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Some remarks on macroscopic observations and related mi-
croscopic phenomena of the mechanical behaviour of metallic
materials

B. WACK and A. TOURABI (GRENOBLE)

ON THE BASIS of some experimental macroscopic results a qualitative correspondence may be estab-
lished between the macroscopic hysteresis behaviour and the microstructural phenomena which are
responsible for the deformation.

1. Introduction

THE PRESENT PAPER is an attempt to bring nearer two different approaches to defor-
mation: the macroscopic approach of continuum mechanics, through phenomenological
descriptions of the behaviour, which often ignores the detailed microscopic mechanisms
of deformation (and their possible consequences on the macroscopic behaviour) and the
physical microscopic investigation of the operation of these mechanisms, which cannot be
easily generalized to account for the three-dimensional macroscopic properties. Since this
paper is intended for both mechanicians and physical metallurgists it has been purposely
written in a circumstantial way, which could seem overdetailed to some readers belonging
to either community, to whom the authors would like to apologize.

The behaviour of metallic materials may be considered as reversible when the load
amplitude and the number of load cycles are small enough; the multitude of applications
designed and built by engineers shows that this simplification is largely justified in that case.
But we know, through accurate observations, that crystalline materials and particularly
metallic materials never behave exactly as an elastic continuum even in this case; for
example, it is always possible to break a sample under a cyclic loading of small amplitude
if the number of cycles is great enough(?).

It seems that only two extreme cases exist where metallic materials may behave strictly
as elastic materials. The first case is a state of crystalline structure without any defect in
the bulk: one may obtain this state only under the form of whiskers [7]. We also notice
that these materials are the only ones for which the mechanical properties are very close
to the values deduced theoretically from the perfect crystalline structure. The other case,
where an elastic behaviour domain exists, is represented by the piano wire and other wires
obtained by similar processes. For these materials the dislocation density is so high and the
dislocations are so entangled that a very large stress is necessary to unpin dislocations; this
probably explains why for these materials also second-order effects, like-Poynting effect
[8, 9], are reversible.

The aim of this paper is to discuss the validity of the basic assumptions of a constitutive
scheme established at a macroscopic scale [10--15], with the help of the analysis of related

() As analysed by BELL [1], some related macroscopic experimental results were obtained a long time ago
(2, 3, 4]). More recently material physicists also noticed irreversible deformation at very low stresses [5, 6].
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phenomena at a microscopic scale. For that purpose we first present some experimental
macroscopic results which bring to evidence the properties of the mechanical hysteresis
behaviour (Sec. 2). Secondly we try to find at a microstructural scale the explanation and
the justification of this mechanical hysteresis behaviour: on the basis of a few examples
of elementary microstructural mechanisms of deformation, at the scale of dislocations
motion (Sec. 3), it is shown that a great variety of such elementary microstructural mech-
anisms may be symbolically represented by a continuous distribution of spring and friction
slider couples (Sec. 4). Since this symbolic representation is the same as the one used to
build the macroscopic behaviour description, a qualitative correspondence may be estab-
lished between the macroscopic behaviour of crystalline materials and the microstructural
phenomena which control the deformation of these materials. This qualitative correspon-
dence sheds a new light on classical notions like the separation of the total strain into an
elastic and a plastic one, the local internal stress, the separation between low cycle fatigue
and high cycle fatigue, etc. (Sec. 5). Finally the relative importance of viscosity and pure
hysteresis is discussed (Sec. 6).

2. Experimental macroscopic results

2.1. Experimental procedure

For metallic materials the hysteresis contribution of the behaviour never exists alone
and is generally accompanied by other phenomena like hardening, softening, viscosity.
In order to identify and quantify the hysteresis contribution some particular precautions
have to be taken. First for each given strain amplitude a sufficient number of symmetrical
cycles are carried out in order to obtain a stabilized cycle, and thus to strongly reduce the
influence of hardening (or softening).

Secondly all the tests are carried out at room temperature, which can be considered
as a low temperature for the materials studied here (7'/7’, < 0.3) and at a constant and
low strain rate in order to minimize the influence of viscosity (cf. Sec. 6).

In order to give a larger validity to the conclusions of this study, a series of five typical
metallic materials is studied:

e as received cold drawn copper,

e commercial brass (58.10 wt % Cu; 38.53 wt % Zn; 3.20 wt % Pb),

¢ engineering steel (0.97 wt % Cr; 0.60 wt % Mn; 0.38 wt % C),

e stainless steel (17.93 wt % Cr; 12.48 wt % Ni; 2.40 wt % Mo),

e duralumin (3.80 wt % Cu).

Furthermore the unidirectional loadings are of two types: tension-compression or
simple torsion. For all the tests the sample has a tubular shape with, typically, an external
radius of 15 mm and an internal radius of 12 mm. The axial and shear strains are measured
locally with an extensometer. In order to reduce the error due to the inhomogeneity of
the stress and strain through the tube thickness for the torsion test, the stress-strain curve
is determined for the mean radius. All the tests are controlled at a constant strain rate of
about 10~* s~!; this value is a good compromise between the reduction of the influence
of the viscosity effects and the test duration [18].
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2.2. The restorable neutral state

The mechanical hysteresis contribution of the behaviour exhibits a neutral state which
may be restored after any strain history. The restoration is obtained first with a loading
of sufficiently large amplitude, so as to reach the first loading curve and thus to erase
the memory of the preceding loadings, and secondly by the “fundamental cyclic test”,
defined as a quasi-symmetrical cyclic test of slowly decreasing strain amplitude, similar to
the demagnetization process of ferro-magnetic materials. This notion of neutral state is
illustrated by the following two examples.
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FiG. 1. Cyclic torsion test. Cold drawn copper (test 501): a) first reloading;
b) second fundamental cyclic test; ¢) second reloading.

The first example concerns as received cold drawn copper. The test is a cyclic torsion
test, strain controlled at £1.5%. The preliminary step consists first of a sufficient number
of cycles to reach a quasi-stabilized state which exhibits softening, and secondly of a
fundamental cyclic test to restore the presumed neutral state. The test itself consists of a
reloading followed by a few cycles, a fundamental cyclic test and finally a second reloading
followed by a few cycles (Fig. 1a, b and c). The identity of the results before (Fig. 1a)
and after (Fig. 1c) the fundamental cyclic test validates the notion of restorable neutral
state.

The second example concerns a commercial brass in a simple torsion test. After a
few dozens of cycles of different amplitudes, a fundamental cyclic test was conducted to
erase the memory of the preceding inversion states and to restore the neutral state (Fig.
2a). Then the same steps were repeated: reloading to a strain of 1.5% followed by a
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FiG. 2. Cyclic torsion test. Commercial brass (test 603): a) first fundamental cyclic test;
b) first reloading; c) second fundamental cyclic test; d) second reloading.

few symmetrical cycles (Fig. 2b), a fundamental cyclic test (Fig. 2c) and finally a second
reloading (Fig. 2d). The two reloadings (Fig. 2b and d) are identical with the exception of
the hardening effect, which stays more permanent after the last fundamental cyclic test.

