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On anisotropic invariants of vectors and second order tensors

J. M. ZHANG (SINGAPORE)

IN THIS PAPER a different approach is presented for determination of the integrity bases
of finite vectors and second order tensors relative to all types of crystal symmetry
except for those of cubic system. The Lokhin’s general representation theorem for
integrity basis involving tensors of arbitrary order is proven. Several important
theorems are proven by making use of the algebraic properties of the higher order
structural tensors. These thorems make it possible for us to limit our search for the
integrity and functional bases to a small number of given homogeneous polynomial
invariants.

W pracy przedstawiono odmienne podejécie do problemu okreslenia baz catkowitych
(integrity bases) wektorow skonczonych i tensoréw drugiego rzgdu w odniesieniu do
wszystkich typow symetrii krysztalow z wyjatkiem ukladu kubicznego. Udowodniono
twierdzenia Lochina o reprezentacji dla baz zawierajacych tensory dowolnego rzgdu.
Udowodniono szereg waznych twierdzen, wykorzystujac wiasnoéci algebraiczne ten-
soréw strukturalnych wyzszych rzgdow. Twierdzenia te pozwalajg ograniczy¢ po-
szukiwanie baz catkowitych i funkcyjnych do malej liczby jednorodnych niezmiennikéw
wielomianowych.

B pabote mpeacraBneH Apyroil MOAXoA K 3ajaye OMpeAe/NeHHA NOJHHX Ga3ucos
KOHEYHBKIX BEKTOPOB H TEH30POB BTOPOIO MOPSAKA MO OTHOLIEHHIO KO BCEM THIAM
CHMMET PHH KPHCTAJLTOB, 33 HCKJIIOUeHHEeM KyOmueckoii cucTeMnl. Jlokazana Teopema
Jloxura o mpeacraBiacHHH A1 6Ga3HCOB, COACPXABIIMX TEH30PH MPOH3BOJILHOTO
nopajxa. [lokalaH paj BaXHBIX TEOPEM, HCNIONb3ys anrebpandeckne CBOKCT Ba CT APYK-
TYPHBIX TEH30POB BHICILIAX MOPSAKOB. DTH TEOPEMBI MO3BOJAKT OTPAHAYHT b MOKCK
MOMHKIX H (QYHKUHOHANLHHIX 03a3MCOB K MAaJOMY KOJHYECTBY OJHOPOMHBIX MHOTO-
YJIEHHBIX HHBaPHAHT OB.

Notations

a, bk, ea,b, ke i=123

A, B C : A 5 Bi...]’ C,_J,
Q QU’ Qikaj = 6;1)
(AB)L..JL.J - Al...ju B, b

(AQB)L..;&...! = Al...)Bh...l’

(A.B)l...J =Au 1Bu.»

(Q*A),. ;= Qu. . QnAi.0r

A'B=4, ;B ,

™A = A®..0A,

A™ = AA.. A defined only for second-order tensors,

e™ =e®e®...®¢ defined only for vectors,

olv,ev,ev]= v,®v,&...8v, ®v, for o= [ij.-k] being a permutation of
integer number sequence [12...n].
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Intoroduction

THE sYMMETRIES of crystal lattice of a solid are characterized phenomenologi-
cally by symmetries of the constitutive functions describing various physical
phenomena which may happen in the solid. The material symmetries impose
definite restrictions on the forms of the constitutive functions of the material.
Therefore representations of anisotropic functions, which specifies all possible
forms of the functions meeting the restrictions, are indispensable in obtaining
constitutive equations for anisotropic materials.

The known results concerning integrity bases of vectors and tensors under
the transformation groups corresponding to the crystal classes are mainly due
to Smith and Rivlin. The only cases which have been dealt with are the
invariants of a single symmetric second-order tensor [1, 2], of a vector and
a symmetric second-order tensor [3], and of an arbitrary number of vectors
[4]. Irreducible integrity bases have been obtained for these cases by making
use of the theorems in the theory of symmetric polynomials which give
integrity bases for polynomials in two and three sets of variables which are
invariant under symmetric groups of transformations of the variables, and for
polynomials in three sets of variables which are invariant under cyclic
transformations. The algebraic manipulations leading to the results are usually
very complicated.

An completely different approach was presented by BoOEHLER [5] and
developed by Liu [6], RycHLEwskr [7] who tackled the representation pro-
blems of anisotropic functions by using the well-known results for isotropic
ones. ZHANG and RycHLEwsKI [8] have found the structural tensor sequences,
for all crystal and non-crystal symmetries, through which the representations of
all anisotropic tensorial functions can be reduced to representations of
isotropic tensorial functions, at least from a theoretical viewpoint. Unfor-
tunately, the structural tensor sequences for most types of crystal symmetry
contain tensors of rank higher than two. At present, no practicable approach is
available for determination of the irreducible integrity or functional basis
involving such higher order tensors.

This paper aims at presenting an approach for determination of the
integrity basis of finite vectors and second order tensors, relative to all types
of crystal symmetry except for those of cubic system. Several theorems will be
established which make it possible to limit our search for the integrity basis
to a small number of given homogeneous polynomial invariants. In the
following section, the fundamentals of isotropic extension of anisotropic
function will be briefly reviewed. Several theorems which will be used in
discussion of the equivalence of two different extended arguments will be
presented. A general theorem for integrity bases involving tensors of arbitrary



ON ANISOTROPIC INVARIANTS OF VECTORS AND SECOND ORDER TENSORS 217

order is proven in Sect. 3. In Sect. 4, several important theorems are proven by
making use of the algebraic properties of the higher order structural tensors.
These theorems make it possible to largely reduce the number of elements of
the integrity basis specified by the general representation theorem. In Sect.
5 the integrity bases of a single symmetric second order tensor for each of the
crystal symmetry groups except for those in cubic system are obtained
according to our theorems in Sect. 4.

