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Surface stress waves in a transversely isotropic
nonhomogeneous elastic semispace

Part II. Surface stress wave in a “weakly anisotropic” semi-
space with “small nonhomogeneity”

T. ROZNOWSKI (WARSZAWA)

A RAYLEIGH-TYPE surface stress wave propagation is considered in a “weakly anisotropic” semispace
of “small nonhomogeneity”; two elastic shear moduli are assumed to be monotone functions of
depth, the ratio of %/oung's moduli is limited to the first two terms of a er series expansion.
Waves of such type are described by the solution of an ordinary, fourth order differential equation
with variable coefficients satisfying the corresponding boundary conditions (see [1], Sec. 4). In this
particular case of variability of the elastic moduli, the problem has a closed-form solution expressed
in terms of Bessel functions. Analysis of the dispersion equation proves the Rayleigh wave sl]?eed Cr
to depend on the wave-length and on the anisotropy and nonhomogeneity parameters. Using the
asymptotic expansions of Bessel functions, the dispersion equation is written in an approximate form
enabling a numerical analysis of the influence of the anisotropy and nonhomogeneity parameters
upon the surface wave speed.

1. Introduction

PROPAGATION OF A RAYLEIGH-TYPE surface stress wave is considered in an elastic “weakly
anisotropic” semispace of “small nonhomogeneity”. The equation governing the problem
was derived by the author in paper [1] from the equation of motion of a transversely
isotropic body exhibiting a one-dimensional nonhomogeneity in the isotropy plane (cf. [1],
the general form of Eq. (3.13), the equation describing the surface wave (3.31), (3.32),
and its particular form (4.12) analyzed here). Application of the approximate equation
seems to be justified in the case when certain terms in the general equation, which identic-
ally vanish when passing to the isotropic nonhomogeneous and anisotropic homogeneous
cases, have a small effect on the final result (see [1], Sec. 4). Hence, it is assumed that
the information on the anisotropy and nonhomogeneity contained in the leading term
dominates the remaining terms.

Moreover it is assumed that the shear moduli g = p(z) and fi = fi(z) are monotone
functions of variable z, ratio of the Young’s moduli £/ E is limited to the first two terms
of the power series expansion, and mass density and Poisson’s ratios are constant.

The assumptions made above made it possible to obtain the solution in a closed form
containing the Bessel functions. The dispersion equation implies the surface wave speed
Cr to depend on the wavelength and on the parameters characterizing the anisotropy
and nonhomogeneity. Asymptotic expansions of the Bessel functions were used to derive
the approximate form of the dispersion equation and to analyze it numerically in various
cases of anisotropy and nonhomogeneity.

The solution derived may be used both for experimental determination of elastic prop-
erties of materials, and for the analysis of stress waves in anisotropic, nonhomogeneous
media subject to transient surface stresses, thus indicating the applied character of the
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paper [1]; at the same time it represents a generalization of the solutions given in [3, 4]
concerning isotropic nonhomogeneous media to the case of surface layer dynamics of an
anisotropic nonhomogeneous body.

2. Formulation of the problem

Let us consider a transversely isotropic body, nonhomogeneous in the plane of isotropy
with respect to the variable z; the body occupies the halfspace determined by the inequal-
ities |z| < o0, 0 € z < o0, its plane of isotropy being determined by axes (y, z), the
z-axis pointing inside the body. The stress tensor 0;; = 0;j(z, 2;1), 1,7 = (1,3) or (z, 2),
0 <t < oo is sought for; its components are

022(T, 2;1) = a(z) expli(sz — pt)],
(2.1) 0.2(z, z;t) = B(2) exp[i(sz — pt)],
0z:(T, 2;1) = 7(2) exp[i(sz — pt)].

Here a, 3, v are functions of a single variable z, vanishing (not necessarily exponentially)
at z — 00, 21 /p, 2x /s, Cr = p/s denote the period, length and propagation speed of
the wave (p — frequency, s — wave number). Values of «, 3, v are seen to determine the
amplitudes of the stress tensor harmonic components. Functions o and « are expressed
in terms of # according to the formulae

a(z) = —'H"(z)[f(z)(l + B(2)g(2)) + ;)%Dz B(2),

2isy(2) = K1 (2)D{(-A@E)[D? - (1 - R(2))] + 45°E(2)}B(=2) ,
and function (3(z) is derived from the equation (cf. Eq. (4.12) in [1])

