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Hamiltonian vortex models in the theory of turbulence
Yu. N. GRIGORYEV and N. N. YANENKO (NOVOSIBIRSK)

THE WIDE-SPREAD approach in statistical theory of turbulence is the one using an application
of statistical or field theoretical methods to dynamic systems generated by Fourier transform
of Navier-Stokes equations. In this report the possibilities of another approach are studied.
In our consideration the initial dynamic system describes the behaviour of small (point) vortices,
approximating an instantaneous vorticity field.

Szeroko rozpowszechnione podejécie w statystycznej teorii turbulencji polega na zastosowaniu
mechaniki statystycznej lub metod teorii pola do ukladéw dynamicznych generowanych przez
transformacje fourierowskie z rownan Naviera-Stokesa. W pracy omoéwiono mozliwosci za-
stosowania innego podej$cia. W naszym ujeciu poczatkowy uklad dynamiczny opisuje zachowa-
nie si¢ matych (punktowych) wiréw przyblizajacych chwilowe pole wirowosci.

Illupoxo pacmpoCTpPaHEeHHBIH B CTATHCTHUYECKOH TeOpHH TypOYJIEHTHOCTH IIOJXOJ 3aKJIIOYa-
eTcsi B MPUMEHEHHH METOJOB CTATHCTHUYECKOH MEXaHHWKH WM TEOPHH IMOJIA K JUHAMHYECKHM
CHCTeMaM, MOJIYYEHHBIM mpeoOpasoBannem <Pypbe u3 ypaBHeHmit Hapre-Croxca. B pa-
GoTe oGCyKAeHBEI BO3MOXKHOCTH IIPUMEHEHHS IPYTOro moaxona. B Hamem mogxome mcxongHas
OHHAMHUYECKAasd CHCTEMa OMHCHLIBAET NOBEACHHE MANbLIX (TOYEYHBIX) BHXpeEH, MPHOIHAKAOMHX
MTHOBEHHOE TIOJie 3aBMXPEHHOCTH.

IN RECENT years in the works of a number of authors [2-7] a system of straightline vortex
filaments approximating an instantaneous random field of vorticity has been considered
as a statistical model of two-dimensional hydrodynamic turbulence. ONSAGER [1] was
the first who pointed out the possibility of such an approach. One can assume that in
the limit of large Reynolds numbers, when the domains of vorticity are relatively small
and have the character of random impregnations in the potential flow, this approach in
general outline reflects correctly the picture of turbulent fluid. Such a model is an alterna-
tive of the spectral models spread in the theory of turbulence.

The dynamics of vortex lines admits a description in the Hamiltonian formalism
that allows one to apply the methods of the kinetic theory to the statistical ensemble of
vortices. In this way a number of results has been obtained, which confirm the pithiness
of the present model. Thus, in the works [3, 5] the possibility of realization of energy and
entrophy cascades in the system of straightline vortex filaments was shown on the basis
of numerical modelling. In a number of works by A. 1. Chorin et al. a system of vortex
filaments has been successfully used for modelling the plane flows of an incompressible
fluid at large Reynolds numbers.

The obtained results stimulate further study of the model of straightline vortex fila-
ments as well as the development of a rational model of the point vortices for the three-
dimensional case.

In the present paper a closed evolutional equation for the vorticity distribution function
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622 Yu. N. GRIGORYEV AND N. N. YANENKO

is deduced and qualitative properties of its solution are studied proceeding from the
Liouville equation for an ensemble of straightline vortex filaments with the use of the
Prigogine-Balescu’s diagram technique. Some results for the statistical model of the three-
dimensional turbulence are also obtained on the basis of a dynamic system of small
spatial vortices in an ideal fluid introduced in [9, 10].

Equations of the motion of the system of the N straightline vortex filaments of equal

circulation intensity x have the form [11]
- N
(1.1) i;i": —%exV,Hy, Hy= -ZVU, V= Inf-r|, i,j=1,..,N.
i<j

71 = (xi, y;) is the radius-vector of the i-th vortex, V; = 8/dr;, e is the unit vector of the
normal to the plane of the vortices motion.

