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On y-stability in dynamical systems
A. SZATKOWSKI (GDARSK)

THE GROUP p-boundedness and group p-convergence of the trajectories, where p is the measure,
for continuous time and discrete time dynamical systems égontmuous and discrete time flows on
topological spaces) are considered. The necessary and sufficient conditions for asymptotic group
p-convergence are given. The results are developed for differential dynamical systems defined by
vector fields on Riemannian manifolds. The measurability and measure of the invariant subsets and
of the limit sets of the set-trajectories are considered.

1. Introduction

THE TRAJECTORIES of a continuous dynamical system are group p-bounded, where p
is a (positive) measure defined on a family of Borel subsets of the state-space [$, 9], if
the volume p(A) of any measurable and p-bounded subset A in the state-space remains
bounded along the trajectories of the system [11].

Asymptotic group p-convergence of the trajectories ensures [15] that the measure p(A)
of each measurable and ji-bounded set A in the state-space tends to zero asymptotically,
as t — o0o.

The dynamical system & is defined as the quartet (X, T, U, ¢), where X is the state-
space (the dynamic space), T is a group, U — a subset in X x T enclosing X x {0}, and
@ is a map U — X satisfying:

(1.1) p(x,0) =2, foreach z € X,
and
(1.2) ez, ' +1") = p(p(z,1'),1"),

for each @ € X and all t',¢” € T, such that (z,t') € U, (z,t' + ") € U and
(p(z,1),t") € U [4, 8, 14].

Additionally, if X is a topological space, where 7 is the topology on X, T' is a topo-
logical group, U is an open subset in X x 7" and ¢ is a continuous map, then S is a
continuous dynamical system, and ¢ is a continuous flow on X [8].

The dynamical systems are considered, where 7' is the space of reals or T' = I, [ —
the set of integers.

The following assumptions are made:

ASSUMPTION 1. For each z € X, the motion ¢(z,-) of the system & is defined for all
tin T'*, where T+ = R*, R* = [0,00), or T* = I+ I* = {0,1,2,.. .}, ([4], [6], [8]).

Thus, X x T* CU. p

A dynamical semi-system S* is defined as (X, T*,U*, @o*) where T* = R* or T+ =
I*,U* is a subset in X x T'* enclosing X x {0}, and ¢™* is a map U* — X, where (1.1)
is satisfied for all 2 € X and (1.2) is satisfied for all z € X and ', € T such that
(z,t") € U*, (a,t' + ") € U* and (¢(z,t"),t") € Ut [8].

The semi-system S* is continuous, if X is a topological space, U* \ X x {0} is an open
subset of X x T, and " is a continuous map.
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A (continuous) dynamical system S = (X,T,U, ) corresponds to the uniquely-
defined (continuous) semi-system S* = (X, 7%, U*, "), where Ut = UN (X x T*)
and " = @y+.

ASSUMPTION 2. For each © € X, the motion ¢(z,-) of the semi-system S* =
X, T*,U*, "), where T* = R* or T* = I*, is defined for all ¢ € T*. Thus,
Ut=XxT* o

The trajectories of the semi-system S* = (X, T*,X x T'*, ") define the semi-group
(Gt)ier+ of maps G : X — X [4, 6, 8],

X3z — Gi(z) = o7 (a,t).

ASSUMPTION 3. The maps Gy, t € T'*, defined by the trajectories of a continuous
dynamical system S (a dynamical semi-system S*) are ('"-embeddings of X into X [I, 6,
8]. o

Let § = (X,T,U, ) be a dynamical system, where the Assumptions are satisfied.

For a subset A C X, ¢4 is the map T+ > t — 2% defined by:

¢A(t) = Aiv At = GI(A), (Gft(qé) = ¢)1
(2% is the family of all subsets in X).

DEFINITION 1. A subset A C X is a strictly (positively) invariant subset for the system
S*ifGuA)= Aforallt € T,

A subset A is a positively invariant subset for the system S*,if G4(A) C Aforallt € T,
[6, 14]. o

Let ¢} : 2X x T+ — 2% be the map defined by

X x T3 (A,1) — ¢.§(A:t) = ¢a(l).
@% is the global semi-flow on 2%, corresponding to the flow ¢ (the semi-flow ¢*) on X;
S* = (2%, T 2% x T*,¢%)
is the dynamical semi-system on 2% x T'*.

