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Surface stress waves in a transversely isotropic
nonhomogeneous elastic semispace

Part I. Equations of motion and equations of a Rayleigh-type
surface wave

T. ROZNOWSKI (WARSZAWA)

PLANE STATE of strain of a transverscly isotropic medium, nonhomogeneous in the plane of isotropy,
is considered; equations of motion expressed in terms of stresses are used (Sec. 3) to formulate the

roblem of propagation of Rayleigh-type surface stress waves. It is proved that in the case of a

armonic wave, the problem may be reduced to a solution of a fourth order, ordinary differential
equation with variable coefficients (3.30), (3.31) for the “stress function” §(z), i.e. the normal stress
0. amplitude distribution in the semispace along the vertical direction; the remaining amplitudes,
Eqs. (3.17), are expressed in terms of F(z). The torm of Eq. (3.31) makes it possible to formulate
and discuss in Sec. 4 several particular cases of the media under consideration. uations (4.19)
or (4.21), (4.22) are proved to be identical with those derived by J. IGNaczaK in [1]. The methods of
solution of the equations of motion are presented in Sec. 5. Conclusions are drawn in the final Sec. 6.

1. Introduction

IN THE LINEAR elastodynamics of anisotropic and nonhomogeneous bodies the general
equations of motion and the corresponding initial and boundary conditions are written
in terms of two different sets of unknowns representing either the displacement vector
or the stress tensor. The remarkable achievements of the modern technology are based
mainly on the observation and investigation of the wave processes, also those involving the
surface waves. The experimental and phenomenological investigations are far ahead of
the corresponding theory, first of all as far as the qualitative analysis of the wave processes
is concerned. An important difficulty follows from the complex form of the phenomenon,
the material coeflicients being functions of position and direction in the space and leading
to a coupled form of the equations, difficult to separate.

The stress waves occurring in materials of complex structure have been considered to
be important for the engineering practice since the beginning of the present century for at
least the following two reasons. First, the phenomenon may be utilized in diagnostic equip-
ment aimed at measuring the elastic properties, material faults detection and transmission
of information. Such applications are used mainly in the cases of sinusoidal stress or ul-
trasonic pulses. Another important reason results from the damages or total fracture of
the structures produced by instantaneous stress pulses due to the impacts or earthquakes.

The impact loading is well known to be characterized by two important properties:
the propagation speed of the stress wave and a certain rate of strain changes, i.e. the data
which are usually disregarded in the static analysis, when the process is assumed to occur
simultaneously in the entire structure.

The stress wave propagation velocity depends upon the direction of propagation and
if the stress-strain proportionality condition is violated, also upon the stress level. The
stress wave velocities in a non-simple (complex) medium are determined by averaging the
motions over the local regions of the body containing various elements or particles.
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It is obvious that during the impact loading the energy is concentrated within small
volumes and, thus, the impact loading of a short duration accumulating small amounts
of energy in a relatively small volume may lead to various types of damages, fracture or
crack propagation, the phenomenon frequently encountered in high efficiency and preci-
sion machines (e.g. turbine generators) or, generally, in seismic zones.

In view of the finite duration of stress wave propagation and the strain rate-dependent
material properties characterizing the impact processes occurring in engineering struc-
tures, anisotropy and inhomogeneity of the materials has to be accounted for at the early
stage of engineering design of structures subject to dynamic loading.

The simplet model of an inhomogeneous body is a layered medium consisting of homo-
geneous elements of known (theoretically or experimentally determined) wave transmis-
sion properties. Such a medium was, for instance, used by the seismologists to refine the
measurement techniques and to interpret the earthquake recordings (Ewing, Jardetzky,
Press 1957), thus contributing to the knowledge of the earth crust structure; several works
deal with problems of that type. Knowledge of some solutions in this field increased, how-
ever, the demand for further, more refined investigations (mainly theoretical) of media
exhibiting more complicated internal structure.

The present paper is aimed at demonstrating the possibility of analysis of wave pro-
cesses occurring in elastic media of a complex internal structure; the mathematical ap-
paratus used should make it possible to analyze the processes at least in the qualitative
sense. Thus we shall start with the general method of derivation of the field equations
written in terms of displacements and stresses (Sec. 2); in Sec. 3 the general stress equa-
tions will be reduced to the case of transversely isotropic inhomogeneous medium filling
a halfspace, Sec. 3.1. In such a halfspace the Rayleigh-type surface wave problem will be
formulated as the eigenfunction problem of an ordinary fourth order differential equation
with variable coefficients, Sec. 3.2. The equation obtained ((3.30) or (3.31)) may be re-
duced by a limiting procedure to the dynamic equation known from the literature [2]. If
the semispace considered is isotropic and nonhomogeneous, the result obtained assumes
the form given by J. IGNACZAK in 1963, [1, 2].

The qualitative analysis of Eq. (3.31) presented in Sec. 4 demonstrates five particular
types of wave phenomena; the first three of them (1-3) represent approximate solutions,
and the remaining two (4, 5) — the accurate ones, depending on the material properties
of the medium.

