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Objective functions for discounted cost optimization based on a continuous re-
newal model for a series of cases are presented. They include failures and subse-
quent. renewals by crossings of loading processes or random disturbances out of
safe states of structural components, failures due to aging, non-constant benefit
and damage functions, finite renewal times, repeated reconstructions at renewals
and inspection and repair. A method for reliability-oriented time-variant struc-
tural optimization of separable (independent) series systems using first order reli-
ability methods (FORM) in standard space is developed generalizing theories pro-
posed earlier for component problems and time-invariant series system problems
in a special one-level approach. Certain improvements by taking account of de-
pendencies among failure modes are also proposed. Numerical Laplace transforms
are proposed for the treatment of aging components. The optimization problem is
solved by a newly developed gradient-based algorithm. A one-level optimization
is proposed by adding the first-order Kuhn-Tucker optimality conditions for the
design points of the series system reliability problem as constraints to the cost
optimization problem using first order reliability methods (FORM) in standard

space. Some algorithmic details are discussed. The approach is demonstrated at
examples.

Key words: structural reliability, one-level optimization, time-variant problems,
outcrossing approach, series systems.

1. Introduction

The calculation of failure probabilities or reliability indices for given sets
of basic variables or random processes, limit state functions and deterministic
parameters is well known. It requires solution of an optimization task if mod-
ern FORM/SORM is used. The determination of a certain design parameter
set, e.g., initial cost or weight of a structure, in order to maximize benefits or
to make efficient use of resources is much more difficult and involves another
optimization task. Reliability-oriented optimization of design parameters is
more expensive than simple reliability analysis. Both tasks can, however, be
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combined in the inverse problem of finding optimal designs with or without
reliability restrictions. In this one-level approach the first-order Kuhn—Tucker
optimality conditions of the reliability problem(s) are added as constraints
to the overall cost optimization problem. Techniques have been developed so
far for time-invariant and time-variant component problems [27, 28, 30] and
for time-invariant series system problems [29] based on this concept. Time-
variant series systems are first dealt with in [54]. Although conceptionally
similar, each of the cases requires special handling of the details.

Time-variant optimization concepts making use of a simple renewal model
have been proposed as early as 1971 by Rosenblueth/Mendoza [45] with
special reference to earthquake resistant design. More generality has been
added by Hasofer [20] and Rosenblueth [46] and lately in [21] and [40]. In this
paper the classical renewal model is briefly reviewed. The tools of Laplace
transforms are found to be extremely useful. An attempt is then made to
further generalize the model to cover new fields of application, for example,
finite renewal times, repeated reconstruction at renewal, series systems and
inspection and repair. This requires new computational methods which are
developed to a certain extent.

The paper is organized as follows. A review of the readily available relia-
bility models is given first. Then, the basics of renewal theory as needed for
the further developments are presented. Section 4 is devoted to the detailed
discussion of the renewal model in the context of cost-benefit optimization of
technical systems including some new results. Section 5 summarizes the dif-
ferent types of possible constraints and gives a brief overview on some recent
results on suitable public risk acceptance criteria. Section 6 then focuses
on the details of the techniques of cost-benefit optimization in a one-level
approach. Several illustrative examples conclude the paper.

2. Review of Reliability models

It is assumed that classical FORM/SORM is used. Safe and failure do-
mains are separated by differentiable limit state surfaces h(x, p,t) = 0 where
x is a nm-dimensional vector of uncertain (process) variables with continu-
ous distribution function Fx(x,p,t), p = a parameter vector and ¢ = time.
Also, it is assumed that a unique probability distribution transformation
x = T(u) exists where u is an independent standard normal vector so that
g(u,p,t) = 0 (see [22] or approximate transformations in [10, 60]). Finally,
it is assumed that a unique S—point for each failure mode exists, i.e. for
which fi = ||u*|| = max {||u]|} for {u: gk(u, p,t) < 0}. Note that g > 0 for
9k(0,p,t) > 0 and Gk < 0 for gx(0, p,t) < 0. It follows that the instantaneous
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componental failure probability is [36]

Prat) = [ olu)dux S(-A0)C, (2.1)

9k (u,p,t)<0

where C is a correction either determined by SORM |[3]| or any other suit-
able method for an improvement of FORM results such as importance sam-
pling [24].

Time-variant problems are substantially more complicated and computa-
tionally also more difficult. Failure time distributions are required and the
failure probability is defined as:

Py(0,t) = P(T < t) = Fr(t).

For strictly monotonic cumulative damage phenomena Fr(t) can be com-
puted from

Fr(t) = Py(t) = P (g(X, 1) < 0)) ~ &(-(t))C, (2.2)

where 3(t) is the usual geometric reliability index and C'is a correction factor.
Quite generally, one ignores such corrections. The failure density is f(t) =
—w(ﬂ(t))g%-tl and r(t) = — )%Q the risk function which according to
our assumption is increasing ean and variance of the failure times can be

computed from
(s o]

Ewﬂzjkﬁ*u—Pﬂﬂmt (2.3)
0
for T > 0. For k = 1 we obtain the mean E[T] and for k¥ = 2 the second
moment E[T?], respectively, and therefore Var [T] = E[T?] — E[T)?.
Because straightforward analytical results for failure time (first passage)
distributions under random process loading are almost entirely missing one

uses the so-called outcrossing approach for time-variant problems instead.
One can derive an upper bound

P(0,t) = P(T < t) < Ps(0) + E [N*(0,t)] (2.4)

with the mean number of outcrossings E [N*(0,t)] given as

EWWmn=fwwm, (2.5)
0
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and where v (7) is the outcrossing rate defined as

v*(r) = lim P{X(r) e V(r)} n {;i(r +9) eV +9)}

(2.6)

V(.) and V(.) denote failure and safe domain, respectively. Clearly, for sta-
tionary processes we have E [NT(0,t)] = v*t. The vector X(r) collects all
simple random variables and random processes. Under certain conditions
(strong mixing of the outcrossing process) an important asymptotic result
has been proven [9]

Ps(0,t)=P(T <t)~1-exp[-E[N1(0,1)]], (2.7)

i.e., the exponential distribution for failure times which will turn out to be
of utmost importance in the following. In this model outcrossings form a
Poissonian point process.

In the stationary case, arbitrary limit state function and loading by a
combination of a vectorial rectangular wave renewal Gaussian process with
jump rates A; and a vectorial differentiable Gaussian process with covariance
function matrix R(7) the outcrossing rate according to FORM is [58, 5]:

ny
) , B o »(B(p)) | :
(p) (; Ai®2(B(p), —B(P); pi(P)) + wo o (2.8)
®y(.,.;.) is the bivariate standard normal integral with correlation coefficient
pi = 1—a?, B(p) =||u*|| and wy is the central frequency with which the pro-
cess outcrosses the limit state function (i.e.: wi ~ n(u*,p)TR(0)n(u*,p),
n(u*,p) = —al(u*,p) = —Fl(lr-‘ﬂ’ R(0)=E [UUT]) A combination of a
rectangular wave renewal process and a differentiable process is possible
because crossings are assumed to be regular processes, i.e. processes for
which more than one crossings in a short time interval have probability— 0.
Eq. (2.8) may be multiplied by a SORM-correction factor Csorm (p) involv-
ing curvature information of g(u, p,t) = 0 in u* [4, 38, 39, 40|. For brevity of
notation this is not done herein. Rectangular wave renewal processes must
have independent components but can have arbitrary distribution functions.
Certain non-normal differentiable processes can also be handled after a suit-
able probability distribution transformation [10, 60]. Outcrossing rates have
also been established for non-stationary problems which are not given here.

If in some application one is forced to use a time-variant reliability method
for non-stationary problems the asymptotic life time distribution is

t
F(t)=1—exp —fU+(T)dT (2.9)
0
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with density
t

f(t) =vt(t)exp —fu"'(f)d'r ; (2.10)
0
Instead of Eq.(2.9) it is frequently better to use the well-known upper
bound, at least for aging problems

t
Fr(t) = Ps(t) < P(0) +]V+(T)d7 <1, (2.11)
0

where P(0) = 0 in many cases. The corresponding density is
fr(7) = Ps(0)8(0) + v (7). (2.12)

This density should be close to the exact one for aging problems but is
less suitable for the stationary case. The advantage of these formulations is
that well-known FORM/SORM-methodology is applicable, at least for more

complicated problems and for outcrossing rates v (7) depending on a random
vector R [49].

3. Elements of Renewal Theory

Renewal processes generate a sequence of points whose interarrival times
are independent. They have proven to be a very powerful tool in reliability
theory. Assume that a component is replaced after failure by a new, stochas-
tically identical component.

At first we determine the number of renewals in a given time interval. The

components have independent identically distributed life times 7;,72,..., 7
and the failure times are T} = 7y, To = Ty + 72,..., Ty = Tp—1 + 7o (see
Fig.1). Obviously,
n
P(N(t) > n) = P(T, < t) = P(Zn < t) = F\(t) (3.1)
=1
7 %y T2 T3 - T4
>
Ty T Ta

F1GURE 1. Trajectory of renewal process.
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and
P(N(t) = n) = Fa(t) — Fa1(t), (3:2)

where Fi(t) = P(EJ 1 7j < t). Assume that the random life times have finite
moments up to arbitrary order. The mean number of failures in [0,¢] then is

o o]

= E[N(t I—ZnP(N(t = n(Fa(t) = Fonr(t)

=1 n=1

(3.3)
h(u)du

I
[“]e
3

I
Me

o\s
=
S

Q

e

Il

o\w

Fny1(t) can be replaced by [ F,(t — u)dF(u). Therefore, in terms of an
integral equation it is equivalently

55 t t
H(t)=F(t)+ Y / Fo(t — w)dF(u) = F(t) + [ H(t —u)dF(u) (3.4)
n=19% 0

This equation is called renewal equation. It is mainly of theoratical interest.
The function H(t) = E[N(t)] is denoted by renewal function. Its derivative

Bl = Him P(one or more renewals in [t,t + At])
t—0+ At

o R SCCY

is denoted by renewal density or renewal intensity but in the context of
reliability problems also by failure rate. The quantity A(¢) can be determined
easily only in some special cases. For a exponential reliability function R(t) =
exp [—At] one determines H (t) = At and h( ) = )\ as one can easily verify from
H(it) =32 ,n P(N{t)=n) =32 1” exp[ At] = At. For normally
distributed renewal times we have

= t—nm) (3.6)

h(t) = Z 0\1/5 ‘p( ovn
n=1

where m is the mean failure time and o its standard deviation making use
of the fact that a normal distribution is maintained under convolution. Since
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failure time distributions are valid only for ¢ > 0 a more appropriate assump-
tion is the I'—distribution for integer k, also stable under convolution, and

m =k/X and 0 = Vk/\

x /\nktnk—l A k-1 ) )
ht) =Y T ET R (=M =2 > ek exp [M(e(k)Y —1)],  (3.7)
i=1

n=1

where €(k) = cos(27/k) + isin(27/k) for k > 1. The renewal density has a
characteristic damped oscillation type curve (see Fig.2). The oscillations are
larger for larger coeflicients of variation of the individual failure times but,
as illustrated, damp out rather soon.

Renewal density/(1/mean)

25
2
15 =0.35

=05
LD P

‘ \/ \/ g
05| /J{ ! :
_,/" |

0% 1 2 3 4 5 6

t/mean

FIGURE 2. Renewal intensity divided by asymptotic value versus time divided
by mean failure time.

For H(t) there are some simple bounds which can easily be verified:

F(t)
F(t)<H(t) < T-FQ) (3.8)

Further, several important asymptotic results have been proven [2]:
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lim h(t) = = if tf(t)— 0fort— oo, (3.11)
t—o0 m

lim [H(E) — 2] = Ll (3.12)
t—00 m' 2m? 2 '

Equation (3.9) coincides with intuition. The mean number of failures is in-
versely proportional to the mean value of life times m. The second siatement
(3.10) has a similar interpretation and is stronger than (3.9). The third and
forth statements concern stationarity. Equation (3.12) with o the standard
deviation of the failure times provides a better estimate for the renewal func-
tion. From Fig.2 one concludes that the asymptotic result Eq. (3.11) holds
in good approximation for all renewal processes unless the coefficient of vari-
ation of the interarrival times is very small.