2.2)

(2.3) (DK7Y (2)D — 1)A(2)[D? - s*(1 — R(2))]18(2) = 0
and from the boundary conditions

B(0) = B(0) =0,
(2.4)

DI @ BYAD® — £(1 — RN~ 22 20 = 0.
The following notations have been introduced:
D= dd—z is differential operator,
K = #[1-28,090(2) | = oo,
A(2) = 2H7Y(2)B1(2),
R = o(2) [B) ) + BT,

2
H(z) = By(z) - f(2) + p~° (%) ,

£ =110 - e - 37 (2) ],
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B(2) = E7'(2),
Bi(2) = P(2)E(z) - E7'(2),
By(2) = () + E7'(2),
f(z) = (z)(A + v(2)),
9(z) = 17 (2)(1 - v(2)),
I(z) = ¥(2)/ E(2),
p — density,

E(2), E (2) — Young’s modulus in tension and compression, in the direction lying in
the plane of isotropy and in the plane normal to the plane of isotropy,
respectively;

v(z), 7(2) — Poisson’s ratios determining the transversal contraction in the isotropy
plane at tension applied to that plane, and the corresponding contrac-
tion at tension applied in the direction normal to the plane of isotropy,
respectively.

In the above formulae the symbol a~'(z), @ = a(z) being a given function, defines

[a(2)]7! provided a(z) # 0.

The problem is then formulated as follows: determine the non-vanishing function

3 = B(z) and the constant C'r = Cg(s) > 0 satisfying the Eqgs. (2.3), (2.4).

3. Solution of the problem

Equation (2.3) will be solved by the method presented in [1], Sec. 5. Introduce the
operators

20 1 ey _
G3.1) Ly= 7 DK=(2)D -1,
24D - 231 - R(2)).

Equation (2.3) assumes the form

(3.2) LIAR)LEB(z) = 0.
Introducing the notation
(33) A(2)L38(2) = v(2),

we obtain two equations

Liv(z) =0,

Li0(z) = A7 (2)v(2).

Let us prove that the differential equations (3.4),, (3.4); are of the same type. Substitute
(3.5) v =Dy

so that

(3.6) L2v(z) = L2Dy(z) = (3—12DEI‘1(2)D - 1) Dy(2)

(3.4)

. 31_2 DK~ (2){D* - s*K(2)}(2)]-
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Now the notations I~C(z), R(z) and A(z) are written in the forms (3.7), (3.8) and (3.10):

5 2 ~ 2
61 K =1-28:9p(2) =1—2”(§)(:)1p(§) = 1-S8Ch = 1- 2,0,
where
_Ch o, _ (BN
weg w5
(3.8) 2
R = p(2) (B 1) + B @)
_ (P\[P*( + v(2)) B
- o(2) (B2 + g+ ma-v)
_ (P 2 14w 7’(1 +v) 1 3
&) mmilrzma at)
= 2u()n(2),
where
_ 1+ [P0 +re) | E@,
A T F YY) [aZE(z)/E‘(z) 1" B )]

It is easily verified that if v(z) is identical with 7(z), a magnitude known from the de-
scription of isotropic nonhomogeneous medium will be obtained,

V(1 +v) 3 ]_11—211_
() = 3| S e 1-w) = 35 =,
(3.10) A(z) = Ai(z) - A2(2)
where
L
Al(Z) = 2—,-. 3
(3.11) R
Az(z) = : = nA : .
-[1- 25 (05 - v) o

Equations (3.6), (3.7), (3.8), (3.9), (3.1)z, (3.10) may be used to replace the system
(3.4) with the set of equations

[D? — s%(1 — 2,(2))](2) = 0
[D? - s*(1 — xn(2)2a(2))1B(2) = AT (2) AT (2)Dep(2) -

From Eq. (3.7) it follows that {2, depends solely on parameters p and s (see Eq.
(2.1)), and on the variable shear modulus 1i(2); Eq. (3.9), however, manifests the complex
dependence of x,, on all the material parameters assumed, v(z), u(z), U(2), fi(z). Hence,
the variable coefficients of the system (3.12) contain all the anisotropy and nonhomogene-
ity parameters of the problem considered; qualitative, and the quantitative analysis of the
system in particular, makes it possible to determine the principal properties of surface

(3.12)
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waves propagating in a transversely isotropic halfspace and exhibiting elastic nonhomo-
geneity in the vertical direction.

