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Cylindrical wave solutions to the Korteweg—de Vries equation
YUNKAI CHEN (FAYETTEVILLE) and SHIH-LIANG WEN (ATHENS)

CyLINDRICAL wave solutions for the Korteweg—de Vries equation are obtained within a reasonable
approximation. They are shown to be representable as infinite sums of cylindrical solitons.

1. Introduction

The Korteweg-de Vries equation (referred to as KdV equation henceforth) is a nonlinear
partial differential equation which arises in the study of many physical problems, such as
water waves, plasma waves, lattice waves, waves in elastic rods, etc. For a survey we cite
the article by MIURA [1].

Whitham demonstrated the representation of periodic waves as infinite sums of solitons
for the one-dimensional KdV equation and modified KdV equation [2], CHEN and WEN
showed the similar results for the two-dimensional KdV equation and modified KdV
equation using entirely different methods [3]. In this paper we apply Chen and Wen’s
method to the cylindrical KdV equation. A cnoidal wave solution is obtained, and we
prove that the cnoidal wave solution can be expressed as a sum of infinite number of
solitons by using Fourier series expansions and Poisson’s summation formula. We have
also established a criterion for the existence of single soliton solution, it is C' > 0, where

§

(' is a constant, or X < —— (see Sec. 3).

5/i

2. KDV equation

We start from the cylindrical KdV equation of the form [4, 5]

u h’
(2.1) 2u, + ; + 3’U,’U,£ + ?‘U.&E = 0,

where © = u(&, 7) is a function of £ and 7. This equation was first derived from the study
of acoustic wave propagating in a collisionless plasma by MAXON and VIECELLI [5], and
it was also derived from the shallow water wave equations by the authors [4]. We shall
establish the solitary wave and cnoidal wave solutions to the cylindrical KdV equation.
Motivated by the one-dimensional results by MAXON and VIECELLI [5], we introduce the
following transformation.
Let
P & r_ 2% _ 1ot
P E=gp md uEn) = uE, ),

then

2?1,-,— = ZUTI(I/h(;), U/T = U/(T,h"),
3’U,U5 = Zqul/h“ and (hlz,/3)u€§5 = (8/81)’”5'5’5'/})‘0'
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Therefore we can write Eq. (2.1) as
ot F = . 0
4+ — + uug + —ugge = 0.
T2 £ g e

For convenience, we drop the primes in the above equation and obtain

4
(2.2) UrT +2 5+ + g1 leee™ = 0.
We now define 1 = 2,/7 and U (&, 1) = y/Tu. Then
dr  wu
“_Eufdp+_=ufr+2 UUe = vuer,

EﬂUEEE = VTV/Tugee = tggeT.

Substituting these quantities into Eq. (2.2) we obtain
2
(2.3) Up + UUg + grpleee =

8142
We look for real-valued wave solutions of the form G'(X) = ~2—U (&, p) with X =

— (4/81)62Cp
N

introduced by CUMBERBATCH (6], and G is a C* function of its argument. Since
_2 G'(X) X _ 2 G'(X) ] 1
U = 81 & o BETRE 66 \/_ 81 Cvr 6y

, where C' is a constant number, § < 1 is a small positive parameter

1 3w -3/2 (2 )2 §-5¢" -1/2
= - | = X
16 G'(X)én I Cé—G"(X)u A

Ue = §T5 3G (X )p™'?, and Uge = 8315—58"'(X),L—3/2,

then substitution of the above results into Eq. (2.3) yields
| . -3/2 2\’ =5 -1/2
—8_15 G(X)p1" = Bl Coé—G (X)p

H(2) enmaenan + ooy =

ie.,

TR ) & ) ;
(2.4) —55 G(X);+ (ﬁ) [G"(X) + G(X)G'(X) - CG'(X)] = 0.

The first term in Eq. (2.4) is of order 62 if G'(X) and ({/u) are bounded. One can
argue that since in the original derivation £ = ¢'/2(r —t), 7 = €3/%t, and u = 2,/7, where
€ is a small parameter, r the radial distance and ¢ the time, it seems to be reasonable to
assume |£/p| to be bounded. This is the case in particular, when both r and ¢ are large
and of the same order, or in the domain where |£/u| < 6~ with @ < 2. Therefore, a
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good approximation to Eq. (2.4) is:
(2.5) G"(X)+GX)G'(X)-CG'(X)=0.
Ld[G'(X))?

