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Three coplanar moving Griffith cracks in an infinite
elastic strip

A. N. DAS (DARJEELING)

THE DYNAMIC anti-plane problem of determining stress and displacement due to three coplanar
Griffith cracks moving steadily at a subsonic speed in an infinite elastic strip has been considered.
Employing Fourier integral transform, the problem when the lateral boundaries are subjected to
shearing stress, has been reduced to solving a set of four integral equations. These integral equations
have been solved using finite Hilbert transform technique and Cook’s result [9] to obtain the exact
form of crack opening displacement and stress intensity factors. Numerical results for stress intensity
factors have been presented in the form of graphs.

1. Introduction

IN FRACTURE MECHANICS, the problem of diffraction of elastic waves by cracks of finite
dimension in a strip of elastic material has been investigated by several investigators. Sih
and Chen [1] investigated the problem of propagation of a crack of finite length in a
strip under plane extension. Closed-form solutions for a finite length crack moving in a
strip under anti-plane shear stress was obtained by SINGH et al. [2]. Using finite Hilbert
transform technique developed by SRIVASTAVA and LOWENGRUB [3], LOWENGRUB and
SRIVASTAVA [4] solved the statical problem of distribution of stress and displacement in
an infinitely long elastic strip containing two coplanar Griffith cracks. Several dynamic
problems of determining stress and displacement due to two coplanar moving Griffith
cracks have been solved by DAS and GHOSH [5-7].

As regards the crack problem, research has been restricted mainly to the case of a
single crack or a pair of cracks because of severe mathematical complexity encountered
in solving the problems of three or more cracks. Recently, DHAWAN and DHALIWAL [8]
solved the statical problem of determining the stress distribution in an infinite transversely
isotropic medium containing three coplanar Griffith cracks.

To the best knowledge of the author, the problem of stress distribution around three
coplanar moving Griffith cracks in an infinite elastic strip has not been investigated so
far. In this paper, the problem of propagation of three coplanar Griffith cracks in a
fixed direction with constant velocity V' in an infinitely long elastic strip of finite width
has been considered. Employing Fourier integral transform, the problem when the lat-
eral boundaries are subjected to shearing stress, has been reduced to solving a set of
four integral equations using finite Hilbert transform technique [3] and COOK’S result
[9] to derive the exact form of stress intensity factors and the crack opening displace-
ment. Numerical results for the stress intensity factors are presented graphically to show
their variations with crack speed, crack lengths and the separation distance between the
cracks.
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2. Statement of the problem

Consider an infinitely long elastic strip occupying the region —h <Y < h, weakened
by three coplanar Griffith cracks moving steadily at a constant velocity V' in the X-
direction referred to a fixed coordinate system (X, Y, Z) as shown in the Fig. 1.

FiG. 1. Geometry and coordinate system.

In dynamic problem of anti-plane shear, the non-vanishing component of displacement
W in the Z-direction satisfies the equation of motion
1
c?

where C; = (u/p)!/? is the shear wave velocity, p is the material density and W y
represents partial derivatives of W with respect to X.

For cracks moving at constant velocity V' in the X -direction it is convenient to intro-
duce the Galilean transformation

(2.2) e=X-VT, y=Y, z=2, t=T,

where (2, y, z) represents the moving coordinate system as shown in the Fig. 1.

Let the positions of the coplanar Griffith cracks referred to the coordinates (z, y, 2)
be —a<ar<a —c<ae<—-bandb <z <cony =0,and let the uniform shearing
stress p be applied to the lateral boundaries y = +h of the strip. The equivalent problem
involves the application of shear stress —p to the crack faces at y = 0. Accordingly, the
boundary conditions of the proposed problem are

(2.1) Wxx +Wyy = —=Wrr,

(2.3) oy:(2,0)= —p, |z|<a, b<|z|<eg,
(2.4) oy.(z,£h) =0, - <z < 00,
(2.5) W(z,00=0, a<]|z|<b, |z|>c