2. Structural tensor sequence and isotropic extension

The constitutive equation describing a physical phenomenon in a solid
usually takes the form as follows:

@.1) S = F(E,,..E,, a,,.,2,)

whose symmetry group consists of all the orthogonal trasformations Q satis-
fying

(22) Q+F(Fy.Ep ayn8) = FQHE,,.., QE,, Q¥ar,..., Qsay),

where E,,..., E, are the second order tensors, symmetric or skew-symmetric,
and a,,., a, are vectors. All the tensors and vectors are defined in the
three-dimensional Euclidean space. F may be a scalar- or tensor-valued
function. Here, without loss of generality, it will be assumed that F is
scalar-valued.

If the symmetry group is the full orthogonal transformation group ¢ (3) we
say that F is isotropic or the material, relative to the physical phenomenon, is
isotropic. Otherwise the material and the constitutive function are said to be
anisotropic. .

To represent a function F with a definite symmetry group is to find all
the possible forms of the function which meet the requirement (2.2).
Representations of isotropic functions with arguments consisting of ten-
sors of order not higher than two have been extensively investigated [9, 10].
On the contrary, results for anisotropic constitutive function are avail-
able only for a few special symmetry groups and/or for very simple
arguments.

In fact, material symmetry is a mathematical property of the phenomeno-
logical constitutive equation of a material with microscopic inhomogeneity
and directionality at a given reference state. Then how can such mathematical
property be represented by quantities which, at a macroscopic level, describe
the microscopic inhomogeneity and directionality? Let us look at the
following theorem.
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ISOTROPIC EXTENSION THEOREM [7]: Let I:‘(El,...,E,,, ay,...,a,) be any anisotropic
function with symmetry group %, and let J = {S,,...S,} be a constant ten-
sor-valued parameter sequence, called structural tensor sequence, such that

4 = {QE@(3) | Q*S]_= S]_,..., Q*Sr= Q*Sr};

then there exists at least one isotropic function F of Ey,...E, ay,...8, and S,,...,
S, such that

2.4) F(Ey,..Epay,.,8,) = F(E,...E,,8;,0,8,S,...,,)

Jor all E,,...E,a,,...a, in the domain of the constitutive function F.

The special form of this theorem in the cases of transverse isotropy and
orthotropy was obtained and applied to represent the constitutive equations
with these kinds of symmetry by BoeHLER [5] before one decade. Liu [6]
summed up this result into a theorem and found the tensor parameters J for
crystals of triclinic system, monoclinic system and orthorhombic system.
Recently, ZHANG and RycHrLEwskr [8] have found the structural tensors
sequences J for all orthogonal subgroups. Therefore the extension theorem
implies that every anisotropic function with an orthogonal subgroup as its
symmetry group can be obtained by fixing some variables as constant
parameters in some isotropic function and, further, that the representation
problem of any anisotropic function can be reduced to a representation
problem of an isotropic function.

The readers who are interested in the proof of the extension theorem are
referred to RycHLEwWsKI [7] or ZHANG and RycHLEwsKI [8]. Here, let us only
present, in Table 1, some results concerning the structural tensors of all
thirty-two crystal classes; the data will be used later on in the paper.

In Table 1 we have made use of the following notations:

(2.5) N; =e,0e; —e;0e,, N;=¢,0e; —e;9¢e,,
N3 =81®82—02@el,

(2.6) Tz,2 = 2e, ®¢,,
(2.7 Ts3 = 3/4(e; ®e, ®e; — e, @e, ®e;, — e, ®¢; ®e;, — €, €, ®ey),
(2.8) Ty =2(e; ®¢; ®¢; @€, + ¢, @€, B¢, 8¢,),
(29) Tee=33/16(e§ — ef ®e2 — e} ®e, ®e, ®e, — e} ®e2 @e,
— e, ®e? ®e} + e, ®e3 ®e, ®e + e, ®e) ®¢, Se, + ¢, e} o¢,
— e, ®¢; 8¢, 8¢] + e, ®¢, ®e, e, ®e3
+ e, e, 83 ®e, B¢, + €, ®e, B¢ ©e,
— el ®e} + e ®el ®e + el ve, ®e, ®¢, ®¢, + e ®¢, ®e3 ®¢,),

(2.10) Z =e¢;®e,0e;—€,0¢€,3¢;+¢€,8€;8¢; —e;8¢,®e€,
+e3@e1®e2_e].QE3®e2’



Table 1. Structural tensors for 32 point groups.

CRYSTAL SYSTEM | NO Schon.l'lies STRUCTURAL SETS
notations
o 1 C, €, €, €,
Triclinic N C. N, N, N,
3 C, e, €, €,8¢€,
Monoclinic 4 C, T, €5 Z
5 C.. T, Ny e;0e;
6 Cy T, ¢
Orthorhombic 7 D, Ty Z, e 06,
8 D,, T, ey0€,
9 C, T, e Z
10 S, S, N,
11 C. T, N,
Tetragonal 12 C. Ty &
13 D,, T, e ee,
14 D, T, Z
15 D,, LYW
16 C, Tyy €5 Z
17 Cy T, ee; N;
Rhombohedral 18 C,, Ty &
19 D, Ty Z
20 D,, T, 0e,
21 Cau Ty Ny
22 Cy Tee €3 Z
23 Cer Teer Ny
Hexagonal 24 D,, Ty,
25 Cs, Tse €
26 D6 T6.6’ z
27 D, Tes
28 T T, Z
29 T, T,
Cubic 30 T, T,
31 0 0, Z
32 0, 0,

[219]
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(2.11) S, =e; ®e, ®e; + ¢; B¢, B¢,
(2.12) O, =ef +e3+e}
(213) T, =e?®e? +eloel + el ee?,
(2.14) T, =e ®e,®¢e;+6€,0¢, 8¢, +¢€,8€;,8€; +€,82,8¢,
+e;®e ®e;, + ¢ 0e;0e,.
The structural tensor T,, can also be expressed generally as
(215 T,, =n(ki+k) if n is odd,

216 T, = n( 4K+ —sz) if nis even,

2n
where 1
(217) kl = 'i(el == iez),
1
(218) kz = i(el + iez),

(2.19) T2nn=2n [ki’% kl’.‘n]:

[k?ek;”] denotes the sum of all the possible permutations of the tensor
k, ®..ek, ®k, ®...®k, and i is the unit imaginary number.

