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The aim of the paper is threefold. First, available results on finding the ef-
fective macroscopic elastic moduli of compact bone by using homogenization
are reviewed. It is shown that proper framework for studying such biological
materials with hierarchical microstructure is that of reiterated homogenization.
[-convergence theory is applied to obtain general formulae for the effective elas-
tic moduli of a material with three structural levels. Second, effective models
of cancellous bone with various architectures are overviewed. Third, influence of
marrow on torsional behavior of long bone is discussed.

1. Introduction

Bones occur in two forms: as a dense solid (compact bone) and as a porous
network of connecting rods and plates (cancellous or trabecular bone). The

Figure 1. Photograph of proximal part of the human femur, after Galtka et
al. [37].
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most obvious difference between these two types of bones appears in their
relative densities measured by volume fractions of solids, cf. Fig. 1.

Bone with a volume fraction of less than 70% is classified as cancellous
while that over 70% is compact, cf. [39]. Most bones in the body are of both
types, the dense compact bone forming an outer shell surrounding a core of
spongy cancellous bone, cf. Fig.2. In this paper we summarize the results
of modeling both compact and cancellous bone by using homogenization
methods.

Bone cells produce two types of tissue, the well-organized lamellar bone
and the poorly organized woven bone. When lamellar bone occurs in the
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FI1GURE 2. The basic structure of compact bone, after [29].
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FiGuRE 3. Typical bone structure in the diaphysis of the femur, after Cowin [29].
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midshaft of a long bone, it consists of concentrically arranged laminae as
illustrated in Fig. 3.

The thickness of the lamina is about 200 um. Between each lamina and
the next there is a net-like system of blood vessels which is essentially a
surface. Occasional large radial vessels through a lamina connect the surface
nets. Each lamina is divided into the three zones shown in Fig.3. The first
zone, which extends from the surface of the vascular network to about one
third of the way across the lamina is composed of highly organized dense
bone. The second zone, which extends the next one third of the distance is
composed of poorly organized tissue. This zone is interrupted in the middle
by a line that, under ordinary light microscopy, appears to be bright. This
bright line is the boundary between the two blood supply networks bounding
the lamina.

Cortical Haversian bone is also illustrated in Fig. 3 and its structure is fur-
ther detailed in Fig. 4. It consists of quasi-cylindrically shaped elements called
osteons or Haversian systems. The individual Haversian systems themselves
are composed of concentric lamellae about 3 to 7 um thick. These thin lamel-
lae, in turn, are constructed from wrapped collagen fiberes impregnated at
regularly spaced sites with hydroxyapatite and other mineral crystals about
20 to 40nm long, cf. also [94].

MINERAL CRYSTALS
(200-400 A LONG)

FIGURE 4. The detailed structure of an osteon, after Cowin [29].

Osteons are typically about 200 zm in diameter, the same thickness as the
laminar bone, and about 10 to 20 mm long. The thickness is the same because
the blood supply for the Haversian system is a central lumen containing a
blood vessel, and thus every point in the Haversian system is no more than
100 gm from the blood supply, as was the case with laminar bone. Haversian
bone is organized to accommodate small arteries, arterioles, capillaries and



336 J.J. TELEGA, A. GALKA, B. GAMBIN, and S. TOKARZEWSKI

venules of the microcirculating system. Haversian bone is never formed as
a primary event, but forms as the result of the vascular invasion of bone.
In young animals, woven bone is formed initially, the endosteal capillaries
invade the avascular bone forming Haversian systems.

The osteons of Haversian bone and the laminae of laminar bone are ba-
sically just different geometric configurations of the same material. In both
geometric configurations no point in the tissue is more than 100 pum away
from the blood supply. The interfaces between the laminae in both Haver-
sian and lamina bone contain an array of roughly ellipsoidal-shaped cavities
called lacunae which contain bone cells, and from which extend numerous
fine canals called the canaliculi. The thin layer between adjacent osteons is
called the cement line and the three-dimensional region between osteons is
filled with irregular pieces of lamellar bone. The canaliculi do not cross the
cement line nor do they cross the bright lines between laminae in laminar
bone.

Both Haversian and laminar bone occur simultaneously in the long human
bones and in many animal bones including cattle. In the very young, the
long bones are composed of woven bone with a few osteons, called primary
osteons. With maturation the woven bone is coverted to laminar bone and, at
maturity, there is a partial conversion to Haversian bone. According to [29],
the convesion from laminar to Haversian bone is somewhat of a biological
enigma. Haversian bone is known to have a less efficient local circulation
system and to have a less mechanical strength compared to laminar bone
and generally increases with age.

The composition of bone tissue is, very roughly, equal thirds by volume
of minerals, water, and the extracellular collagenous matrix. If one tries to
be more more precise about bone composition, then one must specify the
species, the age, the sex, the specific bone in question, the type of bone
tissue (cancellous or cortical), and whether the individual is experiencing a
bone diseese or not, cf. [30].

Smith [71] proved the existence of several types of osteons composed
of concentric lamellae. Ascenzi and Bonucci (11, 12, 13, 14] and Ascenzi et
al. [15, 16] described the structure of bone consisting of three types of osteons
with lamellae and fibers within these lamellae. Frasca [34] and Katz [49]
described the fourth type of osteon, cf. also [5, 6, 7, 8, 9, 10, 15, 17, 18, 35].
The properies of single osteonic lamellae were studied in [10, 35, 65].