In the moving coordinate system, the equation of motion becomes independent of
time and takes the form

(2.6) SWopp + Wy =0,
with

(2.7) s =1/1-V2/C2.
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Due to the symmetry about z, z-plane we need to consider the region 0 < y < h only.
Introducing the Fourier transforms

Wey) = [ W, y)cos(éa)dz,
(2.8) X
W(z,y) =

ERES]

[ We,y)cos(én) de,
0

in Eq. (2.6), the solution of Eq. (2.6) is obtained as

(2.9) W(z,y) = % T[a(é)e‘ﬁ-“ + C3(€)et¥* | cos(€x) dE,

with ”

(2.10) ay:(2,y) = —2‘7‘3 76[01(6)6"5“ — C3(€)e*¥* ] cos(€x) dE.

Using the expression for o,.(z, y; given by Eq. (2.10) in Eq. (2.4), it has been found that
e = 8,
Ci(6) = %,

where the unknown function C'(§) is to be determined. From conditions (2.3) and (2.5)
it is found that C'(£) satisfies the following quadruple integral equations:

(2.11) jg()(ghs)m(ghs)cos(gz)dg = 27;—”5, v €I, I
and
(2.12) TC({)COS(E:E)d{ =0, z¢€l,IL,
()
where

L =(0,a), IL=(ab), I3=(bc), Is=(c,0).

3. Method of solution

In order to solve the quadruple integral equations (2.11) and (2.12), let us take
1 7 1
(3.1) ) = : [ h(u)sin(éu) du + 2 [ 9(+) ch(ev) sin(¢v) dv,
0 b

where h(u) and g(v?) are the unknown functions to be determined from the boundary
conditions of the problem considered. Substituting the value of C'(£) given by Eq. (3.1)
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into Eq. (2.12) and using the well-known result

; z >y >0,

oo

F sin(a€)cos®) 5, _

z=9y>0
. é‘ b )

&y N

0, y>z >0
it is found that this choice of C(£) leads to the condition

(3.2) [ 9(v*) ch(ev)dv = 0.
b
Rewritting Eq. (2.11); in the form
d T ) _ 7
(3.3) - of C(©)th(ghs)sin(¢a) dé = 2=, w € I

and inserting the value of C'(§) from Eq. (3.1) in (3.3) it is found that h(u) is the solution
of the following singular integral equation:

i sh(ex) + sh(eu) 3
(34) ;’f‘h(u) log m du = ﬂ'f(.’r), S Il
with
_ 7 p 1 ¢ eg(v?) ch(ez') sh(2ev) J ;
fle)= ”f [#5 T ;f sh’(ev) — sh’(ez’) ae Rk
where the following result [10] has been used:
T sin(z) sin(€u) .. 1 sh(ez) + sh(eu) _ T
(35) ﬁf th(th)—f—“— df = Elog m—)‘ ’ € = 2h,3

Now using the Cook’s result [9], the solution of Eq. (3.4) has been obtained with the aid
of the formula

a \/shz(ea) — sh®(ex) ech(ex) dz T \/shz(ev) — sh*(ea)
;f [sh%(ez) — sh®(ew)][sh’(ev) — shi(ex)]  2sh(ev) sh?(ev) — sh’(eu)
for we€l, and v € I3,
—esh(2ew) [ P \/shz(ea) — shi(ez) |
7r\/sh2(ea) — sh?(eu) L9 sh’(ez) — sh’(eu)

(3.6) h(u) =

g \/shz(e'v) — sh%(ea)
¥ Bf sh?(ev) — sh?(eu)

g(v¥) ch(ev) dv|.