An equivalent statistical description of the motion of the system (1.1) is given
by the Liouville equation [12]

N N
" ASSRET. -. Sy Sg )
(1.2) Wi = —xexz Vi V;_;(V;-V_;)fg pe W Lqu = —xLfy,
i<j i<j
where fy(r,, ..., Ty, t) is the probability density function of N vortices with the normal-
ization
(1.3) [dr, ... diufu = 1.

The Hamiltonian Hy in Eq. (1.1) contains only the terms of the form V;; and the
system of vortex filaments is strongly interacting. This fact excludes a direct application
of ordinary methods of statistical mechanics [12, 13] to Eq. (1.2).

Let us make use of the Prigogine-Balescu’s method modification [14] in the version
of the resolvent formalism [13]. A system of notations coincides with the one adopted
in [13]. Fourier analysis in the class of the periodical in square of the area £ functions is
an original apparatus. For the distribution function of N vortices fy as well as the potential
of intervortex interaction let us represent the expansion in Fourier series in the form

N
(1.4) Iu(Fy,y ooy Fy) = 9'"[90‘*%22 ok, 1)e*ri4 ],
=1 %
(1.3) V(IFw—F)) = 422@-1 D V(lll)e=110u=7,
-

k; = 27Q~'?q;; 7, is the integer vector. The normalization condition (1.3) yields go = 1.
Fourier-coefficients in the expansion (1.4) are related with the S-vortex distribution
functions

- , N! -
fs(’n PRST f_) - m*)—"fdfﬁ.l ---derN-
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In particular,
flr,t) = c(l+fdi?e“’"9(§,t))- ¢= lim —g—

By using Eqgs. (1.4) and (1.5) one can obtain Fourier-representation of the formal solu-
tion of the Liouville equation (1.2) in the form of a series of the perturbation theory:

. X T L e
L6 ok, = @i fdzet D (—ay D) (T) < {k} IRo(2)
e {k’)
x [LRo(2)]"| {k'} > e({k'}, 0).
Matrix elements in Eq. (1.6) are determined on the basis of the plane waves. In particular,

SRHLI{EY = D) <R} L., (',

n<j
kY 1Ly, | (K'Y = 4n2Q7"e x i(ky k) V ([Kn — K] i (ke — )
x 8 ir, |l %5,
p#n,j

The matrix element of the undisturbed resolvent R,(z) in the given case is trivial:
- - 1
(1.8) {k} IR, {Kk'}) = — F Oy ey

The structure (1.6), (1.7), (1.8) enables one to use for graphic representations of these
relations the same diagrams as in [13].-It follows from the expression (1.7) for the matrix
element of the interaction operator that in the given case (Cf. [13]) there are three non-
trivial one-vertex diagrams (Fig. 1).

n i n n
,, ,,
c D E
Fic. 1.

The corresponding matrix elements have the form
C. ku kylLnylky = 4n2Q"e x ik — k) V(lkn—kal) ik 82 5 7,
D.  (kalLuslkn, iy = 4722 x ilky — ko) V(Ko — kal) i(kn—Kip) Oy 7 3 »
E. Ckn, kjlLyy Kny Kiy = 402Q "€ x ik — ko) V(lkn =Kl iCkn— K} 5. 0 5 7 -
In virtue of these relations as well as the representation (1.6), the topological indices of
the vertices C, D, E are equal to 0, 1, 0, respectively, [18].

Consider characteristic times for the given model. As the two-dimensional turbulence

is simulated, one can take the rates ¢ and 7 in energy and entrophy cascades [15] as char-
acteristics of the stochastization processes. The combination of parameters #x, ¢, 7 and &

6*
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yields a dimensionless complex I" = ¢'/?25~*/2¢'/2, The values having the time dimension
are represented in the form

(1.9 T, = &2(2cn)~ 220,

For m = —1 from Eq. (1.9) we have 7; = (x¢)~! and for m = 0, 7, = (x%c)~ 12!y~ 112,
The time 7; is the period of circulation of a pair of vortices at a mean distance ¢~*/2 between
them and naturally is identified with the characteristic time of interaction. The time z,
containing rates of cascade processes can be considered as the characteristic time of re-
laxation. The character of dependence 7;, 7, on » and ¢ was used for the choice of inter-
actions from Eq. (1.6) determining the convective transfer and relaxation.