It seems that the first results pertaining to application of homogenization
methods to finding macroscopic elastic moduli of compact bone are due to
Aoubiza (3], Aoubiza et al. [4], Crolet [32] and Crolet et al. [33]. Telega et
al. [36] claim that the macroscopic moduli can be derived provided that the
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microscopic organization of bone in specified by the elasticity tensor
T TR
Cijki(z) = Cijut (E’ = ;) ; (1.1)

where € > 0 is a small parameter. There are thus three microscopic levels
specified by %, %, 5. The determination of the macroscopic moduli C:{.ljkl
means passing to zero with € and is based on the so called reiterated homog-
enization. In [76] the authors proved that the effective moduli CJ};,; can be
found by applying the I'-convergence theory.

Typical examples of trabecular bones are shown in Figs. 5-7. These fig-
ures provide interesting visualization of human trabecular bone architecture

FIGURE 5. Micro-CT image of a trabecular bone specimen with rod-like archi-
tecture and a bone volume fraction of 26%, after [92].
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FIGURE 6. Trabecular bone with distinct rod-like columnar structure, after [57)].
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FIGURE 7. Micro-CT image of a trabecular bone specimen with plate-like archi-
tecture and a bone volume fraction of 26%, after [57].

obtained by micro-computed tomography, cf. Miiller and Riiegsegger [57];
Ulrich et al., [92]. According to Miiller and Riiegsegger [57] specimens with
diameters of a few millimeters to a maximum of 18 mm can be measured.
Figure 8 provides examples of idealized structures of cancellous bone.
Different and combined architectures can also be envisaged.
The authors of the present synthetic paper published several articles on
modeling of cancellous bone provided that it is treated as a cellular solid,

FIGURE 8. Models for the structure of cancellous bone: (a) the low-density
equiaxed structure, (b) the higher-density equiaxed structure, (c) the stress-
oriented prismatic structure and (d) the stress-oriented parallel plate structure,
after [39].
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starting from the paper [75]. Our results will be presented in this paper. In
fact, cellular solids many be viewed as a specific case of porous materials.
For various results on modeling cellular solids, including foams, the reader is
referred to Roberts [67], Hohe and Becker [43], Shi and Tony [70], Overaker
et al. [62], Warren and Kraynik [95], Roberts and Knackstedt [68|, Vajjhala
et al. [93], Ohno et al. [59, 60], Okumura et al. [61], Theocaris [79], Gibson
et al. [40], Triantafillou et al. [91], Moore and Gibson [56].

Microstructure analyses of trabecular bone have followed the general ap-
proach used in the cellular plastics fields. McElhaney et al. [55] developed a
porous block model of trabecular bone based on integration of spring stiffness
loaded in parallel or in series. Using this model, they found good agreement
between prediction of apparent stiffness and experimentally measured stiff-
ness values in some internal layer of human skull. Pugh et al. [66] modeled
the subchondral trabecular bone as a collection of structural plates and con-
cluded that bending and buckling were major modes of deformation of the
trabecular bone. Williams and Lewis [96] modeled the exact structure of a
two-dimensional section of trabecular bone with plane strain finite elements
to predict the apparent transversely isotropic elastic constants. Gibson [38]
developed models of trabecular bone structure using analytical techniques for
porous solids. He predicted the dependence of apparent stiffness on appar-
ent density for different structural types of trabecular bones. Beaupré and
Hayes [21] developed a three-dimensional spherical void model of trabecu-
lar bone and used finite element analyses to predict apparent stiffness and
strength, as well the stress distribution within the trabecular. Hollister et
al. [44, 45] applied the homogenization theory [25, 52, 69, 72| to an investi-
gation of mechanical behavior of rod-like structures modeling the trabecular
bone. By using the finite element method they evaluated the apparent, or-
thogonal Young’s moduli and compared them with the experimental data
obtained for proximal humerus, proximal tibia and distal femur, cf. also [42].

Bone may be viewed as a structurally hierarchical porous material. It is
then possible to use the iterative homogenization [25] to derive the formu-
lae for the macroscopic elastic moduli, cf. [3, 4, 32, 33]. Optimal design of
structures often involves homogenization and relaxation methods (22, 24, 50,
52, 54]. Such an approach may be used to model bone microstructure via
adaptive elasticity. Payten et al. [63] presented an optimization process that
has, as its basis, an algorithm originally developed for predicting anatomical
density distributions in natural human bones.

The microstructure of bone is such that at the macroscopic level its be-
haviour is anisotropic. To model bone anisotropy one can use Cowin'’s fabric
tensor, see [30, 31, 46, 53] and the references cited therein. Jemiolo and
Telega [46] proved that compact bone is close to transverse isotropy whilst
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trabecular bone is approximately orthotropic, cf. also [97] and the relevant
papers in [31]. The approach employed in [46] exploits Cowin’s fabric tensor.
Detailed study of various approaches to fabric tensors in bone was performed
by Jemioto and Telega [47]. In [97] the authors claim to use the homoge-
nization method for finding the orthotropic elastic constants yet no precise
formulation was unfortunately given.

A challenging problem in the estimation of bone elastic moduli is the
influence of marrow. No satisfactory modeling of this problem seems to have
been proposed so far. Kasra and Grynpas [48] proposed an idealized three-
dimensional finite element model of a rod-like trabecular bone structure to
study its static and dynamic response under compressive loading. Static anal-
ysis of the model predicted hydraulic stiffening of trabecular bone due to the
presence of bone marrow. The predicted power equation relating the trabecu-
lar bone apparent elastic modulus to its apparent density was in good agree-
ment with those of the reported experimental data. The influence of marrow
was also studied by the first, second and fourth authors of the present paper,
see Sec. 9, (77, 78, 87, 88, 90] and the paper by Arramon and Nauman in [31]

The aim of this paper is to present our macroscopic models of compact
and cancellous bone by using the homogenization methods. General consid-
erations pertaining to reiterated homogenization of linear elastic solid with
three-scale microstructure are performed in Sec.2. Section 3 is concerned
with application of reiterated homogenization to finding effective macroscopic
elastic moduli of compact bone with three structural levels. In Sec. 4 general
homogenization procedure for the determination of elastic moduli of linear
elastic porous material is sketched. The general approach is next used, in
Secs.5 and 6, to plate-like trabecular bone. Rod-like architecture is exam-
ined in Sec.7. Honeycomb architecture is examined in Sec.8. Section 9 is
concerned with torsion of long bone where marrow is treated as a viscous
material.