1. Transversely isotropic body of a “small nonhomogeneity”, Sec. 4.1;

2. “Weakly anisotropic” nonhomogeneous body, Sec. 4.2;

3. “Weakly anisotropic” body with a “small nonhomogeneity”, Sec. 4.3;

4. Transversely isotropic homogeneous body, Sec. 4.4;

5. Isotropic nonhomogeneous body, Sec. 4.5.

Section 5 is devoted to the method of solution of the equations constructed for an
elastic, transversely isotropic nonhomogeneous medium, the ordinary, fourth order differ-
ential equation with variable coefficients being reduced to a set of two ordinary, second
order differential equations with variable coeflicients, satisfying certain definite boundary
conditions. Several conclusions are presented in Sec. 6.

The equations written in terms of stresses for a transversely isotropic body may be
transformed to the corresponding relations expressed in terms of displacements. Further
limiting procedures applied to both types of equations lead to the static Beltrami-Michell
stress equations (representing the compatibility conditions) and the Navier-Lekhnitskii
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displacement equations, cf. [3]. Some static problems concerning the transversely isotropic
bodies for a semispace were solved, on the basis of Navier’s solution, by W. NOWACKI
(1954), Z. MOSSAKOWSKA (1955), J. MOSSAKOWSKI (1956), papers [4-7]; in the dynamic
case cl. the work by S. KALISKI [8], based on the Lamé equations.

The present paper may be referred directly to the problem of propagation of seismic
waves and can be applied to the analysis of the effects of anisotropy and nonhomogeneity
of the surface layer subject to dynamic loadings. The proposed model of a continuous
complex elastic semispace, together with the equations of motion and the Rayleigh-type
stress wave formulations represent, from the theoretical point of view, a certain extension
of the methods of analysis of the surface layers known up-to-date.

The solutions obtained in the paper are original except the Eq. (4.21) which was derived
earlier in [1]; they may be viewed as filling an important part of the gap in the descrip-
tion of an elastic, anisotropic and nonhomogeneous medium, allowing for an additional
qualitative (sometimes even quantitative) insight into the behaviour of such a medium;
this is due to the Eq. (4.12) which accounts for all the anisotropy and nonhomogeneity
parameters introduced here.

2. Linear equations of elastodynamics for an anisotropic nonhomogeneous body written
in terms of displacements and stresses

The considerations are based on the following relations:
a) linear kinematic relations

@1 €132, 0) = (050, 0) + 0342, 0) = UG (2, 1),
b) equations of dynamic equilibrium

(2.2) a;j,i(x,t) + Fi(z,t) = p(x)i;(z,t), o0 =0ji,
c) constitutive equations

(2.3) aij(, 1) = Cijr(r)en(z,1)

or

ij(x,t) = xijp(x)or(z, ),
d) compatibility conditions
(2.4) Epki€qmnEkm,in = 0.

Substitution of Eqs. (2.3); and (2.1) into (2.2) yields the displacement equations of motion
of the medium (under isothermal conditions)

(2.5) [Cijri@)ug (2, 0] + p(2)(fi(z, 1) — @;(z, 1)) = 0.

On eliminating u; and ¢;; from Eqs. (2.1)-(2.3) we obtain the equation of motion written
in terms of stresses (under isothermal conditions),

(2.6)  2xijii(@)d (e 1) = [p7 (@)Tik (@, D], + [p7 (@) jk,5(2, 1)),
+p~' (@) Fi(x, 0], + [P~ (@) Fj(z, )i -
The following notations have been introduced in the above equations:

u; components of the displacement vector,
&;; components of the strain tensor,
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o;;j components of the stress tensor,
x spatial coordinate (x4, 2, ¥3) or (x, y, ) in a rectangular coordinate
system,
t time,
€pkl permutation symbol,
C'ijki(2) 4th order tensor of elasticity moduli as a function of a spatial coor-
dinate,
%;jri(x) 4th order tensor of compliance moduli as a function of a spatial
coordinate,
p(a) density of the medium,
Fi(z,t) = p(x)fi(x,t) body force.
Symmetry of the matrices [o;;] and [¢;;] implies the relations
(2.7) Cijei = Cjirt = Ciank
what reduces the number of independent elastic constants from 81 to 36. The next relation
Cijxt = Chiij
produces the additional reduction to 21 independent constants.

The transversely isotropic body is characterized by S different elastic parameters.
Moreover, the strong elipticity condition

C,‘jklaibk(l,jbl >0
should be satisfied by any pair of vectors @ and b. Other notations: a dot over a symbol
denotes differentiation with respect to time, indices following the comma denote partial
differentiation with respect to the corresponding spatial coordinates.