Let us consider all possible contributions to p(k, ) of the order (xc)"(x*c)", n, m =
= 0.1, .... The corresponding diagram representation has the form Fig. 2. Here the rectang-
les denote the infinite sums of all possible prolongations made up from the vertices of
the type D and “pseudodiagonal” fragments [13] Fig. 3.

-5 |+ 37 278K

FiG. 2.
n J J J
/ n
a " b c 3
Fi1G. 3.

In the second and third groups of contributions the external sums are taken over all
possible “head” diagrams. A direct summation of contributions (Fig. 2) by the methods
[13, 16] leads to an equation reversible in the time which does not describe the relaxation
process to the stationary state and contains diverging terms of the order 0(z) at r — co.
The appearance of divergence is associated with an attempt to describe a strongly inter-
acting system by a succession of binary processes divided in time. The divergence can be
suppressed if the collective character of the interaction of vortices is taken into account.
This can be done by means of the renormalization of the Green’s function (propagator)
[14] for which a closed equation arises thereat.

Let us consider the following diagram representation of the renormalized propagator
(Fig. 4). Here are considered the contributions of all possible fragments connected in
an arbitrary number, which are formed by introducing the elementary diagrams (Fig. 3a, b)
between the vertices of the type D and C.

FiG. 4.
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The corresponding analytical expression of the operator series has the form

1
—iz

(1.10) G(k, 1) = (h)“fdze""%Zlé(E, 2) ]G(E,O), Gk, 0) = I,
n=0

where I is the unity operator, and

D(k,2) = D (=™ k| Lp[Ro(z) LE"Ro(2) Ll k.

After differentiating Eq. (1.10) with respect to time with the use of the propagator re-
presentation (1.10) as well as the convolution theorem for the Laplace transformation,
we have

(1.11) %ﬂ = (2n)! f dze ' ®(k, z) ngz ;[(D(E,z) _ll_z] - G(k, 0)
.—.fdaz@,:—a)c(ﬁ,o),
(1]
(1.12) Z(k, 1) = (h)-lfdze-*ﬂqb(i,z).

With the help of the Resibois’ factorization theorem [17] the operator series (1.12)
can be represented in the form
N

Z(ki, 1) = 22(—?‘)%;‘}]1’”' k=L, 1,)G (kg =14, )Gy, 1) <ky—T, LILy k)
=1 T

As a result, when passing to the “thermodynamic” limit N —» oo, 2 — o0, N/2 = ¢
we derive the equation for the renormalized propagator

aG(k, 1) _

(1.13) at —4n’x f!d‘”’(ks t—0)G(k, 0),
P(k, 0) = [ diel(k—2) V*()el GR~1, 0)G(J, 0).

After similar transformations the corresponding equation of Fig. 2 for o(k, t) takes
the form

_3,@%_,1)_ = dn?x2ce x [ dhyi(le; — k) V(k—ky )ik, —K)eks, )e(k—k;, 1)
' 4
—4n?ic [ a6P(k, 6)o(k, 1—0)—4nx2c [ do [ dk, P,(k, &y, 0)
0 0
(1.14) x ek, t—0)e(k—k,, t—0),

Py(k, k;,0) = [dlex1V(l]) (k—2DG(k—1, 0)G(I, 0)e x (k—DV(lk, — ) (2K, — k).

