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An unsteady Faxen’s relation for the force including
interaction effects

I. PIENKOWSKA (WARSZAWA)

THE PAPER deals with unsteady hydrodynamic interactions between N spherical particles,
immersed in an incompressible, unbounded fluid. It is assumed that the flow is governed by the
unsteady Stokes equations. The integral equation approach, involving the Green function,
depending explicitly on the time variable is used. The unsteady hydrodynamic drag, exerted on
the j-th spherical particle in the presence of N-1 other particles, is calculated under some sim-
plifying assumptions.

Praca niniejsza dotyczy niestacjonarnych oddzialywan hydrodynamicznych miedzy N sztywnymi
kulami, umieszczonymi w cieczy niesci§liwej. Przeplyw cieczy opisuja niestacjonarne réwnania
Stokesa. Celem opisu oddziatywah hydrodynamicznych wykorzystano funkcje Greena, zale-
zacg w sposob jawny od czasu. Obliczono, przyjmujac dodatkowe zalozenia upraszczajace,
niestacjonarny opor hydrodynamiczny j-tej kuli, w obecnosci N-1 innych kul.

B pabore paccMaTHpHMBalOTCA HECTALMOHADHLIE MAPOJHHAMMUECKHE B3AHMOAEHCTBHA MEXKIY
N YKECTKHMH IIapaMH, NOMELIEHHBIMM B HECHKHMAaeMo >KuaKocTH. TeueHHe »KHOKOCTH ONHM-
CBIBAIOT HecTauMoHapHble ypaBHeHMsa Crokca. J[NA ONHMCAHHA THAPOIMHAMHYECKOrO B3aH-
moneiictBua Obwia ucnonbsoBaHa ¢yekimAa 'puna, saBucAmas or BpemenH. IIpousseneH
pacyer HeCTalMOHAPHOIO I'MAPOAMHAMMYECKOrO CONMPOTHBIIEHHMA j IIapa, npH Hamuuua N-1
APYTHX LIAPOB.

1. Introduction

ONE of the many problems concerning the motion of particles in viscous flows at low
Reynolds numbers, is to examine hydrodynamic interactions between immersed particles.
In the case of steady-state flows considered in the framework of the steady Stokes equations,
the subject has received a great deal of attention over the years. It was mainly because of
its importance in the theory of suspensions. However, under many conditions the un-
steady effects become important. Let us mention here the hydrodynamic interaction of
particles, being close to each other [1], the settling of particles under the gravity force
[2], the influence of the Brownian motion of particles [3]. The first step in studying the
unsteady effects is to consider them in the framework of the unsteady Stokes equations.

In this paper we confine our attention to the unsteady Stokes drag exerted on the
spherical rigid particle, knowing the velocity of the fluid in the absence of the particle,
and the velocity of the immersed particle. This kind of relations is called Faxen’s relations.
A simple example of Faxen’s relation is the Boussinesq’ formula derived on the basis
of unsteady Stokes equations of motion. It gives the force F(t) exerted on a single sphere
of radius a, moving at the velocity V(¢) in an incompressible fluid, being at rest at infi-
nity:
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)
= _3 3i_ _z_f..__f{'f___‘.i_]
(1.1) F(1) [ 6rau 3 e 6y na }/gpo i = v,
where u, ¢ denote, respectively, the viscosity, and the density of the fluid.

In this formula the first term gives the Stokes drag, the second term — the effect of
the inertia of the liquid, the last one takes into account the history of the sphere motion.
This formula has been recently extended in a number of papers which followed the paper
by MAzur and BEDEAUX [4]. Mazur and Bedeaux considered the drag force exerted on
the sphere, immersed in an arbitrary, unsteady Stokes flow of the fluid. Further, this ap-
proach was modified to the case of compressible fluids [5], of slip boundary conditions
on the sphere surface [6], of the impact of the initial distribution of fluid velocity [7], etc.