° 2.3. Loading branches passing through the origin

Another manifestation of the mechanical hysteresis properties concerns the existence
of different types of stress-strain curves passing through the origin. They are made obvious
from a symmetrical cyclic test +¢;. Four different curves may be defined, as modelized
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Fi1G. 3. The definition of the different loading branches passing through the origin.

on Fig. 3, where curve (1) is used as reference (see Sec. A.3):

curve (1) is the first loading branch,

curve (2) is obtained (after an inversion at C' chosen so that the unloading branch
reaches the origin) by an inversion and a reloading at the origin,

curve (3) is obtained by an inversion at D, so that the reloading branch reaches
the origin and continues to load in the same direction,

curve (4) is the locus of the inversion points of a fundamental cyclic test.

According to the pure hysteresis model curve (4) is identical to the first loading branch.
The branches AB (or BA) are similar to the first loading branch O A (1) with a ratio
of 2. The branch OC A is constituted of two arcs; the reference state (as defined later
in appendix) is O for the arc OC' (2) and B for the arc C' A. The curve O A (3) (Fig.
3b) is the upper part of the loading branch D A, which has its reference state in D and is
similar to the beginning of branch BA.

The experimental determination of these curves is made in a global test constituted by
four steps, each corresponding to one curve. The steps are preceded by a group of large
cycles +¢; in order to stabilize the hardening (or softening) phenomenon. Furthermore
curve (1) is determined after a fundamental cyclic test; thus curve () is not strictly a
first loading branch, but it may be considered as equivalent to a first loading branch of a
stabilized material as shown previously. The results of six pure hysteresis global tests are
shown in Figs. 4 to 9: the figures labelled @ give the details of the four steps and the
figures labelled b compare the four curves; the fundamental cyclic test made before the
first step is not represented.

In spite of the precautions taken, the tests continue to show a slight influence of
hardening. This is evidenced by the difference of the ends of the four curves at point
A; nevertheless these differences remain small. Two tests are simple tension-compression
tests (engineering steel and cold-drawn copper) and four are simple cyclic torsion tests
(engineering steel, stainless steel, duralumin and brass). For all tests, curve (4) is almost
identical to curve (). The difference between the two curves is noticeable essentially at
the end of the curves, on the plateau of “quasi-plasticity”; for brass (Fig. 9) this difference
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F1G. 5. Loading branches passing through the origin. Cyclic tension-compression. Engineering steel (test 414).
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FiG. 7. Loading branches passing through the origin. Cyclic torsion. Duralumin (test 703).
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F1G. 8. Loading branches passing through the origin. Cyclic tension-compression. Cold drawn copper (test 507).
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is about 10% of the stress value and may be explained by the fact that for this material
macroscopic hardening is almost entirely erasable by the fundamental cyclic test [13]. This
is not the case for the other materials, for which the erasable character is only partial and
the difference between curves (4) and (7) is less than 5% of the stress value. The tangent
at the origin of curves (/) and (2) is the same; it corresponds to the modulus value of
the quasi-elastic behaviour, which is locally restored after any inversion. On the contrary,
curve (3) possesses a tangent of lower value at the origin, since the path DO separates
the origin from the preceding inversion D. Furthermore, curve (2) shows a rapid change
of the tangent around point C' where it reaches the branch BA. This change occurs in a
relatively small area, about 1/100 x 1/100 of the large cycle dimension; by assimilating this
small area to a point, the evolution of the tangent may be considered as discontinuous; it
is due to the jump of the reference state from 0 (for the arc OC') to B (for the arc C'A)
(see Sec. A.3).

2.4. Evolution of the tangential modulus

Another way to verify some properties of the pure hysteresis contribution of the ma-
terial behaviour is the analysis of the shape of the loading branches. This is done by
determining the slope evolution along each loading branch. For that purpose the exper-
imental results are expressed, in the loading branches space, in terms of coordinates Ae
(= € — Re), Ao (= 0 — Ro) (see Sec. A.3.d). The slope is defined by a tangent modulus
M; for the simple push-pull test and for the cyclic torsion test we have respectively:

{ 1d
¢oz5 and M, = Edosz .
€9z

These moduli are determined by a spline technique and their evolutions are displayed
versus Ace.

A typical result is given by a cyclic torsion test with duralumin (Fig. 10). The mod-
ulus M, is determined only for the small cycles of strain amplitude £0.8%. As made
conspicuous by the enlargement in the Ae interval [0,0.6%], the modulus evolution is
identical for each branch, with the same value at the origin; this value is the modulus of
the tangential elasticity behaviour which is locally restored after each inversion, i.e. the
Young modulus E for push-pull tests and the shear modulus g for cyclic torsion tests. At
the beginning of each branch, the modulus evolution is parabolic-like with a horizontal
tangent at the origin. This latter property corresponds to the existence of an inflexion
point at the origin of the stress-strain first loading curve and, consequently, to the sym-
metry of this curve around the origin. Other results obtained previously with a stainless
steel and a superalloy indicate the same properties [16, 17].

Furthermore, due to the large strain amplitude of the test, it appears obvious that the
plasticity plateau is not horizontal: for large strains the tangential modulus tends to a finite
value, of about 1/100 of the initial value. As this small slope is independent of the strain
amplitude and of the cyclic hardening effect, it has to be considered as characterizing the
pure hysteresis contribution; this rigidity is denoted E for a simple tension-eompression
test and [ for a simple cyclic torsion test. Similar results were obtained with the other
materials tested, for tension-compression as well as for cyclic torsion; the characteristic
values of all the materials are given in Table 1 [18].

Mg
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Fic. 10. Cyclic torsion test with increasing amplitude steps (a).
Slope evolution of the first step branches (b). Duralumin (test 703).