The (positive) half-trajectory of a subset A € 2X in the global semi-flow ¢} on 2¥ is
denoted by I'}. Im¢¥%(A,-) is the trajectory curve of the system &, where Im ¢% (A, )
encloses the set A.

The symbol v} is used for the half-trajectory of the point z in the semi-flow ¢* on
X.

The image set in X of the half-trajectory I'} of the set A in the semi-flow ¢} on 2X
is the subset

FrAa) = | A
teT
¥*(A) is the invariant subset for the system S.
Let § = (X, T,U, ) be a continuous dynamical system, and let M be the family of

Borel subsets in X corresponding to the given topology 7 on X [4, 5, 8, 9, 12]. By the
Assumption 3, the maps Gy, t € T'*, are the homeomorphisms of X onto G/¢(X).

This ensures that G;(A) € M, foranyset A€ Mandt e T*.

By restricting the system S* to the subfamily M of 2%, one obtains the dynamical

semi-system S}, = (M, T, M x T, ES:; ), where ¢} is the contraction of ¢ to M.
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Let i be a (positive) measure on o-algebra M of Borel sets in X. A set A € M is
called the null set, if pu(A) = 0.

ASSUMPTION 4. The measure y is complete on M. This means that each subset of the
null set is p-measurable (is in M). As a consequence, the measure of a subset enclosed
in a null set has y-measure equal to zero [9]. o

2. Group pi-boundedness of the trajectories

The group p-boundedness of the trajectories of dynamical systems is considered.It is
assumed that S is a continuous dynamical system, where the Assumptions 1 and 3 are
satisfied. p is a measure on o-algebra M of Borel subsets of the topological space X, the
state-space of the system. The measure p is complete (Assumption 4).

DEFINITION 2. The trajectories of a continuous dynamical system § = (X,T,U,p),
where X x Tt C U, are group p-bounded on T'*, if for each u-bounded set A € M

sup u(Ay) < .o
teT+

DEFINITION 3. The trajectories of a continuous dynamical system S are strongly group
ji-bounded on T*, if for each p-bounded set A € M such that ¥+*(A) € M, 3% (A) isa
ji-bounded set. o

For a subset A € M such that ¥*(A) € M, the strong group p-boundedness implies
the group p-boundedness. The inverse conclusion is not necessarily valid.

Denote by R* the set R* U {o0}.

THEOREM 1. Let § = (X, R, U, @) be a continuous dynamical system, X X R* C U.

Assume that the following is satisfied along the trajectories of S.

For each p-bounded subset A € M,

a. There exists an open interval (0,74), T4 > 0, in R where the function fi4(:) =
H(@E(A, ) is continuously differentiable, and

!
b. (—([;ﬁA(t) <0, for t € (0,74).

Then the trajectories of the system & are group p-bounded on R*.
(The proof has been omitted). o

The following Theorem 2 concerns strong group u-boundedness of the trajectories.

THEOREM 2. Let the trajectories of a continuous dynamical system S = (X, R, U, ¢),
where X x R* C U, be group p-bounded on R*, and let the function jiy : R* 3t —
W(A) € R* be continuously differentiable, for any p-bounded set A € M.

Assume that for each p-bounded set A € M,

%ﬂA(t) < =M\ -e 2 on RY,

M(4) _
Xa(A)

for some positive constants A;, Ay, where A; and A, depend on A and satisfy

n(A).
Then the trajectories of the system S are strongly group u-bounded on R*.



516 A. SZATKOWSKI

Proof. Let A € M be a u-bounded subset of X. There exist the following estimates:

fo%e] [e) t
WG AN S [Ra®-di= [ | [ Lia)-dr+ )] d
0 0 (1]

< T[ft —/\,-e‘AzT-drtu(Av)] dt

0 0

= | [A] L= Ay )] dr
J % s

—ﬁ+T[(A)—ﬁ]dt—ﬁ<oo for — = p(4)
/\% g ”l‘ Az A% t 2

which yield the thesis. o

DEFINITION 4. ([10]). Let X be a metric space. The trajectories of the dynamical system
S, where X x T'* C U, are uniformly equi-bounded on T*, if for any constant € > 0, there
exists 6 > 0 such that Dia A < § for a subset A C X implies Diay*(A) < €. o

Let § be a dynamical system, where X is a metric space, X x T* C U. Assume
that the p-measurable and bounded subsets of X are p-bounded. Then the uniform
equi-boundedness of the trajectories of the system & on T'* implies the strong group
ft-boundedness, assuming Dia A < oc.