Equations (1.13) and (1.14) are of non-Markovian character _:md yisld a closed descrip-
tion of the vortex evolution at times ¢ ~ 7,. We shall assume |k| ~ |l|, i.e. the character-
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istic dimension of the nonuniformities and the effective length of their interaction are close
what corresponds to the ideas of the phenomenological theory of turbulence. Assuming that
G(k, t) = G(alk|t) substitute into Eq. (1.13) G(,0) ~ G(k,0), G(k—1,0) ~ I.
Thereat Eq. (1.13) is transformed into the equation with the integral of the convolu-
tion type solving which with the help of Laplace transformation one can obtain
Gk, t) = (alk|t)~*J,(2alk|t), &2 = dn’x*ca?,

(1.15) o s
a? = [dIv3(il)[1—cos?(k, DIT|2, a? > 0.

J,(x) is a Bessel function of the first kind of the first order. Now one can pass on in a usual
manner [16] to the Markovian form (1.4). Then the contribution of the product of propa-
gators with. regard to Eq. (1.15) is

(1.16) [ a66(k-1, 6)6@, b) ~ (i)
1]

Returning to the initial variables with the help of the inverse Fourier transformation
(1.17) [ dke® ok, 1) = ' fF, )—c] = G, 1).

For the one-point distribution function of the vorticity in the plane case, we derive the
equation

TED GG, VG, 1) = (20 Pa,aAfE, )+ () a™ [ dryn(Fs, 1)

x B(F—7,): VVIGF, 1) = (2¢)'Pa~*nGF, 1) [ dF, BG—7,): V,V, fGy, 1),
where B(F—7,) is the tensor of the second rank.
B = exV|F—r|exVV(r—r,)),
UG, 1) = xcexV [ dr, V(F—F,)n(F, 1)

is the average hydrodynamic velocity induced by the locally noncompensated vorticity,
the colon is the symbol of the scalar product of tensors, a, is determined analogously
to @ in Eq. (1.15) differing from it only by an additional multiplier |/|~* in the integrand.

A substitution in a, a, of the generalized Fourier-image of the potential V(|l]) =
= (2n]l|*)~* leads to divergent integrals. To eliminate these divergences one can make
use of techniques of the theory of Coulomb plasma [13]. As the explicit expressions a, @,
are not needed here, we shall assume them to be simply limited.

Let us consider some qualitative properties of the equation derived. Obviously the
Lh.s of Eq. (1.17) is the Helmholz operator for the vorticity field in the two-dimensional
case. Since a, a; > 0, then the first term in the r.h.s. of Eq. (1.17) containing the Laplace
operator determines the positive diffusion of the vorticity distribution. The quadratic
form being formed by the components of the tensor B(r—r7,) is

ar—r| . V(r—r,|)
Jin

(1.18) (BE, §) = en—5 o
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where r = (x;, x;), ey is the antisymmetric tensor (e;, = —e;; = l; e, = €3, = 0)
and the summation from 1 to 2 with respect to the repeated indices is implied. It is di-
rectly checked that the form (1.18) is nonnegative. While making use of the structure
(1.18) and its non-negativity for continuous n(r, t), one can show that the first and second
terms in the r.h.s of Eq. (1.17) determine the elliptic operator of the second order whose
sign depends on the distribution f(r, ¢) and can be different at various points of the flow
region. The sign of the latter term is determined by the local value n(r, t). This means
that Eq. (1.12) is capable of describing the local processes of destruction (positive diffusion)
and appearance (negative diffusion) of large vortex structures. As known from [18], the
latter effect is identified with the phenomenon of negative viscosity.
Let us consider the production of information entropy

(1.19) S(t) = — [ dFfG,0)InfG, 1)

in the process of evolution. We shall assume that f(¥, 7) at |r] - co decreases sufficiently
fast together with the derivatives. Multiply Eq. (1.17) by —(1+Inf{(r, t)) and integrate
over the whole space. After a series of transformations the equation of entropy balance
is reduced to the form

(1.20) %IE = fd?f’ﬁ(?, Nfr, )+ (xzc)uzala"fdi'[f(ﬂ O~ [Vf(7, 1))?
+302002a [ [ ardr, V9 BE—7) Unfe, =10 fGy, DI, =1, 1)
+opiat [ [ arar BE=7): 9, fGo, OV SG, DUE, DG, 1)

+ (#%c)!2g1 ff drdr,VV: BG—1,) f(7y, O n(r, t).