In this paper we consider the unsteady motion of N rigid spheres in an incompressible
fluid under the assuption that the flow obeys the linearized Navier—Stokes equations. The
presence of spheres is described, following [4, 10], by so-called induced forces distributed
on the surfaces of spheres. In the first part of the paper we discuss a set of integral equations
relating the induced forces and the velocities of spheres. In the derivation of these equations
no simplification is involved. The Faxen’s type relation for the force exerted on the j-th
sphere, in the presence of N—1 other spheres, is deduced in the second part of this paper.
This is done for the case when the spheres are moving translationally with the velocity
Vi(2),k =1, ..., N, in the fluid being at rest at infinity. In this step some simplifying assump-
tions are accepted.

2. Governing equations

The time-dependent positions of the N spheres are specified in the fixed coordinate
system r(x, y, z). An arbitrary point on the surface of the j-th sphere is indicated by
R;, j = 1, ..., N, whereas the centre of the sphere is given by R}. In addition, for each
sphere of radius a;, a local coordinate system is introduced, r;(2)) = R;(&2;, 1)—R7 (r).
In these local coordinate systerns £2; give the angle coordinates of the vector r;, with some
other vector chosen as the polar axis.

The velocity of the j-th sphere is given by

2.1 R,(2,, 1) = R)(1)+w,(1)xr;, |r| = a,

and consists of the translational velocity I'l}’(r) and the angular velocity w;(?).

The presence of the spheres in the flow is accounted by time-dependent, point forces
f;(%2;, 1), distributed on the surfaces of the spheres. These surfaces are given by 4 (r—R;
(£2;, 1)). Thus the collection of all spheres acts as the source term in the equation of motion:

N

2.2) N [ a0, —RAQ;, 01,2, 1).
i=1

The hydrodynamic interactions between the suspended spheres are considered in the
framework of the linearized Navier-Stokes equations. For an incompressible fluid,
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being under the action of an external, time-dependent force f**'(r,t), they have the
form

(2.3) (9 -g,— —uV*)v(r, t)+Vp(r, t)
N
=1, 0+ ) [dQ,0[r—R(2,, O,(2,,1),  Vov(x, 1) =0,
j=1

where v(r, t), p(r, t) denote the velocity and the pressure fields.
The initial condition reads

(2.4) v(r,0) = 0.
The stress tensor in the fluid is denoted by P(r,t):
(2.5) Pu(r, t) = dup(r,t) —P-(”k.!(l‘, 1)+ 4(r, ‘))-

Following [4, 10], the equations of motion (2.3) and (2.4) are supposed to be applied
in the whole space. Thus it is necessary to specify the divergence of the stress tensor also
inside the volumes occupied by the suspended spheres. It can be checked that Egs. (2.3)
and (2.4) are satisfied if this divergence is given by the following relations:

3 -
V:P(rj,t) = —p n RY(D)+w,(t)xr], Il <ay,
(2.6)
J .
V-P(r;, 1) = —e5r R (1) +w,(t)xr]+1;(2;,1), Irl =a,.

In the volumes of the spheres, the stress tensor is expressed in terms of the time-derivative
of the velocities of the spheres. However, there appear additional terms — the induced
forces f;(£2;, ) — on the surfaces of the spheres. In virtue of the above relations, the
force F;(t) exerted on the j-th sphere by the fluid assumes the form

4 o -
2.7) Fy(1) = —f V- B(r;, 1)dr, = 5 ma’e = RY(1)— f £,(2,, t)dr,.

To obtain the relation of the force f;(£2;, ¢) to the velocities of the spheres, we write
the velocity field as the function of the forces exerted on the fluid, using the integral equa-
tion approach. Hence the velocity field can be expressed in terms of the convolution
integrals:

t N
28) v, 1) = vo(r, )+ [dt’ [drGa—r;t—1) D [dQ,8lr —R(&}, 12, 1),
[1] E; f=1

(2.9) Yo, 1) = [dt’ [deGr—r'; 1—1)f™(, 1).
[1] E,
The integration with respect to r’ is done over the whole space E;. lHere_ Vol(r, t) de-
notes the unperturbed fluid velocity, i.e. the velocity of the fluid in the absence of the
spheres. The dynamical Oseen tensor G(r, t) is defined by

_ (do [ dk explik-r+iot] [ kk
(2.10) G(r,r)—f*g 2n)®  iwe+plk|? _1 k| J’

where the space-time Fourier representation is used.