The foregoing describes a so-called ordinary renewal process. For the mod-
ified renewal process it is assumed that the first time to failure has another
distribution than all the other failure times. This generalization is useful
for aging components and whose age is known. For the equilibrium renewal
process it is assumed that renewals have occurred already for infinitely long
time. The zero of the time axis, therefore, falls randomly in between two
consecutive renewals.

In the following we will extensively work with Laplace transforms. Laplace

(e o]
transforms are defined by f*(y) = [ ™7 f(t)dt. If f(t),t > 0, is a probability

0
density, it is f*(0) = 1, f*(c0) = 0 and 0 < f*(y) < 1 for all v > 0.
The Laplace transform can also be written as f*(y) = Er [e""T]. In the
transformed space one can easily show that there is A*(y) = f*(v)g*(y) for

h(t) = [ f(t—7)g(7)dr. For independent, identically distributed interarrival
0

times of failures the density of the time to the n-th event f,(t) thenis f,(t) =

o0

g.fn~1(t —7)f(r)dr and, therefore f3(v) = fi_1(v)f*(7) = F()"1f* ().

It is seen that the convolution operations necessary, for example, in Eq. (3.5)
can be performed very easily. In particular, the Laplace transform of the
renewal intensity in Eq. (3.5) is

* _ T _ - * * n—1 _ f*(’y)
h*() = 0/ 5 et =3 O O) = Tl (619

Finally, the asymptotic result for the renewal density in Eq. (3.11) is restated
in terms of Laplace transform (see [8], p. 55):

. . * = 1 -
Am (t) = lim yh*(y) = — = Afor f{t) =0 O, (3.14)
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where m is the mean time between renewals (or failures) and A is the failure
rate.

4. Objective functions

4.1. General

A structural or any other technical facility is optimal if the following
objective function is maximized:

Z(p) = B(p) - C(p) — D(p). (4.1)

Without loss of generality it is assumed that all quantities in Eq. (4.1) can be
measured in monetary units. p is the vector of all safety relevant parameters.
B(p) is the benefit derived from the existence of the facility, C(p) is the cost
of design and construction, usually decomposed into a cost Cy independent of
p and cost dependent on p, and D(p) is the cost in case of failure. Statistical
decision theory dictates that expected values are to be taken [59]. In the
following it is assumed that B(p),C(p) and D(p) are differentiable in each
component of p. And it is reasonably assumed that C(p) increases whereas
D(p) decreases in each component of p.

The structure which eventually will fail or replaced after some time will
have to be optimized at the decision point, i.e. at time ¢t = 0. Therefore, all
cost need to be discounted. A continuous discounting function is assumed
which is accurate enough for all practical purposes

6(t) = exp [—1], (42)

where 7 is the (tax-free) interest rate. For example, if failure with conse-
quences Dy occurs at time t (in years) the discounted damage is D(t) =
Dgexp [—7t]. If a yearly discount rate 4 is defined we have vy = In(1 + 7).
Also, it is assumed that construction cost C(p) are without cost of financing.
They can, however, be included easily.

In general, one has to distinguish between at least two replacement strate-
gies; one where the facility is given up after service or failure and one where
the facility is systematically replaced after failure or obsolescence. One third
possibility is replacement after inspection and repair. Further we distinguish
between structures which fail upon completion or never and structures which
fail at a random point in time much later due to service loads, extreme ex-
ternal disturbances or deterioration. The first option implies that loads on
the structure are time-invariant. At first sight there is no particular prefer-
ence for either of the replacement strategies. For infrastructure facilities the
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second category is a natural strategy. Structures used only once, e.g., spe-
cial auxiliary construction structures, boosters for space transport vehicles
or devices exploiting limited deposits, might fall into the first category. In
this paper focus is on time-variant problems and systematic reconstruction.
For one mission structures the reader is referred to [21] and [40].

4.2. Standard time-invariant case [45]

The objective function for failure during or immediately at the start of
operation and abandonment after failure is:

Z(p) = B"Rs(p) — C(p) — HPf(p) = B* — C(p) — (B* + H)Ps(p), (4.3)
where Ry(p) = 1 — Py(p) is reliability and Py(p) failure probability. For fail-

ure at the start of operation and systematic reconstruction (until a realization
survives) one has

Z(p) = B* - C(p) — (C(p) + H) Y _iP(p)'Rs(p)
=l (4.4)
= B - C(p) - (C(p) + H) 50,
because for independent failure events
Y iPr(p)'Rs(p) = (1 - P(p)) > iPy(p)*
i=1 g=:1
-y @) _ PP

(1-Ps(p))?  1-Ps(p)

This result for infinite sums will turn out to be very important in the follow-
ing.

After failure one usually investigates the causes of failure and updates the
design. Here, we assume that the design is already optimal so that there is
no reason to change the design rules and new realizations are stochastically
independent.

For a intended service time t,; the benefit term becomes

ts
B(t,) = / b(t)d(t)dt. (4.5)
0
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For constant benefit rate b(t) = b it is

b
B(ts) = ; [1 — exp [~ts]] s (4.6)
and therefore for t; — oo .
B = = 4.7
= (@7)

4.3. Standard time-variant case [40]

For easy reference the standard case is first rederived for systematic re-
construction. For the moment, assume reconstruction times to be negligibly
short. The times between failure (renewal) events have identical distribution
function F(t,p) with probability density f(¢,p) and are independent. The
independence assumption needs to be verified carefully. Here again, one has
to assume that loads and resistances in the system are independent for con-
secutive renewal periods and there is no change in the design rules after the
first and all consecutive failures. Even if designs change failure time distribu-
tions must remain the same. For constant benefit per time unit b(t) = b and
fn(t, p) the density of the time to the n-th renewal an objective function can
be derived by making use of the convolution theorem for Laplace transforms

o0

2(p) = [ bedt = Clp) - (Clp) + ) [ & " falt )it
n=1 0

be™'dt — C(p) — (C(p) + H) Y _ f*(v,p)"' f*(7,p)
= (4.8)

cp) - (Cp) + ) TP

C(p) — (C(p) + H)R* (v, p),

Il
[

Il
Qo 2o 0\8 =

where h*(vy,p) is the Laplace transform of the renewal density (renewal in-
tensity) h(t,p) = > p fk(t, P) (see Eq. (3.13)). H is the expected monetary
loss in case of failure including direct failure cost, loss of business and, of
course, the cost to reduce the risk to human life and limb. We may also
include the cost of demolition in H.

In principle, renewal theory also allows for the case that the time to the
first renewal is different from all others. This refinement by the modified
renewal process is done here only for the case just considered, for the sake
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of easy notation in the following. Let f;(¢) be the density of the time to first
failure and f(¢) the density of all other failure times. It is, in fact, easy to
show that

Z(p) = f be~"dt — C(p) — (C(p) + H) i / e fu(t, p)dt
0 n=1jy
—yt = * n 1
Of bt = Clp) = ©0) + )L S i) o

b _ _filvp)
=2 -CP) - (C +H)Z f*(v,p)
b

== C(p) — (C(p) + H)hi(7,p).

Laplace transforms are analytic only for a few failure models. For easy
reference some important models are collected in Table 1 [40].

The one for a normal failure time distribution is especially important
because it is also approximately the (two-sided) Laplace transform for an ar-
bitrary failure time distribution with known mean m and standard deviation
o provided that V = Z is small and y < 2m/c? [20]. For this we use the
“cumulant-generating function”. For the case of a Laplace transform we have

In f*(y) = K(=7) = =my + 5077 + 3 2 (=)™

n=3

where K (@) is the usual cumulant-generating function of f(t). If we assume
that <y is low enough to neglect powers of v above 2, we have

F(7) = exp(—my + %0272)- (4.10)

which coincides with the two-sided Laplace transform for the untruncated
normal distribution. If the failure times have an exponential distribution one
obtains

Alp)

R*(v,p) = —, (4.11)

Y
since f*(vy,p) = :f%\%%;. This result is especially relevant because the pa-
rameter A(p) may be replaced asymptotically by the stationary outcross-
ing rate v*(p) frequently used in time-variant structural reliability analysis



TaBLE 1. Laplace transform for some failure models.

Name “ Density function f(t) Laplace transform f*(v)
Deterministic d(a) exp [—av]
Uniform = s o
. A

Exponential Aexp [—At] iy
G AR k-1 A 2 )k

amma N3] exp [—At] =
Rayleigh 24 exp [— (5)2] 3%5 erf c (3yw) exp [3y*w?] + w

Normal (¢t > 0)

1 1

—me 2
ﬁ;exP[_%(tT) ] F(ITFW

exp(37 (vo? — 2m)] 2( &)

2
1+erf :zﬂ 2(111—-7-5- ]

Inverse Normal

2
%(QWta)_”zexp [—g—‘;% + “;'QQ

t
- 2651

)

exp{—to &2; + % - ;”g}
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(see Eq. (2.7)). If v*(p) depends on an uncertain parameter vector R and/or
a random sequence Q one should use Eg q[v" (p, R, Q)] instead:

vt
2(p) = 2 - C(p) - (C(p) + 1) BRI,

It is seen that continuous discounting and continuous failure models lead to
relatively simple, analytical results. Completely parallel results, however, can
be obtained for discrete failure models and discrete discounting [57].

(4.12)

4.4. Random disturbances [20, 46|

If, at extreme loading events (e.g., flood, wind storm, earthquake, explo-
sion) having a density f(t) of interarrival times, (independent) failure occurs
with probability Ps(p),the density of times between failures is

= > fe®)Pr(p)Ry(p)* 7, (4.13)
k=1

and after taking Laplace transforms [20, 46]:

Ps(p)f*(7)
Rs(p)f*(v)

g*(v,p) = Zf NP P (B (P = 5 (4.14)

with R;(p) = 1 — P;(p). The damage term becomes:

9*(7,p) Ps(p)f*(v)
D(p) (C(P)+H)1_g*(%p) (C(p )+H) — o) (4.15)
It may sometimes be realistic to change to a modified renewal process in
which case f*(7) in the numerator of Eq. (4.15) has to be replaced by f5 (7).

If, in particular, the loading events follow a stationary Poisson process

with intensity A we have

h*(v.p) = %(p) (4.16)
It is noted here that the memoryless nature of a Poisson process for the
disturbances implies that f*(y) = f(v).