To be able to make comparisons, first between simple tension-compression and simple
cyclic torsion tests for a given material and, secondly, between the different materials,
the results are expressed in non-dimensional units: the tangential moduli and the strain
difference are transformed into non-dimensional values, dividing by the initial value of

the moduli (£ or p) and by the characteristic strain (¢7, or €3,), respectively; we recall
the definition: g

e = Mo and ¢}, = —

“z2 F 0z 2# ’



Table 1. Essential characteristic values of different materials.
Materials st. eng. c. dr. an. brass dural.
steel steel Cu Cu
E 199 197 95.6 102 82.9 719
GPa
+AFE 2 5 0.6 1.3 0.4 1.0
M 71.6 78.8 383 41.2 33.2 28.7
GPa
+Ap 1.1 = 0.7 0.7 0.3 0.1
v 0.280 0.254 0.289 0.291 0.262 0.197
+Av 0.015 0.006 0.015 0.033 0.045 0.053
u*(E, v) 7.7 78.5 37.1 39.5 328 30.0
GPa
+Ap* 1.7 2.4 0.7 15 1.2 1.7
| — p*| GPa 0.1 03 1.2 1.7 0.4 13
E = 7.43 0.54 0.59 1.77 1.00
R GPa
+AFE — 0.73 0.08 0.05 0.13 0.20
M 0.39 171 0.18 0.087 0.27 0.26
GPa
+AR 0.06 0.07 0.01 0.013 0.02 0.03
E/E % ot 3.77 0.56 0.58 2.14 1.39
wlu % 0.50 (2.17) 0.47) 0.21 0.81 091
Yo 300 614 208 62 245 322
MPa
+AY), 9 24 3 8 10 17
Sy 170 370 130 36 143 127
MPa
+AS, 6 10 2 4 22 10
Yo/ So
1.76 1.66 1.60 1.72 1.71 2.54
(V3 =173)
2, % 0.15 0.31 0.22 0.061 0.30 0.45
= % 0.11 0.23 0.17 0.044 0.22 022
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FiG. 11, Comparison of the slope evolution in cyclic tension-compression and torsion.

(635]



636 B. WACK AND H. TOURABI

where Y} and 5 are the stress limits in simple tension and simple torsion, respectively. In
these non-dimensional axes and for a given material, the evolution of the tangential moduli
appears to be independent of the test type (Fig. 11); the only exception concerns the
duralumin for which the Mg evolution is particular and may be explained by a noticeable
influence of cold drawing for this material. The points of Fig. 11 are only construction
points obtained from experimental results (Fig. 10); they display the scattering between
the two types of tests. The comparison of the mean curves characterizing each material is
made in Fig. 12. For cold drawn copper, stainless steel and engineering steel the curves
are almost identical. Annealed copper shows the slowest evolution. We verify, according
to the definition of £*, that the inflexion point of the M, evolution occurs for ¢ = 2¢*,
with the exception of annealed copper.

eng. steel

F1G. 12. Slope evolution: comparison ot the mean curves characterizing the different materials.

3. Experimental microscopic support

The fact that the same properties are easily and fully recognized in a large variety
of metallic materials is obviously related to a common explanation at a microstructural
scale. This explanation, based on dislocation mechanisms, will be schematically illustrated
by some of them, which are classical examples. As we are concerned here with a pure
hysteresis behaviour, the pertinent mechanisms are those occurring on stationary cycles,
after the stabilization of the microstructural phenomena.

A simple case of elementary mechanism is a single dislocation moving between two
parallel walls on which it leaves pinned segments: this mechanism is analogous to a
spring and a friction slider in series (Fig. 13). Under small stresses the dislocation will
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FiG. 13. Elementary microstructural mechanism equivalent to a spring and friction slider couple.
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bend reversibly and behaves like a spring (line tension). Above a threshold stress S, the
dislocation contact points on the walls will move and drag two segments along the walls:
the behaviour is analogous to that of the friction slider (quasi-continuous pinning of the
dragged segment in the walls). The diagram of stress versus area swept by the dislocation
is of discontinuous elastic-plastic type. When the stress decreases, it is necessary for it
to reach the opposite value —8 before the contact points move in the reverse direction.
In this first approximation, the behaviour thus appears really of pure hysteresis type. A
slightly more complex case is that of a Frank—Read source operating between two parallel
walls and characterized by two thresholds: 5 for which the contact points on the wall
move and 5, (with .5; > 9, for example) for which the source emits a loop. This case is
equivalent to a model with two spring-slider couples (Figs. 14 and 15).

A loop emission by a Frank-Read source is a bistable phenomenon, occurring on the
plateau B('; for example two stable positions are state B and state ¢,. The decomposition
of the movement between two stable positions has already been observed and its classical
scheme is recalled (Fig. 16a) (see for example [19]). The reverse movement of a source
has also been observed, for instance recently in a superalloy between the cuboidal precipi-
tates [20] (Fig. 16b). This bistable character means that the representative point of this
mechanism moves by fits and starts on the plateau BC' (Fig. 15). An estimation of order
of magnitude indicates that, for usual dislocation densities, a loop emission corresponds
locally to a deformation of about 10~*. Thus if the accuracy of the strain measurement
is better than this value, the fits and starts would be observable for a single source; but
in real materials the combination of a group of sources operating randomly renders the
starts and fits invisible even at an accuracy of 107,

4. The assembly of microscopic elements to account for macroscopic behaviour

The elementary mechanisms operate at a microscopic scale (typically about 10~% mm?)
and then a very large number of them are activated in a macroscopic sample. The ac-
tivation thresholds of these mechanisms are scattered over a large spectrum, according
to a few parameters: first the type of elementary microstructural mechanism whose two
examples were examined previously, secondly the characteristic size of these mechanisms
and thirdly the orientation of its glide plane with regard to the external loading (Schmid’s
factor); the compatibility conditions between adjacent grains or subgrains may also con-
tribute to the spectrum amplitude [21]. The essential point consists in considering that the
deformation of a real material is the addition and the interaction of a multitude of such
elementary mechanisms which are characterized by a constant threshold, this threshold
being continuously distributed between zero and a very large value.

This approach is an alternative to the classical one which considers a single, but global,
elasto-plastic mechanism whose threshold varies with the applied conditions (strain ampli-
tude, cycle numbers,. . .). The classical approach is equivalent to considering an “average”
macroscopic mechanism, which can be meaningful when a single type of elementary mech-
anism controls the deformation. In contrast, the present approach takes into account the
dispersion of the characteristics of microscopic mechanisms, and is more suitable when
numerous different ones participate in the global behaviour.

The question now arises as to how to combine these mechanisms to account for the
macroscopic behaviour. In the classical approach, the rules for combining different types
of mechanisms and determining the “macroscopic yield stress” for instance depend on
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their relative strengths and densities [22]. In spite of their efficiency, they can some-
times lack some fundamental basis, since a combination of different mechanisms, each
having its own threshold, is supposed to give a macroscopic behaviour exhibiting a single
threshold.

In the present approach, the problem is set in a different way, since we suppose that
there is a priori no definite macroscopic threshold between an elastic and a plastic domain.
The elementary microstructural mechanisms, each of which is represented by a spring and
a friction slider in series, can be assembled in parallel: this is the only simple way to keep
a reasonable physical meaning for the macroscopic assembly(?). But as it happens, this is
the type of assembly which has been used for describing the hysteresis behaviour of solid
materials [10].

Thus it appears that the symbolic model constitutes a link between the microscopic
and the macroscopic scales [18]. Due to both the symbolic unidimensional character of
the model on one hand and the phenomenological type of the macroscopic description
on the other hand, the analogy between the elementary microstructural mechanisms and
the macroscopic behaviour is of qualitative type. Finally the symbolic model has a strong
heuristic character. This was well established at the macroscopic scale since it allows a
tensorial generalization to describe the real three-dimensional behaviour of materials [10,
13]; at the microscopic scale, the heuristic character is also obvious as will be thoroughly
developed in the next paragraph.