6
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The no-slip boundary conditions are assumed on the surfaces of the spheres:
(2.11) R,(2), 1) = V(R,(2;, 1), 1) = fdl'a[l'—RJ(-Qh Dh(r, 1).
Ey

They give the coupling between the flow of the fluid and the velocities of the spheres.
Using these boundary conditions as well as Egs. (2.8) and (2.9) for the fluid velocity, one
obtains N coupled integral equations for the unknown f;(£2;, ¢):

(212) Ry(Q,,1) = % (R(2;, 1), 1)

[
+ [dr [ d2;GIR(Q;, ) —R,(Q), t'); t—L15,(@], 1)
0

N 1
+ D) [ar [ dQGIR(Q,, 1) —Ru(2, 1'); t—1'16,(2, 1).

K#] 0

In Eq. (2.12) the induced forces f;(£2;, ) depend on the relative instantaneous velocities
of the spheres with respect to the fluid, V;(£2;, 1):

(2.13) V(2 1) = R(2;, 1) —vo (R,(2, 1), 1).

The first integral on the r.h.s. contains the tensor G(R;(£2;, 1)—R;(£2}, t"); t—1t"), which
acts on the force induced on the j-th sphere in the absence of other spheres in the fluid.
The last term involving the summation over the spheres k # j is due to the hydrodynamic
interactions between the suspended spheres. These interactions depend on the trajectories
of the spheres, as seen from the arguments R;(£2;, 1) — R(£;, t") of the tensors considered.
This dependence can be expressed in terms of the initial distances between the spheres
(Rjx = RY(D);=0—RE(1)];=0), and the velocities of the spheres in the time interval con-
sidered. It should be noted that the integrals over the time variable depend on the time
interval considered, and that the integration over space is confined to the integration over
the surfaces of the spheres.

3. Hydrodynamic interaction tensors

To recast the basic set of equations (2.12), we expand V;(2;, t) and f;(£2;, ¢) in terms
of the normalized spherical harmonics ¥7" [8]. The expansion is chosen in view of the
fact that the space integration in Eq. (2.12) is to be done over the surfaces of the spheres

G.1) VA(Q, 1) = Vaz 3V, m®O Y6, 8),  Inl = ay,
IL,m i

(32) 02 1) = D Lum¥FO, 6, Il =a),
Lm

Vana} ¢
where 0 < / < o0, |m| < I,
ry= (Ir)l, 2)) = (Iryl, 6;, ¢)).
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Further, the dynamical Oseen tensor is presented in terms of the space-Fourier represen-
tation:

l 2
(3.3) G(R, 1) = f(?. )’ exp {ik - R—v|k|%t} [l——lklz], v = ufo,

where the time variable appears explicitly.
The last auxiliary step consists in the expansion

(3.4) exp(ik-R) = 4z Y (£ ROYF(O, )Y "(z, &),
I,m

where, as previously, the spherical polar coordinates R'= (R, 0,¢), and k = (k, z, &)
are used; jj(Rk) denotes the spherical Bessel function of the first kind.

This procedure allows to perform the integrations over the surfaces of the spheres,
and leads to the following set of equations for the expansion coefficients f;, ;,(¢), entering
Eq. (3.2):

G5 Vm(n)= fdr D) TEm R —RO(1); t—1)E),1,m, (1)

{3,my

+ D fd: D) Thm(RO(1) —RY(1); 1= ) 1,m(1); j=1,...,N.
k#j 0 fz my

The tensors Tj?y? acting on the expansion coefficients of the induced forces are called
hydrodynamic interaction tensors. They were introduced by YOsHIZAKI and YAMAKAWA
[9], for the steady-state flows. The idea of Yoshizaki and Yamakawa of using the hydro-
dynamic interaction tensors is extended here to take into account the unsteady effects.
The tensor T};:: 9(1)—RR(¢"); t—1) gives the (/,, m,) component of the disturbed flow,
at time 1, generated on the surface of the j-th sphere by the (/,, m,) component of the
force f; (k # j), distributed on the k-th sphere, in the time interval considered. Thus,
the memory effects intervening the interactions between the spheres can, by means of
Eq. (3.5), be analyzed. The form and properties of the tensors Tj’m2 are discussed in
the Appendix.