For uncertain H in the failure event (exceedance of different limit states)
one replaces H by F [H] = 5 p;H; (p; = probability of exactly failure loss Hj;,
Y ;pi = 1). More generally, the damage term may be replaced by a so-
called risk integral, i.e. by [(C(p) + H(z,p))f(z)h*(z,v,p)dz where z a
damage parameter and f(z) its probability density. If there are Poissonian
disturbances of different kind whose failure leads to the same losses one
replaces A by ) A;.
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4.5. The case of a one-mission structure

The case of giving up the facility after failure or completion of the in-
tended task is extensively treated in [40]. Here, we present only the main
idea. Suppose that the structure is abandoned after the first failure and let
Fi(t) be the distribution function of the time T to first failure, with proba-
bility density function fi(t). Assume that the expected benefit per unit time,
b, is constant during the life of the structure. Then the discounted expected
benefit B for t; — oo is given by

oo t 00
= ffbexp —~7)dr f1(t)dt = %/(1 —e MA)dt = %[1“ff(7)]=
00 0
(4.17)

where

B = f e~ £ (t)dt (4.18)
0

is the Laplace transform of the density function of the time to failure, with
parameter ~, the interest rate. Similarly, the discounted expected cost D is
given by
o0
D=H [ fildt = HE (). (4.19)
0

The case of random disturbances is also interesting. Under the same as-
sumptions as before one arrives at essentially the same result for t; — oo

hi(v,p Zfl (M fa 1(7)Pf(p)Rf(p))" '

* (4.20)
- Zh " P IR P = T,
The present value of the damage is
D(p) = HAi(7.), (a21)

and the benefit:
b
B =(1-hi(1p). (4.22)
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For a Poissonian disturbance process one determines:

_A
h*(v,p) = Friplyis Py (4.23)

T 1-(1=-Pp))Ax v+ PpN

However, in this case and b = b(7) one can integrate directly:

ts t
B(ts,p) = [ / b(r)e~™" dr AP, (p) exp [~ APy(p)t] dt
00

_ b o [— _ (4.24)
= TP D) (1 exp [— (v + AP;(p))ts]
(a+ 2B et - 222 (p))),

is
Dit,,p) = H / AP} (p) exp [~ APy (p)t] dt
4 (4.25)
AP;(p)
v+ AP;(p)

This gives information how fast asymptotic conditions will be reached. For
ts; — oo we have

(1 —exp[—(y+ APs(p))ts]) -

BT = Billss, ) = H—;;Df(_p), (4.26)
_ g Abrp)
D(p)=H YT AP (p)’ (4.27)
and therefore: b— APy (p)H
_b—APs(p)H

4.6. Non-constant benefit function [21]

Assume that the benefit rate is not constant but an arbitrary function of
time. At each failure (and renewal) it starts at b(0). Following [21], let U, be
the time between the n — 1-th and the n-th arrival and let

n

=3 U (4.29)

r=1
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be the time to the n-th arrival. We recollect that U, is independent of T;,_;
for n = 2,3,.... Given the U,, the total discounted benefit Br is given by

U

By = / e 1'b(t)dt + i

Un
/ b(t)e™VTn-1+t)g¢
0 n=20

- - (4.30)

[e o]
= / e_'”b(t)dt%-Ze—"'T“‘l f b(t)e "dt,
0 n=2 0
and with

t
Bp(t) /e‘"’“b(u)du, (4.31)
0

Br=Bp(U1) + 3 e Bp(Uy). (4.32)

n=2

Taking expectations it follows that

B = E(Br) = E[Bp(U1)] + i E (¢7Y»*) E[Bp(Un)]
n=2
- f Bp(t)f(t)dt + (\i / e-”f‘fn_l(t)dt) f Bp(t)f(t)dt
0 0

0 n=2
Using the results on Laplace transforms, we obtain
o0 oo 00
B =/Bu(t)f(t)dt+ (Z f*(v)[f*(v)]""Q) fBD(t)f(t)dt
n=2

0 0

- / Bp(t)f(t)dt + [%] f Bp(t)f(t)dt (4.33)
0 0

— 1 T
- = | Bos e

0

and for a homogeneous Poissonian failure process with rate A(p):

oo

B = (1 + i\%) ]BD(t)A(p) exp [—A(p)t] dt. (4.34)
0
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4.7. Non-constant damage

Also, the damage term may depend on t. For example, the damage cost
H (t) can accumulate over time due to gradual storage of valuable goods or the
reconstruction cost net of inflation can increase over time due to increasingly
scarce resources. By generalizing a result in [16] it is possible to consider
time-dependent damage cost K(t,p) = C(t,p) + H(t) (see also [57])

:fo exp [—7t] K(t, p)f(t, p)dt
D(p) N ] = f*(Py?p)

Clearly, the numerator is no more the classical Laplace transform of a failure
density and the integral must remain finite.

(4.35)

4.8. Finite renewal times

Next we consider finite renewal times, i.e., finite reconstruction times,
ignoring the rare case of failure under an external extreme loading event.
During these times the facility cannot be used and it cannot fail. Let Tw
be the (random) renewal times with density fu (¢) and T be the (random)
times of use with density fn(t). Therefore, T = Ty + T is the time between
failures (or renewals). An exact consideration is complicated. However, re-
newal theory shows that the availability of a system asymptotically equals:

ETy]
E|Tw)+ E [Tn]’

i
Aw(o0) = fim 3 [ Aina(a)do = (4.36)
0

where A;, () is instantaneous availability. It follows that the benefit has to
be multiplied by Aw (co) so that:

Z(p) = B Aw(o0) — C(p) — (C(p) + H)Aw (00)h4 (7, P)- (4.37)

The renewal intensity h% (7, p) is most easily be determined from the density
of times between renewals f4(t) as a convolution of fy/(t) and fx(t) whose
Laplace transform simply is f}(t) = f};/(t) fx(t). During a finite renewal
the structure is supposed not to fail. Therefore, in first approximation the
damage term is also multiplied by Ay (c0).

4.9. Repeated reconstruction at renewal

One also can consider possibly repeated failure at construction (or recon-
struction), i.e., the facility is reconstructed after failure in the construction
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phase according to the same rules until it can be put into service. It is suf-
ficient to consider the additional cost of reconstruction at a time which are
(see also Eq. (4.4))

oo

Dw(p) = (Cw(p) + Hw) Y _ iPrw(p)'Rr,w(p) = (Cw(p) + Hw) gﬁtvv((?) '
i=1 *
The result is:
- Prw(p)
Z(p)= ( (p) + (Cw(p) + H )Rf,W(P))

Prw(p) (Cw(p) + Hw)Y ,.
-+ 1+ Ryw(p) (Clo)+ H) )rep. @

The additional factor reflects the fact that the reconstruction and damage
cost (Cw (p)+Hw ) can happen multiply with probability Py w (p). Successful
construction happens with probability R w (p) = 1—Pf,w(p). Note that the
first construction also needs an additional term. It is useful to distinguish
between reconstruction cost Cy (p) and damage cost Hyw in the erection
phase and the reconstruction and damage cost C(p) + H during use of the
facility.

This model also enables to estimate the length of the finite renewal time.
If E[Tw,] is the expectation of independent, identically distributed recon-

struction times, then, since E[Y]| = E [Ef\;l Xi} = E[X]E[N] (N random
and geometrically distributed according to p(n) = Pfw (p)" ' Rsw(p)) we

have E [Tw] = E [Tw,1] /(1 — Pr,w(p)). In general, this time is only insignif-
icantly larger than E [Tw;] for (1 — Prw(p)) < 1.

4.10. Independent failure modes and different failure causes

Assume for the moment two independent failure modes, denoted by “V}”
and “V5”, respectively, each requiring renewal after failure. The times between
renewals then are distributed as F(t) =1 — (1 — Fy;,(t))(1 — Fip(t)) =1 —
Fy, (t)Fy, (t). The corresponding density is f(t) = fv, (t)Fy, (t) + fra(t)Fy, ()
and its Laplace transform is f**(vy,p) = f{‘}:‘|‘—/2 (v)+ f\ZH‘/I (7). It follows that

(Cl (p) + Hl)fv;:wz( ) + (02(p) + HZ)fV2|V1( )
1_(f;1|v( ) fvglvl( ))

This equation is derived as follows: Let 6; = t; — t;—; be the times between
renewals with density fy, v,(t) and, for example, Cy; and Cy, the cost asso-

D(p) =

(4.39)
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ciated with the two types of renewals. Then, the expected cost is

D= E[Z(CV,+CV2 exp[ 729&”

n=1
=Y Elexp(—10)]" "' E[(Cy; + Cv;) exp [—16]]
n=1
= E[(Cv, + Cy,) exp [—78]] — Cvlfc’*ﬂ_/ + CV2f‘>:|V1( 7)
1-F [eXp (_79)] L= ( V1|V2(7) + V2|V1 (7))

Here, we distinguish between ordinary Laplace transforms f*(7) for densities
and modified Laplace transforms f**(y) for which f**(y) < f*(y). One can
generalize to more (independently) caused renewals:

8

1 OO0 _ T O )

D =
P) =15 B ) 1 ()

(4.40)

with
HOESIFION | IR 2108
=1

and therefore

Byt = [ et 50 T, B e
0

Frequently, the upper bound can be used and this has also been proposed
in [29] and [55]. For independent Poissonian failure modes one can show easily
that the upper bound is the exact result.

4.11. Obsolescence

At this point it is useful to introduce obsolescence as an important cause
for renewal. Obsolescence occurs if the technical facility no more fulfills its
function. For example, a bridge may become too narrow for the increasing
traffic, a fabrication hall is replaced because the machinery inside this hall
has to be modernized and restructured, certain vehicles are put out of service
because they become too uncomfortable, too uneconomical or unserviceable
because of outdated equipment. Usually, this happens in spite of full struc-
tural integrity. In fact, most structures will be replaced not because they fail
or deteriorate but because they become obsolete. Unfortunately, very few
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data are available about this well-known fact [25]. Obsolescence is almost
always completely independent of the structural state. But this is just the
case dealt with in the foregoing section where one of the failure modes, i.e.
cause for renewal, is treated as obsolescence. With A denoting all cost for
demolishment and removal of debris it is:

(C() + H)f3y1,(0) + (CB) + A) iy, ()

)= 1= (o4, + 55 (1)

(4.41)

Table 2 collects the modified Laplace transforms for a few obsolescence
models given exponential times between failures.

TABLE 2. Modified Laplace transforms for some obsolescence models given that
failure is caused by a Poisson process with parameter .

fa(t) Faw () f exp [—t] fa(t) exp[-At] dt
fv(®) ianp) = {exp [=t] Aexp [~ At] Fa(t)dt
&(a) exp [—(y + A)a]
Aexp [—At] —=ix (1 —exp[=(y + V)a])
Bexp [-Bt] | St
Aexp [— At ?%H_ﬁ
ey 3 R (T e ) B e T g
Aexp [— At 1”%& erf [£(y + )] exp L#(v +A) J
7= [ (22)7] exp[%wm)«wA)a?—zmw(w—%ﬂ)
(+N)e
. AexE— 7+’\!E exp Q(E 7+A))
I\CXP[ At] (Y+A)o ( Lexp[ ,U-J(‘Y + A)]@( l:’) )

4.12. Dependent failure modes

An improvement for dependent failure modes is easiest for the stationary
case in Eq. (4.16). Here, one replaces the upper bound solution A ;_; Py
by the discount factor involving either one minus the probability of survival in
all modes or the upper and/or lower bound for a union of failure events [12],
i.e. by

s <A (Psy — . P . ’
P(J Vi) = 2(1-2,(8;R)){ _ D=t (Pre = maxjck {Pranshs)

k
k=1 > A3 k- max (0’ Py — Ej:l {Pf'kﬂj}) )
(4.42)
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with Py = P({U € Vi} = P(gx(U) < 0) &~ P(af U+ < 0) and Pjin; =~
P{afU+B, <0} N {an-!—ﬁj < 0}) requiring either the computation of
the s-dimensional multinormal integral or the computation of (s — 1)?/2
bivariate normal integrals.

Consider next a non-redundant series system under stationary renewal
rectangular wave loading, i.e. a system where before the jump the process
must be in the safe domain of all components and in the failure domain of
at least one of the components after the jump and Vs = {Uj_,gx(u) < 0}.
The outcrossing rate is [37]:

n S S
vy (Vs) = Z Ai | P U vin ﬂ Vis
i=1 '

-3 on P(OVJ)—P Ui (1%
i=1 j

L k=1 k=1 j=1
<33 (P - m{ratin i ),,,) -4
k=11i=1
<D NP (V) (4.43)
k=1 i=1
with
4 s \
P{viInqa Wy
A = max q = 0% (4.44)
S
=D PUVEI N {VEY NS (M Vs o)k
\ <k g=1 )

and where Vi = {Uf € Vi } ,Vig = {U; € Wi}, V;; = {U; € V;} and where
the subscript “,~1” indicates that this term equals zero for £k = 1. The
computation of the correction term involves s + 1- and s + 2- dimensional
normal integrals, respectively, if Vi = {gk(u) ~ o} u+8 < 0}. Dropping A
leads to a less sharp bound and dropping the max-term produces the trivial
upper bound. The events V,; and the corresponding failure domains as well
as the jump rates \; can be made dependent on ¢t but there is no more any
guarantee of sufficient accuracy.

Crossings by stationary Gaussian vector processes into time-invariant
componential failure domains can also be considered, at least approximately.



