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Surface stress waves in a transversely isotropic 
nonhomogeneous elastic semispace 
Part I. Equations of motion and equations of a Rayleigh-type 
surface wave 

T. ROZNOWSKI (WARSZAWA) 

, PLANE STATE of strain of a transversely isotropic medium, nonhomogeneous in the plane of isotropy, 
is considered; equations of motion expressed in terms of stresses are used (Sec. 3) to formulate die 
problem of propagation of Rayleigh-type surface stress waves. It is proved that in the case of a 
harmonic wave, the problem may be reduced to a solution of a fourth order, ordinary differential 
equation with variable coefficients (3.30), (3.31) for the "stress function" {3( z ), i.e. the normal stress 
u z z amplitude distribution in the semi~ace along the vertical direction; the remaining amplitudes, 
Eqs. (3.17), are expressed in te rms of fj( z ). The form of Eq. (3.31) makes it possible to formulate 
and discuss in Sec. 4 several particular cao;es of the media under consideration. Equations ( 4.19) 
or ( 4.21 ), ( 4.22) are {'roved to be identical with those derived by J. IGNACZAK in [ 1 ]. The methods of 
solution of the equations of motion are presented in Sec. 5. Conclusions are drawn in the final Sec. 6. 

1. Introduction 

IN TIIE LINEAR elastodynamics of anisotropic and nonhomogeneous bodies the general 
equations of motion and the corresponding initial and boundary conditions are written 
in terms of two different sets of unknowns representing either the displacement vector 
or the stress tensor. The remarkable achievements of the modern technology are based 
mainly on the observation and investigation of the wave processes, also those involving the 
surface waves. The experimental and phenomenological investigations are far ahead of 
the corresponding theory, •fi rst of all as far as the qualitative analysis of the wave processes 
is concerned. An important difficulty follows from the complex form of the phenomenon, 
the material coefficients being functions of position and direction in the space and leading 
to a coupled form of the equations, difficult to separate. 

The stress waves occurring in materials of complex structure have been considered to 
be important for the engineering practice since the beginning of the present century for at 
least the following two reasons. First, the phenomenon may be utilized in diagnostic equip
ment aimed at measuring the elastic properties, material faults detection and transmission 
of information. Such applications are used mainly in the cases of sinusoidal stress or ul
trasonic pulses. Another important reason results from the damages or total fracture of 
the structures produced by instantaneous stress pulses due to the impacts or earthquakes. 

The impact loading is well known to be characterized by two important properties: 
the propagation speed of the stress wave and a certain rate of strain changes, i.e. the data 
which are usually disregarded in the static analysis, when the process is assumed to occur 
simultaneously in the entire structure. 

The stress wave propagation velocity depends upon the direction of propagation and 
if the stress-strain proportionality condition is violated, also upon the stress level. The 
stress wave velocities in a non-simple (complex) medium are determined by averaging the 
motions over the local regions of the body containing various elements or particles. 
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It is obvious that during the impact loading. the energy is concentrated within small 
volumes and, thus, the impact loading of a short duration accumulating small amounts 
of energy in a relatively small volume may lead to various types of damages, fracture or 
crack propagation, the phenomenon frequently encountered in high efficiency and preci
sion machines (e.g. turbine generators) or, generally, in seismic zones. 

In view of the finite duration of stress wave propagation and the strain rate-dependent 
material properties characterizing the impact processes occurring in engineering struc
tures, anisotropy and inhomogeneity of the materials has to be accounted for at the early 
stage of engineering design of structures subject to dynamic loading. 

The simplet model of an inhomogeneous body is a layered medium consisting of homo
geneous elements of known (theoretically or experimentally determined) wave transmis
sion properties. Such a medium was, for instance, used by the seismologists to refine the 
measurement techniques and to interpret the earthquake recordings (Ewing, Jardetzky, 
Press 1957), thus contributing to the knowledge of the earth crust structur~; several works 
deal with problems of that type. Knowledge of some solutions in this field 'increased, how
ever, the demand for further, more refined investigations (mainly theoretical) of media 
exhibiting more complicated internal structure. · 

The present paper is aimed at demonstrating the possibility of analysis of wave pro
cesses occurring in elastic media of a complex internal structure; the mathematical ap
paratus used should make it possible to analyze the processes at least in the qualitative 
sense. Thus w~ shall start with the general method of derivation of the field equations 
written in terms of displacements and stresses (Sec. 2); in Sec. 3 the general stress equa
tions will be reduced to the case of transversely isotropic inhomogeneous medium filling 
a halfspace, Sec. 3.1. In such a halfspace the Rayleigh-type surface wave problem will be 
formulated as the eigenfunction problem of an ordinary fourth order differential equation 
with variable coefficients, Sec. 3.2. The equation obtained ((3.30) or (3.31)) may be re
duced by a limiting procedure to the dynamic equation known from the literature (2]. If 
the semispace considered is isotropic and nonhomogeneous, the result obtained assumes 
the form given by J. IGNACZAK in 1963, [1, 2]. 

The qualitative analysis of Eq. (3.31) presented in Sec. 4 demonstrates five particular 
types of wave phenomena; the first three of them (1-3) represent approximate solutions, 
and the remaining two ( 4, 5) - the accurate ones, depending on the material properties 
of the medium. 

1. Transversely isotropic body of a "small nonhomogeneity", Sec. 4.1; 
2. "Weakly anisotropic" nonhomogeneous body, Sec. 4.2; 
3. "'Weakly anisotropic" body with a "small nonhomogeneity", Sec. 4.3; 
4. Transversely isotropic homogeneous body, Sec. 4.4; 
5. Isotropic nonhomogeneous body, Sec. 4.5. 
Section 5 is devoted to the method of solution of the equations constructed for an 

elastic, transversely isotropic nonhomogeneous medium, the ordinary, fourth prder differ
ential equation with variable coefficients being reduced to a set of two ordinary, second 
order difierential equations with variable coefficients, satisfying certain definite boundary 
conditions. Several conclusions are presented in Sec. 6. 