4. The force Fi(r) exerted on the j-th sphere

To illustrate how the hydrodynamic interaction tensors work, let us consider the
translation of N spheres in a fluid being at rest at infinity. Let the instantaneous relative
velocities of the spheres with respect to the fluid be given by

(Vi (1), 1=0 )
(4.1) VJ-,M(I)= l 0 , I; l, } = 1,...,N}-
Due to the symmetry of the spheres
(4.2) ffj(r;, !)drj = fJ,OO(‘)'

Hence, to calculate the force exerted on the j-th sphere, only the expansion coefficient
having indexes equal to zero, fj, 00(?), is needed. This coefficient will be obtained under the
additional assumptions:
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(i) The hydrodynamic interactions are regarded within the linear approximation with
respect to the sphere velocities. Hence the tensors Tjzj;2 are required in the lowest order
approximation with respect to V;(¢). Under such conditions, the integral equations en-
tering Eq. (3.5) become the convolution integrals with respect to time. The Laplace trans-
form of Eq (3.5) gives
@3 Vom®= T ). 1m (P) + kZ ; D ThI(Ry, p) ety ma(P),

12, m; #i la,my

where p denotes the variable conjugate to ¢,
Ry = [R(t = 0)—RY(t = 0)l, Tif,(p) = Tizm:(Ry = 0, p).

The solution for fj 40(p) found using the iteration procedure reads

(4.49) f,00(p) = j $%0(P)V;,00(p) — T} OO(p);ZT SRy, P)T2%o0(P) Vi, 00(P)
ey

N N
+10% @) Y Y D TR, DT (0) T, Ru, DY TS6(P) Vi, 00 (@) + ---»

k#j 1#k 1y, my,m;
T-T = 1.
The first term gives the forces due to the interaction of a single, j-th sphere with the fluid,
whereas the second term describes the direct hydrodynamic interaction between the j-th
and k-th sphere. These two terms contain only the interaction tensors with indexes equal
to zero. The last term and all higher order terms take into account the indirect interactions
among the spheres, and the appropriate interaction tensors have the indexes different
from zero as well. However, due to the properties of the tensors considered (see Appen-
dix), dropping the terms with /; # 0 implies that the force is calculated up to terms of

3
order 0(%) . Here A denotes the maximum value of g;, and R — the minimum value

od the distances Rj. As the time of the start of the motion # = 0 is chosen arbitrarily,
the condition 4 < |R;(#)—R(¢)| is assumed to be fulfilled in the whole time interval
considered, This fact leads to the second assumption:

3
(ii) f;, 50(2) correct to terms of 0(%) will be considered. Within this approximation,

only the tensors T;(p) = %(p), and T(Ry, p) = T3(Ry,, p) are to be calculated. It
follows from the est:matlon (see Appendix)
I+l +1
(4.5) AF, (R, 1—1) < (.’1) x(_R_, r—t'), t> .
R \Wr(t—1)

(iii) Expanding the interaction tensors with respect to p allows to compare the drag
force obtained here with the Boussinesq” formula (1.1).

Under these conditions, the interaction tensor T;(p) which gives the translational
friction coefficient of the sphere of radius a; reads

(4.6) T,(p) = 6npa, (l + —-]/p-!— —— p)l for '—j’: Vp<l1.

=
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As it should be, (compare Eq. (2.7)), Eq. (4.6) differs from Eq. (1.1) only by the term due
to the inertia of the liquid displaced by the rigid sphere.

From the above formula the physical meaning of “small” p is clear; the condition is:
p <vlaj.