3. Asymptotic group /i-convergence of the trajectories

The limit behavior of the trajectories of a continuous dynamical system S = (X, T, U,
) is considered. The system & satisfies the Assumptions 1 and 3. g is a complete measure
(Assumption 4) on g-algebra M of Borel sets in the state-space X.

DEFINITION 5. The trajectories of the dynamical system S are asymptotically group -
convergent, as t — o0, if

(3.1) WA —=0 as t— o0,
for each pi-bounded set A € M. o

DEFINITION 6. The trajectories of the continuous dynamical system S = (X,T,U, ¢),
X x T+ C U are asymptotically group pi-convergent in stable mode, as t — oo, If the
trajectories of S, are asymptotically group p-convergent, and for any constant € > 0, there
exists & > 0 such that p(A) < 8 for a subset A € M ensures j1(A¢) < ¢,forallt € T*. o

DEFINITION 7. The trajectories of a continuous dynamical system S are monotone asymp-
totically group (i-convergent, if for any j-bounded set A € M, u(A¢) — 0 monotone as
t— 0.0

DEFINITION 8. A subset B C X is the equilibrium state for the system S*, if B, = B,
forallt € TY. o

If the trajectories of a continuous dynamical system S are asymptotically group u-
convergent, as { — 0o, then y-bounded equilibrium states of the system S* corresponding
to S are null sets.
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y(t) 2(t) =¥ (xg.y.t)
oO—a——— p ———————O
input z(-) - output
signal signatl
FiG. 1.

The following Example concerning information processing system illustrates the theory
(13D
ExAMPLE. Consider the information processing system P, as shown in Fig. 1.

The mathematical model of system P is designed as follows. P = (X x Y, T*,X X
Y x T*, 1)), where: X is the (topological) state-space of the system, z is a state vector,
xy denotes the state at ¢ = Q, y(-) is the input signal, and Y is the space of input values,
y(): TY =Y.

1 is a map from X x Y x T'* into X.

It is assumed that for each value yy € Y, P, = (X X {50}, T*, X x {go} x T*, 9}y,
is a continuous dynamical semi-system. In the simplified model, the value z(t) of the
output signal z(-) is assumed to be equal the value z(%) of the state vector x at time ¢.

As an example, consider the system Sf, where the non-autonomous differential equa-
tion

dz

(3.2) - [z, y),

f e CY (R x R™ R™), x € R", y € R™, is the state equation (the dynamic equa-
tion).

It is assumed that the solutions of the equation exist for all ¢ € R*, and that the
system possesses the unique steady-state solution for each constant value y, of the input
signal. Precisely, for each y, € Y, the system &, possesses the globally asymptotically
stable equilibrium point 2*, where 2™ yields both the steady-state vector and the output
state of the system Sy, for a fixed value of the input signal.

In the physical model, the equilibrium state varies in time becoming a stochastic pro-
cess 2*(+), 2*(t) € X. Itis claimed that the average value of z*(-) assumes the value
given in the design of the system.

It is essential, from the engineering point of view, that the statistical displacement of
the equilibrium state becomes negligible as ¢ — oo. L.e., the output value is not sensitive
to the dispersion in the equilibrium placement, under disturbance, in the steady-state as
t — oo.

In this context, the quality of the information processing is formulated as follows:

It is assumed that the measure p is given on the family M of measurable (Borel)
sets in the state-space X of the system P. It is required that for each input value ),
lim; o pt(A;) = 0 for any p-bounded set A € M. It is then assumed that the trajec-
tories of the system Sy, , for a fixed value of the excitation, are asymptotically group
(-convergent, in the steady-state, for { — co. o
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In the following Theorems 3 and 4, the necessary and sufficient conditions for asymp-
totic group j-convergence of the trajectories of a continuous dynamical system are pro-
posed.

St = (X, T*,XxT*, ") is a continuous dynamical semi-system, where the Assump-
tions 2 and 3 are satisfied. M is the o-algebra of Borel sets in X, and p is a measure on M.

THEOREM 3. Assume that j1(X) < oo and let Xy C Xy fort" > t', ', 1" € T*. Then,
the trajectories of the system S are asymptotically group ji-convergent, as t — oo, if, and

only if, the maximal strictly (positively) invariant subset A for the system S* is ji-measurable
and p(A) = 0.