OBJECTIVE FUNCTIONS FOR RELIABILITY-ORIENTED. . . 367

For linearized limit state surfaces, i.e. for. Vg = {Uj_,gx(u) < 0} with
Vi = {gk(u) ~ cfu+B; = 0} and gx(0) > O for all k = 1,...,s one
obtains after some computation [50]:

vh(Vs) =Y fa B [(-al0)*|U = u] gu(u)ds(u)
k=1 k

-3 fa | (), 04)en (2)ds() (4.45)

s

zZ\IJ(mk(uZ),Ok )e(Br) [1 — @5-1(bk; Bi)]
k=1
with

br = {Br — Bralow; 1 <1 <s; r#k},
By = {ala; — (aFap)(af ay); 1 < rt < s; rt #k},

¥ (mi(u}), %) = B (- U)*|U = u]

where (y)* = max{0,y}, ®o(;.) =0, B = afut, i = aful, 0} = ol (R -
RRT)ak = a{ﬁak, my(uy) = —a{l‘{u,: =0,and 2 < s < n as well as
u;, the s different B—points. If Vg(t) = {Ui_,gx(u,t) < 0} with OVi(t) =
{gk(u,t) ~ al (t)u+pBk(t) = 0} one replaces my(u}) by mi(up) — ax where
ay = Bk(t) + Z?zl cgj. Dropping the term [1 — ®,_;(by; By)] in Eq. (4.45)
leads to the trivial upper bound.

For a combination of jump and differentiable processes we finally have:

*(Vs) < Z{z A K ma]i{{P(ViZ'ﬂV'J)}kN) —A}

i<
+ W(mk(ufc),ok) ﬁk) [1 — 5 1 bk,Bk)] } (4.46)

It is noted that the result is an upper bound to first order for both differ-
entiable processes and for rectangular wave renewal processes. One can then
use Eq. (2.12) with Eq. (6.4) in first approximation.

The case of monotonically decreasing state functions can be solved as
follows. Assume that there are s time-dependent failure modes and whose
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state functions are given by gr(u,t) & of (t)u+pk(t) so that Vi(t) = P(T} <
t) = P(gx(U,t) < 0) = P(Zr < —pB(t)). The failure probability at time
{ then is F(t) = P(Usy {2k < —Ge(®}) = 1 — PNy 12k < Be(t)}) ~

- @s(ﬂ(t);R) where 8(t) = {ofuj(t);k=1,2,...,s}, |laxl| = 1,k =
- uk(t) = min {|lul|} for {u:gx(ut) <0} and R = E[ZZ7] =
{p”} = {aa;;i,j=1,2,...,s}. In good approximation it is assumed
that the matrix of correlatlon coefﬁc1ents R varies little with time so that
(‘Zak( ) = 0 and, hence, dtp”(t) ~ 0 and there is g¢(0,t) > O for all k. The

general case of tp“.?(t) # 0 is given in the Appendix. The failure density is

fs(t) = %(1 — (I)s( Z aﬁ (t) ﬂ( )’R)aﬁk(t)
- 5 Br(t) o
=Y g [ PaBOR 1= A0 (r)aak Lo
k=1 o0

aﬁk(t)

== 01(Be(t)Ps—1(&k: Ry)
k=1

s s .
= 3 o1 (B(6) @51 (5 R (zr_mu_&)

2 ¥ ugs(a, ]
s a3 *
_B_gk(u 1t)
£ k=l<P1(5k(t)) (—Wllv:gk(u*,t)ll) :

with & = B*(t) — Bk(t)of; and R, = R — pE(pE)T where py is the k-th
column vector of R and the superscript means that the k-th row and col-
umn, respectively, are deleted from the original vector and matrix, respec-
tively. This result is obtained from regression analysis. Note that Ry needs
to be re-normalised and therefore also &;. The result ﬁ@s(ﬂ(t);R) =

©1(Bk(t))®5_1(Ex; Ry) is due to [48]. Here, s— 1-dimensional normal integrals
have to be evaluated for each ¢. Suitable computation schemes for ®,(b; B)
have been given in [19] and elsewhere. Due to the substantial numerical effort
when computing multi-normal probabilities this scheme can only be applied
to smaller systems. Dropping the terms ®,_;(&; Ry), i.e. the survival prob-
abilities in the other failure modes, corresponds to the upper bound solution:

D= 30+ )T ey € D200+ Mg ey (440

i=1
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where

oo — £ g;(u*
f’;('y) _ [exp = (pl(ﬁi(t))q)s_l(éi;ﬁvi) (HVTt_‘il((uu*’T?ﬂ) dt
0

< i) = ] exp [—8) o1 (Bi(£))dt.
0

The trivial upper bound may be useful but its application is limited to smaller
systems because Laplace transforms of densities must remain smaller than
unity. Clearly, a trivial lower bound is formed by the largest member in the
sum. A better lower bound is found by replacing ®,_;(&x; Rx) by [Ti_; ®(ék)
because &, (x; R) < ®,,(x; K) if for some 7 thereis {p;;} < {xi;} but R >0
and K > 0 [51].

For the general case, i.e. %Pij(t) # 0, we have:

0= 1= sron = -3 | 6‘; ,(3(0); (1) 2

Opi;(t)
ot

+Z Bpk] t); R(t)) ] (4.48)

The first term in the sum is given in Eq. (4.47), the second sum needs to be
written out in more detail:

- : Opij(t) _ 0 apk,( )
Bij(Ds(ﬁ(t)’R(t)) = 35:95, ®,(8(t); R(t)) ——
5 (1) Bi(t)
agkaﬁJ _i i D 2 Bt);R | Zx = Br(t), Z; = ﬂj(t))
'(,OQ(Zk, 255 ij) de dZJ w

Opr;(t)

= 2 (Bk(t), Bj (t); pij (t)) Ps—2 (€ (t); Ricj (1)) T

where
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and a—p"gﬂ(—” = %(ak(t)Taj(t)) = aa'g(tt)T a;(t) + ak(t)Ta—agt(—t). The notation
follows the same rules as explained below Eq.(4.47). This result is due to
Ditlevsen in this form [13]. The same reference also gives

Ok (t) 1 9 Vu gk(u,t)
—_— L =—(I+ )G,
o~ IHAOCIEE T o
with ‘
ot ou;0t e
and
G, — 1 8% gi(u,t) 3 1
T Ve Ol 0wdy; [ Vagk(u, )]
Ogk(u,t) 0 || Vugk(w,t)|| | Fgr(u,t) | Zuge(w, [\ . .
( Ou; Ou; * Ou; Ou; ihiF k(-

—
u—uk

For almost plane failure surfaces the second order derivatives occurring
in the last equation are almost zero and we have approximately

Oak(t) 1 0 Vu gk(u,t)
ot [V ugk(u, t)|| ot

For a combination of cases treated in Eq. (4.47) with those in Eq. (4.46)
one usually has to resort to the upper bound Eq. (4.47).

On similar lines one could attempt to consider the case when the failure
density must be computed using Eq. (2.10). We refrain here from presenting
results because the formulae become very complicated and may, nevertheless,
have rather limited practical application.

4.13. Inspection and repair of aging components

In the literature maintenance cost frequently have been assumed to in-
crease continuously with time. More realistic in the structures area is the
case where maintenance cost are the sum of inspection and possible repair
cost. Assume inspections at regular intervals a, 2a, 3a, . . .. Repairs occur only
at these points in time (or with some delay, say at a+ A, 2a+ A, 3a+ A, .. .).
Inspections and repairs occur only if renewals have not occurred before due
to obsolescence or failure. Assume further that repairs, if undertaken, restore
the properties of a component to its original (stochastic) state, i.e. repairs
are equivalent to renewals. Inspection and repair times are assumed negligi-
bly short. Of course, it makes only sense to consider aging components with
increasing risk function r(t).
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Consider first the case with only one failure mode. A renewal occurs either
after failure or at times a, 2a, 3a, . . . .and renewal (repair) times are negligibly
short. In [1] this is denoted by age replacement. Then, we obviously have [18]:

Z(p,a) = i e C( ) (C(p) + H){::*(V»pr ) + Il(p) exp[—'ya] FV(pla)
1= (fy™* (v, pia) + exp [—va] Fy (p,a))
(4.49)
with I;(p) the cost of repair and I;(p) < (C(p) + H).

If there are regular inspections there is not necessarily a repair because
inspections are uncertain (or the signs of deterioration are vague). Denote
the failure model for the aging component by “V” whereas “A” stands for any
other (independent) failure mode (or obsolescence as another cause for re-
newal). Then, inspection and repair cost must also be included in the damage
term:

Z(p’a) = B(pva) - C(p) - D(pva’)' (450)

Including now one failure mode “V” with subsequent renewal and obso-

lescence “A”
ND

D(p’a) =5

5 (4.51)

where

ND = (C(p) + A) [y (v a) + Al1) + (C(p) + H)(fy]3(7, p,a) + A12)

+ Io((1 — Pr(a))exp [—va] Fa(a)Fy (p,a) + A21)
+ (Io + I (p))(Pr(a) exp [-va] Fa(a)Fy (p,a) + A22),

D =1- (fiw(v.0) + ALL+ f75(v, p.a) + A2

+ Pgr(a) exp|—vya]F4(a)Fy (p,a) +A22),

oo n-—1

A1l =3 T = Pr@Ga) f4v (v, Py (n = 1a < ¢ < na),
n:‘Zj:l
oo n—1

A12 = 3" 10 - Prlja) 35 (4P, (n — 1)a < t < na),
n=2 j=1

A2l = Z (1 — Pg(na) ]j 1 — Pr(ja)) exp [~7y(na)] Fa(na)Fy (p,na),
n=2 j=1

A2 = ZPR(na H (1 — Pgr(ja)) exp [-yna) Fa(na) Fy (p,na).

n:2 :
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Here the following notation is introduced:
Pr(a) = probability of repair after inspection,
Pgr(a) = 1 — Pr(a) = probability of no repair after inspection,
a = deterministic inspection interval,
Iy = cost per inspection,
I,(p) = repair cost,

* ook

Xy (1 Pa) = fexp[ vt) fx (t)Fy (t)dt < fexp[ Yt] fx(t)dt = incom-
plete, modlﬁed Laplace transform of f X( Y

na

XFOPn—Destsna)= [ explotl fx(t)Fy(t)at
n—1)a

Moreover, one has to extend the renewal interval to 2a, 3a, . . . if an inspection
is not followed by repair. The terms All, A12, A21 and A22 vanish for
Pr(a) — 1 and are significant only for relatively small a. Note that the
renewal cost C(p) can also be different in the two cases.

If the benefit is constant in time we simply have B(p,a) = %. For non-
constant benefit b(t) it is in analogy with Eq. (4.51):

NB

B(p:a) =5

- (4.52)

where

Bp(t)fa(t)Fy(p, t)dt + B11

Bp(t)fv(t,p)Fa(t)dt + B12 + Bp(a)Fa(a)Fy(p,a) + B2,

+

e

na

su=Y [ B0 H 1~ Pa(ja)) fa(t) Py (p, t)dt,
n:Q(n—l)a j=1
00 ng n-1 ~
Biz=Y [ By [1(1 - Petia)fv(tp)Fattler
n=2(n-—1)a §=1

6 _
B2 = ZBb(na H (1 — Pr(ja))Fa(na)Fy(p,na),
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with

t t
Bo(t) = f exp |-t b(t)dt,  Bi(t) = / exp [t bE) L.
0

(n—-1)a

The denominator in Eq. (4.52) is the same as in Eq. (4.51). Some extra
consideration can also include delay times A of repairs.

The repair probability depends on the magnitude of a suitable damage
indicator. For cumulative damage phenomena Pg(a,p) increases with a. For
example, Pr(a,p) = P(S(a,X,p) > s.) with S(a, X,p) a monotonically
increasing damage indicator and X a random variable taking into account
of all uncertainties during inspection. Frequently, the length of inspection
intervals is taken as an optimization parameter. The case without inspection
and Pg(a,p) = 1 is already dealt with in the literature [18, 57]. Repair after
inspection is interpreted as preventive renewal (replacement of an aging com-
ponent after a finite time of use a). Renewal after failure is called corrective
renewal. It must be mentioned that optimal inspection/repair intervals do
not always exist. Preventive renewals must, in fact, be substantially cheaper
than corrective renewals. Also, the repair probability must be sufficiently
high at a.