The search for a better understanding of solid material behaviour has been an open
question for a long time. For instance, we should mention the work done by BOUASSE
[24], at the beginning of this century, concerning cyclic torsion tests on wires; he explains
his experimental results by introducing almost all the mechanical properties of the pure
hysteresis behaviour, but without the help of the symbolic models. On the other hand,
for thirty years a series of studies has made reference to the significant work done by
MASING [25] which is, in our knowledge, the first to propose the assemblage of spring-
friction slider couples for explaining the material behaviour. Some studies consider only
a limited number of spring-friction slider couples, like the multi-layered model [26] or the
wall-channel model [27], but in order to be able to describe real behaviours, some com-
plementary ingredients had to be added. Holste and BURMEISTER [28], and POLAK and
KLESNIL [29] considered, like PERSOZ [23], a continuous distribution of spring-friction
slider couples; but the essential role played by inversion states, and then by the discrete
memory, was not evidenced. In a recent book CHRIST [30] put in use the rheological
model with springs and friction sliders in view of studying the cyclic hardening behaviour
under complex loadings. But as in the case in some preceding studies, the author does not
introduce the essential notions of reference state and discrete memory: the theoretical
modelisation he proposes at the end of his book is a step by step evolution of a finite
number of elements of individual given characteristics. This modelisation is similar to
the one of Masing, the difference being that Christ, with the help of computers, takes
into account thirty elements, while Masing has used only ten elements. In contrast, a
complete interpretation, both mechanical and thermodynamical, of the continuously dis-
tributed model has been proposed by GUELIN [10], allowing to arrive at three-dimensional
behaviour description [11 to 13]. One aim of this paper, among others, is to complete

(%) Other types of assembly may be envisaged, but they do not possess the properties of simplicity and
physical interpretation as the parallel assembly [23].
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the latter study by adding, for the case of crystalline materials, a complementary inter-
pretation with elementary microstructural mechanisms responsible for the deformation of
these materials.

For the sake of simplicity, the symbolic model is briefly recalled in the appendix,
together with its main properties concerning irreversibility, local restoration of the be-
haviour, discrete memory and restorable neutral state. However, the way in which the
model can help in the description and interpretation of local internal stresses or elastic
and plastic strain is discussed in the next paragraph, using some tools defined in the ap--
pendix. Finally, the relative importance of viscosity, and subsequently the validity domain
of the pure hysteresis behaviour, will be thoroughly discussed.

5. Discussion on micro-macro correspondence

5.1. Local internal stress

The topological diagram (see A.2) allows us to complete the analogy between the
macroscopic behaviour and the microstructural phenomena, particularly by displaying the
notion of local internal stress. Indeed for each element of the model, the spring and
the friction slider support the same stress: this is the local internal stress o; of the
corresponding microstructural mechanism. Since we have:

o e

Ep = — d = ——0
g(¢) 9(€)
we see that the representative line of the topological diagram gives an image of the local
internal stress distribution, within the multiplying factor 1/g(e).

It then appears obvious that when the macroscopic stress is zero, the internal stresses
may not be zero in general, but have only a mean zero value (Fig. 26). It is only
for the initial neutral state that the local internal stresses are zero for each element.
The fundamental cyclic test enables us to restore this initial neutral state by progres-
sively making uniform the local stress of each element to a value tending to zero (Fig.
27).

Even for an annealed material there may locally exist initial internal stresses o orig-
inated by cooling or incompatibilities between grains [21] for instance: this situation may
bring a mechanism near the threshold and a small stress increase may then activate this
mechanism. But since the material behaves globally as an annealed material, we may
suppose that to each mechanism A, in an initial unsymmetrical situation, corresponds its
opposite mechanism B (Fig. 17a,b). The behaviour of these two mechanisms is equiva-
lent to the addition of two symmetrical mechanisms A, and B., one of small threshold
Sm = 8 — oy and the other one of large threshold Sy; = S + oy (Fig. 17¢). The corre-
spondence between these four mechanisms becomes obvious in the topological diagram,
by using the stresses as variables (Fig. 17d).

This situation can be observed for instance during in situ cyclic deformation of an
A1-0,7 wt% Li alloy (Fig. 18). Before the inversion, a dislocation emitted from a dense
wall moves in its glide plane: it is mechanism A (steps 1 and 2 Fig. 18); after the inversion
this mechanism stops and another dislocation becomes activated in another glide plane:
it is the mechanism B (steps 3 and 4 Fig. 18). We are in presence of two asymmetrical
mechanisms alternatively activated.
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F1G. 17. Equivalent mechanisms to take into account the incompatibility between grains:
(a) an elementary mechanism influenced by grain incompatibility; (b) its opposite mechanism;
(c) the two equivalent mechanisms; (d) the position of the four mechanisms in the topological diagram.
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FiG. 18. Example of the mutual grain influence.
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5.2. Elastic, plastic and total strains

The symbolic model with its microstructural interpretation allows a better understand-
ing of the role and the importance of the notions of plastic strain and total strain in the
description of the real material behaviour. For an individual elementary microstructural
mechanism, equivalent to a spring-slider couple, the plastic strain ¢© has an obvious phys-
ical meaning: it is the friction slider deformation, which is directly related to the dissipated
energy. Thus the ptastic deformation ¥ may be considered as a true physical variable in
the behaviour description of this individual mechanism.

But the situation is quite different for a distribution of microstructural mechanisms
(case of real polycrystals): then there exists a continuous distribution of individual plastic
strains £/, between zero and the applied macroscopic strain ¢. The global macroscopic
plastic strain ¢” is then a mean value depending on the distribution of thresholds S; and
rigidities ;. Thus it appears that the macroscopic parameter ¢ does not have a simple
microscopic physical meaning, and consequently its determination, if considered necessary,
becomes a matter of convention. Nevertheless some specific cases exist where we may
consider that the macroscopic behaviour is the addition of N identical microstructural
mechanisms; in this case the plastic deformation keeps a physical meaning for the whole.
An example is that of a single crystal in single slip conditions, with a single obstacle
of well defined threshold, or a large-grained polycrystal hardened with regularly spaced
precipitates of similar strength.

The study of material deformation is foreseen in view to determine behaviour equa-
tions useful to engineers. And at the macroscopic scale there exist additional reasons,
of decreasing importance, that may incite us not to split the strain into a plastic and an
elastic contribution:

e The strain is an extensive thermodynamical variable; we do not know of any domain
of physics where an extensive variable is split into difterent terms in an evolution equation.

e The total strain is a direct observable quantity which is measured independently of
the behaviour assumptions; this is not the case for the plastic strain (although a simple
macroscopic definition can be given in the case of simple loadings).

o In the case of finite and/or complex strain, like a combination of tension and torsion,
the definition of a plastic strain tensor gives rise to theoretical problems not yet resolved.

o It is not easy to realize a cyclic test at constant plastic strain rate (what happens at
the origin and after the inversions?).