The tensor T(Rjy, p), describing the direct interaction between two spheres, reads

1 aj+ag 1 1 (R,
7 TR p) = o [T epept <10 (1—;%,,)]— 4]&,)

7R i jk 67uRy \Y v
3 1 2 a_, +ak
el = I:I’I‘IT:* , for R—"'f ]/; < 1.
Tk

This form resembles that of the dynamical Oseen tensor for the point forces:

(4.8) G(Rjk,p)=~8- lR [1+e,e5]— I (R”‘ 1/5)1

TR ji 67uRy \ Vv
3 1 R} )
* R, [1 a ?‘“’*"J*](T p)-

The differences are due to the impact of the finite radii of the spheres. The first terms in
the expressions (4.7), and (4.8) coincide with the steady-state Oseen tensors.

Using the interaction tensors, the drag on the j-th sphere, in the presence of N—1 other
spheres, can be presented as

“9)  F(p)= %M?ep V,(0)—T,(p)V,(p) + T, () kZ TRy, p)Te(p) Vilp)
#j

N N
~T,p) ) D) TRy, DT TR, DTG Vi(D)+ ...
k#j 1#k
The structure of this expression is the same as that for the steady-state interactions [9].
Qualitatively speaking, this similarity is due to the simplifying assumptions. Unsteady
effects are incorporated into the hydrodynamic interaction tensors. The first two terms
give the hydrodynamic drag in the case N = 1.

5. Conclusions

The unsteady hydrodynamic interactions between N spheres suspended in an incom-
pressible fluid are considered on the basis of the linearized Navier-Stokes equations. The
integral equation approach, involving the Green function (the dynamical Oseen tensor)
depending explicitly on the time variable, is used. The complexity of the time-dependent
interactions results from the memory effects, due to the dependence of the hydrodynamic
interaction tensors on the trajectories of the spheres. However, when the spheres sus-
pended in the flow move slowly enough to neglect the dependence of the interaction
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tensors on the velocities of these spheres, the description of the interactions becomes
substantially simpler.

In the particular case of translationally moving N spheres, and with the use of some
additional assumptions, the hydrodynamic drag exerted on the j-th sphere is calculated.
This particular result can be treated as an extension of the Boussinesq’ formula. The form
of this drag force resembles that for the steady-state flows, whereas the unsteady effects
have the impact on the hydrodynamic interaction tensors.

Appendix. The properties of hydrodynamic interaction tensors

A. General formulae for the hydrodynamic interaction tensors

Substituting the expansions of V;, f;, exp (ikr;), listed in Egs. (3.1), (3.2) and (3.4),
to the integral equations (2.12), and taking into account the orthogonality of ¥]" harmonics,
one obtains the hydrodynamic interaction tensors in the form

(A.1) PRI —RY(1), t—1") = - 'l-'«f N exp {ik[R} (1) — R2(1")]}

‘exp[—v[k|*(t—1)] (1 - %k%)f:,(a;k)f;,(ak K Y™, O Wy, §), 1>t

The time dependence of the tensor Tj:m: can be more conveniently presented as

A2  THmRIO-RAC), 1-r) =

— tht [ dxaxa(x—R§(®) o'~ RY()

. f (z—d:;? exp {ik(x —x") —v|k|*(t — ')} (1 — 'I‘i-la‘) Ji,(ask)ji,(axk)

c V" (. ) W2, 8, t> 1.
Remembering that (see Eq. (3.4))

ex=x) = ¢ = 4 D' i, (ID|k) Y ™(x, £) Y'(x, ¥),
I,m

where in spherical polar coordinates D = (D, %, ), k = (k, %, &), the interaction tensors
become

(A3)  Thm(RY()-RY(t), 1—1") = [dxdx's(x—RY(1)) (x' —R2(1))
Y Fi (D], t—t)Kbme 1 Y7, ), t> 1

I, m

In the above formula the integration over k space is written down in the spherical polar
coordinates (k, y, £), and the integrals which should be calculated are

[+ 3]
(A4 FiaDl =) = - [ (k) @RiDRe -k, 1> 1,
0
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and
(AS) Khma :""’*'fsinxdxd&(l— %)YH"‘(L E)Y!':'(x, E)Yl—m(x’ E)

The integral (A.4) in the limit of the steady-state flows was calculated by YosHIZAKI
and YAMAKAWA [9]. It should be noted that the time variable does not appear in the
tensor Kizm .