We call the argument (E,,...,E,, a;,...,a;8S,,...,S,) the extended argument
of the tensors (E,,...,E,a,,..,8,), relative to group 4. Two extended
arguments are said to be equivalent if they have same isotropic integrity
basis.

THeOREM 1. Two tensor sequences (Sy,...S, M) and (S,,...,S, M,) are
structural tensor sequences for the same group % if M, can be represented as an
isotropic function of (Sy,..., S, M) and M, can be represented as an isotropic
function of (Sy,..., Sp, My).

The proof of this theorem is obvious.

The structural tensors for some crystal groups contain the third-order
alternating tensor Z, the entry of which into the argument makes it a little
more complicated to find integrity basis or functional basis for the extended
argument. The following two theorems show that, in fact, we can avoid this
difficulty in most cases.

THEOREM 2 [11]. When only tensors of even order occur as arguments and
values, there is no distinction between isotropic and hemitropic functions.

The proof of this theorem is obvious because the transformation QA of
a tensor A of even order remains unchanged when an improper orthogonal
tensor Q is replaced by the proper one —-Q.

Let Y be a tensor of odd order, define
(2.20) <Y> =YZ =Y, ; G,, ¢ ®...2¢; 8¢, ®¢,,
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where Z is defined by Eq. (2.10). It is easy to check that for proper orthogonal
tensor Q,

(2.21) Q*<Y>=(Q+Y)=(Q+V)Z = <Q+Y>.

THEOREM 3. For a tensorial function F (Y, A) of even order where A is a tensor
sequence of even order, define

(2.22) F(<Y>, A)=F(YA).
ThenF (Y, A) is a hemitropic function if and only if F (<Y >, A) is an isotropic
one.

Proof If F (Y, A) is hemitropic, then for any orthogonal transformation Q

(223)  Q+F(<Y>,A)=Q+F (Y, A) =||Q|+F(Y, A) = F(|Q||+Y, |Q||*A)
=F(<||Q|*Y>, ||Q||*A) = F(|Q[|* <Y>,||Q||*A) = F(Q* <Y>,QA),

that is, I5(<Y>, A) is isotropic, where

_ Q if Q is proper,
(2.24) ||QH = {_Q if Q is improper.

The inverse is obviously by definition. QED

When the argument of the function F contains more than one tensor of odd
order, say Y,,..,Y,, we define

(2.25) Y =(Y;,.,Y,), <Y>=(<Y;>,.,<Y,>)

The Theorem 3 still holds.

3. Representations theorem for isotropic functions

Material symmetry imposes certain restrictions on the forms of the
response functions or functionals. If a response function or functional satisfies
the material symmetry requirements, then it must be representable in certain
canonical form. Qur theorem for isotropic extension of anisotropic functions
stated in the previous section shows that the representations of the isotropic
functions, depending on an arbitrary number of tensors of arbitrary ranks, are
fundamental for descriptions of the anisotropic behavior of a wide range of
engineering materials. In this section, we will prove the following main
representation theorem, which was first presented by LokHiN [12] without
proof.
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Let £(v, n;) be the space of n;- th order tensors on the 3-dimensional space
¥". Denote the product space L(¥", n;) x L(¥,ny) x ..x L(¥,n,) by (¥,
Ny, Nos.l).

TueoreM 4. A function f: L(¥7; ny, n,,..., n)— R is an isotropic function if
and only if it can be expressed as a function of finite invariants

G.1) {1, I,.1},

where I; are homogeneous polynomial invariants formed only through the
operations of tensor multiplication, permutation and contraction of the argument
Ay, A, and the second order unit tensor I.

Before we begin to prove this theorem, we should restate a number of
well-known and essential general results concerning representations of sca-
lar-valued functions.

HiLBerT'Ss THEOREM. For any finite system of vectors and tensors there exists
an integrity basis which consists of a finite number of invariants.

The proof of this theorem is rather lengthy and will not be given here. It is
given, for example, in [13] and [14]. This theorem is of great importance in
that it asserts the existence of finite integrity basis and so justifies the search for
such basis. Therefore, to represent a scalar-valued function, we need only to
find an irreducible integrity basis.

Another important and well-established result to be employed in the proof
of Theorem 4 is about the general forms of isotropic constant tensors.

LemMma ! [10]. Any even order isotropic tensor has the expression

@) _ Y
(3.2) )| 2 a g[lele..el],

where o = [af...y] are arbitrary permutations of [12...2,], a, constant parame-
ters, the summation is taken over all possible permutations.
Isotropic tensor of odd order must be the zero tensor of the order.

Proof of Theorem 4. Now we begin to prove our main theorem which can
be completed by showing that any polynomial invariant can be expressed as
a sum of finite homogeneous polynomial invariants, and that the homogeneous
invariants can be obtained through the operations of tensor muliplication,
permutation and contraction.

Let I (A;, A,,...,A,) be a polynomial invariant and t,, t,,..., , be p arbitrary
real numbers. Then I (t; A;,t; Ay,...,t,A,) can be rewritten as a sum of the
homogeneous terms as follows:
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a a a
(3.3)  I(ty Aty Ag.t,A) =T+ Xt )t )f Loy..ay(A, gy Ap),
where Ial...a_,, (Ay,...A)) is the sum of all the terms which are homogeneous of
order o, in the components of tensor A, of order a, in the components of
tensor A, and so on: I, is a real constant.
After an orthogonal symmetry transformation of the argument involved, we
have

(3.4) I(tlQ*Al,tzQﬁAz,...,tp Q*Ap)
=Io+ 26" 17t Loy ) (Q* A, Q% Ay, Q%A
=Io+ 26" 18t Ly (A, Ay A ).