If o;;(v,t) is a solution of Eq. (2.6) under homogeneous initial conditions, then the
displacement vector will be expressed by the equation (J. IGNACZAK 1963, [1])

t
(2.8) ur(e,t) = p~'(2) [ (t = laij i@, 7) + Filz,7)]dr .
0
Relation (2.8) was later generalized by M. E. GURTIN in 1964 to include the case of
nonhomogeneous initial conditions in the form [9, 19]

t
(29  wi(z,) = p7i@) [ (t - Dloij(e.7) + Fiw, r)]dr + wilm + titilmo
0

3. Transversely isotropic elastic, nonhomogeneous body (plane strain)

3.1. Equations written in terms of stresses

In the theory of elasticity use is made of the fact that when the anisotropic body struc-
ture exhibits a symmetry of any kind, the same symmetry occurs in the elastic properties
of the body (see Eq. (2.3),2 and (2.7); 5. We may thus search for a model of an elastic
anisotropic, nonhomogeneous body of a simplified structure.

Let us assume the body to have the property that each point of that body lies on a plane
within which all directions are equivalent from the point of view of the elastic properties;
all these planes are parallel to each other. Thus, there exists a plane of isotropy or, in
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other words, at all points of the body there exists a single “distinguished” direction and an
infinite number of principal directions in the plane passing through the given point and
perpendicular to the “distinguished” principal direction. Another definition: each point
of the body lies on an axis of symmetry of infinite order (sixth order would be sufficient),
i.e. on an axis of rotational symmetry. Such a body is called the transversely isotropic body.

Isotropy plane

FiG. 1. Transversely isotropic nonhomogeneous medium.

The rectangular coordinate system (z, y, z) is assumed, the z-axis being directed verti-
cally, and the x-axis representing the axis of rotational symmetry. The plane of isotropy is
determined by the axes (y, ), as shown in Fig. 1. Using the “technical” constants instead
of the compliances introduced in Sec. 2, the generalized Hook’s law for a body with a
plane of isotropy is written in the form (cf. [3, 4])

~

u( 4 )+ 1
E11 = — =02z T Oyy =0zz,
E E
v
€n = E(Uyy —VOzz) — EU:M:,
v
€33 = E(Uzz - I/Uyy) - =0zxz,
3.1) E
1
€21 = —=0yz
26
1
£ = —=0,
1 2G I
1 1+ v

£33 = Eazy = E zY 9
with the following notations:
FE  Young’s modulus in tension and compression in the directions lying
within the plane of isotropy, £ = 2u(1 + v),
E  Young’s modulus in tension and compression in the directions lying
in the plane perpendicular to the plane of isotropy,
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v Poisson’s ratio determining the transversal contraction in the plane
of isotropy due to tension in that plane,

Poisson’s ratio determining the transversal contraction at tension oc-
curring in the direction normal to the plane of isotropy,

)

G = ,u,@ = i shear moduli in the plane of isotropy and in the planes normal to
that plane, respectively.
If we assume that the plane of isotropy is nonhomogeneous, the elastic constants will
be point-dependent. Assume the sole dependence on the coordinate z, so that

E=E(z), E=E(@)),
(32) e E@)
R )

Relations (3.2) should now be substituted into Eqs. (3.1).

Assume now the state of strain in the plane (z, y) to be two-dimensional, i.e. only the
strains €13, €33, €13 = €3 are different from zero, and £;; = €5, = €73 = 0. According to
Eq. (3.1) and to the relation £5; = 0 we obtain

P’ C)
G=G)= 201+ 0(2))

~

v
E(Uyy - I/sz;) = Eazr )
whence

(3.3) Oyy = B0z +vo,,, |=

U

Hence the generalized Hooke’s law for a transversely isotropic body with the nonhomo-
geneity described by variable shear modulus being a function of z > 0 in the state of
plane strain takes the form

Ell(ma Z;t) o "f(l)O’zz(.'L‘, 3;1) - Bl(z)gazz(l'a Z;t) ]
(3.4) e3(x, z31) = B(2)f(2)g(2)0::(2, z51) — f(2)022(2, 1),
eis(z, z;t) = By(2)ox:(x, 2;51),

where
(35)  f(2) =l +r@R), g()=1"'C@0U-rE), )= Z(‘?),
E(?)
1 ) 1 1
- 2) = z2) =1 - = 2) = 1(z) + =—.
G8) Be) =g B =FREE) -3 Bl =lE)+ £

The linearized relations between the displacement vector and the strain tensor in the
two-dimensional system (o, 8) = (1, 3) are expressed by the formula

1
3.7 Eap(2, 2;t) = E(ua,ﬂ(m-v z;t) + up (T, 231)) .

It should be noted that u(z, z;t) € C°>.
Differentiation with respect to time yields

1
(3.8) Eap(,231) = i(ila,g(m, 2;t) + g oz, 231)) .
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The equation of dynamic equilibrium (with no body forces) has the form

(3.9) Oap,p = Pliy ,
whence it follows, under the assumption of p = const, that
Ty = pily.3,
(3'10) v, 73 P "01/3
Ty ya = PUB,«
and
(3.11) Plia,s + ga) = OayyB + Opy,ya -

On comparing the Eqs. (3.8) and (3.11) we obtain the conditions of equilibrium which
combine the acceleration of the strain tensor with the second spatial derivatives of the
stress tensor.

(3.12) Eap(@, 2;1) = (20) (T o ya(T, ;1) + Oy ~al®, 2 1)) .