Substitute now the resulting value of C'(), obtained by inserting Egs. (3.6) into Eq. (3.1),
in condition (2.11),, and make use of the following results:
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“ e sh’(eu) ch(eu)du
[sh*(eu) — sh*(ez)][sh*(ev) — sh*(eu)]y/sh*(ea) — sh?(ew)
_ T [ sh(ev) _ sh(ex) ’
2sh(ev) = sh(en)I L, ih2(ev) — sh(ea)  y/sh¥(ex) — sh*(ea)
T e sh*(eu) ch(ew)du
[sh’(eu) — sh’(ex)][sh?(ey’) — sh?(eu)]y/sh®(ea) — sh?(eu)
™ sh(ex)

, for z,v€l; and vy € I,.

- 2[sh’(ez) — sh’(ey")] \/shz(e:c) _ sh®(ea)

It can be shown that ¢g(v?) is the solution of the following singular integral equation

Vsh(ev) - hiea) rp [\/sh¥(ez) — sh(ea)
f sh’(ev) — sh?(ex) eaojeliievidy = E[ sh(2ex)

(3.7)

1 4 \/shz(ea) — sh’(ey’)

™ i sh?(ex) — sh*(ey")

dy’], for z ¢ Is.

Using finite Hilbert transform technique [3] and the formula

fc \/shz(ec) — sh%(ex) sh(2ez)dz
sh’(ex) — sh’(eb) [sh’(ex) — sh*(ey’)][sh®(ex) — sh?(ev)]

_ ™ \/shz(ec) - shz(ey’)
e[sh?(ev) — sh’(ey’)] || sh®(eb) — sh®(ey’)’

the solution of Eq. (3.7) is found to be

(3.8) g(v}) = — 2ep sh(ev)y/sh’(ev) — sh(eb) [ f \/shz(ec) - shzz(ea:)
K  Jlsh(ev) — sh¥(ea)]lsh*(ec) — shi(ev)] shi(ez) ~ shr(eh)
) Vshi(ez) - shz(ea) f sh2(ec) — sh¥(ey’) \/sh’(ea) — sh’(ey’)
sh’(ex) — shz(ev) B sh?(eb) — sh®(ey’) sh’(ev) — sh?(ey’)
Csh(ev)

\/[shz(ev) — sh?(ea)][sh?(ev) — sh’(eb)][sh’(ec) — shz(ev)]
Next, substitution of g(v?) from Eq. (3.8) in Eq. (3.6) and finally application of the formula

f \/shz(ev) — sh’(eb) sh(2ev)dv
sh?(ec) — sh’(ev) [sh®(ev) — sh*(eu)][sh’(ez’) — sh*(ev)]

2 _ 2 2 _ 2 ]
~ sh2(eb) — sh (eu)_\/sh (eh) = shiea’) an

- e[shz(eu) — sh®(ex’)] \/shz(ec) — sh’(eu) sh’(ec) — sh’(ez’)
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yields h(u) in the form

3.9) hin) = — 2ep  ch(eu) Sh(fu)\/Shz(eb) — sh?(eu) [ a \/Shz(ea) — sh¥(ey")

KT | Jsh¥(ea) — sh(ew)][sh*(ec) — sh¥(ew)] sh’(eb) — sh®(ey’)
V/sh3(ec) — sh(ey’ " \/sh2 (e¢) — shi(ex) \/sh(ex) — sh¥(ea)
2 2 f 2 2 2 dx
sh“(ey’) — sh (eu) sh®(ex) — sh’(eb) sh’(ez) — sh’(eu)
C'y sh(eu) ch(ew)
\/[shz(ea) — sh?(eu)][sh*(eb) — sh®(eu)][sh*(ec) — shz(eu)]'

Substitution of the value of ¢(v?) from Eq. (3.8) in the condition (3.2) yields

_2ep[ ¢ sh’(ec) — sh’(ex) /., 2 sh?(ex) — sh’(eb)
Gall) €= TS f \/shz(ex) — sh?(eb) \/Sh (ez) = sh (ea){shz(ec) — sh?(ex)