The equations written in terms of stresses for a transversely isotropic body may be 
transformed to the corresponding relations expressed in terms of displacements. Further 
limiting procedures applied to both types of equations lead to the static Beltrami-Michell 
stress equations (representing the compatibility conditions) and the Navier-Lekhnitskii 
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displacement equations, cf. [3]. Some static problems concerning the transversely isotropic 
bodies for a semispace were solved, on the basis of Navier's solution, by W. NOWACKI 
(1954), Z. MOSSAKOWSKA (1955), J. MOSSAKOWSKI (1956), papers (4-7); in the dynamic 
case cf. the work by S. KALISKI [8], based on the Lame equations. 

The present paper may be referred directly to the problem of propagation of seismic 
waves and can be applied to the analysis of the effects of anisotropy and nonhomogeneity 
of the surface layer subject to dynamic loadings. The proposed model of a continuous 
complex elastic semispace, together with the equations of motion and the Rayleigh-type 
stress wave formulations represent, from the theoretical point of view, a certain extension 
of the methods of ana1ysis of the surface layers known up-to-date. 

The solutions obtained in the paper are original except the Eq. (4.21) which was derived 
earlier in [ 1 ]; they may be viewed as filling an important part of the gap in the descrip
tion of an elastic, anisotropic and nonhomogeneous medium, allowing for an additional 
qualitative (sometimes even quantitative) insight into the behaviour of such a medium; 
this is due to the Eq. ( 4.12) which accounts for all the anisotropy and nonhomogeneity 
parameters introduced here. 

2. Linear equations of elastodynamics for an anisotropic nonhomogeneous body written 
in terms of displacements and stresses 

The considerations are based on the following relations: 
a) linear kinematic relations 

1 
(2.1) Eij(X, t) = Z('lli,j(X, f)+ 'llj,i(X, t)) = 'll(i,j)(X, t), 

b) equations of dynamic equilibrium 

(2.2) · O"i j,j(x, t) + Fi(x, t) = p(x)ui(x, t), O"ij = O"ji, 

c) constitutive equations 

(2.3) 

or 

fij(.'r, t) = Xijkt(X)O"kt(X, t), 
d) compatibility conditions 

(2.4) epkleqmnE km,ln = 0 · 

Substitution of Eqs. (2.3)t and (2.1) into (2.2) yields the displacement equations of motion 
of the medium (under isothermal conditions) 

(2.5) [Ci jkt(x)uk ,t(x, t)],j + p(x)(fi(x, t)- ui(x, t)) = 0. 

On eliminating 'lti and Eij from Eqs. (2.1)-(2.3) we obtain the equation of motion written 
in terms of stresses (under isothermal conditions), 

(2.6) 2xi jkt(x)aktCr , t) = [p- 1(x)aik,k(x, t)],j + [p- 1(x)ajk,k(x, t)],i 

+(p -t(x )Fi(x, t)],j + (p- 1(x )Fj(X, t)],i. 

The following notations have been introduced in the above equations: 
ui components of the displacement vector, 

Eij components of the strain tensor, 
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aij components of the stress tensor, 
x spatial coordinate (xt, x 2, x3) or (x, y, z) in a rectangular coordinate 

system, 
tiry-Ie, 

epkl permutation symbol, 
Cijkt(x) 4th order tensor of elasticity moduli as a function of a spatial coor

dinate, 
Xijkl(x) 4th order tensor of compliance moduli as a function of a spatial 

coordinate, 
p( x) density of the medium, 

Fi(x , t) = p(x)fi(x, t) body force. 
Symmetry of the matrices [a i j] and [ E ij] implies t~e rel~tions 

(2.7) Cijkt = Cjikt = Cjitk, 

.W.hat reduces t'he number of independent elastic constants from 81 to 36. The next relation 

cijkl = cklij 

pr~duces the additional reduction to 21 independent constants. 
The transversely isotropic body is characterized by 5 different elastic parameters. 

Moreover, the strong elipticity condition 
i 

Cijklaibkajbl > 0 

should be satisfied by any pair of vectors a and b. Other notations: a dot over a symbol 
denotes differentiation with respect to time, i.ndices following the comma denote partial 
differentiation with respect to the corresponding spatial coordinates. 

If a ·ij ( x, t) is a solution of Eq. (2.6) under homogeneous initial conditions, then the 
displacement vector will be expressed by the equation (J. IGNACZAK 1963, [1]) 

t 
(2.8) uk(x, t) = p-1(x) J (t- r)[aij,j(x , r) + Fi(x , r)] dr. 

0 

Relation (2.8) was later generalized by M. E. GURTIN in 1964 to include the case of 
nonhomogeneous initial conditions in the form [9, 19] 

t 

(2.9) ui(x, t) = p-1(x) J (t- r)[aij ,j( x , r) + Fi(x , r)] dr + ui lt=O + titdt=O. 
0 

3. Transversely isotropic elastic, nonhomogeneous body (plane strain) 

3.1. Equations written in terms of stresses 

In the theory of elasticity use is made of the fact that when the anisotropic body struc
ture exhibits a symmetry of any kind, the same symmetry occurs in the elastic properties 
of the body (see Eq. (2.3) 1,2 and (2.7)7,x. We may thus search for a model of an elastic 
anisotropic, nonhomogeneous body of a simplified structure. 