Because the second equality holds for arbitrary real number (¢, t,....,t,), it
follows that

(35) I"l tap (A 1 AZ:-“v Ap) = I’l---‘zp (Q * AI! Q * AZ’"',Q * Ap)

That is to' say, Ial__.,p(Al,Az,...,A,,) are invariant under any symmetry
transformations.

Now, the homogeneous invariants Ialm,,p(Al,Az,...,Ap) can be rewrit-
ten as

(36)  Iuy.a(AnAs..A)=(8"A)e..0(87A) H
=" (Q*A)e..a(2 7 (Q*A,) (Q+H),

where Q is an arbitrary orthogonal transformation and H is a real constant
tensor of order (x;ny + ayn; + ... + «,n,). The constant tensor H may not be
unique, because tensor (8%! A)®...®(®°7A,) must possess some kind of sub-
script symmetries when tensors Ay, A,,..., A, themselves possess index symmet-
ries or when some integers among «, j,..., %, are larger than 1. But the
uniqueness can be ensured by requiring that H possesses the same subscript
symmetry properties as (8*1 A;)8...8(8°2A ).

If QT is a symmetry transformation, then

(38) Loy, (Q"%A;, Q" A,,.,QTxA) = (&' A))@..0(® " A) (Q+ H)
(=1Iay..a) (AL Az A) = (87 Ay)e.8(8 7 A) - H,

which in fact means that

(2 /) U™t ANe (@ PAN-(0O+H — H) =0.
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The tensor in the second bracket must be zero because the above equality is
valid for arbitrary (A,,A,,...,A,). This leads to the conclusion that H is
a constant tensor with the same symmetry group as the homogeneous
polynomial invariant considered. For isotropic invariant, H should be an
isotropic tensor of order (a;ny + ayn, + a,n,). Taking into accout Lemma 1,
we have proven the main theorem. QED

Theorem 4 can be easily generalized to tensor-valued functions:

THEORM 5 [12]. A tensor-valued function 8 =LV inuny,...,n,) > 2LV, ny)
is isotropic if and only if there exist a finite integrity basis {I,,...,1,} and finite
tensors (H,,...,H,) of order n, such that

3.9) F(As,.,A,) = z il ])H

i=1

where H, are also formed through the operations of tensor multiplication,
permutation and contraction and are usually called the generating set, f; are
arbitrary scalar-valued functions of the invariants I,,...,1,.

4. General results for integrity bases of vectors and second-order tensors

According to our results in the previous sections, it is possible to transform
the representation problems of the constitutive functions of anisotropic solids
into those of isotropic functions. However, up to now, almost all the results
concerning representations of isotropic functions are confined to functions of
vectors and second-order tensors [9, 10]. Relatively little is known about the
representations of isotropic functions whose arguments contain tensors of rank
higher than two (see [15., 16., 17]). Our representation Theorems 4 and 5 in the
previous section have already established a theoretical framework for this
purpose and furnished an approach to find the integrity bases and generators
involving higher-order tensors. However, it still is an open problem how to
seek finite and even irreducible integrity basis and generating set from the
infinite homogeneous polynomial invariants.

This section is devoted to the representation problems of scalar-valued
fuction of vectors and second-order tensors. In this case, the only tensor of
order higher than 2 stems from the structural tensor sequence. In order to
establish a general procedure of reducing as many elements as possible of the
integrity basis specified in the general representation theorem, it seems essential
to investigate the algebraic properties of the homogeneous polynomial in-
variants involving higher-order structural tensors. By this process, we hope to
arrive at minimal bases; the procedure in itself, however, gives no assurance
that the bases finally obtained are minimal, except in some of the simpler cases
where the irreducibility of the basis elements is evident by inspection.
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Let (E;, E,,..., E,) consist of vectors and second-order tensors whose
integrity bases relative to some orthogonal subgroup ¥ are to be investigated.
Assume that (S;,...,S,,T,,) is a structural tensor sequence for group % where
T,,. is the n-th order tensor characterizing the n-fold rotation symmetry
operation. Sy,..., S, are all assumed to be of order not higher than 2. This is the
case for most crystal symmetry groups. Therefore, the extended argument

(4‘1) (Ei’ EZP“: Ep; Tn.m Sl)“‘s Sq)

contains only one tensor whose order n is probably higher than 2 (for crystals
n may take values 2, 3, 4 or 6).

The following properties of tensor T, , make it possible for us to represent
(4.1) without knowing the general results concerning the integrity bases for
tensors of order higher than 2:

T, is invariant under any permutation o, i.e.,

4.2) [T,r] =Thm

Any m < n times contraction of tensor (T,,®T,,) can be written as dot
multiplication o [T, ,®T, ] (®™). Hence, the inner product of the contracted
tensor of (T,,®T,,) with a 2(n-m)-order tensor A is equal to
6[T,n®T, ] (®™"I)® A), where o is a permutation of integer sequence
[12...2n)].

THEOREM 6. The integrity basis of argument (4.1) consists of the integrity basis
of the argument (E, E,,...E;; Sy,...,8,,1,) and the invariants

(43) Tn,n' Gls---aTn.n'Gn

and, further, if n is odd number

(44) TZn.Zn'Mls“ﬂ TZn.Zn'Msa
where
4.5) I, = e, ®e; + e,®e,,

Gy,...,G, are the n-th order generators of the argument (E, E,,...,E;;Sy,...,S,, L),
to within a permutation, and M,,...,M, are the 2n-th order generators of the
argument (E;, E,,...,E_; S;,...,S,, 1), also to within a permutation.