We are looking for a solution of the system (3.12) in a closed form. To this end let us
assume the functions p(2) and fi(2) to be monotone functions of z,

wz) = Foftes
— (to — proo) exp[—2¢2]
(3.13) po — (pro ﬁ#ﬁ ) exp[ z]
. Moo
wz) = =

flo — (i — floo) exp[—2€2]

where 1y, [leo; Ho, oo denote the elastic shear moduli p(z) and i(z) calculated at the
surface of the halfspace z = 0 and at infinity, z = oo, respectively; €, £ — nonhomogeneity
parameters in the plane of isotropy and in every plane normal to it, ¢ > 0, € > 0.

Relations (3.9)-(3.11) contain also the ratios of the corresponding elastic moduli in
tension, denoted by m(z). We have

_EG) _ a1+ v(2)
e ™= Ee T AR+ 9()

Expand the expression (3.14) into a Taylor series in the neighbourhood of z = 0
assuming that the Poisson ratios are constant. We obtain, after reductions,

. A
(3.15) m(z):l—f{@—zﬁﬂ[e(ﬂq)—z(;"l— )]z+}
1+v Ko Ko Moo Hoo

Since the surface wave is analyzed at the surface z = 0, and the first two terms
contain the nonhomogeneity and anisotropy parameters, confine our considerations to
the particular case in which the coefficient multiplying 2 vanishes, i.e.

& oot — ploo)’
and we are left with the simple relation

(3.17)

E 1+o ]
which will be used in further considerations. In this particular case also x,, is a constant
which may by expressed by the formula (cf. (3.9))

1+v i1+ v) +(1—u)(1+f))&
i '

1
51'*'9 1_"'1"/:&_11_1 1+v Ho
1+I/ﬂ,()

(3.18) Kn = Hno =

As a result of such sumplifications we obtain the relations
321 + v L@ -1
Ai(z) = Ay = 21+—V‘Li”‘“ = const,
(3.19) 1¥¥
§2n(2)

Az(2) = Ap(z) = = ;
~1
2~ [1- 111,(”1—1%5% - )] 2a(2)
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Substitution of Eqs. (3.18) and (3.19) into Egs. (3.12) yields

Lip(z) = [D? — s*(1 = 2n(2))]p(2) = 0,

L3B(2) = [D? — $*(1 — #n020(2))]B(2) = A A5 (2) Dip(2)
where, in accordance with Eqgs. (3.7) and (3.13),,

(3.21) 2.(2) = C% /& — CH(1/E,, — 1/¢%,) exp[—2E2].

Solution of the system (3.20) will be sought in the form satisfying the conditions (2.4),
in which the function £(z) is expressed by the formula

- 1= B ks - )

1+7 1+u,u(,

2- [1- s (plikie o)),

1+v 1+V[.L()

(3.20)

(3.22) £(z) = —

Let us approach the solution of Eq. (3.20);. On substituting for §2,, the expression
(3.21) and performing the necessary transformations, the differential equation is obtained

" ]' / 172
(3.23) = +(1-=p=0;
2 T
its solution, satisfying the condition of vanishing at infinity, has the form
(3:24) o(r) = lknt) = plkne™*?) = CLy(kne™*),

with the notations
Jy(2) — Bessel function of first kind and order 7,

= A(l ~ Ch/E ) >0,

(3.25) E'n. —CR(l/Czu - 1/‘3200 YR

T=kat, t=e7,

C — arbitrary constant.
It is seen that in the definition of function ¢ the material parameters appear, charac-
terizing the deformation occurring in the plane perpendicular to the plane of isotropy.
Passing now to the solution of Eq. (3.20),, let us use the formula (3.24) defining the
function ¢ and proceed similarly to the case of Eq. (3.20);. The solution obtained in this
manner is written in the form

(3.26) B(2) = B(2) + Bro(2),
where

23 _
587} L3B(2) = 0

L%ﬁnﬂ(z) = -'41_()1/‘2—01 (2)Dep(z).