Proof
i. Assume that the trajectories of §* are asymptotically group p-convergent and let
A be the maximal strictly (positively) invariant subset for the system S*.
Foreacht € T*, A C X; = Gy(X). Hence, A C X, where X = (] Xy, and by
teT+
taking into account that X, is the strictly invariant subset for the system S*, A = X.
The following is used in the proof that X, is p-measurable and p(Xo) = 0.
Let {Ag}co be a family of y-measurable sets, where ¢ # ©@ C R, and 7 ¢ O,
9 =sup0.
If
1. Ay, C Ay, forall 9y,9; € O, where 9, > ¥,
and
2. There is an index ¥ € @ such that p(Ay/) < oo,
then

1) the set (| Ay is pu-measurable,
YEB
and

2) lim p(Ag) = u( N Ag).
9 —d OIC]
Thus, by noting that X;» C Xy for t',t" € T*, 1" > t', and p(X) < oo, one obtains
that X, € M and

(3.3) p(Xoo) = lim pu(Xe),

where the assumed group p-convergence of the trajectories of the system S* yields
tlingo H(Xe) = 0.

ii. Let the maximal strictly invariant set A for the system S* be p-measurable and
i(A) = 0. Using the arguments as in the Part i, one obtains that X,, = A. Hence
Xoo € M, p(Xeo) =0, and p(Xs) = tErr;op(Xw).

Noting that 0 < u(A;) < u(X;), for each set A € M and t € T*, the limit
tlim 1(Ay) exists and equals zero, for any set A € M. o
—00

As a corollary, consider a continuous dynamical system &, where Assumptions 1 and 3
are satisfied; p is a measure on o-algebra M of Borel sets in X. For each subset V' € M
such that ¥*(V) € M and pu(y*(V)) < oo, the trajectories of the dynamical system

I%"(V)’ SIEV*(V) being the restriction of S* to the subset 7*(V'), are asymptotically
group p-convergent as ¢ — oo if, and only if, the maximal strictly invariant subset for

S|%+ V) is p-measurable and its p-measure equals zero. D
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THEOREM 4. Suppose that ju(X) = 0o and assume that the trajectories of the system S,
are strongly group p-bounded on T (Definition 3).

Let the set union A of all strictly (positively) invariant subsets for S*, being proper
subsets of X, be a p-measurable set and let u(A) < 0.

Assume that the measure p is complete and assume that for each p-bounded set
A € M there exists an open and p-bounded (proper) subset V C X enclosing the set A.

Then the trajectories of the system S* are asymptotically group p-convergent as ¢ —
o if, and only if, u(A) = 0.

Proof

i. Assume that the trajectories of the system &* are group u-convergent as ¢ — 0.
Then the p-measurability and p-boundedness of A and the strict invariance of the set A
yield p(4) = lim p(Ay) = 0.

ii. Assume that u(A) = 0 and let A be a p-bounded set in M. We shall prove that
lim p(A) = 0.
t—oo

Let V be an open and u-bounded subset in X enclosing the set A. 3¥*(V) is open, and
hence a p-measurable subset of X, and by the assumed strong group p-boundedness on
T* of the trajectories of the system §*, ¥*(V) is pu-bounded.

The maximal strictly (positively) invariant subset A%?*(V) for the system SI%* ™) is a
subset of A, and p(A) = 0 ensures that A$+(V) is p-measurable, and ,u(A;;+(V)) = 0. As
in the Corollary following the Theorem 3, t[Lngo p1(V¢) = 0, and hence 0 < p(A;) < pu(Vy)

yields t]im uw(A) =0.o

The measure of the w-limit sets of the set-trajectories are considered. S™ is a continu-
ous semi-system satisfying the Assumption 2.

The positive hull H7 of a point z, € X denotes the closure of the image set 7" (zy)
of the positive half-trajectory 77 [6, 8],

H; =c7*(z0),

Ty
and {2, is the w-limit set of the motion ©*(zy,-) [4, 6, 8] (2, is the w-limit set of a
point x in the positive semi-flow ¢* on X),

df +
.an - ﬂ HEP"'(-FU»T) '
TeT+

For a subset I/ C X,
e | 8.
x(,EU
Equivalently,
H*WU)=35"U)u { U Qw"} .
zoeU
DEFINITION 9. The w-limit set $2(U) of a subset U, in the semi-flow ©* defined by the
trajectories of the semi-system S, is given by

2UY= () H*(U.).o
TeT+
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It is easily observed that £2(U) is the set union of the maximal strictly invariant subset

for §* enclosed in ¥*(U) and the strictly invariant subset |J (2,
.E()EU

20y ={ N 37U} u{ U a0}

TETt x(.EU

£2(U) is the strictly invariant subset for S*. For U = {zy}, 2(U) = 25,.
Let x 4 denote the characteristic function of a subset A C X. Then,

Xew) = im Xm+@w,),
where the point-wise convergence is taken into considerations.