In virtue of the fluid incompressibility V- U(F, t) = 0, the convective term makes
a zero contribution to the entropy production. The positivity of the second term con-
tribution in the r.h.s. (1.20) is obvious. The third term is positively determined, too, as

(1.21) VV:B(F—F,) = |[F—F,|"3>0
and the following inequality holds:
[inf(r, t)—Inf(r,, D1 [f(r, t)—f(ry, )] = O.

In virtue of the positive determinancy (1.18) and (1.21), the sign of the latter two inte-
grals in Eq. (1.20) depends only on the behaviour of the function n(7, t). Under the con-
dition that a total moment is equal to zero

fd?n(?, r)=20,

the estimates show that a negative contribution to these integrals will be collected mainly
from the flow region periphery where the remaining parts of the integrands tend to zero
sufficiently fast. Hence a complete contribution of these integrals to the entropy pro-
duction will be either nonnegative or, at least, close to zero with respect to the model.
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Thus, in the process of evolution f{(r, ¢) satisfying Eq. (1.17) the entropy (1.19) increases
monotonically, in the broad sense of the word. On the other hand, from convergence
of the integral

| drfF, 1) < oo
one can easily derive that the functional (1.13) is limited. This fact enables one to draw
the conclusion that in the process of evolution the solution (1.17) tends to some stationary
distribution.

Analysis of the results of numerical experiments [4, 6] whose conditions are close to
assumptions employed here shows that Eq. (1.17) reflects correctly the character of evolu-
tion of large systems of point vortices on the plane. In particular, it can be employed
for estimating the dissipative properties of the algorithms of the type [8] as it is made
when analyzing the properties of the difference schemes with the help of differential
approximations [19].

2.

The construction of a dynamic model of point vortices in the three-dimensional case
entails great difficulties because of a more complex behaviour of the vortex fields in the
spatial flows [11]. In particular it is displayed in the absence of the universal point carrier
of vorticity in the three-dimensional case which is a straightline vortex filament for the
plane case.

In [9] and independently in [10] it has been proposed to describe the dynamics of
a system of small vortices in the three-dimensional case in terms of the canonical variables
conjugate with respect to the Hamiltonian

N N N
H= ,E; T(p)+ Z VG- pi+e ), Py
[= -

2.n - o _:«j“
D, = __I_[P'p-f _ (peery) (1) ]
YT TP E

Here 7; are physical coordinates of vortices, p; — their LAMB’s [11] momenta, T(p;) is
the energy of solitary vortices, V(F) is the velocity field of external potential flow, @;; is
the energy of interaction of separate vortices interacting as dipoles with variable dipole
momenta.

N
As follows from [10], 2 p? is not an integral of the system (2.1) and the model sug-
i=1

gested contains an essential (in the three-dimensional case) effect of stretching the vortex
filaments. It is known [11] that the energy of a solitary vortex and its velocity depend
in a complex way on the topology of vortex filaments inside it. For simplicity we shall
make use of the model representation of the form(')

22 T(p) = Alp|*¥,
The dependence (2.2) is obtained by approximating the numerical results [20] for the
one-parametric family of vortices. The index k € [5/7, 2] depends monotonically on the

(*) The results of this section were obtained by the authors jointly with V. B. Levinsky.
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parameter. Thereat k = 5/7 corresponds to a spherical Hill’s vortex and k = 2 to the
limit of thin rings [11].

If we take the ratio of the characteristic dimension of vortices to the mean distance
between them proportional to the ratio of the microscale of turbulence to its integral
scale, then in Eq. (2.1) ¢ € 1 and the methods of statistical systems with a weak inter-
action are applicable to the model. Here the one-point distribution function of vortices
with respect to momenta and coordinates f(p,r, t) obeys the kinetic equation
f ( of 0

(2.3) -q+(u+w+V) )(w+u) J(f. 1)

Here u = aT/dp, V() is the veloc1ty of external potential flow,
. P - -
Wi, 0) = [ dradps 1 fBra 7, 1)

is the velocity induced at the point by distribution of vortices.