Homogenization problems considered in Secs.5 and 7 involve two small
parameters: € and 7. The first parameter is standard in the homogenization
whilst the second parameter characterizes the thickness of plates or rods (tra-
beculae). To derive the formula for the elastic macroscopic moduli we first
pass with € to zero and next let 7 tend to zero. By properly choosing the
geometry of the basic cell one can model anisotropic (orthotropic or trans-
versely isotropic) behaviour of the cancellous bone at the macroscopic level.
If @« = =1, at the macroscopic level the bone reveals the cubic symmetry,
cf. formula (6.1). More complex architecture of trabecular bone requires more
independent parameters. Such problem requires further studies.
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2. Reiterated homogenization via I'-convergence

In the next section the compact bone is modeled as the material with a
hierarchical structure. Only three structural levels are considered. It is thus
reasonable to assume that the elasticity tensor is given by

X X X
Ciin(x) = Cijkt (x, T 5—3') (2.1)
where Cijki (X, ¥1,¥2,¥3) is Y1 x Y3 x Yz—periodic in the second, third and
fourth variables, and y; = x/¢, y; € Y] etc. Particularly, it may happen that
Y1 =Yz = Y3, cf. Allaire and Briane [2]. We make the following assumptions,
cf. Bensoussan et al. [25], Chapter 1, Sec.8), Allaire and Briane [2]:

(i) Cijn € L=(Q),

(ii) there exists positive constants ¢y and ¢;, ¢; > ¢o such that

VE € E3, EijEij < Ciji(%,¥1,¥2,¥3)EijExi < c1EijEyj

almost everywhere in §2 x Y7 x Yy x Yj.

Here ]Ej:‘ denotes the space symmetric 3x 3 matrices, and Q C R? is a bounded,
sufficiently regular domain representing the linear elastic body in its unde-
formed configuration. For fixed ¢ > 0 the functional of the total potential
energy is given by

Je(u) = Ge(u) — L(u), (2.2)

where :
Gelw) = 5 [ Chuxess(wen(wdx. (2.9
Q

and L(u) stands for the functional of the external loading. For instance, if
the body is subjected to body forces f = (f;) only, then

L(u) = [ fiuidx. (2.4)
/

The strain tensor e(u) is linear:

1 /0u; Ou;
e{j{u) = u(,-‘j) = § (6_;1:; + 33&':) . (25)

To perform homogenization when € — 0 the precise form o L is not re-
quired. It suffices to assume that L is a so called the perturbation functional,
continuous in weak topology of H(Q)® = [H}(Q)]3.
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Applying the I'-convergence theory we conclude that the homogenized
functional Jj, is given by

Jp(u) = /C‘Uu(x eij(u)ex (u)dx — L(u), (2.6)

where the macroscopic elasticity tensor C" is defined by the inductive ho-
mogenization formulae:

(a') c® = C(x,y;,yg,y:;},
(b) C@® = C?(x,y;,y2) is obtained by periodic homogenization of
CO(x,y1,y2, 2),
(c) CV = CW(x,y,) is obtained by periodic homogenization of
Cz(x? Y1, g):
(d) Ch(x) = COx) is obtained by periodic homogenization of C!)(x, 2)-
More precisely, to derive the moduli C?), C(1) and C° we proceed as follows:

oWy

= / Cijpa(%,¥1,¥2,Y)(€; (X™™) + 6imjn)dy  (2.7)

C@) (X, ¥1,¥2) =

where

Wa(x,y1, 2, B) = inf { o }ICUH(x Y1 ¥2,Y) (el (v) + Eig)x

(2.8)
(efi(v) + Ext)dy l veHL. (1)}, E€E},

and ﬁ?}e,(Yg,) = {v € H!(Y3)| v assumes equal values on the opposite sides
of Y3, (v) =0}. Here

dv;  Ov; 1

v i 1 T =

e;(v) = ( +3 ;) and (v)y, |Yk|yf'vdy, k=123 (29)
k

The function v, the solution of the minimization problem on the r.h.s. of (2.8)
depends linearly on E, i.e., ¥V = x(™® E,.,.. The functions x(™" € H} f(]{g)3
are solutions to the following local problem:

/ Cijkt(%, ¥1,¥2, ¥) (€5 (X"™) + imbjn)efy (W)dz = 0 (2.10)
Y3
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for any w € ff;e,_(Yg):i. Obviously, the functions x(™" (y3) depends also on
x,y1 and yo.

The moduli C'l-(jl,z 1(%,y1) are found similarly. Finally, the macroscopic elas-
tic moduli Cf'jkt(x) = C}?,Zl(x) are given by

oW 1
h _ . (1) mn : ]
Chosa®) = 555 5. = 71 | oY@+ inbin)elyw)dy
Y
(2.11)
where
W(x,E) = inf{ & [ C) (x,y)(e%. (€) + Eij)x
{T¥€T¥ﬁ ! ? (2.12)

(efy(€) + Ew)dy| € € Hr(V1)*}, E € E3

and ®(™n) ¢ ﬁ;er(}’;)a is a solution to

/ Cih6,¥) (€ (8™) + imbjn)el (@)dy =0 Vo € AL, (1)* (2.13)
b 41

Remark 1. More general scaling than that described by ¢, €% and €3 is
possible. The elasticity tensor C¢ can be given by, cf. Allaire and Briane [2]