Proof According to the main representation Theorem 4, the integrity
basis of tensors (4.1) consists of the homogeneous polynomial invariants
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formed only through the operations of tensor multiplication, permutation and
contraction of the argument (4.1), and the second order unit tensor I. The
algebraic properties of T, , described above show, that the general form of the
homogeneous polynomial invariants involving T, , is

(4.6) (™ T, H,

where H is any tensor formed by tensor multiplications , permutations and
contractions among the tensors (Ey, E,,..., E,; S;,...,S;) and I, up to the order of
mn. First, we assume that the mn-th order tensor H can be simply decomposed
into

(47) H= I(E,; S,) (Al. @Az...@An) ®...® (Bl. ® Bz Q.-.@Bb),

where I (E;; S)) is a homogeneous polynomial invariant concerning the tensors
involved, A; B; are vectors or second-order tensors formed by tensor
multiplications, permutations and contractions among the tensors (E; S;, I),
and all the bracketed tensors (A; ® A, ®..8A,),.. (B ®B,e..8B;) are
tensors of order n or of order 2n(*). Therefore, the scalar invariant (4.6) can be
rewritten as

4.8) I(E;S)T, . (A;®A;8..8A,) x...x T, (B;®B,¢...8B,)
for n being even, and as

(49) I(Eu Sl) Tn,n' (Al ®"°®Aa) XX Tn.n '(Bl e'“ng)
X (Tp,®T,,) (C;®..8C) x..x (T, ,®T,,)(D; ®..2D,)

for n being odd.

All the invariants appearing in (4.8) are expressible through invariants (4.3),
because the n-th order tensor (A, ® A, ®...2A,) can be algebraically represen-
ted by the n-th order generators (Gyy,....Gyp..,.Gepyer,Grg):

(4.10) Al ®A2 @...@Aa = Z‘a‘- Gli+ "'zﬂjGIj’
i i

and

@4.11) (A1 ®A;8..8A) T, ,=Z2)G11 Trn+ .. + (Z )Gy Thm
i J

() This may happen when n is odd. In this case, if all of A}, A,,...,A_ are of order two, the
tensor product A, ®A, ©..8 A, may not be decomposed into product of two tensors of order n.
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where Gjy,..., G;, are generators which differ from one another only by
a permutation.

Similarly, we can easily prove that for any odd number n, all the invariants
appearing in (4.9) are expressible algebraically by the invariants in (4.3) and
4.4).

To complete the proof of our theorem, we are required only to prove that
for any integer m, any permutation ¢ of [12...(mn)] and any tensor H of form
(4.7), the invariant (®T,,)-¢(H) may be expressed algebraically by the
invariants in (4.3) for even n and by the invariants in (4.3) and (4.4) for odd n.

We will prove this by using the method of mathematical induction. Assume
that n is odd.

For m=2, T,,®T,, can be expressed as

4.12) T,.®T,,=k}" + k3" + k] ek} + k3 ® k1,
and hence for any 2n-th order tensor H, of the form (4.7), we have

@13)  (T,.eT,.) o(H;) = (ki" + k3") o (H,) + (k] ok} + k3 ok})- o (H,)
= (T ®Tpn) Hy + (k] k3 + k3 okf)- (o (H) — Hy),

where we have made use of the fact that (k2" + k3" o (H,) = (k3" + k2")-H,,
and the fact that the first equality also holds for identity permutation
o = [12...(2n)]. It has been previously shown that the tensor (k] ®k’ +k’ ®k?)
is a transversely isotropic tensor. So the last term in the above equation is an
transversely isotropic invariant of the argument (E,...,E; S,,..., S;; Ly).

For m=3, T,,eT,,.eT,, can be expressed as

(4'14) 2Tl‘l.fl ®Tﬂ.ﬂ QTH,H = TH.II ®(Tﬂ,’l ®Tﬂ,ﬂ) + (Tﬂ.ﬂ ®Tn,n) ®Tﬂ.n
= 2k} + 2k3" + K} e (K] + k3) ok} + k3 o(k] +kj) ek’
+ (k] + k) e(k] ek} + k3 ek]) + (k] ek + k3 ok])e (k] + kj).

Hence, for any 3n-th order tensor Hy of the form (4.7), we have

415) (2T, ,eT,,eT,.) o(Hs)

=2(ki" + k3)-0(Hs) + (k] e(k} + k3)ok3)-o(H;) + (ke (k] + k3) @ kf)- o(Hs)
+ [(k] + k) e(k} ek} + k3 okl) + (k] ok} + kj ek]) e (k] + k3)]- o(Hs,)

=T8T, 48T, ) Hy +(ki®T, ,8k3) (0(H3) —Hj) + (k38 T, .0k1) (0 (Hs) — Hj)
+ [Thqo(k] ©k3 + kj @ 4 k]) + (k] ek} + k3 ok}) eT,,.] (s (H;) — Hj).

The first term at the right-hand side of the last equation has already been
proven to be expressible by invariants in (4.3) and (4.4) because H; meets the
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decomposition property (4.7). And, further, as k7 ®k3 is a transversely-isotropic
complex tensor, the second term can be rewritten as

@4.16) (T, ekjek}):A[c(H;) —H_3]=Z1I(0,H; 1)T,, Li(s,H;, L),
i

where A =[(n+ 1)...2n)12...n(2n + 1)...(3n)] is a permutation of [1...(3n)],
I{a,Hj, I3) are invariants of the tensors (E,,...E,; S,,..., S;; 1) and L;(o,H3, 1)
are some n-th order tensor-valued generators of the argument. As a result, the
second term, as well as all other terms in Eq. (4.15), can be algebraically
expressed by the invariants in (4.3) and (4.4).

Assume that for any m = (p-1) and any nm-th order tensor H,, of form (4.7),
the invariant (e™ T, ,)- ¢(H,) can be algebraically expressed by the invariants
in (4.3) and (4.4). The expression for " T, ,, m < p—1, is assumed to be in the
form of

@4.17) 8" T,, =k + k3" + Za; 4, [(e" 2T,,) ek} ek}]
i

+ oot Z by [Ton 8k T M2 k@127 if m is odd,
i
and
4.18)  ©"T,,=k["+ k3" + Za;,[(e" ? T, ,) ok} ok}]
i

+ .+ Z ¢ [kTV2 k3] if m is even,
i

where a;, b, c; are constants, 4; y, m; are some permutations of the in-
teger sequence [1... (nm)]. Then the general expression for ®fT,, is as
follows:

@419)  ®’T,,=12(T,,e@* "T,)+ (" "T,,) eT,,)