Let us assume the body to have the property that each point of that body lies on a plane 
within which all directions are equivalent from the point of view of the elastic properties; 
all these planes are parallel to each other. Thus, there exists a plane of isotropy or, in 
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other words, at all points of the body there exists a single "distinguished" direction and an 
infinite number of principal directions in the plane passing through the given point and 
perpendicular to the ''distinguished" principal direction. Another definition: each point 
of the body lies on an axis of symmetry of infinite order (sixth order would be sufficient), 
i.e. on an axis of rotational symmetry. Such a body is called the transversely isotropic body. 

/ 
I 

X I 
I 

I 

I 

/ 
I 

I 

FIG. l. Transversely isotropic nonhomogeneous medium. 

The rectangular coordinate system ( x, y, z) is assumed, the z-axis being directed verti
cally, and the x-axis representing the axis of rotational symmetry. The plane of isotropy is 
determined by the axes (y, z), as shown in Fig. 1. Using the "technical" constants instead 
of the compliances introduced in Sec. 2, the generalized Hook's law for a body with a 
plane of isotropy is written in the form ( cf. [3, 4]) 

v 1 
ClJ = -~(O"zz + O"yy) + ~O"xx' 

E E 
1 v 

E22 = E(ayy- VO" zz )- EO"xx, 

1 v 
E33 = E(azz- l!O"yy)- EO"xx' 

1 
(3.1) 

E21=2GO"yx' 

1 
E31 --=-0" zx, 

2G 
1 1 + v 

E32 = 
2
Ga zy = -y-a zy, 

with the following notations: 
E Young's modulus in tension and compression in the directions lying 

within the plane of isotropy, E = 2J.L(1 + v), 
E Young's modulus in tension and compression in the directions lying 

in the plane perpendicular to the plane of isotropy, 
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v Poisson's ratio determining the transversal contraction in the plane 
of isotropy du~ to tension in that plane, 

v Poisson's ratio determining the transversal contraction at tension oc
cu tring in the direction normal to the plane ·of isotropy, 

G = Jl , G = j1 shear moduli in the plane of isotropy and in the 'planes normal to 
that plane, respectively. 

If we assume that the plane of isotropy is nonhomogeneous, the elastic constants will 
be point-dependent. Assume the sole dependence on the coordinate z , so that 

(3.2) 

E = E(z), 

E(z) 
G = G(z) = 2(1 + v(z)) ' 

£ = E(z) , 

-- -- E(z) 
G = G(z) = 2(1 + v( z)) . 

Relations (3.2) should now be substituted into Eqs. (3.1). 
Assume now the state of strain in the plane (x, y) to be two-dimensional, i.e. only the 

strains £ 11 , €33, €13 = £ 31 are different from zero, and €22 = £21 = £23 = 0. According to 
Eq. (3.1) and to the relation £ 22 = 0 we obtain 

1 v 
E

((Jyy- V(Jzz ) = ~(Jxx ' , E 
whence 

(3.3) 

Hence the generalized Hooke's law for a transversely isotropic body with the nonhomo
geneity described by variable shear modulus being a function of z ~ 0 in the state of 
plane strain takes the form 

cn(x , z; t) = - f(z)(J zz (x, z; t)- B1 (z)(J xx (x, z; t ), 

(3.4) €33(x, z ;t) = B(z)f(z)g(z)(Jzz (x ,z;t)- f(z)(Jxx (x,z ;t), 

€13(x , z; t) = B2(Z)(Jxz(X, z; t ) , 

where 

(3.5) 

(3.6) 

f(z) = l(z )(l + v(z)), g(z) = l-1(z)(l- v(z)), l(z) = ~~;) , 
1 

B(z) = E(z)' 
'l 1 1 

B1(z) = l'-(z)E(z)- ----, B2(z) = l(z) + --- -. 
E(z) E(z) 

The linearized relations between the displacement vector and the strain tensor in the 
two-dimensional system (a, /3) = (1 , 3) are expressed by the formula 

1 
(3.7) €a f3 (x , z;t) = 2('ua,13(x , z;t) + u,a,a(x , z;t)). 

It should be noted that u( x, z; t) E C3. 

Differentiation with respect to time yields 

(3.8) 
1 

€aj3(X, z; t) = 2(iia,j3(X, z; t) + Uj3,a(X, z; t)). 
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The equation of dynamic equilibrium (with no body forces) has the form 

(3.9) a Cif3, f3 = puCi , 

whence it follows, under the assumption of p = canst, that 

(3 .10) 

and 

a Ci"f,"f!3 = pii 01 ,f3 , 

a /3"f ,"fCi = pft13 ,01 

(3.11) p(ita,/3 + ii (J ,t.."Y ) = a 01 "Y,"Yf3 + af3"f ,"f CJ . 

423 

On comparing the Eqs. (3 .8) and (3.11) we obtain the conditions of equilibrium which 
combine the acceleration of the strain tensor with the second spatial derivatives of the 
stress tensor. 

(3.12) 

Substitution of the constitutive relations (3.4) in (3.12) enables us to write down the 
equation of motion in terms of stresses 

-f(z )a zz (x,z;t)- Bt( z )axx (x , z;t) = p-1(axx,xx(x, z ;t) + a xz,zx (x ,z;t)). 

B(z )f(z )g(z )a zz (x, z ; t)- f( z )a xx(x , z ; t) 

(3.13) = p-1(azx ,xz (x, z ;t) + a zz ,zz (x, z ;t)), 

2Bz(z )axz(x,z ;t) = p- 1(axx,xz(x,z;t) + axz ,zz (x, z;t) 

+ a zx,xx (X , z;t) + a zz,zx (X, z ;t)). 

3.2. Equations of surface waves 

If the surface waves are sought for in the halfspace z ~ 0, particularly the Rayleigh
type waves, the set of equations of motion (3.13) must be completed by the following 
boundary conditions: 

(3.14) 
a zz (x, O;t) = a xz (x, O;t) = 0 , 

a zz (x,oo ;t) = a xz (x, oo;t) = 0. 