Conditions of the problem imply that 3, and (3, should be selected so as tc make
the function 3 and its derivatives vanish at z — oo.
The general solution of Eq. (3.27); has the form

(3.28) Ba(2) = CrJz(knt) + CoY5(kat),
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where Y),(z) — Bessel function of second kind and order 7,
s 2,512
ﬁ=:(1-’¢nn,\2—R) >0,
s . -
k, = Exn”CR(l/C%u— 1/6%00 o 0,
n7>0=>71>0

and C;, C', are arbitrary constants.
Solution 3,(z) of Eq. (3.27); is assumed in the form

i n h - n n /\
62 ) = At [ L5 - AT B2 f Hot!
0

where

ﬁnl = JE(Ent) ]

ﬁnZ = Yﬁ(Ent) P
w= ,Bnlﬁi’qz - ;—uﬂnZ )
n = Ay (2)Dp.

It is easily verified that function 3(2) given by the formulae (3.26), (3.28), (3.29) satis-
fies Eq. (3.20),. To this end we must perform the necessary substitutions, operations and
reductions. Function 5(z) evidently contains the information on the anisotropy and non-
homogeneity of the semispaces via the magnitudes 7 and k,, defining 3,, and, moreover,
through the parameters h,, and A, appearing in the definition of (3.

Obviously, this function (called in what follows the stress function) is defined by the
expressions (3.26), (3.28), (3.29), (3.24) in which three arbitrary constants C, Cy, C;

appear; the constants are determined by using the conditions of vanishing of 3(z) at
z =0 and z = 0o. According to Eqs. (3.26), (3.28), (3.29), (3.24) we obtain

(3.30)  B(z) = Crdu(kat) + CrY5(knt) + C AV (Rnt) Tna(2) — Jo(knt) Tna(2)}
where

Tna(2) = [ un(€)J5(knt)DeJs(knt) dE

0

Tus(2) = [ unl@Yy(Rut) DeJr(kat) de

0

(3.31) .
1(2) = s (1+5‘5§ v)]
= 1 — (€7/5)? + (ky/5)? - exp[—282]
i [1 ~ 139 ( i I zlj,%_, B V)] [(E7)? — (Bkn)? - exp[—2¢2]]

b

— (EM)? + (Fky)? - exp[—2E2]

Q)
1l
|

Sl
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From the condition 4(0) = 0 it follows that
=J5(kn) =

(3.32) C; = —CY )’ ci=C,
and from the condition 3(c0) = 0 we obtain
(3.33) C=¢ S Yi(kn)

~»1 + ) n2
2(112?‘;5?:: = 1) Jn(En)
where
T5 = lim Jua(z) = [ un(€)J5(Fat) DeJ5(knt) dE .
[}

This results in a closed-form solution, proportional to a single arbitrary constant

63 ) = C{VaFulTuale) - T351 = o) | ) - L) 2|}

JW(En) o
where
- * 1+7
o =¢ ,
~21+v i _
2(” 1+ V,L% 1)
‘or

(335) B(e) = (“:'*{Yﬁ(k‘nt)an(z) — ToFt)Ts(2)

g ) — IRV Fa T

The dispersion equation is derived from the condition v(0) = 0. To obtain the equa-
tion, the following relations must be used:

(3.36) Dp(z) = C**{DzYa(Ent)[an(Z) 4

Ye(Fn) -
_DzJﬁ(Ent) jn4(z) - %E;' nz] } ’

where

D, Yz(knt) = —€[Y5(knt) — EntYg(knt)],

tim [y (Fne =)D ¥ (Fue ™) — Y(Fne ) Dbl ™)) = =
50 = 0,

Yy,
DAEes = ~C"{ DY (Rue™) = Doy(Rue™) T L 51

2% L e

= O T = ~CAY T To(Fm) ™
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The amplitude of shear stresses (z) is given by (2.2); which now has the form

1

(3.37)  2isy(2) = T

D{ - -Am-Azn(?f)[D2 - 32(1 — #n082,(2))]

1

_ iz ~1+ vt
1 [1 +V(Ulizl:5§ )]"Q (Z)}ﬂ(z)‘
2-[1- 725 (054 - v)| 2@
Denoting
(3.38) q=1—1” (i:iﬁ:i u)
and making use of the fact that
D ~ AwAn(ID? — (1 = nan 2a@IB() ~ 46752 ﬁ?ﬁ(ﬁ
e J a2 . 1= a2a(2)
- -4 nwmma+%[§t;m5;ma L dopc|

equation (3.37) is reduced to the form

(3.39)  2isvy(z) = $(1 = a(2))C 5 (knt)

1
ﬁu—ﬁanﬂ‘
952,(2) 1-¢2.(2)
+45? | ——2"" __B(z) - ——22DB(2)] ¢ .
(2 - qnn(z))z 2~ qgn(z) ( )
Hence, the dispersion equation y(0) = 0, called also the period equation, may be repre-
sented in the form

(1 + E))(l = q.Qn())
2(‘21 + VI,L )(1 - )

l+u

(3.40) 2 = q200)J; (k) T (Rn) — 4 % = Q.