4.14. Block replacements

In some cases an aging component of a system will be replaced whenever
it fails but at some time all components in a system will be replaced simul-
taneously independent of their history. This replacement strategy is denoted
by block replacements. Block replacements can have organizational reasons.
In [1] it is shown that although the number of block replacements will be
stochastically larger than for age replacements the mean number of failures,
i.e. renewals with large consequences, per unit time is smaller.

Assume that the block replacements occur at times a, 2a, 3a. Then, mak-
ing use of the Laplace transform for deterministic renewals (see Table 1)

Cp)e™ + (C(p) + H) T2, Ofe-'ﬂfn(t)dt
l—ea

Cp)e=" + (C(p) + H) Ofae‘”ﬂh(t)dt

D(p,a) =
(4.53)

l1—e 70

where h(t) = > po; fk(t) is the renewal intensity after failures with fi(t) the
density of the time until the k-th renewal. Obviously, the second term in the
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numerator takes account of the renewals after failure between the interval
[0,a]. As mentioned only very few analytical results for h(t) exist. But one
can derive an upper bound in using

= [ festt = fryar,
0

interchanging the order of integration in line 2 and making the substitution
v=1t—7in line 3:

a

/ e f fe—1(t — 7)f(7)drdt

//e M fr_1(t — 7)f(T)drdt = //e M1 (t — 1) f(7)dtdr

a—T

/f / 7T +e) fre—1(v)dvdr =/e”"f(‘r) / e " fr_1(v)dvdr
0 0
= [ e f(7) ae_"”fk_l(v)dv— / e " fr_1(v)dv | dr
JrrroJrmmon Jemnion
< O/‘e_”f(r)d'r!e’”"fk_l(v)dv.

Applying this scheme k-times yields

a a k
/6_"‘fk(t)dt = (/ e“"f(t)dt) = (f*(v.0)*

0 0

For a — oo the exact Laplace transform of the k-fold convolution of f(t)
with itself is obtained. Therefore,

C(p)e + (C(p) + H) X2, [ e file)dt
D(p,a) = o -

L O™ + (Clp) + W)y

= 1—e e
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where
a

f(ra) = [ e f(t)dt
[

is the incomplete Laplace transform of f(t).

For constant b we have B = £, as before. On similar lines one can also
derive the benefit term for non-constant benefit function b(¢). Unfortunately,
it will in turn be only an upper bound so that it is not given herein.

4.15. Serviceability losses

For completeness a simple serviceability model is also derived. Loss of
serviceability, in general, has two effects: (1) repair is necessary at usually
much lower cost than a repair corresponding to a complete renewal, and (2)
loss of benefit after the event and during repair. In some cases serviceabil-
ity losses including cost of repair and loss of benefit form a large part of
the total cost of a project. We make use of simple asymptotic arguments.
If the occurrence process of serviceability losses also forms a renewal pro-
cess with mean interarrival time mg the additional discounted repair cost
are Cs = Cg(ps)/(ymg) to be added to C(p) where pg is a parameter con-
trolling the frequency and (mean) duration of downtimes. Also, for constant
benefit outside the downtimes due to serviceability failure the benefit must
be reduced by the (asymptotic) availability Ag(co) = E[T—fl[%m where Tp
is the (random) downtime during repair and T the time of use of the facility
(see also section 4.9). Therefore, in first approximation as a generalization
of Eq. (4.8) for Poissonian failures and systematic reconstruction and where
we have taken into account that during downtimes there cannot be failure
(if this is appropriate):

b

2(p) = 24s(o0) - C(p) - Cslps)—— — (C(p) + H)As(o0) 2

. (4.54)

If failure can occur also during down times, e.g., by an external distur-
bance, the term Ag(co) must be deleted from the damage term. However,

classical reliability theory has developed more sophisticated models for this
case.

4.16. A note on interest rates

In passing it is appropriate to make a few further comments on discount-
ing. In consideration of the time horizon for structural and other technical
facilities of 20 to more than 100 years the interest rate used should be a long
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term average net of in/deflation. In accordance with economic theory benefits
and (expected) cost should be discounted by the same rate as done above.
Different parties, e.g., the owner, operator or the public, may, however, use
different rates. While the owner or operator may take interest rates from the
financial market the assessment of the interest rate for an optimization in
the name of the public is difficult. The benefit a society derives from the eco-
nomic activities of its members is approximately the sum of economic growth
rate per capita ¢ and demographic growth rate n so that 3 ~ { + n (see [43]
for further discussion). The requirement that the objective function must
be non-negative leads immediately to the conclusion that the interest rate
must have an upper bound ymax depending on the benefit rate b = SC(p)
(see [21]). For the model in Eq. (4.8) with Eq. (4.16) we have

ﬁcjp) _Op) - (c<p>+H>%‘p)

=0, (4.55)
and, therefore, by solving for v and given (optimal) p = p*

H
< B - AP 14— 4.56
¥ < Ymax < B — AP¢(p) ( +C(p)) (4.56)
implying v < B for AP¢(p) <« 8. It follows that the benefit rate 3 must be
slightly larger than ymax. From Eq. (4.55) one also concludes that there must
be v > 0 because the limit v — 0% is +oo or at least undefined.

5. Constraint functions

5.1. Normal constraints

The set of constraints generally consists of three groups: reliability con-
straints, deterministic constraints and simple bounds on design parameters.
Usually, reliability constraints have a form of inequalities enforcing optimal
design to satisfy assumed minimal level of reliability. For so called elemental
formulation of a problem reliability constraints have the form:

Gi(p) > MM i=1,...,s (5.1)

where each constraint corresponds to the beta index of a single failure mode
(failure element). The system formulation exists as well and has a very similar
form:

Bs = =@ (P(|J gi(u,p) < 0)) > g™ (5.2)

i=1
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where “S” denotes the system reliability index and is its minimal admissible
value. According to a specific model, elemental and system constraints can
be mixed. Reliability constraints can alternatively be expressed in terms of
failure probabilities.

If failure occurs at a random time, the reliability-based optimization prob-
lem is formulated within the framework of time-variant reliability. Then,
bounds on reliability indices have to be replaced by bounds on failure rates,
for example

h(p) < h(t — 00)™ (5.3)

with obvious generalization to series systems. It is important to use asymp-
totic failure rates as in Eq.(3.14) implying a exponential distribution of
failure times. Any other assumption leads inevitably to an inversion of the
Laplace transform of the renewal intensity which is numerically a notoriously
difficult problem.

Additionally, the set of constraints assuring the mathematical and physi-
cal admissibility of the design parameter vector and simple lower and upper
bounds for the transformed basic variable vector and the design vector should
be observed:

hﬂ(p)SO, ezli"'vqs
Umin < Uy < Umax, J=1,...,m, (54)

Pmink < Pk < Pmaxk, K=1,...,m,

where hy(p) may contain inequality constraint and equality constraints for
the design parameters. Simple lower and upper bounds on stochastic variables
resp. design parameters usually are also introduced.

5.2. Constraints based on societal criteria for risk acceptance [43]

Recently, interesting concepts have been proposed for the assessment of
public risk acceptance [33, 41, 31, 34, 43, 42]. Those considerations are valid
for the acceptance of involuntary risks to human life and limb from technical
installations or the natural environment by an anonymous member of society.
In essence, they set out from a composite social indicator, the societal life
quality indez, also to be interpreted as a utility function which encompasses
three important indicators of life quality, that is life expectancy, consumption
(income net of taxes) and the time necessary to raise the total income by
paid work, i.e. the time not available for leisure. In [43] the following version
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has been derived

L= % Of ealla i, o s, nida = %:E (5.5)
it .
E= j il . BBl ) s, (5.6)
5
cala, ¢ py) = TRLLLEZ 1) / exp | [(utr) + (o4 ¢~ m)ar | at,
! :

(5.7)
ham = P [=nal ) 68

Texp [-na]f(a)da |
0

In these formula g ~ 0.6 GDP is the part of the GDP available for risk
reduction interventions (approximately the part available for private use),
q = 72 arisk aversion parameter with w the life working time as a fraction

of life expectancy at birth e(0) = fu £(a)da with survival probability £(a) =
0

a
exp|— [ p(t)dt] at age a and u(t) the age dependent mortality obtainable from
0

life tables, e4(a, ¢, p,n) the "discounted” remaining life expectancy given that
a person has survived until age a, p the socalled time preference rate, n the
population growth rate, ¢ the rate of economic growth and h(a,n) the density
of the distribution of ages in a (stable) population. Dividing Eq. (5.5) by the
marginal utility u'(g) = g?~! gives the so-called societal value of a statistical

life

SVSL =

2 @

E. (5.9)

Using Eq. (5.5) a small relative change in the societal life quality index
can be assessed as ~
dLgp dg + 1dE
Lg g 4qFE’

so that the requirement dLz > 0 leads to a general acceptance criterion

—“+-—=2>0. 5.10
+-= (5.10)
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The change in age-averaged, discounted life expectancy can be expressed
in terms of a change in (crude) mortality as

E 5 %E(.’E)_ lI:O z — _CzE(Capa TL)
E E m
The societal willingness to pay is finally defined as

dm. (5.11)

dCy = —dg = gé@dm = G,;(¢, p,n)dm. (5.12)

The demographic constant ¢, z((, p,n) depends on the mortality reduc-
tion scheme z of a particular intervention, for example whether the inter-
vention reduces mortality proportional to age-dependent mortality or simply
as a constant at all ages. In the following only constant mortality changes
denoted by scheme A will be considered.

Application to technical objects requires that the mortality change is
expressed in terms of changes in the failure rate. Let dm be proportional
to the increment in the mean failure rate dh(p), i.e. it is assumed that the
process of failures and renewals is already in a stationary state that is for
t — oo (see Eq. (3.14)). Rearrangement and introducing the incremental cost
and the failure rate as a function of a (scalar) parameter p yields

dCy(P) % _kCAE‘(C’pa n) 1

dh(p) = . Sg = aAB ) (5.13)

where
dm = kdh(p), 0<k<1, (5.14)

the proportionality constant k relating the changes in mortality to changes
in the failure rate. Note that for any reasonable risk reducing intervention
there is necessarily dh(p)/dp < 0. k (0 < k < 1) must be determined by
careful failure consequence analysis.

The life saving cost (LSC) or implied cost of averting a fatality (IC AF)
can be obtained from the equality of Eq. (5.10) after replacing E by e = ¢(0),
separation and integration from g to g + Ag and e to e + Ae, i.e. the cost
AC = —Ag per year to extend a person’s life by Ae is:

1
AC’:—Ag:g[l—(l-l——A;) ]

Because AC is a yearly cost and the (undiscounted) LSC has to be spent for
safety related investments into technical projects at the decision point ¢t = 0,
one should multiply by e, = Ae and

LSC(er) = g [1 = (1 2 %’)_%] er (5.15)
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follows. The societal equality principle prohibits to differentiate with respect
to special ages within a group. The conditional (remaining) life expectancy
given that the person has survived up to age ¢ is:

[ Ay t
e(a) =/%dt= %a)/exp —O/,u(v’)dr dt. (5.16)

a

Therefore, averaging the remaining life expectancy over the age distribution
leads to the societal life saving cost (SLSC):

SLSC = fLSC(e(a))h(a,n)da (5.17)
0

where h(a,n) is the density of the age distribution of the population with n
its population growth rate.

The criterion Eq.(5.13) is derived for safety-related regulations for a
larger group in a society or the entire society. For a specific project it makes
sense to apply criterion (5.13) to the specific group exposed. Therefore, the
"life saving cost” of a technical project with Npg potential endangered per-
sons is:

Hp = SLSC kNpg. (5.18)

The monetary losses in case of failure are decomposed into H = Hy + Hp in
formulations of the type Eq. (4.8) with Hjs all losses not related to human
life and limb.