The equations of motion in the form (3.13) have not been derived and analyzed in the 
literature thus far (according to my knowledge). J. lGNACZAK derived the equations of 
motion in terms of stresses for an arbitraty medium in the form ( cf. (1] and Eqs. (2.6)) 

(3.15) 2xijk t( x )it kt( X, t) = (p- 1(x )aik,k(x, t)],j + (p- 1(x)ajk ,k(x, t)] ,i 

+(p- 1(x)Fi(x, t)],j + (p- 1(x)Fj(x , t)] ,i . 

The equations were then used to analyze the problem of Rayleigh waves in a nonho
mogeneous, isotropic elastic halfspace under the assumption that the state of strain is 
two-dimensional ( u3 = 0); the equations have the form ( cf. [ 1]) 

1 .. .X(x )801 f3 .. 
(3.16) -( -)(a 01 (3 (x, r)- A a "Y"Y (x , r)] = a 01 "Y "Y f3 (x , r) + a13"Y "fCi (x, r) 

Jl X 2 (x ) + 2J-L(X) ' ' 

and should be satisfied in the region jx 11 < oo, 0 < x2 < oo under the conditions 

a22 (x t, 0; r) = a12(x t, 0; r) = 0, 
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· a22(xh oo; r) = a12(x1, oo; r) = 0, x 1 < oo , 

where aaf3, a, {3 = 1, 2 denotes the dimensionless stress tensor in the plane state of strain 
a a 13 = a a 13 I Jlo, and the remaining symbols have the meanings as follows: 

Jl =ill J-Lo, Xa = xo:lxu, r = tVfiOI'J.:uylpO, A = ~/Ito, 

~ = ~(x a), j1 = 'jl(x o:) - Lame coefficients, 
x a Cartesian coordinates, 
p0 constant density of the medium, 
Ito = ftu(x~ ), ' · 
x~ · a fixed point of the plane (x t, x2), 

x0 a characteristic length, 
r dimensionless time. 

After the digression referring to the origins of the statement of the problem under 
consideration, let us now return to the analysis of Eq. (3.13); its solution is assumed in 
the form of harmonic functions 

(3.17) 

a xx(x, z; t) = a(z) exp[ i(8X - pt)] , 

O'zz (x, z; t) = {3( z) exp[i(sx- pt)] , 

O'xz(x, z ;t) = 1'(z)exp(i(8x- pt)], 

where a, {3, 1 are functions of the only variable z; they decrease, not necessarily expo
nentially, with z --+ oo, and 27r I p, 21r I 8 , C R = PIs denote the period, length and propa
gation speed (Rayleigh velocity) of the wave, respectively. Substitution of Eqs. (3.17) in 
Eqs. (3.13) and (3.14) yields 

p2(B1(z )a(z) + f( z),B(z )] = p - 1[- i a(z) + i s1'(z)] , 

(3.18) p2[f( z )a(z ) - B(z)f(z)g(z )f3(z)] = p-1
[ i 81 1(z) + {3 " (z)] , 

and 

(3.18') 

2B2(z)p21(z ) = p-1[i8a 1(z ) + 1"(z)- 82/( z) + i8,6'( z)] 

{3(0) = /(0) = 0 ' 

{3( 00) = /( 00) = 0 ' 

primes denoting differentiation with respect to z. 
Equation (3.18) may be replaced with the system of Eqs. (3.19) 

(3.19) 

p2[(B1(z) + f( z ))a(z ) + f( z)(1- B(z )g(z)){3 (z)] 

= p-1
[- 8

2a(z) + {3"(z ) + 2-isl'(z )] , 

p2((B1(z)- f( z ))a (z ) + /(z)(1 + B(z)g(z)){3 (z)] = p- 1[- 82a (z)- {3"( z )], 

-p21(z ) = (2B2(z )p)-1[i 8a 1( z ) + i 8{3 1(z)- 82/( z) + ')' 11
(z )]. 

Equation (3.19)2 is used to determine 

(3.20) a(z) = -1r 1 [t(z)(l + B(z)g(z)) + P~2 D'] ,B (z ) , 
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where 

(3 .21) 

Equation (3.19)3 is now used to determine 

d 
D=-. 

dz 

(3.22) 2is1(z) = K,- 1 D[2isD!(z )- 2s2(a(z) + ,6(z))], 

425 

while Eq. (3.19)1 makes it possible to determine the expression (2isD!) occurring in the 
formula (3.22), 

2isD1(z ) = [pp2(B1(z ) + f( z )) + s2]a(z)- D2{3(z) + pp2 f(z)(l- B(z )g(z )){3(z ). 

Hence, this result and Eq. (3.22) yield 

(3.23) 

where 

(3.24) 

IC(z) = s2 
- 2B2(z)pp2 = s2 

[ 1 - 2B2 (z)p(~)2] , 

{W},B(z) = £a(z )- D2,6(z ) + M{3( z ). 

In the last formula we have introduced the notation 

£ = pp2(B( z ) + f( z )) - s2
, 

M = pp2 f( z)(1 - B(z )g(z )) - 2s2
• 

(3.25) 

Inserting Eq. (3.20) into (3.24 )z, making use of the relation 

M = £- [pp2(B(z)f( z )g(z ) + B 1(z )) + s2
], 

regrouping and rearranging the terms we arrive at the operator W written in the form 

(3.26) W = -A(z)[D2
- s2(1- R(z ))] + 4s2£(z), 

where 

A(z) = 21"C 1(z)B1(z), R(z) = p(~) 
2

[(B1(z))-1j'(z) + B(z)f(z)g(z)J , 

- 1 [ 1 -1 ( s ) 
2

] £(z) = 1t (z ) f( z )- Bt(Z)- zP p . 
(3.27) 

It should be noted that operator W in the form (3.26) acting on the function {3(z) 
plays an important role since it generates the fundamental differential equation governing 
the problem under consideration. 