REMARK 1. The limit set defined as the set union of the w-limit sets 2, of the
trajectories v}, for x € U, and the w-limit set 2(U) in X of the set-trajectory I} are
equal if, and only if, the maximal strictly invariant subset for S* enclosed in ¥*(U) is a

subset of |J f2,.0
€U
The following Corollary concerns the measurability and measures of the w-limit sets

2(U), U C X, X being state-space of the dynamical system.

COROLLARY. Consider the continuous dynamical system S* = (X, T, X x T*, ™).
Assume that X;» C Xy, forany t” > t', t',¢” € T*, and p(X) < oo, where the measure
[ is complete.

Then the asymptotic group p-convergence of the trajectories of the system S+ implies
that f2(U) € M and p(f2(U)) = 0, for any subset U of the state-space X.

Proof. Let U be a subset of X. The w-limit set 2(U/) is the strictly invariant subset
for §*, and hence 2(U) is a subset of the maximal strictly invariant subset A for the
system S*. By the Theorem 3, u(A) = 0. The assumption that the measure y is complete
ensures then that 2(U) € M, and u(2(U)) = 0.

Theorem 5 concerns the case p(X) = .

THEOREM 5. A continuous dynamical system 8* = (X, T*,X X T*, ") is considered,
where Assumptions 2 and 3 are satisfied. Let p be a complete measure on the o-algebra
M of Borel subsets of X, and for each p-bounded subset A € M let us assume that there
exists an open and ji-bounded subset V of X enclosing the set A.

Assume that the trajectories of the system &' are strongly group p-bounded on 7'*
and that they are asymptotically group ft-convergent as { — o0.

Additionally, let ¥*(V) be a regular subset, for any open set V C X [9]. This means
that the boundary cl5*(V) \ 7*(V) of ¥%(V) is a u-measurable set and p(cly*(V) \
7TV =0.

Once the above conditions are satisfied, 2(I/) € M and p(2(U)) = 0, for any
p-bounded subset U € M.

Proof. Let U € M be a u-bounded set, and let V be an open and p-bounded subset
of X enclosing the set U. Foreacht € T*, 3% (V) = G:(3*(V)) € M and by the strong
group p-boundedness of the trajectories on T,

(3-4) pA*(V)) < o0.
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H*(Vy) \ 7(V;) is a subset of cl3*(V¢) \ ¥+ (Vy), where 3*(V,) is the regular
set. The completeness of the measure p ensures that H*(V,) \ 7*(V;) € M and
HH (V)7 (V) = 0.

Finally 7% (V,) € M, pu(3*(V;)) < o, and

(3.5) u(H™ (V) = (37 (V).
Noting that
(3.6) QUY= [ H*UHC V)= (| H*(VY),
teT* teT+

it suffices to prove 2(V) € M and p(2(V)) = 0. Then the completeness of the measure
j¢ ensures that $2(U) € M, and p(2(U)) = 0.

From (3.4) and (3.5), by taking into account that H*(Vy) C H*(Vy) for t” > t/,
t',¢" € T*, and using the fact appearing in the proof of the Theorem 3, 2(V) € M
and p(f2(V)) = z&n;a HWH* (V) = tingo (7% (V,)), where the asymptotic group p-
convergence of the trajectories ensures that p(f2(V)) = 0.

By the assumed completeness of the measure p, the relation (3.6) yields 2(U) € M
and p(2(U)) =0.o

4. Smooth dynamical systems on Riemann manifolds

The group p-boundedness and asymptotic group ji-convergence of the trajectories of
differential dynamical system is considered. The state-space X of the system & is a finite-
dimensional second countable connected C'?-manifold, n = Dim X, with the structure of
Riemann space defined by symmetric and positive definite covariant C''-tensor field g of
the degree two on X. It is assumed that the manifold X is orientable, and that the chosen
orientation on X [1, 7] has been assigned.