1 = —2)n —2)n —2)n
= kI + K5+ kel + K oks + k3o k" - kY ki)
+3 ZafTy, o4 [0 VT, okl k] + 4[(e* VT, ) ok ekt] oT, .}

1 -2
+ 45 Eb{T, e [T, 0ki " ok§=212]
+ 9 [Tpa0k] 2" ekf "] ®T,,,,.} if p is even

and
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1
(4.20)  @FT,n = (Tun 8(8?VT,,) + (e?"VT,,)eT,,)
1 =2)n - -2)n - 2)n
=K+ + kel + k3 )ekg + kiok{ "+ ki) eki]

1
& 5 E a; {Tn.n eli [(g(p— . Tn.n) ®k,lI @kg] + ’?'i [(@U_ 3)Tn.u) @k'i @k'i] ®Tn.n}

1 o
ot 5 ef Ty em [T ek ")

+ m [P ek @T,,_,,} if p is odd.

Finding ﬂ((f i +k(f_2)") from Eq. (4.17) in the case of p being odd or
from Eq.(4.18) in the case of p being even and substituting the result into Eq.
(4.20), respectively, we can easily show that (4.17) and (4.18) are also valid
for m = p.

Now, let us analyze a typical term in the invariant (8T, ,) - (H,— o (H,)) for
any np-th order tensor H, of form (4.7) and any permutation ¢ of integer
sequence [12...(np)], ie.,

@21)  v[(e® *T,,)ekieki] (H,—o(H,)
= [(e?~*T,,) ek{ ek7] - v; ' [H,—a(H,)]
= (®(p— 0 Tn.n) 2 Z La (Eis Si: Ia) Ha [Xa}:

which we have assumed to be expressible algebraically by invariants in Eqgs.
(4.3) and (4.4). Here, L, (E;S;1,) are invariants of the tensors involved,
U, permutations of the integer sequence [12...((p—2t)n)], X, the (p—2t) n-th
order tensors of form (4.7).

According to the principle of mathematical induction, we have proven the
theorem for the case of n being odd.

When n is even, define

. 1

(4.22) Tpn=Tyn— iTZn,u = ki + k5.

’IA‘,,',, possesses the same symmetry properties as T, ,, and hence they determine
the same group, since T,,,, is a transversely isotropic tensor. When we replace
T, by T, . the above deduction for odd n is still valid because '1'",,',, satisfies the
essential requirements (4.2). As a result, all the invariants of (E,, E,,..., E;; T, ,,
Si,-»S,) can be represented by the invariants

(4.23) (Tun® Gryores Ton* G),
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(424) f2n.2n i Mb---a ’on,Zn ) Mr

The fact that the invariants in (4.24) can again be expressed by those in (4.23),
which are equivalent to those in (4.3), furnishes our proof. QED

The isotropic integrity bases involving vectors and second order tensors
have been extensively investigated. So, according to Theorem 6 we need to
focus our attention only on the small number of invariants in (4.3) and (4.4) in
order to investigate the minimality of the integrity basis. Based on the previous
results on representations of vector-valued and symmetric second order
tensor-valued functions and on the subscript symmetry property (4.2), the
following conclusions can be easily drawn;

For even n, all the tensors A;, B; in Eq. (4.7) can be assumed to be symmetric
second order tensors and take values among the symmetric second order
generators of the argument (E;, E,,...E,; S,,..., S;, I, I).

For odd n, A, B; in the above theorem can be either vector or symmetric
second-order tensor. It is enough for them to take values from among the vec-
tor- and symmetric second-order tensor-generators of the argument (E,,
E....E;Sy,...S, L, D).

None of A; and B; is required to take value I, or I, because the dot
multiplications of T, , and T, 1, (for n being odd) with I, or I are either zero or
a transversely isotropic tensor.

Theorem 6 is also valid if we replace “integrity basis” by “functional basis”.

The following theorem describes another property of the structural tensor
T,.. which can help us to reduce the redundant elements of the integrity basis in
most cases of symmetry.

THEOREM 7. For any integer sequence (a,b,...,c), we have

(425) (N3eN5e..eNS)uT,,=N4 "2t ~*cg(e" 'I)uT,,, n is odd,

(4.26) (N4 eNje..oNS)aT,,=(N4 2 *g(e" )uT,, n is even,
where N, is given by Eq. (2.5).
Proof Here, we prove only Eq. (4.25). The proof of equation (4.26) is

similar. Substituting Eq. (2.15) into the left-hand side of Eq. (4.25) and taking
into account the easily proven facts

(4‘27) N3 kl = tikh Ng kl = (‘i)akb
N3kz = lkz, Ng k2= i kz,

we get
(4.28) (N9 k, ®N% &...eN9) nT,,
=n(N%k, eN3k, @...e N5k, + N3k, eN3 k, ®..e N5 k;)
=n ia+b+...+c (_1)u+b+...+c ti +k3)
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If (@ + b +...+c¢) is even, then the above quantity is equal to +T,,; and if
@+ b+ ...+ c) is odd, then

(4.29) (N3 eN5 &...eNS)uT,, = + ni(ki — k?)

is 2n times the imaginary part of the complex tensor k3. Therefore, the
transformed tensor (N3 @N5 @...eN4) T, , is dependent on the power sequence
(a, b,...,c) only through its sum (a+ b +... +¢). QED

TueoREM 8. Iet (Sy,...,S,, N3, T, ,) be a structural tensor suquence for some
group 4. Let (E,,..., E,) be a sequence containing only vectors and the
second-order symmetric orfand skew-symmetric tensors. If n is even, then the
functional basis of (Ey,..., E,; S4,...8,, N3, T, ,) consists of the functional basis of
tensors (E,,...,.E,; Sy,..., S;, N3) and the invariants

Ton® Xpgeoos Tunt X,
(430) (N3 Tn.n) ) Xl.s“-: (N3 Tn.n) : xn

where Xg,...,X, are the n-th order generators of the argument (E;, E,,...,.E
S1,.28g L), to within a permutation.