For all these reasons it appears more accurate to avoid the use of a plastic strain, at
the macroscopic scale, and to express the behaviour through the total strain.

Furthermore the strain irreversibility explains the existence of a fatigue limit for small
strain amplitude tests: however small the cyclic amplitude might be, the cycle area has
a non-zero value indicating the existence of energy dissipation. Thus, as the distinction
between elastic and plastic strains appears somewhat artificial, so does the distinction be-
tween high and low cycle fatigue. Since damage is an increasing function of irreversibility,
ie. of cycle area, it is expected to be significantly lower, at low strain amplitude, but
however not zero.

5.3. Elastic and plastic behaviour

Due to the threshold distribution of the elementary microstructural mechanisms, the
ideal elastic or plastic behaviour which exists locally, vanishes in the global macroscopic
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behaviour. They only appear in very particular conditions and therefore we use the
terms of quasi-elastic behaviour and quasi-plastic behaviour at the macroscopic scale. In
fact, at the origin and just after any inversion state, all the elementary microstructural
mechanisms behave instantly like an elastic body; but due to the fact that the distribution
of the mechanism thresholds begins at zero, the elastic behaviour at the macroscopic scale
is tangent to the real behaviour.

Likewise plastic behaviour, at the macroscopic scale, is an asymptotic one: when the
strain increases, more elementary microstructural mechanisms become activated and be-
have plastically, and for large strains the increase rate of active mechanisms declines and
tends to zero. So the real material may approach, more and more closely, a pure plastic
state but theoretically never really reach it, although a great number of elementary mi-
crostructural mechanisms behave strictly as plastic. The ideal situation shown by the pure
hysteresis model gives a zero slope asymptote, since the total load supported by the model
is finite (see A.1). For this reason one can speak of a plastic limit (Y, for simple tension,
Sy for simple torsion) and not of a plastic criterion (or threshold); this latter term has a
meaning only at the microscopic scale for a given elementary mechanism.

For real materials the situation is less simple. Let us first consider the case of a
cyclic loading at a given strain amplitude. A pure hysteresis is reached after stabiliza-
tion of the stress-strain cycle, i.e. after hardening saturation for the considered strain
amplitude. We observe experimentally for most materials, like duralumin (Fig. 10), that
the slope of the asymptotic plastic behaviour is not exactly zero and appears constant
and independent of the strain amplitude, for the order of magnitude of a few per-
cent. This property may be interpreted as a residual rigidity which may be ascribed
to both some kinematic hardening due to dislocation accumulation, and the contribu-
tion of a few microstructural mechanisms which continue to behave elastically even for

large strains. Experimental results indicate that this residual rigidity '(E for tension or
jt for simple torsion) is of the order of a few percent of the initial rigidity (F or u).
A schematic representation of this property is obtained in the unidimensional case by a
single spring in the symbolic model (see A.1); in the real three-dimensional case the
solution is given by the addition of a reversible contribution to the irreversible one
[15]. In the classical elastic-plastic theory the residual slope is denoted as a hard-
ening slope. If we now consider a monotonic loading, the stress-strain slope in the
quasi-plastic region reveals a supplementary effect due to hardening and consequently
an apparent rigidity greater than the residual rigidity. Finally hardening (or soften-
ing) is characterized by the evolution of the limit stress Y, or Sy; in the unidimen-
sional case it may be simply described as a modification of the distribution of the model
rigidities: the function g(e) evolves but keeps its properties (Sec. A.1). Thus the be-
haviour is modelized as an evolutive pure hysteresis behaviour (we recall that in the gen-
eral three-dimensional case this is obtained through a projection method, see for exam-

ple [13]).
5.4. Discrete memory of particular events of the loading
The notion of discrete memory, displayed for example by a small cycle described inside

a large cycle (Fig. 19), may also be easily explained at the microscopic scale. When the
material state arrives at (', after the path BC, all the elementary mechanisms whose
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F1G. 19. Scheme of a small cycle described in a large cycle and its correspondence in the topological diagram.

1
threshold is smaller than 5. = E(CFC — op) have been activated. After the inversion at

C, these mechanisms stop operating. Along path C' D the elementary mechanisms tend
to operate in the reverse direction, beginning with those of small threshold; at D only

; ; 1 ;
the elementary mechanisms whose threshold is smaller than —(¢¢ — op) are activated

in the reverse direction; they are the mechanisms of group I (Fig. 19). Consider now

1
the elementary mechanisms of group II, whose thresholds lie between E(ac — op) and

|
—(oc — o). All of them were activated at state (', after the path BC. Along the

path C'DC, the internal stress of the mechanisms of group II has first decreased and
then increased by the same amount, as the mechanisms are not activated (Fig. 19). By
returning to state (', and for the macroscopic stress o¢, all the mechanisms of group II
are ready to be activated at the same time, since their internal stresses reach the threshold
value at the same time. This gives rise to the discontinuity of the branch DC'A at the
crossing of state C'. One sees that the memory of the preceding inversion states, which
is of discrete type, has the material itself as a support: it is marked by angles in the
distribution of the internal stresses of the microstructural mechanisms and these angles
either stay constant during the loading or are entirely erased at the crossing of particular
loading states. We recall that the discontinuity at ' of the branch D('A is taken into
account in the constitutive equation by the jump of the reference state from state D to
state B. The detection of such a crossing in the general three-dimensional case is obtained
using thermodynamical rules (see for example [13]).

The experimental verification of such a discontinuity is made by the curves of type 2
passing through the origin (see Sec. 2.2); an enlargement of these curves is given in Fig.
20. We see that within an accuracy of about 1% the curves at the crossing at C' are discon-
tinuous. Additionally it appears that the measurement accuracy is precise enough to show
some effects of smaller order of magnitude: the discontinuity may occur with or without
a bounce, depending on the material type. These results also show clearly the irreversible
character of the strain; the unloading after the inversion at state (' cannot be considered as
elastic, since the small cycle C' DC shows that its area is not zero. These results agree with
those already obtained seventy years ago by DALBY [31] with different metallic materials.
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FiG. 20. Experimental results showing first the slope discontinuity produced by a small cycle described in
a large cycle, and secondly the irreversibility of the strain (see Fig. 19).

6. The relative importance of viscosity and of pure hysteresis contributions

Let us consider a sample of material submitted to a symmetric cyclic test. The material
is supposed to be in an annealed metallurgical state so as to be under the influence of
no previous strain history. The test is strain-controlled at a constant low strain rate and
at room temperature, i.e. a relatively low temperature; the strain amplitude +¢; is of the
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order of magnitude of a few 10~3 and corresponds to the domain of low cycle fatigue
(Fig. 21a).

=
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Fic. 21. Symmetric cyclic test.