X X X
ikt (X) = Cijki (x. = g) ) (2.14)
provided that
. €3 3 5_2 _ _
2% - 0, ;1_% . 0, ex = ex(e). (2.15)

This means that each scale can be distinguished from the others (separation

of scales), 1.e., they are not of the same order of magnitude. In (2.1) we
obviously have

er=¢c* k=123 (2.16)

Remark 2. The reiterated homogenization procedure can be extended
to perforated domains described as follows. For each k = 1, 2, 3, the basic cell
Y}, is divided into a material part Y, and the whole T}. The case where Tj
is empty is not precluded. Now the integrals in (2.3) and (2.4) are calculated
over the domain (2., being the multiscale perforated domain, cf. Allaire ans
Briane [2]. We observe that peforated materials are more appropriate as
models of bone tissue.
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To derive the homogenized moduli we proceed similarly as previously,
except that now the integrals over Yi, k = (1,2,3) are to be replaced by inte-
grals over Y} and the spaces H,,,(Y)’) replace the spaces Hp,,(Yx). Moreover,
if L is given by

Le(u) = / fiuidx + Ly (u), (2.17)
Qe

then
Li(u) = f O fuidx + Ly (u) (2.18)
Qe

where © = ©10,03 is the overall volume fraction of material, © = |Y;7|.

3. Application of reiterated homogenization to the determi-
nation of effective elastic moduli of compact bone

As we already know, compact bone is characterized by many structural
levels. Here we are going to consider three of them, most important from
the point of you of finding the macroscopic elastic moduli. We follow the
thesis [3] and [4, 32, 34, 36].

At the lowest level, the lamellar structure is considered: collagen fibres
are embedded in hydroxyapatite crystals. In a single lamella, all the collagen
fibres have the same orientation but the orientation of these fibres can differ
between two adjacent lamellae.

The second level corresponds to the structural definition of a single osteon
and of a part of the interstitial system, an osteon being a set of concentric
lamellae, which surround the Haversian canal.

At the highest level, a representative volume of compact bone is examined.
This volume consists of sufficiently large number of osteons embedded in the
interstitial system. The osteons are packed tightly together, mutually parallel
and oriented in the direction of the long axis of the bone.

3.1. Modeling of the lamellar structure

The simulation of the characteristics of a single lamella is performed in
two steps. First, a lamella is divided into a finite number of identical cylin-
drical sectors, cf. Fig.9. By knowing the elasticity tensor of one sector, the
elasticity tensor of any other sector can obviously be calculated. It suffices to
perform a rotation. Secondly, the cylindrical sector is geometrically approxi-
mated by a parallelepiped sector and, through a change of axis, the directions
of fibres are assumed to be parallel to one side of this cubic sector. In the
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FiGURE 9. Decomposition of a lamella and approximation of a sector, after Crolet
et al. [33].
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= @
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FIGURE 10. Basic cell for the homegenization in a sector, after Crolet et al. [33].

case of the cubic sector (fibrous unidirectional composite), the basic cell Y3
is chosen to be a collagen fiber and a hydroxyapatite matrix, see Fig. 10.

In this case the homogenization is two- dimensional. It means that the
homogenized coefficients gg[ are calculated according to the formula (2.7).
To solve this two- dimensional homogenization problem one can use a FEM.
In this manner the homogenization moduli of a lamella sector are obtained.
The direction of fibres was assumed to be parallel to the longitudinal axis of
the lamella. In more general case, where the fibres are oriented with respect
to the longitudinal axis one can use the transformation formula, cf. Fig. 11.

Crolet at al. [33] and Aoubiza at al. [4] assumed that the collagen and
hydroapatite are homogeneous, isotropic and perfectly bonded. Such an ide-
alization is enforced by available experimental data.

3.2. Methods of calculation

In essence, our procedure is divided into four steps.
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Step 1. Calculation of material constants for osteon and interstitial system.

SYeXeXe)
cooo
cooo
i homogenization
ML
a
collagen fibres in
hydroxyapatite

FiGure 11. Various orientation of collagen fibers.

To obtain the effective elastic constants for material of osteons lamella of
type I we use the Christensen formulae [26]. These formulae give the effective
properties of mixture of circular fibers in isotropic matrix. The fibers are
made of collagen and hydroxyapatite matrix.

The material constants for collagen are given by [29]:

pe=140, E.=E;1 =12, y.=1 =035.
The material constants for the hydroxyapatite are assumed to be given by:
Ph=3: Eh=E—2= 114, Vh=a‘/2=0.27.

If k denotes the mineral content then the volume fraction ¢ of collagen
is derived from the formula

s (1—k)prpe
kpe [k pe + (1 = k) pn]

For the mineral content 58% (osteon) and 63% (interstitial system), we have
¢ = 0.608 and ¢ = 0.557, respectively. The elastic effective constants for
lamella of type I are calculated for both cases.

Type II is obtained from the material constants tensors for type I by
rotation through the angle 90° with respect to the Ox axis.

Type I11 is obtained from material constants tensors for type I by rotation
angle 45° with respect to Ox axis.

(3.1)
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Type IV is obtained by rotation angle —45° with respect to Ox axis.

The architecture VI is calculated as for layered structure by homogeniza-
tion formulae for anisotropic components of types I, II , III and IV with the
volume fraction 0.25. The transversely isotropic properties of material of os-
teon and interstitial system are calculated by integration over the direction
of lamination.

First, material properties of lamella of type I are calculated. Next lamellae
of types II, III and IV are investigated by appropriate rotations of fibers in
the matrix.