ASSUMPTION 5. The closure of a p,-bounded subset of the manifold X, p, being a
Riemann metric on X, is a compact subset of X. This is equivalent to the assumption that
X is a complete metric space [1]. o

Let {(Ug, ¥¢(-))}¢e= be the maximal C'?-atlas on X, in the chosen orientation on X.

The o-algebra Mx of measurable sets in X is defined in the following way [1, 12]: a
subset A C X is a measurable set, if {¢(A N Ug) € M,, for each Ug, M, being the
o-algebra of Borel sets in R™. '

The c-algebra My is indentical with the family of Borel subsets of X, where the
original topology on the manifold X is identical with the topology defined by the Riemann
metric on X ([1]).

The measure i, is defined on My in the following way: let A € Mx and let
{Ay}seco be any countable M x-decomposition of the set A, subordinate to the cover
{U¢}ee=. This means that Ay € My, foreachd € @, |J Ay = A, Ap NAgn = ¢ for

€O
V', 0" € O, where ¥’ # 9", and each set Ay is enclosed in a coordinate neighbourhood
U{(g], Ug(f)) selected in {U§}£€5~
et

(4.1) po(Ay =3 [ /hOW)-dvn,

TEQ e (A
ducln) etA0)
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where v, is the Lebesgue measure on R", y = v¢(2), g(é)( ), 1,7 =1,2,...,n, are the
coordinates of the metric tensor ¢ in the map (in the coordmate system) (Ug¢, ¥¢(-)), and
hO(y) = detlgS (y)].

The value of y,4(A), which may become 0o, does not depend on a particular choice
of Mx-decomposition {Ay}, (Ay C Ugy), for A [12]. The function pg : Mx 3 A —
[0, o], defined in (4.1), is the measure on Mx. The measure i, is complete.

The C'-vector field is given on the Riemannian manifold X. It is assumed that the
trajectories of the vector field f exist for ¢ € R*. Thus, the solutions of the differential
equation dz /dt = f(x) define a differentiable flow ¢; on X; §; = (X, R, U, ¢y) is the
differential dynamical system on X, where X x R* C U.

REMARK 2. For a compact subset A of the Riemann (connected and second countable)
manifold X, where the metric tensor field g is continuous,

pg(A) < 00.

If the closure of any p,-bounded subset of X is a compact subset of X (Assumption
5), then p,-bounded subsets of X are j,-bounded.

Proof. Let {(W¢, ¥¢(-)) }¢cez be a Cl-atlas on X, where with no loss in generality for
the cover {W¢} ¢z, each set cl W¢ is a compact subset of X. There exists a refinement
{Vie}eez of {W¢}cez such that each clV, ( € Z, is a compact subset of W¢. Each
Ye(el Vi), € € Z, is a compact subset of R™.

Because A is a compact subset of X, there exists a finite cover {V¢),..., Ven}
Veays -+ Very € {Ve} for A. Let {A;,..., A, } be the subordinate M x-decomposition

of A, where A; = ANVqy,..., Ar = (AN Vi) \ U A;. Each set cl A; is a compact

subset of the neighbourhood W¢(;), and hence @bc(z,(c i) is a compact subset of R".
Write (; for ((z).

For each i = 1,2,...,r, A% = sug h()(th¢,(x)) < o0, (the continuous function
TEA;
h€) (1. (z)) attains the supreme on A; at a point in a compact subset cl A; of W¢).
i P P Y G

Hence,
11(A) = Z [ Vhw)- ctun<§j\/E(C- (P, (A)

i=1 Y, (A7)

where v, (Y¢,(Ai)) < 00 (1P, (Ai) is a subset of the compact set cl ¢, (Ai) = ¢, (cl 4;)
C R").o

By the Remark 2, the Assumption 5 ensures that y1,(A) < oo, for each p -bounded set
A € My, where X is a Riemann (connected, second countable) oriented C''-manifold,
and the metric tensor field is continuous.

REMARK 3. Consider the differential dynamical system Sy = (X, R,U, ), XX B* C
U, where X is a finite-dimensional (connected and second countable) Riemann oriented
C?-manifold and ¢; is the flow defined by the solutions of the differential equation
dz/dt = f(z), where f is a completet Cl-vector field on X (that is, the domain of each
of the solutions of the differential equation dz/dt = f(z) encloses R*).
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For each Hg -measurable and p,-bounded subset A of the manifold X, the domain of
the function fi, 4 : t — p4(A;) encloses an open interval in R containing R*, and fi, 4
takes values in R* and is C'!-differentiable.