Substitution of the constitutive relations (3.4) in (3.12) enables us to write down the
equation of motion in terms of stresses

—f(2)8 2z(%, ;1) = Bi(2)0ze(, 25t) = P_I(U:ca:,a:x(m’ 2;1) + Opz,20(2, 251))
B(2)[(2)9(2)d 22 (2, 251) = [(2)8za(, 231)
(3.13) = PN (Coz,02 (8, 550) + Oz 2 (2, 25)),
2By(2) oo, 258) = PN (O aa(By B ) + e 25 (2, 531)

+ Uz:r:,:m:(wa Z;t) + azz,zr('z's z;t)) .

3.2. Equations of surface waves

If the surface waves are sought for in the halfspace z > 0, particularly the Rayleigh-
type waves, the set of equations of motion (3.13) must be completed by the following
boundary conditions:

22T ; = Z\ -1 O;t = ?
(3.14) 0.,(2,0;1) = 05.(2 )=20
T,y (2,00;1) = 0z,(x,00;1) = 0.

The equations of motion in the form (3.13) have not been derived and analyzed in the
literature thus far (according to my knowledge). J. IGNACZAK derived the equations of
motion in terms of stresses for an arbitraty medium in the form (cf. [1] and Eqgs. (2.6))
(B-15)  2xijr()d (e, t) = [p~ (@)aik iz, )] ; + [P (@)ojk k(2. D]

+He @i, 1) + [P (@) F(x, 1)),i
The equations were then used to analyze the problem of Rayleigh waves in a nonho-

mogeneous, isotropic elastic halfspace under the assumption that the state of strain is
two-dimensional (u3 = 0); the equations have the form (cf. [1])

L ey MEap
(3.16) ;1.(.17)[ ap(T,T) 20(x) + 2u(z)

and should be satisfied in the region |2,| < oo, 0 < @3 < co under the conditions

Gy (%, T)] = Ooyyp(%, T) + Oy yal(T, T)

02(21,0;7) = opp(2y,0,7) = 0,
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02(21,00;T) = opp(21,00;7) =0, 3 <00,

where 0,3, o, 3 = 1,2 denotes the dimensionless stress tensor in the plane state of strain
Oap = Oap/ o, and the remaining symbols have the meanings as follows:

po= Ry, T =Tofre, T = L1/ Tor/Pos A= X/H[h

X = X(’a}a), it = ji(Z,) — Lamé coefficients,
T, Cartesian coordinates,
po  constant density of the medium,
to = fin(ZY),
2%, afixed point of the plane (24, 23),
xy  a characteristic length,
7  dimensionless time.

After the digression referring to the origins of the statement of the problem under
consideration, let us now return to the analysis of Eq. (3.13); its solution is assumed in
the form of harmonic functions

orz(T, 2;t) = az) exp[i(sz — pt)],
(3.17) 0.:(x, z;1) = B(2) expli(sx — pt)],

0:-(2, 2;t) = y(z) exp[i(sz — pt)],
where a, (3, 7 are functions of the only variable z; they decrease, not necessarily expo-
nentially, with 2 — 00, and 27 /p, 27 /s, Cr = p/s denote the period, length and propa-

gation speed (Rayleigh velocity) of the wave, respectively. Substitution of Egs. (3.17) in
Eqs. (3.13) and (3.14) yields

PIBi(z)a(z) + f(2)B(2)] = p~'[=s’a(z) + is¥'(2)],
(3.18) P[()a(z) = B(2)f(2)g()B(2)] = p~'[is7'(2) + B"(2)],
2By(2)p™y(2) = p~'[ise! (z) + 7" (2) = $*y(2) + is5'(2)]
and
B0) =~(0) =0,
B(c0) = 7(o0) = 0,
primes denoting differentiation with respect to z.
Equation (3.18) may be replaced with the system of Eqs. (3.19)

PI(B1(2) + f(2)a(z) + f(2)(1 — B(2)g(2))8(2)]

= p~I[-sa(2) + B"(2) + 2is7'(2)],
PI(B1(2) — f(2))a(z) + f(2)(1 + B(2)9(2))B(2)] = p~'[-s*a(2) - B"(2)],
—p*y(2) = (2B2(2)p) " [isa!(z) + isf'(2) — s*y(2) + 7"(2)].-

Equation (3.19); is used to determine

(3.18)

(3.19)

(3.20) a(z) = —H [ f(2)(1 + B(2)g(2)) + ;1;;5172 B(2).
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where
1 d
(3.21) H = |Bi(z) - f(z)+p~! (—) ] D=—.
P dz
Equation (3.19); is now used to determine
(3.22) 2isy(z) = K~1D[2isDy(2) — 25%(a(2) + B(2))],

while Eq. (3.19), makes it possible to determine the expression (2:¢sD+) occurring in the
formula (3.22),

2isDy(2) = [pp*(Bi(2) + f(2)) + $’la(2) — D*B(2) + pp* f(2)(1 — B(2)g(2))B(2) .
Hence, this result and Eq. (3.22) yield
(3.23) disy(z) = K~'(2)D{W}B(2),
where
K(2) = & = 2By(2)pp” = (1= 2By(2)n(BY|