Thus the Eq. (3 .23) determining the shear stress amplitude 1(z) will be expressed by 
the formula 

(3.28) 2is1(z ) = K- 1(z)D{( -A(z))[D2
- s2(1- R(z))] + 4s2£(z )}j3(z). 

Equation (3.18)2 may be used to derive the differential relations to be satisfied by j3. 
The values of a(z) and 1 (z ) given by Eqs. (3.20), (3.28) are substituted in 

(3.29) B(z )f(z )g(z ),B(z ) + ~D2,6 (z)- f( z )a(z) + ~isD1(z) = 0, 
pp pp 
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Rearranging the corresponding terms we obtain 

1 
(3.30) [B(z)f(z)g(z)- f 2 (z)1-l1(z)(1 + B(z)g(z))]j3(z) + -

2 
[1 + f( z)H - 1 

( z)]D2j3(z ) 
1 1 pp 

+ pp
2 
2 D1-l- 1(z)D( -A(z)[D2

- s2(1- R(z ))]j3(z ) 

1 1 + -
2

- DK-1(z)D4s2£(z)j3(z ) = 0. 
pp 2 

This equation may also be written in the form 

(3.31) (DK-1(z)D - 1)( -A(z)[D1 
- s2(1 - R(z))]j3(z) 

+(2[1 + 1-l-1(z)(f(z)- B 1(z))]D2 + 4s2DK-1(z)D£(z ))j3(z) 

+2pp2
{ B(z )f(z )g(z ) + 1i-1(z )(f(z)B(z )f(z )g(z ) 

+B1(z+-tG) 2 - B(z )f(z )g(z )]) }{J(z) = 0. 

It is seen that function j3(z) should satisfy the ordinary, linear differential equation of 
fourth order with variable coefficients, which are determined by means of the material 
characteristics of the medium, i.e. the elastic constants of anisotropy and nonhomogeneity. 
Of course, the inverse operations 1-l-1 ( z ), K - 1 ( z) are assumed to exist. 

The problem of the Rayleigh surface waves is then reduced to the analysis of Eq. (3.31) 
with the following boundary conditions: 

(3.32) 
/3(0) = {3(oo) =· 0 , 

D{1-l-1(z)B1(z)[D2
- s\1- R(z))]- 2s2£(z)}{3 (z)l z =O = 0. 

z = oo 

The solution consists in determining the non-vanishing function j3 = {3 (z ) satisfying 
Eqs. (3.31), (3.32), and the parameter C R = C R(s) > 0, which is the Rayleigh wave 
propagation speed depending, in general, on the wave number s, the anisotropy and the 
nonhomogeneity characteristics. Once the function j3 (z) is determined, the stress ampli
tude a(z), /( Z) appearing in Eqs. (3.17) may be found according to the formulae (3.20), 
(3.23). This is the reason to call j3(z) a stress function. 

4. Discussion of the equation for the stress function in a transversely isotropic nonho
mogeneous semispace 

Equation (3.31) for the stress function in a transversely isotropic, nonhomogeneous 
semispace (in accordance with the assumptions made earlier) is written in a form which 
may be divided into three parts, e~ch of them contributing an essential information con
cerning the physical properties of the medium. The first two terms have the form 

(4.1) (DK- 1(z)D- 1)( -A(z))[D2
- s\1- R(z))]{3 (z ) , 

(4.2) (2[1 + 1-l- 1(z)(f(z)- B 1(z))]D2 + 4s2 DK-1(z)D£(z)) j3 (z ). 

The third term is represented by the remaining expressions at the left-hand side of 
Eq. (3.31). The terms will be discussed in the order exposed in the Introduction. 
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4.1. Transversely isotropic body of a "small nonhomogeneity" 

The second term of Eq. (3.31) given by (4.2) (cf. Eq. (3-.31)) may be proved to vanish 
identically when the medium becomes homogeneous. In the case when 

(4.3) 

where 

T( z){J(z) = (T1(z) + T2(z)){3(z) ~ 1, 

Tt( z) = 2[1 + 1t-1(f( z)- B 1(z))]D2
, 

T2(z) = 4s2 DK- 1(z)D£(z) 

term (4.2) may be considered to be small as compared with the leading term (4.1), and 
Eq. (3.31) may be replaced by the equation 

(4.4) (DK- 1(z)D- 1)( -A(z))[D2
- s2(1- R(z))]{J(z) 

+2pp2
{ B(z )f(z )g(z ) + 7"C1(z) (f(z )B(z)f(z )g(z) 

+B1(z+-t (;)'- B(z)f(z )g(z )]) }f1(z) = 0. 

This equation may find an application to the approximate description of 'a surface wave 
propagating in a transversely isotropic medium characterized by "small nonhomogeneity". 
The accuracy of the solution depends on the estimated value of the term ( 4.3); let us 
consider the function T( z). 