Let {Ugqy, - . ., Ug(ry} be afinite cover of the set A, where the sets Ug iy are selected as
coordinate neighbourhoods of the maximal C'2-atlas {(Ug, ¥¢(+)) } ¢ = defining orientation
on X (the maximal ('2-atlas in the given orientation on X). Assumption 5 ensures that a
finite cover exists, for each p,-bounded subset of the manifold X.

Let {A;,..., A} be the (standard) M x-decomposition of the set A, subordinate to

r—1
the cover {Ugay, .., Ugny}s (Ar = ANUgqy, .-y Ar = (AN Ugry) \ U Ai, where the
i=1

sets Aq,..., A, are disjoint).
The following expression is found for d/dtfi, 4(t = 0), (& = £(2)),

(4.2) Hig At = 0) = > [ a0 fie) v,

t=1 4. (A;)

where f¢,) = ('wi.’)*(flUg, ), ¥¢, being the induced map from 7, X onto T,,[,e',(r}R".

Proof. Let A be a j1,-measurable and p,-bounded subset of X. For each t € R*,
the set cl(Ay) = G4(A), where A = cl A, is a compact subset of X (Assumption 5 ensures
that A is a compact subset of X). The domain of the function Jig,A €ncloses an open
interval in R containing R* (the C''-vector field f is complete*).

Let {(Ugr, ¥ei(-))}ere=r be a C?-atlas for X, in given orientation on X. With no loss
in generality, cl Ug/ is a compact subset of X, for each £’ € ='. There is a refinement
{Uf }ere=r of {Ugr}ere =1, such that each set cl U}, is a compact subset of Uz, and there is
a shrinkage {Ve/}¢re = of {Ufi}¢re = such that each set cl Vs is a compact subset of UY,.

By the defined construction of the covers

inf  py(z’,2")>0.
x'€Ve
I”EUE’\Uér

Let {Vg(l), e Vel(,-)} be a finite cover for the set A, where each V¢, is selected in
{Verderez. {A1, ..., A.} is the subordinate to the cover {V¢i), .. ., Vi } (standard)
disjoint M x-decomposition of A.

The constructions of the covers ensure that there exists such an open interval At in
R containing zero, that (iy(A;) C Uy, for t € At and each i = 1,2,..., 7. This yields,

(& = £'()),
(4.3) po(A) =3 [ RENw) - dvn,  ((Ad)e = Gu(A)

i=1 'JJE:((Ai):)

for t € At. Thus ([4]), t4(A¢) is a C'-function on At.

Because the solutions of the differential equation dz/dt = f(z) (the trajectories of
Sy) exists for all ¢ > 0, the expression (4.3) remains valid for each ty € R* and all ¢ in
an open neighbourhood At of t,, where the cover {V¢;)} is selected for (A),.
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Finally, for any j,-measurable p,-bounded subset A, the function i, 4 is C'-differen-
tiable on an open interval in R containing R*, and ([4, 8]),

d ~ d ,
44 Healt=0)=3 = [ VhE()- dvalim

i=1 "y (Ane)

=Y [ dv(VhO@) - fegn@)dvn,

i=1 9. (A))

(&} = £'(1)), where {A;} is the subordinate to the cover {V;)} (standard) disjoint M x-
decomposition of the set A, and the value of (d/dt)ji, 4(t = 0) in (4.4) does not depend
on the particular choice of the finite cover {V¢/;)} for A, selected from the family of
coordinate neighbourhoods of the oriented C2-atlas on X. O

In the coordinate system (Ug, ¥¢(+)), Us 2  — y = P¢(r) € R™, of the maximal
(C-atlas in a chosen (fixed) orientation on X:

(4.5)  div(y/hO®) - fi(¥))

) 1 —
=1/ hE(y) - [(d“‘ f(&))ly + —\/W » (grad V h(©) . f(&)(y)) .

The expression (div fi¢))|, + - grad(Vh(®), - fe)(y) defines the divergence

1
VhO(y)

divx f of the vector field f, in terms of local coordinates on the oriented Riemann
manifold (X, ¢) [1]. Thus,

d . L
E,ug',‘(t =0) = Aj divx f « dpg,

for a pug-measurable p,-bounded subset A of X.
The following Theorem 6 concerns the group p,-boundedness [15] of the trajectories
of the system Sjy.