P>

Proof According to Theorem 6 the functional basis of
Ky, . Ep; 84,...,84, N3, T, ) consists of the functional basis of tensors
(Egs.s Ep; S1,...,84, N3) and the invariants (4.3) where Gg,...,G, are the n-th
order generators of the argument (E,E,,...,E};S,,...,S; Nj, L), to within
a permutation. As mentioned before, if n is an even number, have n-th order
generators Gy, to within a permutation, have the general form

(4.31) Gj = Ail @Aiz @...@Ajk,

where A;; are the second-order symmetric tensor-valued generators of the
tensors (Ey,..., E;; Sy,....8, N3, 1) and k = n/2. If we check the generating set
given by WanG [9] and SmitH [18], we can easily find that the last equation
can be rewritten as follows:

(4.32) G; = (N3 eNj e...eN5)u(B;; ®B;; 5...8B,),

where a, b,...,c are integers with values 0,1 or 2 and B;; are the second-order
symmetric tensor-valued generators of the tensors (Ey,....E,; Sy,...,S,, L) As
a result, we have
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(433)  TouGi=(Tpn+; L [k2 ok2]) - (N3 oNS 6...0N%)
= (B, B, e...anu)) = (—1p*P++¢(NseNbe..eN5)uT,,)
-(B;; ®B;; ®...8B,) + % (k72 ek¥?]- G;
=(_1)a+b+...+c((Ng+b+...+c@IG(A—I)I).]:"'").(B“ B, ®...8B,)
+ %[k'i”' ek%?]-G;

n/ 2

—(Tnn+ [k IIIZ )(Na+b+ +CB51 ®B"2 e"'SBik)

g = [anZ n/2

2 ]'(G;— N*+b+.-*cB, @B, ®...eB;).
Since the only values the tensor N§*?*-*¢ may take are (I, -I,, N3, -N3)
and tensor (B;, ®B;; ®...8B;,) may be expressed by X; and their per-
mutations, the first term in left-hand side of the last equality can be
expressed by the functional basis of tensors (Ey,...,E,; S4,...,S, L) and
invariants in (4.30). The second term is an invariant of tensors
(Egs-. Ep Sy,...,S,, 1) and N3 QED

The last theorem does not hold when n is odd. The main reason
is that we usually have no decomposition formula similar to Eq. (4.32)
in this case. Instead of Theorem 8, we have the following more restrictive
theorem.

THEOREM 9. Let (Sy,...,S, N3, T,..) be a structural tensor sequence for some
group % and let (Ey,...,E,) be a sequence containing only second-order symmetric
or/and anti-symmetric tensors. If all S; are of second-order, then the functional
basis of (Ey,...,E,; Sy,...,8q, N3, T, ,) consists of the functional basis of tensors
(Egse.s Ep; S1,...,8,, N3) and the invariants

TZn,Zn * Yl,..., TZn,Zn * Ys’

4.34
(434 (N3 Tzn.zu)' Yooy N3 Tp20) Yo

where Y,,..,Y, are the 2n-th order generators of the argument
(Ey, E,,... . E; S48, L), to within a permutation.

The proof of this theorem is completely similar to Theorem 8. The
only fact we must take special care of is that the n-th order generator in this
case is 0.

Theorems 8 and 9 may not hold when “functional basis” is replaced by
“integity basis”. Again, the reason is that the decomposition formula (4.32) does
not hold for integrity basis in general.
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5. Integrity bases for a single symmetric tensor

Now, to show how our approach can be used, we will briefly examine the
integrity bases of a single symmetric tensor, relative all crystal symmetry
groups except for those of cubic system. According to our results in Sect. 4,
all we should do is to examine whether there exist redundant invariants
among the small number of invariants of forms (4.3) and (4.4). We will
not attempt to present here the details of the examinations for every
crystal group. Instead of that, we will analyze several typical examples,
though all results are given out below. Applications of our results in
Sect. 4 to the case of two symmetric tensors will be reported in a separate

paper.

5.1. Transversely isotropic

First, let us analyze the integrity bases for transverse isotropy which
is classified into five subclasses [6]. It has been mentioned before that the
integrity bases for most crystal symmetries contain transversely isotropic
invariants.

For groups C,, and C,, the extended argument is (E, N;) whose integrity
basis consists of six invariants as follows:

(5.1) trE trE? trE* «¢EN3 trE2N3 ¢E2N3EN,.

For groups C, and D, D, the extended argument is (E, e; ®e;) whose
integrity basis consists of five invariants as follows:

(5.2) trE trE? trE? e,- Ee, e Ees.

5.2. Triclinic system

For group C,, the extended argument is (E, e, e,, e;) whose integrity basis
consists of six invariants as follows:

(5.3) ei * Ee_,.

For group C;, the structural tensor sequence consists of (N;, N,, Nj)
from which the tensors e; ®e;, ij = 1,2,3, can be obtained by dot multiplica-
tions, permutatons. Therefore the integrity basis for C; is the same as for C, i.e,,
(5.3).
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5.3. Monoclinic system

The extended arguments for the three groups in this system are

G : (E, ey, ey, e3,®e3)=(E, T, ,, Nj),
C,: (E, T;,2, €3, Z) = (E, T,, Nj),
CZII: (E: Tz‘z, N3)'

According to Theorems 1,2 and 8, the integrity bases for all the three groups
are the same and consist of seven invariants.

(5.4) trE, trEz, eg'Ee:b ea'Ezes, E'Tz'z, (N:’ E)'Tz'z, (N3E2)‘T2.2.

The other three invariants trE3, E2- T, , and N3 - EN; E? specified by Theorem
8 can be algebraically expressed by invariants in (5.4) and hence have been
omitted here.

54. Orthorhombic system

The extended arguments for the three groups in this system are

Ca: (E, Ts,2, €3) =(E, T, e;e,),
C,: (E, T2, e;®e;, Z)=(E, T, ,, e; ®e,),
Djy: (E, T, ,, e;®e;).