Substitution of the magnitude defined by Eqs. (3.5), (3.6), (3 .21), (3.24)t, (3.27)3 into 
Eqs. ( 4.3)z,3 yields the results 

(4.5) T1(z) = 2 + : [v(z)(1 + v(z)) + (1 + ~(z)v2(z))] 
1 + IJ( z) E(z) 

X [ v(~) (~(z)v(z)- v(z)) + 2- 3(z)l-t D2 
1 + v(z) E(z) il 

and 

(4.6) T2(z) = - 4D ~ D [ v(~) (~(z)v(z)- v(z)) + 1 -:_ fl(z)l 
1 - fl( z) 1 + v(z) E(z) il(z) 

[ 
v(z) (E(z)"'( ) _ ( )) 2- fl(z)l-t 

X "' "' V Z VZ + "' , 
1 + v(z) E(z) . il(z) 

where 

"' Ck 
fl( z) = "'Z( ) . c2 z 

Consequently, assuming the expressions occurring in Eq. (4.5), (4.6) to be independent of 
z (what means that we are passing to the case of an anisotropic homogeneous medium), 
and introducing the relations 

(4.7) 
E 

h = A", 

E 

v 
k =-' v 
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we obtain 

(4.8) T = Tt + T2 = 2{1 + ,... 
1 

(3(kv + kv2
- hk2v2 + 1) 

(1 - !2)(1 + kv) 

"' 1 ) - st[ kv(1 + v) + (1 - hk2v2
)] - 2.0 (1 + kv) 

[ 
k v2 2 _ i} l-1 

} 
X --(hk -1) + -,...- D2

• 
1 + kv S2 

Passing with h and k to 1, 

(4.9) . [ 1 { "' 1} .a l 2 hm T = 1 + --,... 3 - S2 - 2-:A --,... D = 0. 
h,k-+1 1 - S2 S2 2- S2 

This means that under E---+ E and v---+ v and for a homogeneous medium, term Eq. ( 4.2) 
vanishes. 

4.2. ~'Weakly anisotropic" nQnhomogeneous body 

It may be shown that. if the medium is isotropic and nonhomogeneous, the third term 
of Eq. (3.31) will be identically zero. Thus, assume now that the term 

(4.10) 2pp2{ (B(z)f(z)g(z)) + 1l-1(z) (f<z)(B(z)f(z)g(z)) 

+ B1(z) [p-1 (~ r- (B(z)f(z)g(z))])} {J(z) 

is small as compared with the other terms of Eq. (3.31 ); the equation assumes then the 
simplified form 

(4.11) (DK- 1(z)D- 1)( -A(z))[D2
- s2(1- R(z))],B(z) 

+(2[1 + 1t-1(z)(f(z)- B 1(z))]D 2 + 4s2 DK- 1(z)DE(z)),8(z) = 0, 

describing the stress function in a "weakly anisotropic", nonhomogeneous medium. 

4.3. ''Weakly anisotropic" body with a "small nonhomogeneity" 

The two particular cases considered in Sees. 4.1, 4.2 imply the approximate form of the 
equation for the stress function in a "weakly anisotropic" medium with "small anisotropy", 

(4.12) (DK- 1(z)D- 1)A(z)[D2
- s2(1- R(z))],B(z) = 0. 

This equation may be applied to determining the approximate solution of the surface 
wave problem formulated earlier in Sec. 3.2, cf. Eqs. (3.31), (3.32). 

4.4. Transversely isotropic homogeneous body 

Let us now present the accurate form of the stress function {3(z) in a transversely 
isotropic, homogeneous semispace. In such a case the coefficients of the equation are 
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independent of z and Eq. (3.31) assumes the form 

(4.13) A(K-1 D 2
- 1)[D2

- 8
2(1- R)],B(z) 

where 

(4.14) 

( 4.15) 

-(2[1 + 1t-1(f- Bt)] + 482K- 1E)D2,8(z) 

-2pp
2

{ Bfg + 1C1 (7<Bfg> + B1 [p-I Gr- B]g]) }P<z> = o, 

~ -1 
_ _ __ 1 1 2 .., [ 2 hk- 1 2- n] 
A= 2B 11t = 2--(hk v .. - 1) kv -- + -~- , 

1 + kv 1 + kv f2 

/( = 8
2(1 - fl) , 

- 1--[ v+1] n = 2 n 2 - hk2 - 1 , 

- [- - -1 ( 8) 2] 1 [ 2 hk - 1 2 - ?2] 1t = B1 - f + p - = ~ kv -- + - --.- , 
p ~ 1+kv n 

7- B1 = _( 
1 

k [kv(1 + v)- (hev2 
- 1)], 

2fl 1 + Av) 

- - _ 1 [- - 1 _1 ( 8) 2] [ 1 + v hk
2

z1
2 - 1 1 l [ = 1t f- B1 - -p - = kv--- - -;:::::-

2 p 1 + kv 1 + kv n 

[ 
2 hk- 1 2- n]-1

• x kv --k- + ----- , 
1 + v n 

--_ 1 2 1 1 1 
B fg = -(1- v ) = -(1- v) = ---, 

E 2fl 4JL 1 - x 

2[1 + 1-c1(f- BI)] + 4s2K- 1£ = z(1 + { 1 +
1 
k)kv(1 + v)- (hk2v2

- 1)] 

( 
1 ) 1 } [ hk - 1 2 _ n]-l) x 1 + 2--,... - 2,... ,... kv2--k- + -_.._- , 

1 - n il(1 - n) 1 + v n 

--- hkv 
f(B fg) = 8fl2(1 - x)' 

1- 2v 
x=--

2- 2v' 
n = Ch 

2 ' c2 

whence we obtain 

(4.16) { Bfg + 1C1 [7<Bfg) + B+-l Gr _ Bfg1n 
= __!__ 1 { 1 + [kv(1 + v) + 4h(hk~2 - 1)(1 - x) _ hk

2
v

2 - 1] · 
4JL (1 - x) 1 + kv il(l + v) 1 + kv 
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[k 2 hk - 1 2 - fll-1
} 

X 1/ k + -. ' 1 + v n 
(4.17) 

[com.) 