(3.24) {W1B(z) = La(z) — D*B(z) + MpB(z).
In the last formula we have introduced the notation

L = pp¥(B(2) + f(2)) - &,
M = pp f(2)(1 - B(2)g(2)) — 25° .
Inserting Eq. (3.20) into (3.24),, making use of the relation

M = L = [pp*(B(2)f(2)9(2) + Bi(2)) + §],

regrouping and rearranging the terms we arrive at the operator W written in the form
(3.26) W = —A(2)[D? — s5(1 — R(2))] + 45%E(2),

where

(3.25)

2
AG) =2 @B, RE = p(2) (B @) + BESE).
(3.27)

£G) = (@) | f2) ~ But) — 507" (%)z] -

It should be noted that operator W in the form (3.26) acting on the function §(z)
plays an important role since it generates the fundamental differential equation governing
the problem under consideration.

Thus the Eq. (3.23) determining the shear stress amplitude y(z) will be expressed by
the formula

(3.28) 2is7(2) = K™Y (2)D{(=A(2))[D? - s*(1 — R(2))] + 45°E(2)}B(2) .

Equation (3.18), may be used to derive the differential relations to be satisfied by /3.
The values of a(2) and v(z) given by Egs. (3.20), (3.28) are substituted in

1 .
(329)  BE)(2)9(2)() + #Dzﬂ(z) - ) + —5isDy(z) = 0,
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Rearranging the corresponding terms we obtain

(3.30) [B(z)f(z)g(z)—fz(z)'H‘(z)(l+B(z)g(z))]ﬂ(z)+pipzll+f(z)ﬁ“(z)]D2ﬂ(z)
| [
+ o7 DHT EDCARID® - (1 - R()IA(E)

._];._l =1 ¢ =
+pp22DIC (z)D4s%€(2)B(z) = 0.

This equation may also be written in the form

(3.31) (DK7'(2)D — 1)(—A(2)[D' - s*(1 — R(2))18(2)
+(2[1 + H7'(2)(f(2) — B1(2)))D* + 4’ DK~ (2) DE(2))B(2)

+2PP2{B(Z)f(3)g(Z) +H () (f(z)B(Z)f(Z)g(Z)

2
+Bi@)|p (3) - B ) e - o,
It is seen that function B(2) should satisfy the ordinary, linear differential equation of
fourth order with variable coefficients, which are determined by means of the material
characteristics of the medium, i.e. the elastic constants of anisotropy and nonhomogeneity.
Of course, the inverse operations H~!(z), K~!(z) are assumed to exist.
The problem of the Rayleigh surface waves is then reduced to the analysis of Eq. (3.31)
with the following boundary conditions:

- A(0) = (o) = 0,

=) D{H @BID? - (1 - R(2))] - 25 (}B()] 20 = 0.
The solution consists in determining the non-vanishing function 3 = [(z) satisfying
Egs. (3.31), (3.32), and the parameter C'g = Cg(s) > 0, which is the Rayleigh wave
propagation speed depending, in general, on the wave number s, the anisotropy and the
nonhomogeneity characteristics. Once the function 8(z) is determined, the stress ampli-
tude a(z), y(2) appearing in Eqgs. (3.17) may be found according to the formulae (3.20),
(3.23). This is the reason to call 3(z) a stress function.

4. Discussion of the equation for the stress function in a transversely isotropic nonho-
mogeneous semispace

Equation (3.31) for the stress function in a transversely isotropic, nonhomogeneous
semispace (in accordance with the assumptions made earlier) is written in a form which
may be divided into three parts, each of them contributing an essential information con-
cerning the physical properties of the medium. The first two terms have the form

(4.1) (DE7Y(Z)D — D)(—A@)[D? - (1 - R()]IA(2),
(42) (201 + H7'(2)(f(2) = Bi(2))]D* + 4s* DK™} (2) DE(2)) B(2).

The third term is represented by the remaining expressions at the left-hand side of
Eq. (3.31). The terms will be discussed in the order exposed in the Introduction.
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4.1. Transversely isotropic body of a “small nonhomogeneity”

The second term of Eq. (3.31) given by (4.2) (cf. Eq. (3.31)) may be proved to vanish
identically when the medium becomes homogeneous. In the case when

(4.3) T(2)p(2) = (Ti(2) + To(2))B(2) € 1,
where
Ti(2) = 2[1 + H'(f(2) = Bu(2))] D?,
Ty(z) = 4s* DK~ (2)DE(2)

term (4.2) may be considered to be small as compared with the leading term (4.1), and
Eq. (3.31) may be replaced by the equation

(44)  (DK)D - I(—AE)D? - (1 - RE)IB)
+200{ B (2) + H @) (JOBE )

+Bi(2) | (i) - B ) 8 = 0.

This equation may find an application to the approximate description of a surface wave
propagating in a transversely isotropic medium characterized by “small nonhomogeneity”.
The accuracy of the solution depends on the estimated value of the term (4.3); let us
consider the function 7T'(z).