In the stress-strain diagram the test will essentially exhibit a hysteresis loop, but its
evolution during the cyclic test may evidence some other physical phenomena. In a first
step this situation may be analyzed through the evolution of the stress value at the inversion
points versus the number of cycles N (Fig. 21b), in which we observe the existence of
three main stages: at the beginning the stress increases during a few dozens of cycles
(stage I), then it stays almost constant during a great number of cycles (stage II) and at
the end we see a rapid decrease (stage III). We notice that the repetition of the stable
hysteresis loop is the most important stage, as it lasts generally during about 90 to 95%
of the sample life, measured by the number of cycles up to rupture Ng. It then seems
reasonable in this case to describe the material behaviour in stage II by a pure hysteresis
phenomenon and to account for the particular behaviour of stages I and III through a
combination of this basic hysteresis mechanism with additional processes evolving from
hardening or damage. These additional mechanisms can be taken into account through
an evolution of the plastic limit stress of the pure hysteresis behaviour.

However, even in stage II where the hysteresis behaviour is most obvious, one can
wonder whether this behaviour is an “intrinsic static” one, i.e. depends only on the material
structure, or if “kinetic” parameters such as temperature or strain rate, which control
viscosity, can have a noticeable influence on the hysteresis characteristics.

The influence of viscosity may be evidenced, for instance, by relaxation tests. The
amount of stress relaxation is well known to increase when the initial strain rate is in-
creased, whereas the stress level reached after relaxation is independent of the initial
strain rate (see for instance [32]). As an example of order of magnitude, the stress relax-
ation measured during 600 s after a test run at a strain rate of 10~* s~! is less than 10%
for a stainless steel at room temperature.

Among the mechanisms responsible for irreversible deformation of crystalline materi-
als in usual test conditions, two main classes are ordinarily defined, according to whether
the overcoming of obstacles by dislocations is helped by thermal vibrations (thermally
activated phenomena) or achieved only by the applied stress (athermal phenomena). The
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first type of obstacles is that for which the overcoming process involves a coordinated
motion of a small number of atoms, which can be achieved by a stress-assisted thermal
fluctuation, with a “reasonable” probability of success. This is usually the case for ob-
stacles of short range stresses (Peierls friction stresses, forest cutting,...). The second
type of obstacles to dislocation motion is that which is associated with long range stresses,
whose overcoming involves such a large number of atoms that the probability of the corre-
sponding thermal fluctuation is negligible. This is usually the case of internal stresses. Of
course, the frontier between these two types of overcoming processes is not sharp since
probabilities are involved; furthermore the frontier definition depends on the time scale
considered. Indeed if we consider longer and longer experiment durations, the ratio of the
numbers of athermal to thermal activated processes will decrease and tend theoretically
to zero at infinite times. In other words, if we consider infinite times, all the mechanisms
responsible for irreversible deformation of crystalline materials have to be considered as
only thermally activated phenomena. But for practical finite times scales (i.e. duration
of a straining test, lifetime of a bridge,. ..) we will always have to deal practically with a
separation between thermally activated phenomena and athermal phenomena. The latter
account for the pure hysteresis behaviour and the term “viscosity” is the macroscopic
equivalent of the influence of thermally activated phenomena on the global behaviour of
materials, as measured through stress relaxation tests. In Fig. 22, relaxation curves (1), (2)
and (3) correspond to different viscosities, or equivalently to thermally activated processes
with different characteristic times. The specimen which shows the smallest proportion of
viscous contribution is that which deforms at the lowest stress rate, i.e. specimen (3).

T
0, -
0
a
(8
0 - Tle

FiG. 22. Definition of the pure hysteresis and viscosity contributions.
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Since we consider finite times, the end of the curves has to be considered for instance
at t (or t;) and then the stress decrease S F; due to relaxation increases with the initial
relaxation stress rate.

Let us now consider a given material and the evolution of its initial stress oy at different
temperatures and strain rates. The stress o is a decreasing function of temperature at
constant strain rate, or increases with strain rate at constant temperature. These evolutions
may be schematically represented by Fig. 22b, where the curves a(T'/T,,) are plotted at
constant strain rate. By definition the amount of thermally activated processes decreases
to zero at zero temperature and attains maximum at 7' = T),, thus explaining that the
curves are very close at 7' = 0 and spread out from one another at " = T,,. The

bottom curve at & = 0, corresponds to the pure hysteresis behaviour. For 5 # 0 the
stress interval S;F at constant T corresponds to the stress decrease by relaxation and
consequently to the amount of viscous behaviour in‘the total behaviour. This situation
shows that materials preferentially exhibit a hysteresis behaviour at low temperatures
and surprisingly low strain rates, which are the experimental conditions which minimize
viscous effects. These conclusions qualitatively agree with experimental observations [33].
This explains the precautions taken to render conspicuous and to study experimentally
the pure hysteresis properties (see Sec. 2): the tests should be carried out at the lowest
strain rate consistent with experiment duration (i.e. about 107 s~1), and at relatively low
temperature, although this last condition is usually fulfilled at room temperature for a
number of materials. Furthermore, due to the smallness of the viscosity contribution, the
constancy of the strain rate enables us to consider the behaviour as an equivalent pure
hysteresis behaviour.

7. Concluding remarks

The experimental macroscopic results presented here show that it is possible, with
a large variety of metallic materials, to identify all the properties of the pure hysteresis
behaviour. Thus a justification is supplied, validating the corresponding discrete memory
constitutive scheme used to describe macroscopic behaviours. Furthermore it is shown
that the operation of a simple elementary microstructural mechanism, at the scale of
dislocation motion and responsible for the material deformation, may be symbolically
represented by a spring attached to a friction slider. And then the assemblage of a great
number of elementary microstructural mechanisms may be exhibited by the same sym-
bolic model of springs and friction sliders as the one which is at the foundation of the
discrete memory constitutive scheme. Thus it appears that there exists a correspondence
between the elementary mechanisms at the microscopic scale and the discrete memory
constitutive scheme describing the macroscopic behaviour. This correspondence, or anal-
ogy, is evidently of qualitative type due to the phenomenological type of the macroscopic
behaviour description considered here, and to the contrast between the unidimensional
character of the symbolic model and the necessity of a three-dimensional description of
the macroscopic behaviour. One of the main points is the fact that the behaviour of
crystalline materials is considered as the result of the addition and the interaction of a
multitude of elementary microstructural mechanisms which are characterized by almost
constant thresholds, these thresholds being continuously distributed.

The existence of a distribution of elementary microstructural mechanisms, which have
individually an elastic perfectly-plastic behaviour, introduces the notion of discrete mem-
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ory of particular events of the loading history, i.e. the inversion states. A clear manifesta-
tion of this discrete memory is made by the description of a small cycle inside a large cycle,
which obviously shows the jump of the reference stress at the crossing of the preceding
inversion state. The existence of this discrete memory appears surprising a priori, but
becomes more understandable knowing that the material itself is its own support for this
memory: it is the distribution of the internal stress of each microstructural mechanism
which gives this memory. An easy topological representation of this stress distribution is
done via the threshold of each mechanism and we verify that each load inversion state
leaves a mark, in the shape of an angular discontinuity, in the internal stress distribution:
this mark represents the memory of a past inversion state and this memory is of discrete
type.