Hence the explicit form of -this tensor found in [9] can be applied under unsteady
conditions as well.

B. The dependence of the tensor T}:ﬂ;(R}’(r)— RJ(¢'), t—1') on the j-th sphere velocity fl}’(r)

In general, the interaction tensors exhibit a nonlinear dependence on the velocities
of the spheres. To discuss this effect, let us write down the tensor Tj2 (R (1) — R (2"), t—1")
in the form similar to (A.1):

(B.1) Tpem(RY(1)— R,(r’),t—t)_ — ’1-'=f @ exp {ik[R7(1) —RJ(1)]}

“exp[—vk*(t—t")] (1 _ll:‘kT) Ji(@;K)ji,(a; K) Y™ (x, O YT (%, &).

The displacement of the centre of the j-th sphere during the time interval 1—¢’ can be
approximated by

(B.2) RO(1)—RO(t") = jn (dt = RO(e)(1—1), t' <7t* <t

For small displacements the Tz, becomes

(B3 TEmRIO-RYC), 1-1') & oy it | (—gﬂ‘k)—3{l+ikl'!?(r*)(t—!’)+ i}

- exp[—vk?(t—t ’)]( k|2 ) Jr(a;k)ji(a, k) Yii™ (x, )Y (x, &).

Hence, in the lowest order approximation with respect to il}’(r), the tensors TFj2j2 do not
depend on the velocities of the spheres. A similar line of reasoning holds for the tensors

Tim(R9(2)—RY(1"), t—1"). The lowest order approximation will be used to calculate
the drag on the j-th sphere in the presence of N—1 other spheres (compare the specifi-
cation (i)).

C. The estimation of the Tj:;: tensors with respect to (%)

The absolute values of distances between two spheres in the flow enter the
Fi,,,: (D, t—1t") functions. However, under the specification (i), the F;,;,,; functions de-
pend only on the distances between the spheres at time ¢ = 0. This property enables to
estimate the tensors Tj:m with respect to 4/R, where A denotes the maximum value of
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a;,j=1,...,N, and R is the minimum value of Rj, j = 1, ..., N, k # j. It follows from
the formula (A.4) that the F,, ; can be presented in the form

e 1*(34, a, +12+:))

4o P(!+ ) (f;% ) (:+-)( )hm“(?l/;(}:-——"))Mw+I

(C.1 AFI,!,.I =

1 3 1 . 3 3 3 A?
-’;(—t:—!,j'f’,(5+§-(ll+lz+1)_, hito, bt 3, 1+ 55 w0=1)’
Az
A(t—1") d(t—1') )’ r> 1,
where I' is the Gamma function and ¥, is the confluent hypergeometric series of three
variables. Further, the above formula allows to write

L+l +1
(C2) AF 4, < (——) o ( = BB} i
V(=1

i.e. the dependence on 4/R can be extracted, H being the function of other variables.

D. The interaction tensors T9%,(p), and TSRk, p)

The interaction tensors 'fﬁ%o(p), and T93(Ryx, p) calculated under the specification (i)
read

-:/L:I’._ﬂ ( '/; Irp )_1
(D.1) T,(p) = T926(p) = 127043 )/ vpe . -1/ 1,
= T99 —_ __17 1 2 2
(D.2) TRy, p) = TRy, p) = 16m0a,as R}, P p?—a

sl ol ey )
Bt [ﬁz —a? +2exp[ = ]/—"f‘/;](ch ;/% V/p—ch 7 ﬁ)(% Ri+ l/% R,.;+%)]},

where
o =a;+a,, B =a;—a.

The formula (D.1) for arbitrary p differs from that obtained by MAZUR and BEDEAUX [4].
This difference is due to the approximation which is used here to calculate the tensor

T;(p). However, the expression (4.6), obtained here for —%]/_;< 1, coincides with
v

Mazur’s and Bedeaux’s results.
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