Substitution of the magnitude defined by Egs. (3.5), (3.6), (3.21), (3.24),, (3.27); into
Eqgs. (4.3); 3 yields the results

- : |5 ’ E@) ]
45 Tiz)=2+ TN [V(Z)(l + 1(2)) + (1 + E(z)u (z))
P(2) (E(2), 2-02)]7
R —~ i _— D
X[HD(Z)(E(z)V(Z) V(z)) ¥ 2 ]
and
. 1 9(z) (E(2). 1—fz(z)]
. Ts(2) = — = = - -
46 Txz) 4D1—rz(z)D[1+z7(z)(E(z)V(Z) V(Z)) * 2(2)
P2 (E@).,.. ) 2 - 0(2)]7"
><[1+:7(z)(1?:(z)y(z) e 2(2)
where
. Ch
26 = 726y

Consequently, assuming the expressions occurring in Eq. (4.5), (4.6) to be independent of
z (what means that we are passing to the case of an anisotropic homogeneous medium),
and introducing the relations

E
47 h=T, k=
(4.7) F
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we obtain
1

8) T=T+Tp= PN
*8) L¥5 2{1+(1—!2)(1+ku)

(3(ku + kv — hk*? +1)

—R[kv(1 + v) + (1 — hk22)) — 2%(1 + ku))

x[1+ku(hk—1)+ ﬁ] }D.

Passing with h and & to 1,

(4.9) lim T=[1+ lﬂ{s—ﬁ—zi} QA]DZ=0.

This means that under £ — E and # — v and for a homogeneous medium, term Eq. (4.2)
vanishes.

4.2. “Weakly anisotropic” nonhomogeneous body

It may be shown that if the medium is isotropic and nonhomogeneous, the third term
of Eq. (3.31) will be identically zero. Thus, assume now that the term

(4.10) 2Ml'z{(13‘(2f)f(2)9(z)) + H"(z)(f(Z)(B(Z)f(Z)y(Z))

+Bi)[p™ (%)2 - (B ) 156)

is small as compared with the other terms of Eq. (3.31); the equation assumes then the
simplified form
(4.11)  (DK7'(Z)D — D(=AE)[D? - s*(1 - R(2))]B(2)

+Q[1+HTG)(f(2) - Bu2)ID? + 4s*DK™(2)DE(2))B(2) = 0,

describing the stress function in a “weakly anisotropic”, nonhomogeneous medium.

4.3. “Weakly anisotropic” body with a “small nonhomogeneity”

The two particular cases considered in Secs. 4.1, 4.2 imply the approximate form of the
equation for the stress function in a “weakly anisotropic” medium with “small anisotropy”,

(4.12) (DK~ Y(2)D — 1)A(2)[D? - s*(1 —= R(2))]B(z) = 0.

This equation may be applied to determining the approximate solution of the surface
wave problem formulated earlier in Sec. 3.2, cf. Eqs. (3.31), (3.32).

4.4. Transversely isotropic homogeneous body

Let us now present the accurate form of the stress function 3(z) in a transversely
isotropic, homogeneous semispace. In such a case the coefficients of the equation are
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independent of z and Eq. (3.31) assumes the form
(4.13)  AKT'D* - 1)[D? - s*(1 — R))B(=)
~QL+H'(f - Bl + 4s’K'E)DB(2)

~200{BTg + 7~ (FBTg) + B o™ () - B7a] ) }ae = o,

where
=t .. SH Bk—1 8- 07"
- -1 3 7 2
A = 2B,H 1+k (hk?y )[kquV = ] ,
K =s01-10),
— 1~ v+1
R‘EQ[Z hkz—l]’
5 | -
N Iy Y z-rz]
(4.14) H [-Bl f+p (p)]_z,ﬂ[kyl+kl/+ =
FT_.. = 1 (12,2 _
f Bl—ZA(1+ky)[ku(l+u) (hk*v* = 1)),
2 2.2
e 1 (s o s 1+u_hk1/— 1
E=lr [f By g (p)] [kul+kv 1+ kv [9)
x[kuzhk_l :Q]
1+ kv N
Bfg= () —(—) -
= - _4,ul—x
AL+ H(f - By +4s°K '€ = 2(1 + {1 = [kv(1 + v) — (hk*? = 1))
_ 011
(4.15) x(1+2 1A)—2A IA}[kuzhk 1+2AQ] )
1- 102 201 - 02) 1+kv 2
S hkv s\? hk2u? — 1
B fg = ———, B 1() = =)
/(B g) Bu2(1 — x) ¥\ 202(1 + kv)R2
e hk*v? — 1 _1-2v o Ck _C%k
BB‘fg‘smz(l—ku)(l-x)’ T Q"'&?’ Q_Tg"

whence we obtain

(4.16) {Bfﬁ [T(F )+ B (f)z_ﬁﬁ]]}

f7
{ [l.v(l tv) 4h(hk*v* — 1)(1 — %) hk*v* — 1]
1+ kv 201 +v) 1+ kv

;L(lfn)
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_ _" -1
(4.17) X kﬁhk 'l+2.~9] },
e 1+ kv N
1 p\*1 1,C% 1
4.17 2 2—=2(—)-~=—2——’i=—29-
(+17) PPy =P\s)u~2°a = 2°