The pure hysteresis behaviour is one of the contributions of the mechanical behaviour
of metallic materials. The pursuit of the qualitative analysis of the involved phenomena
at the microscopic scale should allow us to suggest solutions for the other contributions of
the behaviour global description. This may concern the definition of a physically relevant
frame for expression of the stress rates, the description of viscosity effects, as well as
taking of anisotropy into account.

Appendix. The symbolic model of pure hysteresis behaviour

The symbolic model of pure hysteresis behaviour has a strong heuristic character,
at the macroscopic scale for the description of crystalline materials behaviour [25, 34,
23, 10] as well as at the microscopic scale for the interpretation of the microstructural
mechanisms association (see Sec. 3, 4). In this appendix we analyse and briefly recall the
model properties in view of helping to interprete experimental results obtained at both
scales.

A.1. The definition of the symbolic model with springs and friction sliders

The model is composed of a parallel assembly of elements of different characteristic
values. A single element is composed of the couple of a spring and a friction slider
in series (Fig. 23a); its behaviour is defined by the spring rigidity G and the value for
which the friction slider will move, which may be given by the load (or stress s) or the
displacement (or strain €). The cyclic behaviour of a single element is elastic-perfectly
plastic (Fig. 23a). The properties of an assembly of two elements is interesting in the
sense that it shows some important points of the general behaviour (Fig. 23b), since
locally the behaviour appears which is neither elastic nor perfectly plastic.

To obtain a model nearer real behaviour we have to consider a continuous distribution
of elements (Fig. 23c), such that ¢"(e)de is the rigidity of the elements comprised between
e and e + de. For simplicity we admit that the function g(e) is defined in the whole interval
[0, oo], with the following limit values:

¢"(0) = g'(0) = g(® =0 and g"(0) > 0.

Moreover we suppose that the total stress supported by the symbolic model has a finite
value 9):

Sy = fg"(e)ede.
0
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F1G. 23. The symbolic models.

Consequently, the first stress-strain loading branch is a smooth curve which admits for
large strains a horizontal slope whose ordinate is S, and whose tangent at the origin is G

Go= [ g"(e)de = g'(c0).
0

By considering the stress contributions of the sliding elements and of the elements not
sliding, we obtain:

o(e) = Goe — g(€) = F(e).
If we add a single spring, of rigidity 6:, the model will admit for large strains a slope of
value G; the first loading branch is then written:

o(e) = (Go + G)e — g(e).

But in order to make more obvious the essential properties of the pure hysteresis be-
haviour, and to separate strictly the irreversible process from the reversible one, we con-

sider in the following that G is zero, unless otherwise mentioned.

A.2. The topological diagram

The state of the model may be simply represented in a topological diagram: each
couple of a spring and a friction slider is represented by a point whose abscissa is the
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strain e for which the friction slider will move and the ordinate is the spring deformation
€r. During loading the representative point will then move parallel to the ordinate axis
along a straight segment comprised between the two bisectors £, = +e (Fig. 24). The
state of the model is represented by the line joining all the representative points. This
line always terminates, on the large strain side, by a horizontal segment at ¢, = cte
representing all the couples whose slider never moves: this strain value is the model
global strain €.

™
=y
m
o

az b2

B2

F1G. 24. The topological diagram.

Before any deformation takes place, the representative line of the model is the abscissa
axis, since for each couple ¢, = 0. When the strain increases, the representative points
shift equally, parallel to the ordinate axis, as long as the point is included in the angle
of the two bisectors. When the representative point of a given couple reaches one of
the bisectors this means that the corresponding friction slider moves (¢, = €): then the
representative point stays on the bisector as the global strain continues to increase. Thus
after a first loading the representative line is O A; A (Fig. 24). After an inversion all the
sliders will stop sliding in that direction. The representative line will then shift as a whole
in the reverse direction, the sliding beginning with the weaker couples: thus after the
inversion the segment a,a; stays parallel to the first bisector (Fig. 24).

A3. The properties of the pure hysteresis model

In this subsection a description and an analysis of the properties of the pure hysteresis
behaviour are given: it essentially concerns the mechanical aspects due to the possibility
of experimental verification (see Sec. 2).

a. Since the strain limit of the weaker friction slider vanishes to zero, the strain is
irreversible however small it may be: a friction slider will always move. Thus it is not
necessary to introduce a separation between an elastic domain and a plastic domain.

b. Consider a path like OAB (Figs. 24 and 25); along path O A the friction sliders
move progressively until the one characterized by threshold e 4. After the inversion at A,
all friction sliders stop moving and tend to move in the reverse direction, starting with
those of smaller threshold values. Thus after an inversion the behaviour is locally restored



| C G
A g
E
b
d
a e /c
¥
B f -
0
€
L/
D
Path w R g R € Branche Arche
oA 1 0 0 1 1
AaB 2 g A EA 2 1
BbA 2 UB EB 3 1
AC 1 0 0 3 2
CcD 2 Oc € 1
DdE z O'D ED 5 1
EeF ’, O Eg 6 1
FfE . Ok & 7 1
EqC 2 0y & 7 2

F1G. 25. The principal properties of the pure hysteresis behaviour.

[656]




SOME REMARKS ON MACROSCOPIC OBSERVATIONS. . . 657

and the rigidity of the model is the same as at the origin:
dUA+
de

c. Along the path A B a couple which previously moved for a deformation e; now needs
to be deformed by a value 2e; before the friction slider moves in the opposite direction
(Fig. 24). Thus the loading branch AB is similar, in the ratio 2, to the beginning of the
first loading branch O A: this is the Masing similarity rule [25].

d. The restoration of the local behaviour after an inversion and the Masing similarity
rule made conspicuous the notion of discrete memory of privileged states of the loading
history: the inversion states. The behaviour is described by branches, or arcs of branches
in more complex loadings, whose origin, called reference state of the current branch, is
chosen between the preceding inversion states. Such unidimensional behaviour may be
described by the following equation:

& — RE
U—Ra=wF( ),
w

= G().