THEOREM 6. z is a point in the state-space X of the dynamical system Sy, where [ is

a complete* C'-vector field on C?-(connected, second countable and complete) Riemann
manifold X. Assume that there exist constants X > 0, & > 0 such that

divg f(z) < =A
forall x € X : py(x,x9) > 0, py being the Riemann metric on X.

Then the trajectories of the system S are group qg-bounded on R*, for each p,-
bounded set A € Mx. '

Proof. Let Bs denote the closed ball {z € X : py(z,29) 6}. Bsis a compact
subset of X.
For any p,-bounded set E € My,

d . . .
(4.6)  Tligp(t=0)< J | divx f | dug + J divx f - dug
Bs E\B;
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(4.6) < sup [divx f| - pg(Bs) + f divx f - dpg
] z€Bs E\Bs

< (sup | divk f1 - pg(Bs) + A~ g(Be)) = A - pg(E).
r€Bg

From the estimate (4.6), (d/dt)ji, p(t = 0) < 0, for each pg-bounded subset £ € Mx
having the measure

1
pg(E) > 3 * sup | divx f| - pg(Bs) + pg(Bs).
rEBg

Thus sup i (A;) < oo, for each p,-bounded set A € Mx. o
teERT

f is a C''-vector field on C'*-Riemann manifold X, as in the Theorem 6.

THEOREM 7. Assume that the trajectories of the system Sy are uniformly equi-bounded
on R* (Definition 4). When for each p ,-bounded set B € Mx

d .
(@.7) Tl n(t=0) <0
and

d _
(4.8) E“g'B(t =0)=20

if, and only if, j1,(B) = 0, then the trajectories of the system S § are monotone asymptotically
group |i4-convergent as t — oo, for each p,-bounded set A € Mx.

Proof. Let A be a p,-bounded i -measurable subset of X, and let V be an open
and pgy-bounded subset in X enclosing A. The image set ¥*(V) is a p,-bounded (the
trajectories are uniformly equi-bounded) and /,-measurable subset of X.

In order to prove that tlingo jtg(Ag) = 0, it suffices to show that the maximal strictly

invariant subset A;,,(V) for the system S;wa is jt,-measurable and ,LLQ(A;+(V)) = (.
The jiy-measurability of Az, (v) is proved in the same way as the p-measurability of

the maximal strictly invariant subset A for the system &* has been proved in the part i
of the proof of Theorem 3.

Ng(/ll,‘+(v)) = (0 and monotone convergence follows immediately from (4.7) and
48).o

REMARK 4. If divx f(z) < 0, p, — almost everywhere on X, then the conditions
(4.7) and (4.8) are satisfied,for each p,-bounded set B € Mx. o

The assumptions for the manifold X and a vector field f are the same as in the
Theorem 6, where f is not necessarily complete®.

COROLLARY. Let z* be a (locally) asymptotically stable equilibrium point (a critical
point) of the vector field f, f(z™) = 0. Then ([13]),

(4.9) divg f(z*) < 0.

Proof. Let ™ be a (locally) asymptotically stable equilibrium point of the vector
field f. Suppose that the relation (4.9) is not satisfied at z*.
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Let {(U¢, P¢(+)) } ¢ = be (maximal) C?-atlas on X, in a chosen orientation on X, and let
Ues be a coordinate neighbourhood enclosing z*. There is such an open neighbourhood
Be(z*) = {z € Ugr : py(z,2*) < €},0 < € < 00, of * in Ug, that
(4.10) div f(z™) > 0,
for all z € B.(z*). For ¢ sufficiently small, z* is the maximal invariant subset of the
system S in B.(z¥).

Because ™ is the stable equilibrium point of the system S (of the differential equation
(dz/dt) = f(z) on X), then there exists such an open neighbourhood Bs(z*) of 2*, that

(4.11) G, (Bs(z*)) C B.(z*), forallTe R".

As in the Corollary following the Theorem 3, where Bs(z*) is set for V and z* is the
maximal invariant subset for the system §?

S+ (Bs(*)
(4.12) Jdim puy(G-(Bs(27))) = 0.
But from (4.10) and (4.11),
d .
;l?#gVGT(Bé(r'))(t = O) = f lex f . dﬂ,g >0
Gr(Bs(z*))

for each 7 € R*, which contradicts (4.12). o
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