Criterion (5.13) changes accordingly into:

dCy (p)
dh(p)

All quantities in Eq. (5.19) are related to one year. For a particular tech-
nical project all design and construction cost, denoted by dC(p), must be
" raised at the decision point ¢ = 0. The yearly cost must be replaced by the
erection cost dC(p) at t = 0 on the left hand side of Eq. (5.19) and discount-
ing is necessary. The method of discounting is the same as for discharging
an annuity. If the public is involved dCy (p) may be interpreted as cost of

societal financing of dC(p) such that dCy(p) =dc(p);i’[‘£q£_el_ The (real)
plrts)—1

interest rate to be used must then be a societal interest rate. Otherwise the

interest rate is the market rate. g in Goz(¢, p,n) also grows in the long run

approximately exponentially with rate {, the rate of economic growth in a

country (see [32] for an empirical verification). It can be taken into account

> —Gap((,mn)kNpE. (5'19)
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by discounting. The acceptability criterion for individual technical projects
then is (discount factor for discounted erection cost moved to the right hand
side):

¢ exp [Cts)
exp [Cts] — 1

300 _GAE‘(Cv P n)kNPE;

dC(p) _ _expyts] -1
dh(p) =  yexp [yt

Gag(C pn) kNpg

(5.20)

where 5 is service time. For { — 0 as well as v — 0 we have the interesting
limiting result for arbitrary t:

dC(p) )
m >—¢—0y—0 —Gg((, p,n)kNpE. (5.21)

Here, a slight inconsistency is encountered because there is double dis-
counting with respect to g and G, z(¢, p,n) by ¢. Alternatively, discounting
can be performed with the same rate in Eq. (5.20) so that the effect of dis-
counting cancels. Generalizing now to a vectorial parameter p we have

VoC(P) + G5 (G, m)kNpE S Vh(p) > 0 (5.22)

which is easily seen to be equivalent to the solution of the following opti-
mization task:

Minimize: Z'(p) = C(p) + GAE(C,p,n)kNpE%h(p). (5.23)

Equation (5.22) is seen to be the optimality condition V,Z’(p) = 0 of the
(unconstrained) optimization problem Eq. (5.23). Eq. (5.23) allows solving for
vectorial parameter p. A solution to Eq. (5.22) or (5.23) can always be found

because V,C(p) usually grows approximately linearly in p whereas V, h(p)
decays exponentially.

Some numerical values for the various economic and demographic quan-

tities entering Eq. (5.22) or Eq.(5.23) are given in Table 3 [43]. According
to [43] the discount rate is computed from

Yy=p+e >0, (5.24)
and the rate of time preference p is bounded to the below by
p2n+¢(l—e). (5.25)

Here € > 0 is the elasticity of marginal consumption (income) and is deter-
mined to be ¢ = 1 — ¢. It should be observed that a complex interaction
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TABLE 3. Social indicators for some countries.

I Country GDPY, g% ¢ I m*® l n® [ e l q® I p I 5 ‘ SLSC™® | Gap® SVSL

| usa 34260, 22030 | 1.8 | 087 | 090 | 77| 022 | 1.3 ] 23] 87 10° | 48 105 | 2.1 10°
Germany 25010, 14460 | 1.9 | 1.04 | 027 | 78 | 0.17 | 06 | 1.9 | 5.7 10° 3.7-10% | 2.1 10°
Poland 9030, 5630 16| 1.00 | -003| 73| 019 0.2 | 13| 19 10° 1.4-10% | 7.2-10°
Switzerland || 29000, 17700 | 1.9 | 0.88 | 027 | 79| 017 | 06 | 1.8 | 7.0-10° 5.3-10%° | 2.5- 10°
UK 23500, 15140 | 1.3 | 1.07 | 023 | 78| 019 | 0.5 | 1.3 | 5.7 10° 3.4-10% | 2.3 108

| Japan || 26460, 15960 | 2.7 [ 0.83 | 017 | 80| 020 ] 07 [ 23| 6.0-10° [ 4.1-10° | 1.6 10° |

[ Australia

|

25370, 15750 | 1.2 | 0.72 |

0909 [ 78] o21] 12] 1.9] 69 10°

| 52

-10° | 2.4 10° |

U in PPPUSS, 2 private consumption in PPPUSS$ according to [56], 3 average yearly economic growth in % for 1870-1992,
after [32], * crude mortality (2000) in % [6], ° population growth (2000) in % [6], © estimates based on [15] including
N SLSC computed with g and age-averaged life

1 hour travel time per working day and a life working time of 45 years,
computed from recent period life tables, A indicates constant additive mortality changes.

expectancies,
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between economic, work-leisure time aspects and demographic factors deter-
mines the given values of SLSC, Gz and SV SL. It may also be mentioned
that mortality reduction scheme corresponding to G 5 is most appropriate
for technical facilities or natural hazards.

It should be clear that criteria like Eq.(5.22) are gradient constraints
which, depending on the solution algorithm, impose rather strong differen-
tiability requirements on C(p) and h(p).

6. Numerical techniques

6.1. Principles of a one-level approach

Let p be a parameter vector which enters in both the cost function and the
limit state function g(u, p) = 0. Benefit, construction and damage function as
well as the limit state function(s) are differentiable in p and u. The conditions
for the application of FORM/SORM hold. In the so-called 3—point u* the
optimality conditions (Kuhn-Tucker conditions) are [26]:

g(u’p) =0,
‘u _ Vyg(u,p) (6.1)
lall — IVug(u, )|’

The geometrical meaning of (6.1) is that the gradient of g(u,p) = 0 is
perpendicular to the vector of direction cosines of u*. The basic idea men-
tioned first in [17] and elaborated in [26] now is to use these conditions as
constraints in the cost optimization problem thus avoiding a bi-level opti-
mization. It will turn out that this concept is crucial for further numerical
analysis as described below.

It is important to reduce the set of the gradient conditions in the Kuhn-
Tucker conditions by one. Otherwise the system of Kuhn-Tucker conditions
is overdetermined. It is also important that the remaining Kuhn-Tucker con-
ditions are retained under all circumstances, for example, if one or more gra-
dient Kuhn-Tucker conditions become co-linear with one or more of the other
constraints possibly included in the cost-benefit optimization task. Otherwise
the so-called 3-point conditions are not fulfilled.

6.2. Formulations for time-variant problems

In the simplest stationary, one-component case we have:

— B Cp) - ®)
Z(p) = B=C(p) ~ (C(p) + H) - — (6.2)
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subject to:

g(u,p) =0,
%l Vug(u, p)|| + Vug(u, pliflul| =0, i=1,...,n-1,
hlp) £0,k=1,:::38

+

+
(P) <V imissible

v
or V,C(p)+ ng(c,p,n)kwpggvpaﬁ(p) >0,

depending on whether a reliability constraint is imposed exogeneously or
criterion (5.22) is used.

If there are multiple failure modes one replaces v* (p) by Zf:17v*(p), for
example. In this case generalizing ideas in [28] (see also [55])
>k=1% (P)

Z(p) = B-C(p) - (C(p) + H) - &%= 17 (6.3)

subject to:
gk(uk,p)=0, k=1,...,S,

Ui k|| Vugk (g, P)|| + Vuge(ug, p)illukl| = 0,
2= Lisesgtii— 1y k=lya::58

hf(p)501 €=1,...,q,

+ + _
Vi (P) <Vadmissibles K =1,-..,8,
k=1

or V,C(p) + Gup(Cyp, n)kNpggvp S v (p) >0,
k=1

where the Kuhn—Tucker conditions have to be fulfilled separately for each
failure mode. Note that there are s distinct independent vectors uy.

If the problem is non-stationary it is sufficient to determine the asymp-
totic renewal intensity or the mean value of time between renewals in many
cases (see Eq.(3.14)). Several but not always successful methods have been
studied in [44]. However, for (locally) non-stationary problems, especially
aging problems and for problems with non-Poissonian failures, a rather gen-
eral, numerical solution can be proposed. More precisely, the Laplace trans-
form is taken numerically and each value of the failure density is computed
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by FORM/SORM. A first model makes use of the asymptotic result in
Eq.(3.14), i.e. requires the computation of the mean failure time. A bet-
ter failure model certainly is a model where mean and standard deviation
of the failure times are determined. As mentioned this is also an asymptotic
approximation for arbitrary failure models being identical to the Gaussian
model. Both models may be used as approximations. The first two moments
of an arbitrary failure model then need to be computed from Eq. (2.3). The
integrals are represented as sums of equi-distant values of the integrand:

I(p) = A wjik(t;,p) (6.4)
Jj=0

where w; are the weights (for example according to Simpson or Newton) and
i(t;) are the values of the integrands, that is ®(8(t;,p)) and ¢;®(8(¢;, p))
according to Eq. ( 2.3), respectively, for k = 1 and k = 2 (SORM-factor ne-
glected). The integrand function exp [—~t] fr(t, p) is bell-shaped. Any suit-
able integration schemes can be used alternatively. Then, with f*(vy,p) =
exp [37 (vo(p)? — 2m(p))] and m(p) = E[T(p)] = A X} _qwjii(t;,p) as
well as o(p)? = AYT_gwjia(tj,p) — m(p)? the Kuhn-Tucker-conditions
must be fulfilled at each t; and one can write similar to the procedure for
series systems

exp [37 (yo(p)® — 2m(p))]
Z(p)~ B-C(p)—-(C(p)+H)- (6.5)
1 —exp [37 (yo(p)? — 2m(p))]
subject to:
g(uj,p,t;) =0 for j=0,1,...,m,
ui.j“vug(uju p’tj)“ + vug(uj) p)t])'n”u] “ = 05
i=1,...,n—-1, j=0,...,m,
hk(p) S 0, k = la sQ)
1
—— < hadmissible
m(p)
of V,C(p) + G,5(C, pyn)kNpEVp(——) > 0
P zE\Sy P PE')’ pm(p) = Y,
where 3(t;,p) = |luj||. The vectors u;, j = 0,1,...,m, are mutually inde-

pendent. Therefore, the size of the optimization problem grows as n x m.
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The same scheme, however, applies to the full Laplace transform of non-
stationary problems.

2(p) ~ B~ C(p) - (C(p) + H)- TLIBEL, (6

subject to:
g(u;,p,t;) =0 for j=0,1,...,m,

ui,j“vug(uja p3tj)” + Vug(u_j,p,tj)i”uj“ = 07
t=1,...,n—-1, 3=0,...,m,

hl(P)SOa £=17"~aq,
Y S hadmissible
m(p)
1

or V,C(p)+ GIE(c,p,n)kNPEgvp(m) >0,

where m
Frnp) = A wjexp -t fr(ti, p). (6.7)
§=0

For the case in Eq. (2.2) it is

£0np) = A wyexp -1t (o (Bt PN DE. (o5)
i=0
with #U0E) — ﬂv%f;((?f;,tz?;))|| [23] and in the case (2.11):
fr(rp) ~ A wjexp[—tj]
j=0
. (Pf(O)J(O) + (N0, 9), -0t P il ) + wo%)) .
= (6.9)

If fr(t,p) depends on a random parameter R one has to use the ap-
proximation Er [ [“(p.R) } ~ LR EIRD - It can be shown that usually

1—f‘(7xlej ~ l—f'(‘)',p,ElR-}

the approximation Eg [1 S }(,'Y(f;’Rl)i)} ~ E}}{f(‘;(':;%&)]l) is found to be closest
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if f*(v,p, R) < 1. A similar computation scheme can, of course, be used if
obsolescence and/or inspections and repairs are included.