Integrating both sides of Eq. (2.5) and using the fact G"(X) = 2 dG(X) ’

we have

(2.6) [G'(X)]? = %[—G3(X) +3CGHX)+ AG(X)+ B] = %F(G),

where A and B are two integration constants and F' is the cubic function -G*+3CG*+
AG + B.

3. Solitary wave solution

For a solitary wave solution we implose the boundary conditions G, G',G",G"" — 0
when X — +o00. Therefore, A = B = 0 in Eq. (2.6), and we obtain from Eq. (2.6)

@) (6 = 3GH0BE - G
IfC <0ie, X > L, we shall have the solution
N

G(X) = 30{1 + taHZ[\/ —C(X - X())]},
where X, is an integration constant. Clearly, G(X) is unbounded, and hence, it is not of
much physical interest.
IfC>0ie, X < 5‘5/77’ then solution to Eq. (3.1) becomes

(3.2) G(X) = 3C - sech?’[VC(X — Xy)),

where X is an integration constant. We note that C > 0, ie, X < —é—, gives a

6/
condition under which a nontrivial solitary wave solution exists. In particular, if we choose
C' = 1and X, = 0, then from Eq. (3.2) we have

(3.3) G(X) = 3sech? [ﬂgga—_z‘“]

4. Cnoidal wave solution

The cubic function F(G) in the right-hand side of Eq. (2.6) plays an important role.
Applying a similar argument as that given in Ref. [3], we can show that a cnoidal wave
solution exists only if F'(G) has three distinct real simple zeros G, G2 and G'3 such that
Gy > G2 > Gy and G, < G(X) < Gy [3]. If this is the case, we have

1 Gt da Gy dG
4.1) \/;(Xl—X)= Gf\/pmj = é;f\/(Gl—Gr')(G—Gz)(G—G:!),
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where X is a value such that G(X;) = G4, and the period 27" in X is

| G G
(4.2) 2T = 2\/3(;]1; G —ONC —0(C = Ga)

By Ref. [7], we can write Eq. (4.1) as

1 B s _ 2
(43) \[g(Xl = X) - m‘gn (Sln ¢1 k) mF(¢a k),

where
1 G1*’G kz - Gl—Gz
G- Gy’ G1—Gs’

and F(¢, k) = sn~1(sin ¢, k) is the normal elliptic integral of the first kind with modulus
k. If we define v = F(¢, k), then

1
= —/G1 - G3(X; - X),
v 2\/5\/1 3(Xy )

and the cnoidal wave solution is obtained

(44)  G(X) = G1 = (G1 — Ga)sn*(v,k) = Gy + (G1 = Ga)en* (v, k)
= G3 + (Gl = G3)d’ﬂ.2(ll, k) = G3 + (G] = G3) dnz(z—l\/._—:;\/ G] — G3(X = X]),k),

sn(v, k) = sing, cn(v, k) = cos¢ and dn(v,k) = \/1 — kZsin® .

It should be noted that here the C' can be positive, zero or negative as long as C' =
1
§(G1 + G + G3). In particular, if X; = 0, then

¢ = sin~

where

(4/81)62Cp
§\/R ’k)'

Using the Fourier series expansion of dn?(v, k) [8] and the Poisson summation formula
[9], we obtain [3]

G(X) = Gz g (G1 = Gz)C’nz(%\/G, - G3€ —

E n UZ T
4. 2 = e = 2
(4.5) dn*(v, k) K KK + 1K ;_ lsech [2 ,,(u — ZmK)],

n/2 4o
where K = f ——————is the complete elliptic integral of the first kind with
v V1 - kZsin’6

w/2
modulus k; K’ = f a

5 V1—k"sin*@
m/2

with modulus ' = /1 - k%L E = f V1 — k2sin? @df is the complete elliptic integral
0

is the complete elliptic integral of the first kind
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of the second kind with modulus k. Therefore, the cnoidal wave solution G(X') in Eq. (4.4)
can be written as

(4.6) G(X)=P+Q ) sech®R(X — X +2mT),
where
_ , E T ]
P=Gi+ G- 6| T~ g
1r2
Q= (G- G3)m,
= 3 F(I k) _ B
VG -G \2’ VG - G5’
K
T 2K'T

where K, K' and E are defined following Eq. (4.5). In Eq. (4.6), G is clearly a periodic
function of X with period 2T". Each term in the infinite series is a soliton. This gives
a representation of a periodic function by an infinite number of solitons. It should be
mentioned that the representation is valid within the order of 6.
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