At 7 = v and i = pu the above result leads to the equation of dispersion in an isotropic
semispace of “small nonhomogeneity” derived by the present author in [3] (1977).

(3.41) (2 = 20)J5(k)J7(F) + 4(1 = %) T5° = 0

Here £, k, k, xy, J° are the limits of 2, En, kr, #no, TS forv — U and p — [i.
If the material coefficients, both those appearing explicitly in Eq. (3.40) or through the
parameters 7}, 7, kv, By g, £2m0, are taken into account, and if the left-hand side of that
equation is denoted by R, then Eq. (3.40) may be written in the form

€ P
(342) R(Cﬁvsyévsy V»#()yﬂmvyaﬂlh,uooaxn[)) =0.

Evidently, speed C'g of the surface wave sought for depends on the wavelength A = 27 /s
and on the nonhomogeneity and anisotropy parameters: €, v, o, foos Es Vs Fos Hoos ¥n0-
Finally, let us present the formula for the amplitude a(z) of the normal stresses 017 = 044
defined by Eq. (2.2);, use being made of Eq. (3.34) and of the notations concerning the
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material parameters,

Dl+
(3.43) a(z)=—sz[2—(1—i) 1+ ) ]

X[ ZZ:;(l"'V,Un +1—V).Q +2D2][3(z)

Once the speed Cg is calculated from Eq. (3.40) and the amplitudes a(z), 3(z), 7(z)
are evaluated from Egs. (3.43), (3.34), (3.39), the stresses are determined on the basis of
Egs. (2.1).

4. Analysis of the dispersion equation

Let us consider the equation of dispersion (3.40) in the particular case when the
nonhomogeneity parameter £ is large enough. To this end analyze first the case of passing
to the limit £ — oo. Using the asymptotic expansions of the Bessel function

(4.1) lim Jx(k, e=c? )/ J5(kn) — exp[—£€nz]

5—»00

Eq. (3.40) is reduced to the form

1+1/1 q.Qn., f © J(knt)DeJ5 (ky, t)
- T o " T (kn) (k)

(42) (2-92uw) -

1
1+171—q!2m,2_ (1_ 1+ L,XI)-Qnoo
2X2 1= 2y R

EZ—q.Qn"-i-4

Xhn1 | exp[—z(hn1 + hn2)]dz =0

0

where
e 2o Ep)2G 2= (- ),
im un,(2) = lim )
£—00 £—00 _Qn(z) |
= ,\1+V[l.() ) AZI‘*‘U#()
=V i =V T
X1 ( 1+ py X 1+
C%, V2 ca\V?2
hn] = 3(1 = _i-") =e&n, hnz = S(l xn(),_z ) =£&n,
200 200
g 1=%is
Performing the prescribed operations and using the relations
(4.3) hoa = Bz = =8"CR(L = 0) [T = =8 Pnoo (1 = #m0)

we arrive at the equation
1+v 1 1- q.QnU ( ( 1 ) )
22 (2— q2n) — 4 2—-(1—-——=x1 )12
noo( q n(J) 2X2 i~ *n0 1— -in) i I/Xl noo
% (1 = o) VH(1 = 20oo)? = (1 = 5002000)"3] = 0.
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Observe that for an isotropic and homogeneous medium
2x2/(0+ D) =207 = 1)/(A +v) = =2(1 = v) = (% — 1) x1 =0,
so that assumption of 2, = §2,,,, makes it possible to reduce Eq. (4.4) to the form
(2 - £29)° - 4(1 - 90)1/2(1 - “0-90)1/2 =0.