Finally, the case of multiple failure mode system is given for arbitrary
failure models:

Z(p) =B - C(p) - >_(Ce(p) + Hy) - 1-2101'“(7} )7 p)
" fk(l l)k o oo
) B _ (1, P
<B-C(p) gck(pHHk) 1= 55 fi(1p)

subject to:

gk, pit;) =0 for k=1,...,s, i=0,1,...,m

)

Ui .k Vugk (W56, Py )| + Vage (W5, Py t5)illws k|l = 0,
t=lyweyne =1, F=0p..smy k=148
h’l’(p)so’ ezla"'aQa

S

2 i)

m( ) = hadm1551ble
k=1 P

or VpC(p)+ G,e(C pn) kNPE— Z(

where, for example, for the case in Eq. (4.47)

70 = [expl-vt st = [expl- vtlzflk(t )it = Zf
0 0
ot - — 59k (uj, t5)
kzu:ow ;5 €xp [—7t5] ©1(Bk(t))) Ps—1(8; Ry) (—HV:gk(u;J, tj)||) ;

(6.11)
The problem now can be rather large, i.e. there are s x m independent
random vectors of length ny. Clearly, the most difficult part in such calcula-
tions is the assessment of t,, and m. However, the exponent term in Eq. (6.7)
usually lets the integrand decay sufficiently fast. If reliability restrictions are
imposed it is necessary in all practical cases to use Eq.(3.14) because the
inversion of the Laplace transform of the renewal density is numerically ex-
tremely difficult. It is further noted that the scheme proposed above can also
be used when the benefit is non-constant as in Eq. (4.33) or the damage term
is non-constant as in Eq. (4.35).
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6.3. Solution algorithm

In order to solve the optimization problem a suitable optimization al-
gorithm is required. Based on sequential quadratic programming methods
a new optimization algorithm JOINTS has been developed from an earlier
algorithm proposed by Enevoldsen/Sorensen [14]|. This turned out necessary
because the tasks in (6.2), (6.3), (6.5), (6.6) and (6.10) require special precau-
tions which are not necessarily available in most of the off-shelf algorithms.
For example, the algorithm includes a reliable and robust slow down strategy
to improve stability of the algorithm instead of an exact (or approximate)
line search which too often is the reason for non-convergence [35]. A spe-
cial ‘extended’ equation system is solved in case of failure in the quadratic
subalgorithm, e.g., due to linear dependence of the linearized constraints.
In addition, the algorithm contains a careful active set strategy (for further
details see [53]).

Gradient-based methods need first derivatives of the objective and all
active constraints. In case of cost optimization under reliability constraints
first order Kuhn-Tucker optimality conditions for a design point are restric-
tions to the optimization problem. These equations are given in terms of the
first derivatives of the limit state function. The gradients of these conditions
involve second derivatives. Thus, the solution of the quadratic subproblem
needs second derivatives, i.e. the complete Hessian of g(u, p). The determina-
tion of the Hessian in each iteration step is laborious and can be numerically
inexact. In order to avoid this, an approximation by iteration is proposed.
The Hessian is first preset with zeros. Note that linear limit state functions
always have a zero Hessian matrix. This implies loss of efficiency, but the
overall numerical effort needs not to rise, because calculation of the Hessian
is no more necessary. In order to improve the results in case of nonlinear limit
state functions, it is possible to evaluate the Hessian after the first optimiza-
tion run and restart the algorithm. The solution is the new starting point
and the Hessian matrix is fixed for the whole run. This iterative improvement
with subsequent restarts continues until the results differ only with respect
to a given precision which is usually after very few steps. The results can
be simultaneously improved by including second-order corrections during re-
iteration (see [30]). Any other more exact improvement can be taken into
account in a similar manner.

All in all, the techniques proposed enable the solution of quite general
problems. They are still based on a one-level optimization but rather strong
requirements on differentiability of the objective, limit state functions and
other restrictions must be made. Also, a possibly substantial increase of the
problem dimension must be expected in extreme cases and, hence, much
computing time will be necessary.
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It must be mentioned that there are alternative solution algorithms such
as a bi-level optimization [52] or algorithms based on semi-infinite program-
ming [11]. Also, very little is known how to solve problems if objectives and
constraints do not fulfill certain differentiability requirements.

7. Illustrating examples

7.1. Example 1: Random capacity and random shock load [43]

As a first example from the structures area we take a rather simple case
of a single-mode system where failure is defined if a random resistance or
capacity is exceeded by a random demand. The demand is modelled as a
one-dimensional, stationary marked Poissonian renewal process of distur-
bances (earthquakes, wind storms, explosions, etc.) with stationary renewal
rate A and random, independent sizes of the disturbances S;,7 = 1,2,....
The resistance is log-normally distributed with mean p and a coefficient of
variation V. The disturbances are independently log-normally distributed
with mean equal to unity and coefficient of variation Vg so that p can be
interpreted as central safety factor. A disturbance causes failure with prob-
ability:

1+V¢2
In {p %—‘-/%}
Vin (L + VR + V)

An appropriate objective function then is with b = b(p):

_ b C1 4 Ci1 o Hu | Hrp\ APs(p)
Z(p)—Co’Y (1+C'op) (1+Cop+Co+Co) y (7.2)

Ps(p) = @ (7.1)

The criterion (5.20) has the form:
) (Co + C1p%) > =G i(p,n)kN. £4 (APs(p)) (7.3)
dp 0 1p) 2 zE\P» PE"de f\Pj) - ¥

Some more or less realistic, typical parameter assumptions are: Cp = 106,
Cr=10% a=125 Hy =3-Cy, Vg = 0.2, Vs = 0.3, and A = 1 [1/year].
The LQI-data is e = 77, GDP = 25000, g = 15000, m = 0.01, ¢;5 = 0.25
or cg5 = 0.75, w = 0.15, Npg = 100,k = 0.1 so that Hr = SLSC kNpg =
8.4 -10%, G,z(p,n)kNpgp = 2.1-107 and Gyz(p,n)kNpg = 6.2 - 107. The
value of NpE is chosen relatively large for demonstration purposes. Monetary

values are in US$. Optimization is performed for the public and for the owner
separately.
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For the public bg = fCy with § = 0.02 from Table 3 and yg = 0.0185
determined from Eq. (4.56) are chosen. Also, we take ,—fS— = 1 for simplicity.
In particular, benefit and discount rate are chosen such that the public does
not make direct profit from an economic activity of its members. Optimiza-
tion including the cost Hp gives pg = 4.35, the corresponding failure rate is
1.2 - 1073, Criterion (5.20) is already fulfilled for p; = 3.34 and p, = 3.68,
respectively, corresponding to yearly failure rates of 2.5-10™* and 9.1-107%,
respectively, but Zg(p;)/Co and Zg(p,)/Co being already negative. It is no-
table that although the two demographic constants C, g differ by a factor of
three the acceptability limits are close together. It is also interesting to see
that in this case the public can do better in adopting the optimal solution
rather than just realizing the facility at its acceptability limit.

The owner uses some typical values of bp = 0.07Cp and yo = 0.05 and
does or does not include societal life saving cost. If he includes life saving cost
the objective function is shifted to the right (dotted line). The calculations
yield p;, = 3.76 and py, = 4.03, respectively, and the corresponding failure
rates are 7.1 - 107° and 3.2 - 10~°. The SLQI-based acceptability criterion
limits the owner’s region for reasonable designs. Inclusion of life saving cost
has relatively little influence on the position of the optimum.

2
15 Py
. Objective function
! ' of owner
0.5
S =
Objective function
-0.5 of society
-1
1.5
=2
0 1 6 7 8 9 10

FIGURE 3. Objective function for society and owner (with and without life saving
cost).

It is noted that the stochastic model and the variability of capacity and
demand also play an important role for the magnitude and location of the



OBJECTIVE FUNCTIONS FOR RELIABILITY-ORIENTED. . . 391

optimum as well as the acceptability limit. The specific marginal cost (rate
of change) of a safety measure and its effect on a reduction of the failure rate
are equally important.

This example also allows to derive risk-consequence curves by varying the
number of fatalities in an event. With the same data as before but SLSC
= 7-10° and G, z(p,n) = 4-10° for Np = 1 we first vary the cost effectiveness
of the safety measure (see Fig. 4). Here, only the ratio C;/Cy is changed. The
upper bounds (solid lines) are derived from Eq. (5.13) and the lower bounds
(dashed lines) corresponds to the societal optimum according to Eq.(4.8)
(bs = 0.02Cy, vs = 0.0185).

0.1

0.01 2

NF

FIGURE 4. Acceptable failure rate over number of fatalities for different C1/Co.
Dashed lines correspond to optimal solution for the public.
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Most realistic is probably a ratio of C;/Cp = 0.001. The failure rate
of approximately 10~ per year corresponds well with the controllable crude
mortality of the same magnitude as mentioned earlier. In Fig. 5 the mortality
reduction regimes are varied indicating that this is of only moderate influence.
In this figure the region between the upper bound(s) and the lower curve
derived from the societal optimum may be interpreted as ALARP-region
(ALARP = As Low As Reasonably Practicable).

1-10 ‘
10 ? r
Not acceptable
1440 >
=
" | Accpptable || * Cpe =0.25
~but suboptimal - Cpe = 0.50
=7 1 (1] -
10 S Cy =075
i
110 ° L L1 1
' 10 100 1410
NF

FIGURE 5. Acceptable risk for different mortality regimes.

Note that in these figures the failure rate is given by APy and the number
of fatalities is given by Np = kNpg. Therefore, these figures cover the full
range of A and Py and k and Npg, respectively. However, it is to be empha-
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sized that in both figures the precise location and slope of the acceptability
curve depend on the specific physical and stochastic model.

7.2. Example 2: Earthquake resistant design

A technically more involved example tries to establish a basis for the
codification of design values for earthquake resistant design. It introduces
so-called risk integrals. We follow closely the considerations in [47] but use
slightly different data. In a seismic region Poissonian earthquakes occur with
rate A = 2.9 [1/year|. Magnitudes between m, = 4.0 and m, = 7.5 are
considered. A truncated Weibull distribution (for maxima) has been found
to model the data adequately

mg—m* —exp |— | B ¢
I

with w = 4.35 and k = 8.11. These data are characteristic for an area with
medium to high seismicity. With the attenuation law:

a = h(m,r) = by exp(bam)(r? 4 7.32) "2 exp(—bsr) = exp(bym)b(r) (7.5)

where b; = 0.0955¢, by = 0.573, b3 = 0.00587, one determines the density of
peak ground acceleration as

o—h71 . k—1 n—h71 : k dh—l ;
k m a,r exp [_ ((_m (ar)_)) ] d(a T)

(mo—w) Me—w a
me—m k
=[]

with m, < h7(a,r) = bl_zln(ﬂ%) < m,. Possible epicentra are uniformly
distributed around the site in a radius of ry,,x = 200km. Hence, the density
of peak ground acceleration is:

fA(av T) =

(7.6)

fa@ = [ fatar)r—dn (7.7
0 max

Peak ground acceleration then varies with a coefficient of variation of
Va4 = 1.55. The maximum responses given peak ground acceleration vary
log-normally with coefficient of variation of Vs = 0.60. A simplified limit
state function then is

9(X)=R—- KSAE <0 (7.8)
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for shear resistance versus shear demand. Herein, R is a log-normal resistance
with Vg = 0.2, K contains all system-specific properties and is, without loss
of generality, assumed to equal untity, S is the log-normal variability in the
(elastic) spectral enhancement factor with mean mg = 1 and A is peak
ground acceleration. The systematic frequency-dependent part of S must be
taken into account in K. E is the log-normal error in relation (7.5) with mean
1 and coefficient of variation Vg = 0.6. The conditional failure probability
(fragility curve) is

oy D (1+v51)(12+vg.)
) i K-mg-amg 1+V3

) \/111 (1+VHA+VHA+ VD)

P¢(p|a (7.9)

with p = mpg the design parameter because mgmpg = 1.0. The objective
function (without benefit term) for systematic reconstruction is

2(p) = C(0) (Npx) + Es [ (cmp, a)(1 - Py(p| a))f(NpE)g)

+ ((C(p) + Ho + Hp1(2))f(Npg) + He(a)) /\Pf(f | a)] |

(7.10)
The acceptability criterion Eq.(5.19) to be used as a constraint for
Eq. (7.10) correspondingly reads:

% (Co e Clpa)
> —Fj4 [GAE(p,n)%(l - exp(—O.ZSa))NpE%;—p (/\Pf(p,a))] . (7.11)

The following widely verified relationship between peak ground accelera-
tion and MSK-intensity log(a) = 0.31M SK — 2.5 is assumed. We distinguish
between normal damage to the building during an earthquake and building
collapse. Construction, retrofitting, loss of business and physical damage cost
are slightly underproportional to the occupation rate of a unit in a residential
building so that we choose f(Npg) = (Npg/3)*%. C(p) = (Co + C1p°)is the
construction cost, Cr(p,a) = C(p)(1—exp(—0.25a)) is the cost of retrofitting
taking account of the fact that retrofitting cost approach the cost of complete
reconstruction for larger a, Hp(a) = Hpra%? is the physical damage cost.
The physical damage term includes infrastructure losses for large accelera-
tions. Indirect cost such as loss of business is approximated by Hy = ¢Cp.
The estimation of human losses is difficult. They also depend on a as people
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are increasingly trapped at collapse. Immediate death then has probability
0.3 to 0.5 or more but some 10 to 20% die later in hospitals. This leads to
Hp(a) = SLSC }(1 — exp(—0.25a))Npg for the compensation cost for loss
of human life. Note that the factor %(1 —exp(—0.25a)) replaces the constant
k in Eq. (5.19). The constant 0.25 in these relationships appears to vary with
building type and material. The concavity of the function with respect to a
implies convexity with respect to M SK in agreement with estimates in the
literature. It is certainly only a rough approximation. Furthermore, we have
Co=10%,C1 =3-10%, 6 = 1.1, Hyy =5-10°, y =002, $ =1, Npg =3. It
is beyond the scope of this paper to discuss all these special choices in detail
but they are essentially in line with the findings in [7] and other sources in
the literature. The damage term in Eq. (7.10) is conditional on a. The ex-
pectation operation removes the condition. The damage term is also called
risk integral. Table 4 collects typical data for three different socio-economic
levels.