Step 2. Calculation of material constants for osteon and interstitial system.

mineralization 58%

homogenization | material of osteon
—_— N
I /=\ , Totation I mineralization 63%
e =

material of interstitial system

il

FIGURE 12. Specific case of lamellae arrangement.

architecture 6

Each osteon consists of lamellae having the same thickness and two adja-
cent lamellae are perfectly bonded, cf. Fig. 12. The results from the previous
level are used as the data for the second level. This simulation was also used
to obtain the moduli of the interstitial system. The latter is assumed to be a
fragment of "old” osteons. In this case, the degree mineralization is assumed
to be more elevated.

Crolet et al. [33] studied six architectures of compact bones:

e architecture No 1: one type of osteons (type I);

e architecture No 2: one type of osteons (type II);

e architecture No 3: one type of osteons (type IV);

e architecture No 4: two types of osteons (I and II) in the same propor-

tion;

e architecture No 5: three types of osteons (types I, II and III) in the

following proportions: 25, 25 and 50%;

e architecture No 6: four types of osteons (types I-IV) in the proportions:
25, 25, 25 and 25%.
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Obviously, one can also envisaged different architectures. In what follows the
architecture 6 is considered. Secondly, the architectures VI and VII are calcu-
lated as multilayered structures by homogenization formulae for anisotropic
components. Finally, the transversely isotropic properties of material of os-
teon and interstitial system are calculated by integration over direction of
lamination with diffrent mineral content (less for osteon material).

Step 3. The method of calculation of effective material constants of osteon
with Haversian canal.

Haversian homogenization

canal .

Material of osteon

Material of osteon
with Haversian canal

FiGURE 13. Osteon with Haversian canal.

At first our FEM method was applied to calculate the effective properties
of osteon with fixed volume fraction of Haversian canal (modeled by a cavity)
with square section. Next, by integration over rotation angle the transversely
isotropic moduli of osteon material with Haversian canal are calculated. This
procedure is repeated for different volume fraction of Haversian canal: 0.133,
0.15, 0.2, 0.25 and 0.3.

Step 4. The method of calculation of effective material constants of compact
bone.

homogenization

—_— e

| isotropic
compact bone

FiGure 14. The final step of homogenization.
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Effective properties of compact bone are calculated similarly to Step 2.
At first our FEM method was applied to calculate the effective properties of
bone with fixed volume fracture of osteon equal to 75% for different volume
fractions of Haversian canal in osteons with square section. Secondly, by
integration over rotation angle the transversely isotropic moduli of compact
bone material are obtained.

3.3. Results

Technical constants calculated according to the outlined procedure are
given in Table 1 in rows 1-5, for the following volume fractions of Haversian
canal: 0.133, 0.15, 0.2, 0.25 and 0.3, respectively. In row 6 the results due to
Crolet et al. [33] given, whilst in row 7 the experimental data obtained on
dry bone are provided. In Table 1, A6-1 denotes the architecture no. 6 with
the volume fraction of Haversian canal 0.133, and similarly for A6-2,...,A6-5

TasLE 1. Comparison of technical moduli.

E, Es; Gis Giz [ iz | via | va

A6-1 2433 | 31.12 | 10.69 | 9.95 | 0,22 | 0.19 | 0,24
A6-2 3.60 | 30.71 | 10.45 | 9.63 | 0.23 | 0.19 | 0.24
A6-3 21.48 | 29.46 | 9.75 | 8.71 | 0.24 | 0.18 | 0.24
A6-4 19.50 | 28.21 | 9.08 | 7.86 | 0.25 | 0.17 | 0.24
A6-5 17.66 | 26.98 | 8.43 | 7.07 | 0.26 | 0.16 | 0.24
A6- Crolet et al. [33] | 17.87 | 33.3 | 6.7 | 5.48 | 0.31 | 0.13 | 0,23
Yoon and Katz [98] | 18.80 | 27.40 | 8.71 | 7.17 | 0.31 | 0.19 | 0.28

GPa
35,00 -~

30,00 - '“‘\.\L\‘

25,00 - ——E1

20,00 \ =

15,00 +

10,00 T T T T 1
0,170 0,15 0,20 0,25 0,30 0,35

porosity

FiGURE 15. Young moduli versus porosity.
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FIGURE 16. Shear moduli as function of porosity.
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FIGURE 17. Poisson’s ratios versus porosity.

with the volume fraction 0.15, 0.2, 0.25 and 0.3, respectively. The depedence
of technical constants on porosity is depicted in Figs. 15-17.

4. Homogenization of porous linear elastic materials

Let © denote a bounded open subset of R3. As usual, by Y we denote
the basic cell, cf. [25, 52, 69, 72]. The part of Y occupied by the material
is denoted by Y. It is assumed that the hole T" in ¥ does not intersect the
boundary 9Y, cf. [27, 52|, though this assumption may be weakened. By Q2
we denote the part of 2 occupied by the material. Here € > 0 is a small
parameter. Let us consider the following boundary value problem of linear
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elasticity [27, 28|

o} x\ Ouj, R e
5&; (Cijk! (E) 3”) + fi=0 in g,

up =0 on 99, (4.1)

x\ Ouf, "
Cijkl (E) oz, nj =0  on 0Q;\09,

where n = (n;) is the unit vector normal to 9Q;\0Q. We make the following
assumptions:

(i) fi € L*(9),
(i) Ciji € L®(Y™), Cijui = Criij = Cjint 5,5, k1 = 1,2,3.
(ii) There exist a positive constant c¢o such that for almost every y € Y:
Cijri(y)eijers > Coeijei; for any e = (ei5), eij = eji;
(iv) The material coefficients C;;x(y) are Y-periodic.
The passage with € to zero is now standard. Let us recall the related basic
results which will next be exploited in Sec. 5, where we will let a parameter

7 introduced below to tend to zero. Under these assumptions, there exists an
extension P.u® € [H} (.Q)]3 of u® such that, cf. [28],

Pt —=u in [HY(Q)]® weakly,
with u = (ug) being the solution to:

Pup |V
L e

We recall that |Y| =vol Y.