This is the classical form of the Rayleigh equation, cf. [2].
Consider now another asymptotic form of Eq. (3.40) for large values of €. Substituting
the asymptotic Bessel function expansions into Eq. (3.40) we obtain"

1+v1-— qﬁn()z_ (1_ l_l’JXI)‘Qnoo

4.5 2—qf2,) +4
4.5) ( q$2m) 31— D 2o

k2 e—?(ﬁn)z]

% nZZ[ kg, 2B ) d
6[ 2(p+1)

or

1
1+v1- q.Qn()Z_ (1 1+ ’l;Xl)-Qnoo
2x2 1= $2ny 2reo

(4.6)  (2—qfdn) +4

X ( fins kn ) 0
Bt + hnz 2By + 8)(Bny + hua + 26) ’
where
kn = &k, = sCr(1/S + 1/&,)'/2.
This equation may also be represented in the form

(4.7) Ri(CRr) + R, (CR, '\2%) =0,
with the notations

1
14701 —q.Qnuz_ (1 s = "VXI)'Q'noo
2x2 1— 82y Phco
« (1 - -Qnoo)lﬁ
(1 - -Qnoo)ll2 + (1 - "11.U~Qnoc>)l/2 ’

(4.8) Ri{(CRr)=2—-qf2y) +4

1
£ 1+Bl—qﬂnu2_(l— 1+’U‘X1)'Qn.oo
40y Bl Ca i) =—4
( ) 2( - 2”) 2X2 1 - Qn[) Qnoo
x -Qn()" Qnoo

2[& + (1= 2000)12] [25 + (1 = Qo) /2 + (1 = w0 Pnoo)/?|

In this particular approximation of the dispersion equation the surface wave speed
Cr is evidently dependent on the wavelength A = 27 /s and on the nonhomogeneity and
anisotropy parameters, so that we obtain the relation

2
(4.10) Cr= CR( v 50 E U, T, "n()"‘:l 702(),6200)-
3 Ho
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To facilitate the numerical calculations, introduce the notations

A(CR) E
4.11 R:(CRr,¥) = ———, = -, R(Cr, 0,
(4.11) 2(CRr, ) RCn.9) P - (Cr,¥) #
1
1+791—q2m2— 1- 133Xx1)%re
A(Cr) = 25 == ( ok 2 0 0,
(412) X2 nl neco

R(Cr, %) = [t + (1 = 2noo) /M2 + (1 = 2noo)/? + (1 = #n0f2nc0)'/?]
= 207 + [3(1 = 2noo)'/* + (1 = #n02n00)/*1)
+(1 = 2noo) (1 = 2000)? + (1 — %502000) 7%,
and reduce Eq. (4.7) to the form
(4.13) 292+ By +C =0,
where
B = 3(1 - 2neo)'? + (1 = %00 82n0)'/?,
(4.14) A(CR)
Ri(CRr)’

Equation (4.13) yields directly the quantitative results. Let us determine the speed of
the Rayleigh wave as a function of parameter 1 = £/s assuming the particular “weakly
anisotropic” semispace with a “small nonhomogeneity” specified as follows.

C = (1= Puos ) = Do) + (1 — 2900566) %] +

F1G. 1. Notation of material parameters.

In the plane of isotropy (cf. Fig. 1)

(4.15) v=028, py=105 jox=121 (% =1/3)
and in the plane normal to the plane of isotropy
(4.16) v=025 jy=11, [fie =125 (3% =0.306).

Several values of the function C'r(%) given in Table 1 were used to prepare the diagram
(curve A) in Fig. 2. The curve has an asymptote at the value C'r slightly greater than
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1.017. In the assumed medium the possible surface wave speeds are distributed in the
interval 0.98 to 1.017, parameter 1 varying between 0.00087 and 3.9471.

Table 1. Data for the material defined by Eqs. (4.15), (4.16).

¥ | 0.00087 | 0.1038 | 0.2525 | 0.3803 | 0.5909 [ 1.5448 [ 3.3174 | 3.9471
Cr 0.98 0.99 1.00 1.005 1.01 1.015 | 1.0165 1.017

Go(¥)A

105 |- e —— _‘J '}___:

e e e e e e et

1 ] ! i I Lil -
0 014 05 10 15 20 25 30!l e
Y=l

FiG. 2. Propagation speed C'g = C p(%) of a Rayleigh surface wave as a function of ¥ = ?/3,
s — wave number, € — nonhomogeneity parameter. Curve A: “weakly anisotropic”
semispace with “small nonhomogeneity”, according to the data given in Table 1. Ratio

€/< in accordance with condition (3.16). Curve B — the case of an isotropic material with
“small nonhomogeneity”, data given in Table 2. Curve C' — data according to Table 3.