TABLE 4.

Socto-economic level H High I Medium I Low ]

GDP 23500 | 6500 1500
w 0.145 | 0.17 0.20
e 7 65 55
Ca 35 50 65
¢ 3.62 1.0 0.23

An additional FORM /SORM-analysis can then determine the design val-
ues a* corresponding to p* and some other results of interest in the following
results table (Table 5).

TABLE 5.

\ Socio-economic level " High Medium | Low
p’ 4.80 4.00 3.54
h(p™) = AP;(p") (FORM) || 3.7-107* | 6.3-107* | 8.8.107*
Return period h—(#L 2700 1600 1100
a* 1.03 0.97 0.84
a*s*e* 3.11 2.76 2.43
C(p*)/Co 1.17 1.14 1.12

The design values of the accelerations a* have a return period of about
120 years. Roughly the same design accelerations for all socio-economic lev-
els indicate that the quantity E4[APs(p | a)] decays very slowly with a. The
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* Lk K

values of a*s*e* < p* are also given. Surprisingly, the acceptance criterion
Eq. (7.11) is not active and produces values py, of 1.5, 1.0 and 0.5, respec-
tively. These values imply an order of magnitude larger failure rates than
the optimal solution. This example is somewhat extreme because the load-
ing side varies very much. Large changes in the values of p* result in rather
small changes in the failure rates. This explains why the differences between
the different socio-economic climates are relatively small. Also, in contrary
to the previous example, both construction cost and damage cost have been
referred to a residential unit and are roughly proportional to Ng. Therefore,
the effect of varying N is insignificant and the failure rates in the second
line of the results table are the individual risks due to earthquakes in that
region.

7.3. Example 3: Rigid plastic two-bay frame [53]

In this simple example a double-bay frame as shown in Fig. 6 using rigid-
plastic theory with random horizontal and vertical loading and random plas-
tic moments at nodes 1 to 10 will be optimized under reliability constraints.

The structure can fail in eight different failure modes as shown in Fig. 7.
The first three failure events are elementary mechanisms, the others combined
mechanisms.

A limit state function for each failure mode is available using the energy
theorem:

h
Gi(z,p) = X2 +2X3 + X4 —X12'§,
h
Ga(z,p) = X +2X7+ Xg — X3 7
G3(z,p) = X1+ Xo+ Xs+ Xg + Xo+ X10— X11-h,
h h
G4($,P)=X2+2X3+X4+X6+2X7+X8—X12'5—X13'5,

Gs(z,p)=X1+ Xo+ X5+ X6+ 2X7+2Xs + Xy
+ X~ Xn - h—Xg-

o=

bl

Ge(z,p)=X1 + Xo+ X4 +2X7 +2Xg + Xo+ Xio — X11-h — X3+

| S

bl

h
G7($yp)=X1+2X3+X4+X5+X8+X9+X10“X11'h_XIQ"2'a
Gg(z,p) = X1 +2X3+2X4 +2X7+2Xg + X

h
+X10—X11'h—X12'§—X13'
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FIGURE 6. Loads and system geometry of the frame.
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FiGURE 7. Failure modes of the frame.
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where X;, ¢ = 1,...,10 are the plastic moments of the frame at node 1.
X11, X12 and X;3 are stochastic loads at node 2, 3 and 7. The stochastic
properties of the random variables X; are given in the following table. The
random plastic moments at node X;, ¢ = 1,...,10 are assumed to be in-
dependently and lognormally distributed, the stochastic loads X;1, X12 and
Xi3 are normally distributed (see Table 6).

TABLE 6.
Stochastic variable [Unit] Mean/St.deviat.
Plastic moment at node 1,2,5,8,9,10 | X; [kNm] p1/0.1 - p;
Plastic moment at node 3,4,6,7 X; [kNm] p2/0.1-p2
Load at node 2 X1 [kN] 2/0.6
Load at node 3 X12 [kN] 4/1.2
Load at node 7 X13 [kN] 6/1.8

The assumption of log-normal resistance variables makes the reliability
problem slightly non-linear in the standard space. The loads at node 3 and 7
are modeled as stationary rectangular wave renewal processes with jump rates
A12 = A13 = 0.5 [1/year|. The load at node 2 is modeled as stationary differ-
entiable Gaussian process with autocorrelation function p;;(7) = exp(—72).
It follows that formula (4.46) applies for n; = 2 and np = 1. The de-
sign parameters p; and p, are the mean values of the appropriate stochastic
variables. The bounds for p; and py are as follows: p; € [5.0;80.0] kNm,
p2 € [5.0;80.0] kNm. The objective function, which will be minimized in the
optimization program, is defined as construction cost depending on the mean
values of the plastic moments at nodes 1,...,10 as C(p) = p1 + 2.0 - p2. The
failure cost are H = 900 and the interest rate is v = 0.02. The optimization
problem contains of 106 optimization variables. The objective function to be
minimized then is:

2(p) = C(p) + Bn | (Cp)i + Hy) 2Tk
=l (7.12)

< C(p)+ Y (C(p) + Hy) ER_[V“‘i_Pﬂ)_k]
k=1

with R = (Xi,...,X>?) collecting the random vector of resistances. Note
that first line in Eq. (7.12) is exact but the Poissonian nature of outcrossings
is lost if the different modes had also different damage cost. In this case,
however, the damage cost are assumed to be equal for each failure mode
and, therefore, the second line of Eq. (7.12) is also exact. The optimal cost
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parameter for time- variant cost optimization under reliability constraints of
this series system with A = 20m and a time interval of one year are

p] = 16.95, p5 = 38.45,

and the optimal cost are Cyot (p) = 93.85 [CU]. The time-variant failure prob-
ability in each mode is computed as: (P (p*), Pr2(p*), Pr3(p*), Pra(p*),
Pss(p*), Pie(p*), Pr2(p*), Prs(p*)) = (9.76-10711,2.21-107, 2.53-1075,
2.37-10711,4.13-1078, 1.82-107%, 9.66-10710, 1.38-1079). The system failure
probability is 2.25-10~* with corresponding equivalent reliability index 3.51.

7.4. Example 4: Optimal replacement of a reinforced concrete
structure subject to chloride corrosion in warm sea water [55]

Following [44] a simplified failure criterion for chloride corrosion in the
splash zone in warm sea water is:

C
Cor —Cs(l —erf | ——) <0,
cr S( (2\/ﬁ>) _
where C,, = critical chloride content, Cs = surface chloride content, ¢ = con-

crete cover and D = diffusion parameter. The stochastic model is presented
in Table 7.

TABLE 7.
Variable | Distr. function | Parameters
Cer Uniform 0.125, 0.175
(@A Uniform 0.2,04
c Log-normal Me, 1
D Uniform 0.1, 0.315

The uniform distributions reflect the large uncertainty in the variables.
The units are chosen such that ¢ is in years. Inspection are performed at
regular intervals a. They are followed by renewals (repairs) with probability
Pr(a) = 1 — exp [~aga®]. The optimization variables are the mean con-
crete cover m, and the length a of the inspection interval. Erection cost
are C(m;) = Cop + Cym?, inspection cost are Ip = 0.1Cy, repair cost are
I, = 0.5Cy and we have Cy = 10°, C; = 10%, H = 10Cy, b = 015Cy, v = 0.03
and ar = 0.01. the solution is a* = 66 and m} = 6.5. It turns out that
preventive repairs should be performed every 66 years which saves up to 30%
of the cost. These results comply well with practical experience with such
structures. The contributions to the total damage cost are shown in Fig. 8.
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F1Gure 8. Total cost for regular inspections and renewals.

Relatively small variations in the repair model or in the cost factors will,
however, result in cases where it is better not to inspect and repair but just
wait for failure. It is noted that for the given failure model no mean time to
failure exists.

7.5. Example 5: Series system of corroding expansion joints

A long multi-span bridge has s expansion joints which are exposed to
corrosion due to heavy winter salting. For illustration purposes the state
function is taken as g(X) = R(1 — Cv/t) — (S1 + S2) where R ~ LN (mg, 2),
C ~ UN(0.085,0.115), S; ~ N(1,0.3) and Sy ~ GU(0,0.2). If any of the
expansion joints fails the bridge must be closed off. We investigate the quality
of various computation schemes for series systems. The optimization variable
is taken as the mean of resistance mp and it is assumed that there are s = 10
joints. The objective function can be written as

2(p) = % ~ C(mp) — (C(mr) + H)R(ma, ),

oy J3me,) N S

hy(mr,7y) = T= f3tma, 1)’ fs(mg,7) 0/ p (=] fs(t)dt
folt) = 5 Fs(t) = —P (U {R( - 0VD) = (S1e + S2) < 0}).

k=1
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It is seen that R and C are common to all spots while the other vari-
ables are assumed to be independent from spot to spot and, therefore,
pij(t) = a%(t) + a%(t) > 0. Here, we only compute the “discount fac-
tor” hj(mpg,y) for various interest rates but different computation schemes
for mp = 8. Figure 9 shows that the upper bound solution appears to be
rather conservative for larger s while the exact solution (with component
correlation) and the solution for independent components are very close to-
gether. It can also be shown that consideration of the time variations in

the correlations can as well be neglected. We also see that the upper bound
solution breaks down for v < 0.04.

1 v
\
1
_ __ Trivial upper boubd
... Exact - Independeft failure modes
Exact - Correlated;failure modes
0.8 _._._ Lower bound (for $urvival probability only)
Lo e - Trivial lower bound
3 \
L}
.
1
0.6 v
.
\
o .
x
0.4
0.2
"""""""" PN N Yo vm py e
%.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

FIGURE 9. Discount factor for different solution schemes over discount rate
(s =10).

8. Summary and conclusions

Objective functions for cost-benefit optimization based on a continuous
renewal model for a series of cases frequently met in practice are formulated.
In particular, they include failures by outcrossings of loading processes and
by random disturbances, non-constant benefit and damage functions, finite
renewal times, repeated reconstructions and inspection and repair. Mod-
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ifications to account for serviceability losses are proposed. A method for
reliability-oriented time-variant structural optimization of dependent series
systems using first order reliability methods (FORM) in standard space is
developed generalizing theories proposed earlier for component problems and
time-invariant series system problems in a special one-level approach. Cer-
tain improvements by taking account of dependencies among failure modes
are also proposed. Approximations for time-variant failure probabilities are
computed via the outcrossing method for locally stationary rectangular wave
renewal and differentiable Gaussian processes. Numerical Laplace transforms
are proposed for the treatment of aging components.

The optimization problem is solved by the newly developed gradient-
based, locally convergent algorithm JOINTS. It requires second derivatives
of the limit state functions. This can be avoided by iteration. In the first
iteration the Hessian is approximated by a zero matrix corresponding to
linear limit state functions. In the second iteration the Hessian is determined
once and kept fixed. The results can, thus, be improved by reiteration of the
complete optimization task. The same reiteration loop can be used to update
the results by SORM or any other suitable method. More details about the
technical aspects of reliability-based optimization are contained in [53].

Several examples illustrate theory and numerical aspects.
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