( 4.17) 2pp2_.!:_ = 82p(E)2 __.!:._ = ~82Ch = ~82[2. 
4Jl 8 2JL 2 c~ 2 

In view of the relations ( 4.16), ( 4.17), the term in braces appearing in Eq. ( 4.13) may 
be rewritten in the form 

(4.18) 2{ } 1 2 1 { -1} 2pp ... = -8 n 1 + [·. ·][-- -] ' 
2 (1- x) 

with the notations 

[·. ·] = kv(l + v) + 4h(hk~2 - 1)(1- x) _ hk2v2
- 1, 

1 + kv il(1 + v) 1 + kv 

hk- 1 2- n 
[-- -] = kv2

- ·-- + ----. 
1 + kv n 

On substituting (4.14)1,2 ,3, (4.15)z and (4.18) in (4.13) we obtain the final form of the equa
tion for the stress function {3 in a transversely isotropic homogeneous body. This equation 
may easily be transformed to deduce the simplified equation for the homogeneous "weakly 
anisotropic" medium by following the considerations presented in Sees. 4.2 and 4.3. 

4.5. Isotropic nonhomogeneous body 

To conclude the discussion of particular cases of the Eq. (3.31) let us present the 
equation governing the surface stress wave propagation in an isotropic, nonhomogeneous 
semi-space. The form of the equation obtained is similar to Eq. (4.11), though the coef
ficients are much simpler. Equation (3.31) is now represented in the form 

(4.19) (DK- 1(z)D- 1)(-A(z)[D2
- 8

2(1- R(z))]~(z) 
+(2(1 + it- 1(z)(f(z)- Bt(z))] + 482 nk- 1 (z)DE(z))~(z) = 0' 

with the notations 

(4.20) 

K(z) = 8
2(1- il(z)), 

-- il(z) 
A(z) = - (1 - x)(2- il(z))' 

R(z) = xil(z), 

-- 1 2- il(z) 
H(z) = 2JL(z) il(z) ' 

~ -- -- 1 
2(1 + 'J-l- 1(z)(f(z)- B 1(z))] = 4 n , 

2- (z) 

E(z) = ft- 1 [J(z)- B1 (z) - ~p- 1 (~) 
2

] = - 1 
- il(z). 

2 p 2- il(z) 

http://rcin.org.pl



SURFACE STRESS WAVES ... PART I 431 

Inserting Eqs. ( 4.20) into Eq. ( 4.19) we obtain for j3(z) the following equation 

(
1 1 ) n 2 2 --

(4.21) 
82 

D 
1 

_ n D- 1 (
1 

_ x)(
2 

_ il) [D - s (1- xil)]j3(z) 

+4(-
1
-D2 - D-

1
-D

1
- n)~(z) = 0. 

2-il 1-il 2-il 

Amplitudes a and j3 determined by Eqs. (3.20) and (3.28) assume the form 

1 ..... 
a(z) = - _, [} (s2 n + 2D2)j3(z), 

( 4.22) s .. (2 - ) 
1 { n ..... 1-n-- } 

2i s1( z) = _, [2 D [2 (D2
- s2(1- xf2)]{3( z)- 4s2----nf3(z) . 

s .. (1 - ) (1 - x)(2- ) 2- Jt 

In such a case function ~(z ) is required to satisfy the conditions 
...... ...... 
{3(0) = {3( 00) = 0. 

(4.23) n{_!}__-1-[D2 - s2(1- xf2)]~(z)- 4s
21

- n~(z)} = 0. 
2 - f2 1 - X 2 - {2 z =O 

z = oo 

The following notations have been introduced in Eqs. ( 4.21 )-( 4.23) 

(4.24) 

1 - 2v(z) 1 - 2x(z) 
x(z) = 2(1- tJ( z))' v(z) = 2(1- x(z)) ' 

Ch n = D(z) = -, 
c~(z ) 

1 

( ) _ (Jt( z )) ~ c2 z - --
p 

Equations ( 4.21 )-( 4.23) are known from the literature; they were originally derived and 
presented by IGNACZAK in his dissertation "Problem of completeness for the equations of 
motion in linear elasticity written in terms of stresses" (1963); see, in particular, Chapter II 
"Rayleigh waves in a nonhomogeneous, isotropic elastic halfspace", [1] or [2]. 

5. Method of solution of the equations derived for the anisotropic and nonhomogeneous 
elastic medium 

The results of investigations made thus far in the fields of surface stress waves in 
isotropic nonhomogeneous media, based on the application of the equations of mo
tion written in terms of stresses (see IGNACZAK [1], RAO [15], ROZNOWSKI [11, 12], 
KLECHA [16]) may now be used to outline the method of solution of Eq. (3.31) in the 
case of a transversely isotropic nonhomogeneous body. 

Certain analogies between the Eqs. (3.31) and (4.21) suggest the similarity of the cor
responding solutions, what may facilitate the choice of the suitable solution methods. In 
paper [11] the present author considered an equation similar to Eq. (4.21); the problem of 
surface wave propagation in an isotropic halfspace of "small nonhomogeneity" was solved 
under the two following assumptions: 

a. Variation of the elastic shear modulus is expressed by a monotone function of depth 
coordinate z, 

(5.1) ( ) 
JloJl oo 

Jl z = 
Jlo - (Jto - Jloo ) exp[-2£ z ]' 

£ > 0 , 
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where Jllh Jloo denote the shear moduli at the boundary of the halfspace, z = 0, and at 
infinity, z = oo, respectively, and c denotes the nonhomogeneity parameter. 

b. The term in Eq. (4.21) which vanishes identically in a homogeneous halfspace is 
disregarded, i.e. the term 

(5.2) [ 
1 2 1 1 - .a] ...... 