In order to compare the information contained in Eq. (4.6) with that following from
the equation of dispersion in the isotropic medium of small nonhomogeneity (cf. [3],
Eqs. (4.6), (4.7)) curves B and C are also shown in Fig. 2; they express the relation
Cr = CRr(%) for two isotropic materials with “small nonhomogeneity” characterized by
the material constants (4.15), (4.16) (see Fig. 1). Curve B should be referred to the
material with constants v = 0.28, uy = 1.05, oo = 1.21, % = 0.333, and curve C — to
the material with constants v = 0.25, py = 1.1, oo = 1.25, %y = 0.306. Curves B and
(' are prepared on the basis of data given in Tabs. 2, 3.

Table 2. Data for the isotropic nonhomogeneous semispace with parameters v = (.28,
o = 1.05, po = 1.21, 3 = 0.333.

R0] =% 0.0174 | 0.0445 | 0.218 | 0.3402 | 0.5647 | 0.7685 | 1.0955 | 2,5584
Cr 0.975 .98 1.00 1.01 1.02 1.025 1.03 1.035

Table 3. Data for the isotropic nonhomogeneous semispace with parameters v = (.25,
po = 1.1, peo = 1.25, 3y = 0.306

P

=% 0.0191 | 0.0816 | 0.1705 | 0.2997 | 0.5129 | 1.0381 | 2.2105 —00
Cr 0.99 1.0 1.01 1.02 1.03 1.04 1.045 -1.048

Curves A and B intersect at the point ¢ = 0.14, Cg = 0.993. If we assume ¢ = 1.5,
what means that ¢ = 1.36 (see Eq. (3.16)), then it may be stated that at the wave num-
ber s = IB.7 (wavelength A = 0.587), the speed of the wave in a “weakly anisotropic”



450 T. ROZNOWSKI

material with “small nonhomogeneity” determined by parameters (4.15), (4.16) equals
the speed in an isotropic material with “small nonhomogeneity” (parameters (4.15)) and
ie. Cr = 0.993. Further analysis of the curves enables us to observe that at ¢ = 0.1
and ¢ = 0.2, assuming £ = 1.5 (ie. s = 15 and s = 7.5) we obtain the respective
results Cr = 0.99 and Cg = 0.9967 in case of the material represented by curve A,
and Cr = 0.887 and Cr = 0.998 for the material represented by curve B. This is
why it seems probable that variation of the wave number in the interval 0.7-1.4 makes it
possible to differentiate the materials from each other. If the nonhomogeneity parame-
ter £ = 2.0, the same surface wave speed in both materials occurs at the wave number
s = 14.29.

Equation (4.6) is seen to yield new quantitative information concerning the effect of
anisotropy and nonhomogeneity upon the Rayleigh surface stress wave velocity. Analysis
of various material parameters appearing in Eqs. (4.7)-(4.14) allows for a proper evalua-
tion of their influence upon the propagating surface wave. This confirms the opinion that
the solution to the problem formulated by Egs. (2.3), (2.4) makes it possible to analyze
the surface wave propagation processes occurring in anisotropic and nonhomogeneous
media.

5. Conclusions

1. The problem formulated in [1] and concerning the propagation of surface waves
in transversely isotropic nonhomogeneous elastic semispace is shown to be of impor-
tance from the point of view of both the theory and applications; it makes it pos-
sible to formulate the simplified problem and to perform its qualitative and quanti-
tative analysis, thus furnishing new important information on the properties of such
waves.

2. The accurate solutions of the simplified problem described by Eqgs. (2.3)-(2.4)
governing the Rayleigh surface wave propagation are derived in the case of “weakly
anisotropic” elastic semispace with “small nonhomogeneity”; the elastic shear moduli
are monotone functions of z, ratio of the Young’s moduli is confined to the first two
terms of the power series expansion, the remaining elastic properties of the medium are
constant.

3. Numerical analysis of the dispersion equation demonstrates that the curves illus-
trating the dependence of the wave speed on the wave number in a “weakly anisotropic”
medium of “small nonhomogeneity”, and in an isotropic medium with “small nonhomo-
geneity”, may have some points in common at certain values of the wave number.

4. Properties of a certain class of “weakly anisotropic” structural materials exhibiting
“small nonhomogeneity” may be determined by measuring the length and propagation
speed of the surface waves, and by comparing the experimental data with the theoretical
solution. The experiments should be repeated for several wave-lengths in view of the
reason mentioned in Conclusion 3.
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