Therefore there exists same integrity basis for them. According to Theorem 6, it
consists of seven invariants

(5.5) trE, trk2, trE3, e;-Ee,, e;°EZe,, e, Ee,, e, *EZe,.

5.5. Tetragonal system

The extended arguments for the seven groups in this system are

Cs: (E, Tyu, 3, Z) =(E, T4, Nj),

AP (E, e, ®e, ®e3 + €, ®¢; ®e3, N3) = (E, Ty 4, Ny),
Cu: (E, Ty4 Nj),

Cap: (E, Ty4 €3) = (E, T4 ),

Dyy: (E, Ty, ey 0e;) = (E, T4 ),

D4 : (E» T4.4-s Z) = (E’ T4.4),

Dy (E, Ty
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According to Theorems 1 — 3 the extended arguments for the last four groups
are equivalent and, according to Theorem 6, the integrity basis for them
consists of eight invariants

56) trE, trE?, trE®, e, Ees, e;°EZe;,
’ (EGE) T, 4, (E@E?) T4y, (E20E?) T4,

The extended arguments for the first three groups are equivalent to each other
and, according to Thorem 8, the integrity basis for them consists of twelve
invariants

tl‘E, tl'Ez, t[Es, [ Eeg, €y° E2e3, N% = EN3 Ez,
5.7 (E®E): T, 4, (E* @E) i P (E2 9E2)1T4,4,
(N;E®E): T, 4, (N;E€E?):T, 4, (N;E*€E?): T, .

For this system, all the invariants involving T, 4 specified in Theorems 6 and
8 are irreducible.

5.6. Rhombohedral system

The extended arguments for the five groups in this system are

Cy : (E, Ty, €3, Z) = (E, Ty;0e;3 N,),
Cyi: (E, T;30e;3, N3),

CSU: (E’ TJ.3: 33),

D3 : (E, T3.3, Z) = (E: T3,35 03),

Cii: (E, Tys0e;3)=(E, T;,, €).

Similarly, according to Theorems 1 — 3 and Theorem 8, the extended
arguments for the last three groups are equivalent and the integrity basis for
them consists of the following nine invariants

538) trE, trE?, trE3, e;-Ees, e3°E?%e;, (E®Ee;) Ts 3,
' (E*>eEe;): T; 3, (E@E?e;) Ty 3, (EGESE): Tgp
There are another four invariants (E,®EZ%e;):T;; (E2e@E®E):Tgq, (E2
eE? @E) T 6, (E* ®E2 ®E?)- Tg ¢ among all the invariants obtained from Eqgs.
(4.3) and (4.4) which can be algebraically expressed by invariants in (5.8) and
hence have been omitted here.

The extended arguments for the first two groups are equivalent to each
other and, according to Theorem 6, the integrity basis for them is
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trE, trEz, trEa, e3 'Eeg, eg L2 Ezeg, N% 'EN; Ez,
(5.9) (E®Ee;) T, 3, (E*@Ee;) T; 3, (E@E%;) T,
) (E@E®E): Te 6, (N;E®Ee;) T 3, (N3 E?eEe;)- T, 3,
(N3E®E263) o T3.3, (N3 E@E@E) . TG.G-

5.7. Hexagonal system

The extended arguments for the seven groups in this system are

Ciu: (E, T33, N3)=(E, Tes, Ns),
Cs : (E, Tes €3, Z)=(E, T Nj),
CGh: (E: T6,6! NJ):

Dy : (E, Ty3)= (E, Te,6),

Cer: (E, T €3)=(E, Tse),

Cs : (E, T Z)=(T, Tge)

Dgy: (E, Te,6)

The extended arguments for the last four groups in this system are
equivalent according to Theorems 1 and 2. The integrity basis for them,
according to Theorem 6, consists of the following nine invariants

(5 10) trE, trEz, trE3, €3° Ee3, €y° E? €,, (E@E@E) . T6.63
) (EZ @E@E) ' T6,6’ (EZQEZQE) . T6,6 (I‘:2 @EZQEZ) ‘ T6‘6'

Similarly, according to Theorem 8, the integrity basis for the first three groups
which have equivalent extended argument consists of fourteen invariants

tI'E, tl'Ez, lrEa, €;° Eeg, €3° E2e3, N§ . EN3 Ez,
(E®E®E): T ¢, (E2@E®E)-Tg ¢, (E20E*@E)-Tg g,
(5.11)  (E2@E%8E?)-Tge, (N;EGEGE):Tss, (N3 E*8ESE)- Ty,
(N3 E? ®E?@E)* Tg 5, (N3 E? ®E?®E?)* T 6.

For this system, all the invariants involving T ¢ specified in Theorems 6 and
8 are irreducible.

5.8. Cubic system

The extended arguments for the five groups in this system are

T: (Es Th’ Z) = (E’Th)’
7}‘ : (Ea Th)’

Ty:  (E, Ty)=(E, Oy),
0: (E, 04 Z)=(E, Op),
oh: (E: Oh)
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Our results in the previous sections are not valid for crystals in cubic system.
Up to now, the author has no idea how to limit our search for integrity basis to
a small number of homogeneous polynomial invariants. Let us quote the
results by SmitH and Rivrin [1]. For the first two groups in this system the
integrity basis consists of fourteen invariants

trE, trk?, trE3, (E®E), T,
(E*®E) T, (E®E?) T,, A[E*®E]-T,,
(5.12) (E*®E?)'T,, (EsEeE)*(T,T,), (E*eE*®E?)(T,T,),
([EeE®E®E](T,eT,), ¢[EeESE®E]: (T,oT,),
(E*®E®E®E): (T,®T,), p[E?.eEeE®E](T,&T,),

where
(5.13) A=[1324], & =1[12345768], ¢ = [12354678].

For the last three groups in this system the integrity basis consists of nine
invariants

trE, trE2, trE?®, (E®E)-0,, (E?eE)-0,, (EeE?)-0,, (E*sE?)-0,,
(E®E®E)- (0,0,), (E2¢E®E)-(0,0,), (E*6E?6E)-(0,0,).
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