where the reference state coordinates re,ro and the similarity coefficient w (or Masing
coefficient) -are piece-wise constant; a typical function is represented by a hyperbolic
tangent:

o — ro =wlSyth (%g - RE) :
SU W

An example of complex cyclic loading is given in Fig. 25. One main intrinsic property of
such behaviour is shown by branches like No 3 (or 7): the jump of the constants at the
crossing of state A (or /£ and () indicates that the model keeps the memory of particular
events which are the preceding inversion states. After an inversion the representative line
of the material state, in the topological diagram, is like Qa;a,a (Fig. 24). During the
strain decrease the segment @y« stays parallel to the first bisector; the point a; moves
continuously along the lower bisector; but the angle ¢; moves between the two bisectors
by staying identical to itself. The existence of the segment a,a; on one hand is the mark
that some friction sliders have moved in the past. The existence of the angle a; on the
other hand is the memory of the past inversion state A. This memory is not of viscous
type, between current time and time {4 when the inversion happens, but a memory for
which the model is its own support: the angle @, is an indelible mark which may be
erased only in given conditions. This memory is of discrete type since there are only
two alternatives for this mark: existence or nonexistence. Furthermore the erasure of this
mark, and consequently of this memory, is possible under two conditions: first if the strain
decrease is large enough so that the segment length a,a; decreases to zero, secondly by
making a second inversion in B and by increasing the strain farther than € 4 (arcs 1 and
2 of branch 3 of Fig. 25). The erasure of this memory results in a discontinuity in the
stress-strain curve: in the first case it is a curvature discontinuity whereas in the second
case it is a tangent discontinuity (Fig. 25).

The jump of the model rigidity between arcs 1 and 2 of branch 3 corresponds to the
fact that when the segment bsb, decreases to zero, the whole segment byb; reaches the
upper bisector at the same time: this means that the point, which separates the friction
sliders ‘'which move from the others, jumps from e; to e; (Fig. 24). In other words,
during the loading BAC' the characteristic strain interval of the moving friction sliders
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F1G. 26. Simple unloading to the origin.

1
is [0,e; = E(EA — ¢p)] just before state A and [0, e; = € 4] just after state A. This

discrete memory of inversion states will only exist in the case where the inversion really
happens: thus there exists an essential difference between angles lying on the bisectors
and the others, like the angle A; of state A and the angle a, of state a (Fig. 24). The latter
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is the mark expressing at the current time the memory of inversion at state A which has
occurred before; the former one is only a possible memory, but not yet revealed. Indeed,
if we continue to increase the strain ¢ farther than ¢ 4, the angle will move farther along
the bisector, ready to reveal a memory at higher strain.

e. This model of pure hysteresis behaviour possesses a neutral state which can be re-
stored, whatever be the loading history. This statement seems a priori surprising since if
an elastic material (spring) possesses a neutral state, it is not the case for a perfectly plastic
material (friction slider). It is in fact the simple association of these elements which allows
the existence of a neutral state, restorable in each and every case. This property is easily
explained through the topological diagram. If we make a simple unloading towards the
origin (¢ = ¢ = 0) from point C or point D (Fig. 26), the representative line OO’ of the
model] in the topological diagram is not a straight line, but a broken line whose angles ma-
terialize the memory of the preceding inversion states; thus the state O’ does not represent
the neutral state. This is confirmed by the reloading O'aA or O'aD A, which differs from
the first loading branch O A. To restore the neutral state it is necessary first to deform the
model sufficiently in order to erase the memory of the preceding inversion states and bring
the model state onto the first loading branch. Then a great number of almost symmet-
rical cycles of slowly decreasing amplitude must be made: this is the so-called fundamental
cyclic test (Fig. 27). When the strain (and the stress) is zero, the representative line of the
model state in the topological diagram is a “saw-toothed” line whose axis is the abscissa
axis. The height of the teeth, directly related to the amplitude difference of two successive
cycles, may be reduced at any desired value by increasing the number of cycles and making
the broken line coincide with the horizontal line at the desired accuracy. After this restora-
tion of the neutral state the reloading is identical to the first loading. Furthermore the lo-
cus described by the inversion points during the fundamental cyclic test is also identical to
the first loading branch; this property is a direct consequence of the Masing similarity rule.
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F1G. 27. The fundamental cyclic test.
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A.4. Remarks

a. Concerning the thermodynamical aspects, we recall that the main point concerns
the use of a reversible power 7 of discrete. memory type [10]. In quasi-statical evolutions,
which are only considered here, the energy balance may be written in the rate form:

o o
Pe=E+(—-@Q)
and by definition, the intrinsic dissipation ¢ is given by:
Po=¢p+m,

[e]
where P, is the power of external forces, foj is the internal energy rate and () the heat
rate associated with the internal irreversible phenomena; F is the energy stored by the
springs and () is the heat dissipated by the friction sliders.

Along the first loading, due to the immediate irreversibility of the strain, the intrinsic
dissipation is taken equal to the power of external forces, i.e. the reversible power is then
equal to zero. Immediately after an inversion, due to the quasi-elasticity of the behaviour,
the intrinsic dissipation ¢ is zero and the reversible power 7 is equal to the power of the
external forces. For simplicity and similarly to the first loading, it is supposed that the
reversible power remains constant along the unloading branch. Thus the reversible power
is written per arc of loading branch

o
T = ROE,
where ro®is the corresponding reference stress. The reversible power interferes in an

equation of Gibbs type giving, from the thermodynamical point of view, the properties of

the behaviour class considered here:
[e] (o]

E=1I+7,

where ; is the disorder energy rate. Examples of the evolution of these rates are given
in [10, 12, 14].

b. The pure hysteresis behaviour description is easy in the unidimensional case, since
the definition of the piecewise constant is obvious. This is not the case in the general
three-dimensional case: the solution is given by a correct thermodynamical interpretation
of the model intuitive rules [10]. Thus the behaviour in the general case is described
by a scheme composed of three main parts: a constitutive equation where piecewise
constants interfere, an inversion criterion, which is nothing more other than the expression
of the second law of thermodynamics, to detect the inversion states of the loading, and
an algorithm to define at each moment the current value of the piecewise constants.
This constitutive scheme makes conspicuous the coupling between the mechanical and the
thermodynamical aspects of the behaviour. For more details see [10] or [11, 12].

c. As mentioned in Sec. 4, different types of assemblage for the springs and the friction
sliders may be envisaged [23]. Between the simplest, the one considered here (Fig. 23)
has the advantage of having an interpretation, equally for the single element and for the
whole elements distribution. This assemblage is characterized by the fact that the total
deformation is the same for all elements; consequently for a given total deformation there
exists an internal stress distribution, associated with an internal plastic strain distribution.

d. The conditions given in Sec. A.1 did not define the shape of the loading branch,
which may differ largely from one material to the other. The example given in Sec. A.3.d.
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suggests a generalization in a differential form, the first loading branch being given by:

o= (5)]

By making the coefficient ¢ vary in the interval [0, co], the curve may cover, in the € — o
plane, all the domain defined by the abscissa axis, the tangent at the origin of slope Gy and
the asymptote of ordinate .5). The preceding equation admits some analytical solutions;

thus for ¢ = 5,/Gy we have the following theoretical solutions for a:
c 0 1 2 4 00
a /Sy 0 0.63 0.76 0.86 1

For real material the interval of interest for the coefficient c is ]1, ~ 4].
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