In view of the relations (4.16), (4.17), the term in braces appearing in Eq. (4.13) may
be rewritten in the form

1
(1= %)

(4.18) 205} = 50— {1+ [ - - 1),

with the notations

[ = kv(1 + v) . dh(hk*v? —1)(1 - %)  hk*? -1

1+ kv 201 +v) 1+ kv’
hk—1 2-0
S, P s
[ ] yl+i’qur (7]

On substituting (4.14); 2 3, (4.15); and (4.18) in (4.13) we obtain the final form of the equa-
tion for the stress function (3 in a transversely isotropic homogeneous body. This equation
may easily be transformed to deduce the simplified equation for the homogeneous “weakly
anisotropic” medium by following the considerations presented in Secs. 4.2 and 4.3.

4.5. Isotropic nonhomogeneous body

To conclude the discussion of particular cases of the Eq. (3.31) let us present the
equation governing the surface stress wave propagation in an isotropic, nonhomogeneous
semi-space. The form of the equation obtained is similar to Eq. (4.11), though the coef-
ficients are much simpler. Equation (3.31) is now represented in the form
(4.19) (DK™'()D -~ D=AR)D* - (1 - R())B()

+[1+ (@) (2) = Bua)] + 48 DK™ (2) DE())B(2) = 0,
with the notations

K(z) = $(1 - 2(2)),

0
AR =~ e - 20y
R(z) = »f2(2),

(4.20) i) = 2= 9C)

2u(z)  12(2)

21+ R () - i = 45—

3&)=ﬂ*jhn—3mn—§¢*ﬁj1— Ll

p/ ] 2-0@)
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Inserting Eqs. (4.20) into Eq. (4.19) we obtain for B(z) the following equation

1 1 f =
(421) (ED_]—_——QD = 1) m[l)z = 32(1 = xQ)]ﬂ(z)

+4(__QD D—QD———-——2 Q)ﬁ(z) =0.
Amplitudes o and 3 determined by Eqs. (3.20) and (3.28) assume the form

Al = —ﬁ(sm +2DM5()
(4.22)

P 1 12 2 _ 201 A ,1— 02 }
2isy(z) = T Q)D{(l o Q)[D s°(1 — »8))B(2) — 4s .- .
In such a case function ﬁ(z) is required to satisfy the conditions
B(0) = B(c0) = 0.
f2 2 2
D{Z—.Ql [D — s} (1 — x))B(2) -

(4.23)

— -
— ‘Qﬁ(‘Z)};":C(’:j =0.

The following notations have been introduced in Eqs. (4.21)—(4.23)

o 1=2u(2) A 1 = 2x(z)
(4.24) b 2(1 - v(2))’ HEl = x(Z))’
. 0=00= SR 1(2)
== ey ”‘(p)

Equations (4.21)-(4.23) are known from the literature; they were originally derived and
presented by IGNACZAK in his dissertation “Problem of completeness for the equations of
motion in linear elasticity written in terms of stresses” (1963); see, in particular, Chapter II
“Rayleigh waves in a nonhomogeneous, isotropic elastic halfspace”, [1] or [2].

5. Method of solution of the equations derived for the anisotropic and nonhomogeneous
elastic medium

The results of investigations made thus far in the fields of surface stress waves in
isotropic nonhomogeneous media, based on the application of the equations of mo-
tion written in terms of stresses (see IGNACZAK [1], RAO [15], RozNOwsKI [11, 12],
KLECHA [16]) may now be used to outline the method of solution of Eq. (3.31) in the
case of a transversely isotropic nonhomogeneous body.

Certain analogies between the Eqgs. (3.31) and (4.21) suggest the similarity of the cor-
responding solutions, what may facilitate the choice of the suitable solution methods. In
paper [11] the present author considered an equation similar to Eq. (4.21); the problem of
surface wave propagation in an isotropic halfspace of “small nonhomogeneity” was solved
under the two following assumptions:

a. Variation of the elastic shear modulus is expressed by a monotone function of depth
coordinate z,

Holloo
5.1 uz2) = e>0,
G- #ez) to — (fo — Hoo) exp[—2¢2]
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where 1, fieo denote the shear moduli at the boundary of the halfspace, z = 0, and at
infinity, 2 = oo, respectively, and ¢ denotes the nonhomogeneity parameter.

b. The term in Eq. (4.21) which vanishes identically in a homogeneous halfspace is
disregarded, i.e. the term

2
5.2) 4 QD -D T _Q D ﬂ(z)

In such a case a closed form solution for the function ﬂ(z) was obtained; the dispersion
equation has been discussed under the assumption that the nonhomogeneity parameter ¢
was large enough to justify the asymptotic expansions used.

The general problem of Eq. (4.21) with conditions (4.23) under the assumed nonho-
mogeneity (5.1) was considered by the author in [12]. The results obtained earlier in [11]
enabled the solution by means of the method of successive approximations.