4 --D - D--D-- j3(z). 
. 2-Q 1-il 2-il 

In such a case a closed form solution for the function ~(z) was obtained; the dispersion 
equation has been discussed under the assumption that the nonhomogeneity parameter € 

was large enough to justify the asymptotic expansions used. 
The general problem of Eq. (4.21) with conditions (4.23) under the assumed nonho

mogeneity (5.1) was considered by the author in [12]. The results obtained earlier in (11] 
enabled the solution by means of the method of successive approximations. 

Owing to the fact that the equations derived in the present paper (3.31 ), ( 4.4 ), ( 4.11 ), 
(4.12), (4.13) are of a similar type as those considered in [11] and [12], let us follow the 
way of reasoning presented in those papers and use the differential operators introduced 
there. Equation (3.31) is written in the form 

(5.3) LiF(x)L~f3(x) = F(x), 

where 

(5.4) 

Li = Dft(x)D- 1, 

L~ = D2 - s2(1- fz(x)), 

F(x) = P(x) + G(x), 

P(x) = [1r1(x)D2 + D4s2 ft(x)D1r2(x)]f3(x), 

G(x) = 9t(x){3(x). 

functions ft(x), fz(x), 1r1(x), 1r2(x), g1(x), F(x) being defined by Eq. (3.31). Introducing 
the notation 

(5.5) v(x) = F(x)L~{3(x) 

and substituting Eq. (5.5) in Eq. (5.3), we obtain 

(5.6) Liv(x) = F(x) 

and 

(5.7) L~{3(x) = r-1(x)v(x). 

Assume now that 

v(x) ~ D<p(x), 

F(x) ~ D ft(x)q(x). 
(5.8) 

Substituting Eq. (5.8)1 in (5.6) and using Eq. (5.4)b we obtain 

(5.9) Liv(x) = LiD<p(x) = (D/1(x)D- 1)D<p(x) 

= D f 1(x){D 2 - h(x)}<p(x) = D ft(x)q(x). 

From Eq. (5.9) it follows immediately that 

D f 1(x){D 2<p(x)- h(x)<p(x)- q(x)} = 0, · 

http://rcin.org.pl



SURFACE STRESS WAVES .. • PART l 433 

and then 

(5.10) D\?(x)- h(x)<p(x) = q(x), h(x) = (ft(x))-I, ft(x) ~ 0 

so if <p(x) satisfies Eqs. (5.10), the function (5.8)t will also satisfy the Eq. (5.6). 
Comparison of Eqs. (5.3)-(5.10) with Eqs. (2.10)-(2.14) in paper (12] yields the anal

ogy enabling us to use the method of solution applied in (12] in solving the Eq. (3.31) and 
its simplified versions. Thus the solution of the equation governing the stress function in 
an anisotropic nonhomogeneous medium may be determined by following the procedure 
demonstrated in (12], i.e. by solving the set of Eqs. 

D 2<p(x)- h(x)<p(x) = q(x), 

L~{3(x) = F(x)- 1 D<p(x) 
(5.11) 

under the boundary conditions 

{3(0) = {3(oo) = 0, 
(5.12) 

D{1t-1(x)B1(x)[D2
- s2(1- R(x))]- 2s2£(x)}{3(x)l x=O = 0. 

x=oo 

A more detailed analysis of function q( x) is given in the paper [ 12]. 
Particular attention should be paid to Eq. (4.12); in that case F(x) = 0 and suit

able construction of functions K- 1(x), A(x), R(x) (written in notation introduced in 
Eq. (5.3)) makes it possible to use the consecutive stages of solution presented in [11]. In 
that case Eqs. (5.1), (5.4) yield the following relations: 

(5.13) 
D 2<p(x)- h(x)<p(x) = 0, 

L~{3(x) = (F(x))- 1 D<p(x), 

with the notations 

(5.14) 

h(x) = (K-1(x))-1 = K(x) = s 2 [1- 2B(x)p(~) 
2

] , 

F(x) = -A(x) = -21t-1(x)B1(x), 

h(x) = R(x) = p(~) \(B1(x))-1 P(x) + B(x)f(x)g(x)]. 

The same method may also be used to propose the physical interpretation of the problem 
considered. 

The cognitive value of Eqs. (3.30) or (3.31) derived here and applicability of the 
method of solution based on Eqs. (5.11), (5.12) will be presented on the example of a 
simplified equation ( 4.12) governing the stress function in a "weakly anisotropic" medium 
of "small nonhomogeneity" in the paper [22). 

6. Conclusions 

1. Problem of the Rayleigh-type surface waves in a transversely isotropic semi-space, 
nonhomogeneous in the vertical plane of isotropy, may be analyzed as the eigenproblem 
of the fourth-order differential equation with variable coefficients- Eq. (3.30) or (3.31) 
with the corresponding boundary conditions. 

2. Solving the equation by means of the method considered in Sec. 5, Eqs. (5.3)
(5.12), we obtain the set of two ordinary second order differential equations with vari-
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able coefficients, with the necessary boundary conditions. In order to determine the 
solution f3 = {3(z), the functions describing the variation of material characteristics 
of the halfspace must be assumed (Young's moduli, Poisson's ratios), and the equa
tions must be reduced to the form enabling the qualitative and quantitative analysis, 
see e.g. E. KAMKE (21]. 

· 3. Once the function f3 = {3(z) is determined, the dispersion equation may be ob
tamed from the condition of vanishing of the shear stress amplitudes at the free surface 
of the halfplane. 

4. Of special interest is the approximate equation ( 4.12) derived for the "weakly 
anisotropic" halfspace with a "small nonhomogeneity", since it is much simpler than the 
accurate equation (3.31) and it contains all the material coefficients determining the prop
erties of the transversely isotropic, nonhomogeneous medium. 

5. The equations derived enhance the possibility of theoretical analysis of continua 
exhibiting certain properties of anisotropy and nonhomogeneity, the anisotropic and non
homogeneous surface layer in particular. 
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