2

27 sh*(ec) — sh*(ex)
sh’(ec) — sh’(es) 5 2
f () — P (es) ﬁ (ea) — sh*(es)
{1 i sh?(eb) — sh’(es) {1r sh’(ec) — sh®(eb)
sh?(ec) — shz(es) 27 sh®(ec) — sh’(es)’
where F(¢, q) and 11 (¢, n, q) are elliptic integrals of the first and third kind, respectively,
7 RY

sl o shz(ec) shz(eb)‘
sh®(ec) — sh“(ea)

The relevant displacement and stress components in the plane of the crack can now
be shown to be given by

PG 0} ds,

(3.11) W(z,0) = jh(u) du, 0<z<a,

= fg(vz)ch(ev)dv, b<z<e,

and
_ 2us| ¢ eh(u)sh(eu) du & eg(v?) sh(ev)ch(ev)
[732(2> Olacacs = T | ‘)[ sh’(ex) — shz(eu) f sh?(ev) — sh’(ex) v] SHieslh
(3.12)
_ 2us| ¢ eh(u)sh(eu) du ¢ eg(v?) sh(ev)ch(ev)
ke Ol = ]f sh’(ex) — sh’(eu) * f sh’(ex) — sh’(ev) dv] chez).

'Now, insertion of the values of h(u) and g(v?), as given by Egs. (3.9) and (3.8), in the
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expressions (3.12) yields (after some algebraic manipulations)
2pe sh?(eb) — sh?(ea) sh(ez)
[Uyz(ﬂ:a 0)]a<z<b - = [ = \/ 3 3
™ sh (EC) — sh (BCI.) shz(em) _ shz(ea)

2e[sh?(ec) — sh®(eb)]
T

{ j Fy(u,z)du+ fCFz(v,x)dv}— { sz(u',z)du’ jFﬂ,(c, u)
0

x F3(0,z,u)du + sz(v z)dv fF4(c w)B(v, x u)du} Cl{g

0

_ 2 )
1 — sh(ex) /\/sh (ex) — sh*(ea) . f Fu(e, u)Fi(u, x)du}
\/ [sh¥(eb) — sh¥(ea)][sh(ec) — sh*(ea)] &

2 2
EREE) o (ea)]{ sz(v z)dv’ fF4(a ) Fo(v', 2, v)dv + fFZ(u z)du

T
0

sh (ec) — shz(eb)
sh?(eb) — shz(ea)
_us G { sh(ec)

pe X, sh?(ec) — sh’(ea)

% jF,;(a,v)F(,(u,a:,v)dv— fFl(u z)du fﬂ(c u')Fy(u, u)du}
b

+ esh?(ea) f Fi(z,v) dv}] ch(ez),
b

2pe \/Shz(eb) — sh’(ea) sh(ez)
3.13 Oyz (T, O]ese = —| —
( ) loya(2,0)]2> T [ sh?(ec) — sh’(ea) \/shz(e&*) = shz(ea)

a c 2 2 a a
x{f Fz(u,x)du+fFz(v,:c)dv}—ze[Sh == (Eb)]{f B, z)du' f Fy(e,u)
0 b 0 0

s

X F5(0,2,u)du + sz('U,I)d‘U fﬂ(c,u)f*}(v,x,u)du} + -‘fcl{f
b 0 4 2

_ 2 _ ch? a
1 - sh(ez)/y/sh*(ez) — sh*(ca) o R 9B m)du}
VIsh*(ec) — sh*(ea)][sh(eb) — sh(ea)] &

2 2 ¢ r h
SLhrle ey [ B’ [ Bio, )R v s+ [ it sy

™

sh (ec) — shz(eb)
sh?(eb) — sh®(ea)

psCh [ sh(ec) o 3 sh’(ec) — sh?(eb)
+p€X1 { 5 \/shz(ec) — + esh*(ea) Ef Fi(z, v)dv} \/shz(ec) — sh(ea)
sh(ez)

Vst (ez) — sh(ec)