Owing to the fact that the equations derived in the present paper (3.31), (4.4), (4.11),
(4.12), (4.13) are of a similar type as those considered in [11] and [12], let us follow the
way of reasoning presented in those papers and use the differential operators introduced
there. Equation (3.31) is written in the form

(5.3) LiI(z)L3B(z) = F(z),
where
L= Dfi(z)D -1,
L = D* - §*(1 - fy(x)),
(5.4) F(z) = P(z) + G(z),
P(z) = [m(z)D? + D4s* fi(z) Dmy(z)]B(2) ,
G(z) = g1()B(x) .-

functions f,(z), f2(z), m1(z), T2(2), g1(2), I'(z) being defined by Eq. (3.31). Introducing
the notation

(5.5) v(z) = I'(z)L3A(z)
and substituting Eq. (5.5) in Eq. (5.3), we obtain
(5.6) Liv(z) = F(z)
and
(5.7) L2B(z) = ' Y(z)v(z).
Assume now that
dr

- @) £ Dpta),

F(z) =D fi(z)g(z).

Substituting Eq. (5.8) in (5.6) and using Eq. (5.4);, we obtain
(5.9)  Liv(e) = LiDep(z) = (D fi(z)D — 1)Dip(2)
= Dfi(e){D? - h(z)}p(z) = D fiz)g(e).
From Eq. (5.9) it follows immediately that
D fi(@){D*¢(x) — h(z)e(z) - ¢()} = 0,
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and then

(5.10) D?p(z) - Ma)p(z) = ¢(z),  h(z) = (@)™, fi(z) #0

so if () satisfies Egs. (5.10), the function (5.8); will also satisfy the Eq. (5.6).
Comparison of Egs. (5.3)-(5.10) with Egs. (2.10)—(2.14) in paper [12] yields the anal-

ogy enabling us to use the method of solution applied in [12] in solving the Eq. (3.31) and

its simplified versions. Thus the solution of the equation governing the stress function in

an anisotropic nonhomogeneous medium may be determined by following the procedure

demonstrated in [12], i.e. by solving the set of Egs.

D*¢(z) — h(z)e(z) = q(z),
L3B(z) = I'(z) ' Dyp(x)

under the boundary conditions

(5.11)

B(0) = B(x0) =0,
D{H Y (z)By(z)[D* - s*(1 — R(z))] — 2s*£(2)}B(x)| z=0 = 0.
=00
A more detailed analysis of function g(z) is given in the paper [12].
Particular attention should be paid to Eq. (4.12); in that case F'(z) = 0 and suit-
able construction of functions K~1(z), A(z), R(z) (written in notation introduced in

Eq. (5.3)) makes it possible to use the consecutive stages of solution presented in [11]. In
that case Eqs. (5.1), (5.4) yield the following relations:

2 — =
(5.13) Ifso(r)_ h(w)w_(l'r) 0,
LyB(z) = (I'(z))"' Dy(=),

(5.12)

with the notations

2
h(z) = (K™ @)™ = K(z) = 32[1 - 2B($)P(§) ] ’
(5.14) I(z) = —A(z) = —2H"'(2)Bi(2),

p 2
fi#) = R@) = (L) 1B@) " F1@) + B@) @)@

The same method may also be used to propose the physical interpretation of the problem
considered.

The cognitive value of Egs. (3.30) or (3.31) derived here and applicability of the
method of solution based on Egs. (5.11), (5.12) will be presented on the example of a
simplified equation (4.12) governing the stress function in a “weakly anisotropic” medium
of “small nonhomogeneity” in the paper [22].

6. Conclusions

1. Problem of the Rayleigh-type surface waves in a transversely isotropic semi-space,
nonhomogeneous in the vertical plane of isotropy, may be analyzed as the eigenproblem
of the fourth-order differential equation with variable coefficients — Eq. (3.30) or (3.31)
with the corresponding boundary conditions.

2. Solving the equation by means of the method considered in Sec. 5, Eqgs. (5.3)-
(5.12), we obtain the set of two ordinary second order differential equations with vari-
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able coefficients, with the necessary boundary conditions. In order to determine the
solution B = f[(z), the functions describing the variation of material characteristics
of the halfspace must be assumed (Young’s moduli, Poisson’s ratios), and the equa-
tions must be reduced to the form enabling the qualitative and quantitative analysis,
see e.g. E. KAMKE [21].

3. Once the function 8 = [((z) is determined, the dispersion equation may be ob-
tained from the condition of vanishing of the shear stress amplitudes at the free surface
of the halfplane.

4. Of special interest is the approximate equation (4.12) derived for the “weakly
anisotropic” halfspace with a “small nonhomogeneity”, since it is much simpler than the
accurate equation (3.31) and it contains all the material coefficients determining the prop-
erties of the transversely isotropic, nonhomogeneous medium.

5. The equations derived enhance the possibility of theoretical analysis of continua
exhibiting certain properties of anisotropy and nonhomogeneity, the anisotropic and non-
homogeneous surface layer in particular.

&
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