The homogenized coefficient C’f‘jkI are given by

in Q, u=0, on . (4.2)

(mn)

Ct'g'mn i Ci.jmn >+ < Ciqu—)éL— >, (4.3)
Yq
where .
< >= dy.
70
Y‘
(mn)

The Y-periodic functions xp ' are solutions to the local problem

0 (5]
=l O (rq) } - inY*
5 ? (C';Jmna = (Xm 6"‘?!"'?)) 0 in ' (44)
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ct-jm% (XE;:*?) % 5m,,yq) N;,=0 on dT. (4.5)

Here N stands for the inner unit vector normal to 8T. Written in the weak
form, this problem is expressed by

q)
oY, f 0¥,
C‘lmﬂ = - C‘; _—d 5 V \I"EHBT Y*‘ 46
/ 7] an 3; dy d PGy Yy j per(Y™), (4.6)

where
Hper(Y*) = {ve H'(Y*) | vis Y — periodic} .
For ¥; = xgm) we get

8 (p) aX (pq) ax(pq)

- Yu

5. Plate-like structure

In this section we shall derive the macroscopic moduli for a cellular solid
with plate-like architecture. The first step of homogenization has been per-
formed in the previous section. The plates are characterized by a small pa-
rameter 77 > 0. One can easily envisage more complex plate-like architectures
with plates (trabeculae) not necessarily orthogonal and of constant thickness.
Plates may also be perforated. More complex architecture would require more
independent geometrical parameters (or functions). Then, however, one has
to resort to numerical methods to find the effective moduli, cf. Kowalczyk [51].
In the case considered the second step of homogenization consists in passing
with 7 to zero. Let now the basic cell Y be given by

11 11 11
Y=lgg)xlg)xly3)
Due to periodicity, the homogenized coefficients do not depend on the ba-
sic cell and consequently, one may take a translated cell of the basic one.
Consequently we take a translated cell represented in Fig. 18.
We observe that the thicknesses of three orthogonal plates are not neces-
sarily equal, thus allowing for a macroscopically orthotropic response of the
trabecular bone. Let us introduce the following notation:

vi={yveviu<i}

(5.1)

Y2 = {er,!szSag},
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o

FiGure 18. Translated basic cell.

Y= {ye¥lnl<pl},
Yiz = {er,tmlS -g- and [ys| Sag},
Yo = {veYlyal <aj and sl < B7}, (52)
Yis = {yGY,imlS g and |y Sﬁg},
Yigs = {y €Y, |'.1;1| < g and |yz| < Gg and |ys| < ﬁg}.

. n n n
= e <a- < B2,
Yy={veYilul<]orlul<alorlul<p7}

Since |Yy|= 1+ a+B)n— (a+B+apf)n*+afn, we get the following
estimate:

lle¥ ()| 2vy) < en'/?, pg=1,2,3. (5.3)

Obviously x{m) depend on «, 3 and 1. The constant c¢ is independent of 7

i 1 (0w  Ow
aiss :
ey W)= — ——i -+- ‘_—:?.) .
™)=3 (33};' Oyi
Using this estimate in (4.3) we conclude that

ok ..

iymn ijmn

(after extraction of a subsequence, if necessary) We can pass to the limit as

n — 0 in the homogenized equation (4.2), whose solution is denoted by u”.
We have

uj = up in Hy(Q) weakly,
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where u* is the solution to:

y 62'&;_ ; "
Cijknaxjaxn +(1+a+f)fi=0 inQ, u*'=0 ondQ. (54)

We observe that now |Y| = 1. After lengthy calculations we finally obtain:
Cijmn = (1+ &+ B) Cijmn — Cijp1 (CT") 54 C1gmn

— aCijp (C3"),, Cogmn — B Cijps (C3"),,, Cagmn.

For the proof the reader is referred to Galka et al. [37]. Here (C;l) and

mj
(Cg 1) mj 8re the components of the matrices inverse to (Comj2) and (Camja)
respectively.

If we take a more general basic cell:

(5.5)

11 A A B B
Y=l xlg3)x33)
then we obtain the following formula:
. a B -
Cijmn =1+ il §) Cijmn — Cijm (Ci l)m Clrgmn

N (5.6)

" B .
A Cijp2 (Cz l)pq Cagmn — B ijp3 (Ca l)pq Cagmn-

Remark 3. To make the plate-like model of cancellous bone more real-
istic, the plates constituting the basic cell should have holes. Then the plates
would be weaker and parameters characterizing the holes would intervene in
the formula for the elasticity matrix C*. More precisely, the elastic potential
with the elastic moduli (5.6) represents then an upper bound for plate-like
cellular material with perforated plate-like trabeculae.

6. Specific case: trabecular plates made of a homogeneous and
isotropic material
Let the plate trabeculae be isotropic and homogeneous; then
Cijmn =4 (fsmjéni + 6mi5nj) + Aéijdmn-
From (5.5) we obtain the following form of the elasticity matrix:

[ du(a+B)(M+p) 208\u 2alu 0 0

2u+A 2u+A 2u+A 0
2@/\& 4#(1+ﬁ)(/\+ﬁ) 2Mu 0 0 0
g#'i)\e 25‘; A 4#(1-2;::]—();-};1)
o
C* = 2u+A 2pr¢\ 2u+A 0 0 0
0 0 0 20 0 0
0 0 0 0 2ap O
I 0 0 0 0 0 28|
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Obviously, here Voigt's notation has been used, cf. [58].
Having in mind Fig. 18, the physical effective elasticity tensor, now de-
noted by Cf | is given by

¢

cf=-_——_¢C, 6.1
l1+a+p 6D

where ¢ is the volume fraction. In the case of C* given by Eq. (5.6) we have

_ ¢AB c*
" AB+Ba+ A8

Ceﬂ'

By A we denote the matrix inverse to (C*f), i.e. A = (Ceﬂ)_l. Then the
technical elasticity constants are, cf. [46], [58],

1 1 1
B e e B 6.2
VT AN TP AR TP An i52)
1 1 1
G2 = 5 Agg’ Gz = 345 U8 T 3A, (6.3)
A A A
g2 = _A_;‘z, V91 =_A_:, Ul3=_A—:;!
i B g U s N0 4
Ay’ Asz’ Agp

Let us pass now to the presentation of specific cases, which show the useful-
ness of the formulae (6.1) for the determination of macroscopic elastic mod-
uli of trabecular bone with plate-like architecture. These particular cases are
presented in the form of Tables 2, 3 and 4 and Figs. 19-21 below.

