 ':. ac m - nr ar 

with conditions 

(3.12) F(O,r) = 1+f/J(r), 
F(oo,r) = 0. 

When r = 0, similarity form, Eq. (3.8) would result. 

4. Numerical solutions 

4.1. Similarity solutions 

When fjJ (r) = 0, Eqs. (3.8) and (3.9) constitute the similarity representation. 
Rewriting them in a first order form, 

j' =U, 

u' + n(1-m) Cf"- 1u- mf' = 0 
2 
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with boundary conditions 

(4.2) 
f(O) = 1, 
f(Cm} = 0. 

335 

The method of quasi-linearization is used to solve the above system. Cm is 
initially chosen as an arbitrary number. Successive "estimates" of Cm that would 
lead to minimal change in the slope, f' (Cm), would lead to the condition 
f(Cm-+ oo) = 0. 

Expressing Eq. (4.1) in terms of finite differences, 

(4.3) 

(4.4) 

where hi= Ci - Ci- 1 , and the subscript j denotes the increment level for (. 
Linearization of Eqs. (4.3) and (4.4) is achieved by means of the relationships 

(4.5) 

using the approximation 

if i- 1 + b jj- l) a = fj -1 + a fj = i b jj -1 • 

the following equations can be obtained: 

(4.6) 

The superscript v is the iteration number. Although iterations are implied 
hereafter, v is dropped for convenience. 

Equations (4.6) can be further simplified as follows: 

(4.7) 

h· 
(bjj- bjj- 1) -1(bui+buj- 1) = (rdi--!• 

(fi1)ibjj-1 +(flz)jbjj+(fiJ)ibui-1 +(fi4)ibui = (rz)i-1• 
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with boundary conditions 

b/1 = 0. 

and 

(4.8) l>jj, = 0. 

In the above, 

and 

The iteration is started after specifying an initial approximate solution 

(4.9) ' /(() = 1- - . ,,. 
The boundary conditions, Eqs. (4.2), arc satisfied. The solution is improved on 
the basis of subsequent iterations using Eqs. (4.7) and (4.8). 

4.l. Non-similar solutiorw 

If Eqs. (2.5) to (2.8) are not invariant under a group of transformations, then 
a non-similar description would result. Equations (3.11) and (3.12) can be 
discretized by letting 

oF Ft- Ft-1 
= 

(4.10) or L1r 

F 
_ Fi + Fi-1 

i-1- 2 

and 

Although partial derivatives arc involved in the non-similar description, for 
convenience, we define 
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, oF 
F = o{ etc. 

i refers to F at time T, and i -1 to F at time, T - i1T. 

Equations (3.11) and (3.12) can be written as 

(4.11) 
![{F" n(1-m)rFn-1F:- F'!} {F" n(1-m)rFn-1(F' ) 
2 i + 2 ~:. i , m , + 1-1 + 2 ~:. 1-1 1-1 

F n }] (F )"-1{Fi -Fi-1} - m i-1 = n'ti-t i-t i1T 

subject to boundary conditions 

Equation (4.11) can be rewritten as follows: 

(4.12) 

where 

{ , n(1- m)r n-1 , F" } (F )"-1F Si-1 = - F;-1 + 
2 

~:tFi-1 Fi-1- m i-1 - na;-t i-t i- , 

and 

F n-1 
Y = nai-t i-t· 

Equation (4.12) is reduced to a first-order system 

(4.13) 

with 

, n(1-m)rFn-1 F" F S 
U; + 

2 
':. i U;- m i - Y i = i-1' 

F iO = 1 + cp ( 't), 
F im = 0. 
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Dropping the i and discretizing with respect to (, we obtain 

h· 
F--F· 1 -_l(u-+u· 1)=0 J }- 2 J J-

and 

h· 
( 4.14) u j - u j- 1 + { n ( 1 - m) 'j- t Jj = i - m Jj- t h j - y h j fj- !- = ( si- 1 . j- ! ) h j , 

with 

F 0 = 1+cp('r), 
Fm=O. 

Linearization performed in a similar fashion as in the previous case yields 

Again dropping the iteration index v and simplifying, we obtain 

(4.15) 
h-

(bFj- bFi-!) -1 ( bui+ bui_ d = (Rdi-!, 

(/J 5)i bFi-1 + (fh)i bFi + ({J7 )i bui-1 + (fJs)j bui = (R 2 )j-!, 

with boundary conditions 

where 

n(1-m) n-2 mn n-1 yhj 
(fJ 5 )i = (fJ6 )i = 4 hiCi-t (n-1) Fi-t ui-t- 2 hi Fi--!- 2' 

n(1-m) n-1 
(fJ7 )i = -1 + 4 

hi(i-l Fi- -!, 

(/Js )j = ({J7 )i + 2, 
h-

(R1)j--l = Fi- 1 - Fi + 1 (ui+ui_!), 

n(1-m) n- 1 n 
(R 2 )i-t = (uj- 1 - ui)-

2 
hi Ci-l Fi-t ui--l + mhi Fi-t 

+ yhi Fi -! + (Si-l.i-!) hi, 
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{
u i- 1,j - ui- 1, i- 1 n (1- m) r s i- 1,j -t = - h. + 2 ':. j- t 

} 

x FY~ t.i-l u ;- 1, i-l - mFY- i. j-J} - not;- 1 (F j::i) F i-l, i-l· 

Similarity solutions are generated using the method of quasi-linearization. For 
n = 3.5 and m = - 0.8, the variation off( C) versus C is plotted in Fig. 3. The 
non-similar solutions are shown in Fig. 4 for 4> (r) = r, in Fig. 5 for 4> ( r) = r 2 

and in Fig. 6 for cf>( r) = 0.5 sin (5r). In principle, other variantions of 4> (r) can 
be easily used. It is interesting to note that when r = 0, the non-similar solution 
degenerates to the similarity solution. 

Conclusions 

The method of pseudo-similarity analysis has been used to obtain solutions 
to the problem of a thin long rod operating in the transient creep range that is 
subjected to time-dependent loading. One of the major limitations of similarity 
methods, despite its powerful mathematical basis, is that it is restricted to 
invariant descriptions. Pseudo-similarity analysis is a method that deals with 
non-invariant equations and auxiliary conditions, and in this sense, extends 
similarity methods to less specific mathematical descriptions both linear and 
nonlinear. It should be possible to extend the research efforts pertaining to 
fluid mechanics and heat transfer, that are abundant in self-similar solutions, to 
the more useful non-similar solutions. 
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