% qu(G,U)Fg(U,’U,ﬂT)d + fFl(u z)du fF4(c u")Fy(u, u)du}
b

{ sz(u,:c)du + ng(v,z)dv}] ch(ez).
) b
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In the above formulae

_[sh®(ec) — sh’(eu) sh(eu)
F1(u, :13) = Jshz(eb) . Shz(eu) Shz(em) —_ Shz(e’u,)a

_ sh?(ec) — sh?(ev) sh’(ev) — sh*(ea)
o] = \/:hz(ev) — sh%(eb) sh’(ev) — shi(ex)

_ sh(ezx) _ [ sh(eu) [sh’(ex) — sh’(ea)
A = \/shz(e:c) — sh?(ea) - {Sh(em) \/Shz(ea) - shz(eu)}
b oy — b2
- sh(ev) ! {sz(eu) \/ shz(ev) shz(ea) }
\/shz(ev) — sh®(ea) sh(ev) | sh®(ea) — sh™(eu)
Filos, ) = ch(eu) sh(eu)
VIsh*(ew) = sh(ew)P[sh(eb) — sh(eu)]

(3.14)  Fi(u,z) = [2sh*(eu) — sh’(ec) — shz(eb)]{ sm-wZEEZZi

)- B2, 0},
sh(ex)

V/sh(ec) — sh¥(ex)

sh(ez)y/sh*(ec) — sh?(ev) + sh(ev)y/sh’(ec) — sh®(ex)

F(,(’U,,:E,’U) =

sh(ew)
V/sh?(ec) — sh(eu)
sh(eu)y/sh?(ec) — sh’(ev) + sh(ev)y/sh’(ec) — sh?(ew)
sh(eu)y/sh(ec) — sh(ev) — sh(ev)y/sh¥(ec) — sh(eu)
V/sh*(ec) — sh¥(ex) /sh*(ev) - shz(eb))

V/sh?(ec) — shi(ev) \/sh*(eb) — sh¥(ex)

X log

sh(e:ﬂ)\/shz(ec) — sh?(ev) — sh(ev)y/sh*(ec) — sh’(ez)

X lo

]

Fy(z,v) = tan™! (

ch(ev)
\/[shz(ev) - shz(ea)]3’

X

_ 2sh(ex) _, [ sh(ev) [sh’(ex) - shz(ec)}
Halu; m,0) = \/;hz(e:c) — sh¥(ec) an {sh(e:c) sh?(ec) — sh’(ev)
sh(eu) = sh(eu)\/sh*(ec) — sh’(ev) + sh(ev)y/sh*(ec) — sh’(eu)
0g v )
sh(eu)y/sh’(ec) — sh’(ev) — sh(ev)y/sh’(ec) — sh*(eu)

\/shz(ec) — sh’(ew)
sh(ew)y/sh*(ea) — sh¥(ew’) + sh(eu’)y/sh?(ea) — sh(ew)
sh(eu)\/shz(ea) — sh’(eu’) — sh(eu’)\/shz(ea) — sh®(eu)

Fy(u,u') = log
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and

= \/ [sh®(eb) — sh®(ex)][sh?(ec) — sh’(ex)).

The dynamic stress intensity factors are defined by

N, = IE% V2@ — a)[oy:(2,0)]acz<b
(3.15) Ny = Ill’n!‘}l_ \/Z(b = 2)[oy2(2,0)]a<cz<b,

N, = xl—i-»n:+ v 2(‘7: - c)[ayZ(‘r’O)]x>°'

Substitution of the results given by Eqs. (3.13) in expressions (3.15) yields

_ [sh(2ea) [ [sh’(eb) — sh’(ea) 2pe { a c }
Ny = \/ p [ \/shz(ec) _ shz(ea)? ﬁfFZ(u’a) du+ JFg(v,a)dv
psCy }

B /Ish*(eb) — sh*(ea)][sh?(ec) — sh*(ea)] ’

(3.16) Ny = — usCq [sh(2eb)
V/Ish(eb) — sh(ca)][sh(ec) — sh¥(eb)]