TaBLE 2. Technical constants: cortical bone.

Techn. const. human from (6.2)-(6.4)
(average) cortical bone | E =114GPa, v =0.27
E, 11.7 (1.6) GPa 11.7 GPa
E; 13.2 (1.8) GPa 14.4 GPa
Es 19.8 (2.4) GPa 19.8 GPa
Gi2 4.53 (037) GPa 1.1GPa
G 5.61 (0.4) GPa 3.27GPa
Gas 6.23 (0.48) GPa 4.36 GPa
V12 0.375 (0.095) 0.04
V21 0.416 {0.118) 0.03
V23 0.237 (0.083) 0.21
V32 0.346 (0.096) 0.15
V13 0.374 (0.108) 0.19
Va1 0.234 (0.088) 0.11
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The third column of Table 2 provides technical constants calculated by
using formulae (6.2)-(6.4). The following data, corresponding to the hydrox-
yapatite, cf. [30, 31, 33], are assumed:

E=114GPa, v =027

Then the Lamé coefficients are given by A = 52.69 GPa, u = 44.88GPa
The calculations have been performed for
3 1 1
=7 ﬁ-—z: ¢—g-
The second column in Table 2 is taken from Table 1 in [46].
Two further specific cases are summarized in the third and fourth column of

Table 3. To calculate the moduli given in the third column of this table it
was assumed that

56 73
A=5260GPa, = 4488GPa, a = =, = 1=, 6=0.007.

Similarly, the moduli contained in the fourth column were calculated for the
following data:

56 73
A — . — & = — - — — | =
17.28 GPa, u = 7.41GPa, a &7’ B 134" ¢ = 0.043

The second column of Table 3 is taken from Table 1 in [46]. According to
Table 9 in [30], E = 20 GPa estimates the value of the elastic modulus of the
wet human trabecula.

We observe that the second column of Table 1 in [46] (or the second
column in our Table 2) presents technical constants for specimens of hu-
man femoral cortical bone, where the 1-direction is radial, the 2-direction

TABLE 3. Technical constants: cancellous bone.

human cancellous bone | E = 114 GPa, | E = 20 GPa,

(proximal tibia) v =0.27 v=0.35
E, 237 (63) MPa 496 MPa 545 MPa
E; 309 (93) MPa 552 MPa 604 MPa
E; 823 (337) MPa 649 MPa 706 MPa
Gha 73 (0.37) MPa 73 MPa 73 MPa
Gia 112 (0.4) MPa 112 MPa 112 MPa
Gaa 134 (0.48) MPa 134 MPa 134 MPa
V12 0.169 (0.304) 0.08 0.1
V21 0.209 (0.209) 0.07 0.09
V23 0.063 (0.217) 0.15 0.18
Va2 0.245 (0.626) 0.11 0.14
13 0.423 (0.356) 0.16 0.2
V31 0.145 (0.123) 0.14 0.17
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is circumferential and the 3-direction is longitudinal. The second column of
Table 3 presents average technical constants for 9 specimens of human cancel-
lous bone from the proximal tibia, where the 1-direction is anterior-posterior,
the 2-direction is medial and 3-direction is logitudinal. In Tables 2 and 3 the
numbers in parantheses stand for standard deviations. The second column
of Table 3 implies a possibility of appearance of negative values of Poisson’s
ratios. The plate-like architecture studied in the present paper precludes such
possibility. Examples of cellular solids with negative Poisson’s ratio are given
in [23, 31]. Thus a natural question arises: can trabecular bone, at a certain
stage of human or animal life, behave like a cellular solid with negative Pois-
son’s ratio? From the theoretical point of view such possibility is obviously
possible. The decisive answer, however, is to be expected from experimental-
ists. Negative Poison’s ratio is in fact nothing surprizing, since it is allowed
by the positiveness of the elastic energy of anisotropic materials. We observe
that according to Table 9 in [30], the value of E equal to 1.17 GPa character-
izes individual bovine trabeculae. This result was obtained by Christensen
(cf. [30]) using statistical data analysis. In Table 9 in [30] one also finds the
following values of E [GPa] for individual trabeculae:

E =10.90 &+ 1.6 — wet bovine femur, ultrasonic test method,

E =12.70 + 2 — wet human femur, ultrasonic test method,

E =8.69 £ 3.17 — dry human distal femur, buckling test method,

E =5.3+2.6 — dried human femur, experimental test method with finite
element method.