= _ [pXxus]lpy x4;5] —, a a S
249 J(f.f)= -—-fd W [Uf20,s— 2, ty2,6] (Tp:—m)f(}’)f(h)

is the collision integral in the Landau’s form [21], summation is implied with respect to
repeated indices.

Let us outline the relationship between the moment equations which can be derived
from Eq. (2.3) and the Reynolds equations for the averaged values of the phenomeno-
logical theory of turbulence. Within the framework of 10-moment approximation let us
approximate the distribution function as

2.5) fB.F 1) = exp( 1?;

where the exponential factor reduces to zero the integral of collisions (2.4), angular
brackets mean averaging with respect to f(p,r, t).
Coefficients in Eq. (2.5) can be expressed by the following averaged values:

n@, 1) = [dpf(p,7, 1), Py = n~* [ dppf(p, 7, 1),
Gy = n~t [dpuf(p, 7,0, <(Py=n"'[dpupf(p,7,1).

For the components (}5) and (P) the following system of equations is obtained:

an‘éfo + 5 [n(<Pu> +HU»<pp)] +"<p1> J> =0

R GRARIAS . GDINE 2 4% P ORI

6(Ug> 3<Ux>) n(Py) _ 0
Xy

T

)[ﬂo(?' t)+a, - u+a, - uul,

+<{Pu>

7 P (P > <“l>} ((P £% =

<E>=<-w_+l7>o P=%(P11+P23+P33).

The latter term in the second equation (2.6) is obtained by integrating the integral of
collisions.
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Assuming formally = to be a small parameter in the first approximation from the
equation for {P;;», one can derive

1
2.7 Py = _ﬁG’)T(
If we determine the averaged vorticity as
{2 = rot{U) = rotw = rotn{p),

then from the last relations it is seen that the performation of the operation rot from the
first equation (2.6) and the substitution into it Eq. (2.7), lead to the equation for )
in the simplest approximation of the scalar turbulent viscosity.

Let us show that in the framework of the present model the Kolmagorov-Richardson’s
cascade is possible. As we are dealing with the point model, it is necessary to obtain the
relationship between the momentum and the dimension of vortices. From the invariant-
ness of equations of motion with the Hamiltonian (2.1) with respect to stretching of the
impulse space, we have

3
(2.8) | e = B =1/k.

KUp | KUp
dx; i 6x: )

It is seen that in the limiting cases of thin rings and Hill’s vortex (2.8), the requested de-
pendence is exactly reproduced.

In virtue of the physical content of the model, the cascade process arises here not
on the basis of splitting up the vortices (three-wave processes [22]) but by their stretching
in the process of a pair (four-wave) interaction.

In [23] a stationary solution of kinetic equations with four-wave interactions has been
constructed,

@9) f(5) = BIBP, 5=~ Gd+m),

which corresponds to a constant energy flow through the momentum space; here d is the
dimension of the momentum space, m is the index of homogeneity of the scattering func-
tion U(p,, P2, P3,Ps) in the collision integral.

Writing down for the scattering function the identity of the form

[doUss= [ dps dpaU(By, B2» B3, )8y +P2—Ps =) S[T(B) + T(p;) — T(Ps)— T(Pa)]

and fulfilling the scale transformation p; — Ap; with regard to Eq. (2.8), we obtain in
our case

(2.10) m= —8/3+4/38, s= —%(1%43).

By using Eq. (2.9) and (2.10) and passing on to the wave vectors we can write down the
expression for the energy spectrum

E(k) ~ T(k) f(k)p*(k)

3

d"i ~ kTP, k=R,

dk
then it follows that E(k) ~ k=5 at f, = 11/10, B, € [1/2, 7/5]. It has been shown that
at f = B, the integral of collisions is converged to the solution (2.9)-(2.10).
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The authors hope that further studies of the models considered in the paper by the
methods of nonequilibrium statistical mechanics will enable one to derive new structural
relations for the processes of the turbulent transfer. The model of vortices with dipole
interaction can also be useful when generalizing for the three-dimensional case the non-
grid algorithms of the type [8].
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