_ [shQec) [ [sh(ec) — sh(eb) 2pe [ ¢ i
N _\/ e [ \/Shz(ec)—shz(ea) T {"IFZ(U’C)du‘F !Fz(v,c)dv}

+ uSCl ] )
\ﬂshz(ec) — sh*(ea)][sh*(ec) — sh’(eb)]

Again, insertion of the values of h(u) and g(v?), given by Egs. (3.8) and (3.9), in the
expressions for displacements given by Eqgs. (3.11) yields
p [2[sh*(eb) — shz(ea)]{ sh’(ev) — sh’(eb)
Wiz 0 T - = ’
[ ( )]U( <a [ { ] shz(ev) shz(ea) Q}

HS \/shz(ec) — sh’(ea)
\/shz(ec) — sh¥(ev) dv e sh(eb) — sh¥(ew) )
sh(ev) — sh’(eb) , fsh2(ev) — sh(ea) & * sh¥(ea) — shi(eu)”

y \/sh%(ec)— sh?(ew) du H ~ CiF()\,q)
sh*(eb) — sh’(ew) sh¥(ea) — sh?(eu) e\/shz(ec) — sh’(ea)
and

2 & [sh’(ec) — sh?(ev) 2 2 '
(W (z,0)]y<oce = [ﬁ( bf \/S}lz(ev) = eb)\/h (ev) — sh (ea){F(A .q)

sh?(ev) — sh’(eb) , sh’(ec) — sh®(eb) sh®(ec) — sh’(eu)
¥ sh?(ec) — shz(ev)ﬂ{)\ " sh’(ec) — sh’(ev)’ }} f sh?(eb) — sh’(eu)
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sh?(ec) — sh?(eb)
" sh’(ec) — sh’(eu)’

sh®(eb) — sh®(eu)
sh’(ec) — sh®(eu)

+ 2P0

x1/sh*(ea) — sh*(eu){ F(\, q) —

m{N

a}}du)

\/shz(ec) — sh®(ea) ’

. \/shz(ea) = shj(ez)’ e \/;hz(ec) — shz(eﬂc)
sh(eb) — sh*(ex) sh”(ec) — sh*(eb)

and F(¢, q), Il (¢,n,q), and q have been defined earlier.

On putting b = ¢ and simplifying, it may be noted that the results (3.16); and (3.17);
become those given by Eqs. (4.18) and (4.19) of SINGH et al. [2], and for @ = 0 the results
given by Egs. (3.16);, (3.16)3 and (3.17); coincide with those given by Eqs. (4.38), (4.39)
and (4.35) of DAs and GHOSH [5].

where

4. Numerical results and discussions

Numerical results for stress intensity factors at the tips of the cracks for different values
of crack speed, crack lengths and the separating distance between the cracks have been
presented in this section. The dependence of the stress intensity factors on crack lengths
and their variations with V/C; have been shown in Figs. 2-5. It is seen in Figs. 2-3 that
stress intensity factors at the edges of the cracks increase rapidly when V//C; — 1, and
variation of stress intensity factors at the edge & = a is greater than that at the tips z = b
and = = c when the length of the inner crack increases.

Variations of stress intensity factors at the edges of the cracks with a/b for different
values of ¢/b and that with b/a for different values of ¢/a are plotted in Figs. 4-5,
respectively. It has been found that when the distance between the inner crack and the

outer pair of cracks decreases, the stress intensity factors at the tips 2 = a and ¢ = b
become greater than that at the edge = = c.

c/h=1
B !
—
10 =, T c— o — ¢ — b —— — e NA":'/'DJE‘ '''''
2
8 i
8 _E/c:az bfc=08 Ny/pVE ]
b afe=02, b/c=06 ;N
06 _ _| ,/’
\
[]
L ‘d
02 1 1 L ! E e
0 0z 04 06 08 10 V[,

FIG. £. Variations of stress intensity factors with V/C5.
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