TaBLE 4. Technical constants from (6.2)-(6.4)

E=1GPa | E=1GPa | E=5GPa | E=10GPa
v=0.35 v =035 v=03 v=0.35
a = (0.836 a = 0.836 a=09 a=09
B =0.545 8 = 0.545 B=02 8=0.2
v=0.1 v=203 v=102 v =102
E, | 0.0633MPa | 0.19MPa 0.545 MPa 1.14 MPa
E, 0.701 MPa 0.21 MPa 0.603 MPa 1.23 MPa
E; | 0.819MPa | 0.246 MPa | 0.924 MPa 1.87 MPa
Gasz | 0.0156 MPa | 0.0467 MPa | 0.183 MPa 0.353 MPa
Gz | 0.013MPa | 0.039 MPa | 0.165MPa 0.317 MPa
Gi2 | 0.008 MPa | 0.0254 MPa | 0.0366 MPa | 0.0705 MPa
Va3 0.204 0.204 0.238 0.276
V32 0.175 0.175 0.156 0.182
V12 0.101 0.101 0.0164 0.0114
v 0.0913 0.0913 0.0151 0.105
i3 0.184 0.184 0.232 0.269
V31 0.142 0.142 0.14 0.164
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MPa
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Ficure 19. Young's moduli in the three orthotropic principal directions versus
bone volume fractions; & = 56/67, 8 = 73/134; isotropic trabeculae with E =
1GPa, v = 0.35.

MPa

oowdaB8RELE S

Fi1GURE 20. Shear moduli in the three orthotropic principal directions versus bone
volume fractions; o = 56/67, 8 = 73/134; isotropic trabeculae with E = 1 GPa,
v = 0.35.
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FIGURE 21. Poisson’s ratio divided by Young’s moduli in the three orthotropic
principal directions versus bone volume fraction; @ = 56/67, 3 = 73/134;
isotropic trabeculae with £ = 1 GPa, v = 0.35.
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According to Table 9 in [30], the estimates for the elastic modulus of the
trabeculae of human cancellous bone vary from 1 to 20 GPa. Future research
should be directed towards resolving this problem of great scatter of Young’s
moduli.

Figures 19-21 correspond to the data listed in the second and third column
of Table 4.

7. Rod-like structure

Let now the basic cell Y be given by

Y =[-5,5) X [-5,3) X [=3:2) (71)

Due to periodicity the homogenized coefficients do not depend on the ba-
sic cell and consequently one may take a translated cell of the basic one.
Consequently, we take the translated cell represented in Fig. 22.

Ficure 22. Translated rod-like basic cell.

We observe that the thicknesses of three orthogonal struts are not nec-
essarily equal, thus allowing for macroscopically orthotropic response of the
trabecular bone. More elaborate and complex rod-like structure, requiring
more independent geometrical parameters (or functions) can likewise be en-
visaged. Let us introduce the following notation:

B
Yi={yeiml< G ol < 5

t:ot\b

< D
Yo = {Y€Y|yl| 2and|y3|_2},

87
Ygz{ye}’,|y1|ggand |?}2|S?n}‘
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g
View={y € Vln| < J and ool < o 5 and ol < 57},
Y;:Y}UYQUY:;,

Yn"‘=n2(a+ﬁ+aﬁ)—2n3aﬁ.

Since [Y¥| = (1+a+8)n—(a+ [+ ap) n% + a Bn® we get the following
estimate

I1e”(x(”‘”)llm(y,;} <cn. (7.2)

Obviously x(P? depend on e, 8 and 7. The constant ¢ is independent of 7

and i
wy w4
w)=c|=—+==]).
)=z (33;:' 3%‘)
Using this estimate in (4.3) we conclude that
- h *

n 2Cijmn = Cijmn
(after extraction of a subsequence if necessary) We can pass to the limit as
n — 0 in the homogenized equation (4.2), whose solution is denoted by u”.

We have
up = uf  in H}(Q) weakly,
where u* is the solution to the equation:
2
* 9 uk
:Jlsna a

We observe that now Y| = 1.
Let us pass to finding the limit coefficients u kn
Using Eq. (4.3) and the decomposition of Y* we obtain:

P |Y‘ / Ay imm) 1 / A
——— r d
Tf C:Jmn tjmn C‘!qu ayq y "7 Ctqu ay Y

(mn} (mn)
/ Ctqu f Cthq dy. (74)

sz

+(a+B8+aB)fi=0 inQ, u'=0 ond. (7.3)

We have to pass to the limit with 7 — 0 in (7.4), where the integral terms
are taken over domains depending on 7. To avoid this difficulty we transform
Yy, Vs, Y3, and Yip3 in Y.

For instance, using the a priori estimate (7.2 ) and (4.6) we have

f |e9 (x(m))| dy < en.
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Hence, after transformation

z1=y1, z22=(an) " y2 z3=(Bn)"" v,

and using Korn’s inequality, we get

ax(m'ﬂ-) & 3)(5?“) . axiﬂm)
}[ [( 621 + (ﬂf’?) (922 (ﬁ ) 3 dz < €1,

where X;’{m) = X;Tn)(zl,22,23) = x},m“)(zl,anzg,ﬁnzg) and ¢; does not
depend on 7 .
Towe (mn) (mn)
Tmmn mn
6Xp1 g h[mn) (Q’ n)—l axpl (mn)
921 pLL 0z P (7.5)
x(mn) :
; 1
(Bn)~ 6‘23 i
in L?(Y) weakly. Similarly we have
(mn) (mn) (mn}
a2 " emm) WXpr | onm) ()t ez pomn
321 p2,1 1 0z, p22 ) p2,3 1
(mn) (mn)
-1 axpgtn_ — h(mn) ( )_1 3Xpr:;ln =X h{mn) 6)(;?“) = (mn)
0z Pl 2 029 P37 Hzq 2,3
(mn)
_1 Oxpra3 SR ()] BX;%’;) _, plmn) - 3XLT2§) _, pmn)
Bz p123.15 (@M) 92, 2320 (Bm)7" 123,3)

in L*(Y') weakly. Here the following notation is used:

(mn) _ _(mn)

Xp2 - sz (21,7}22,23) = X(mn)(ﬂ Z},Zg,ﬁﬂz:j),

(mn) _ xgm)(

Xp3 21,22, 23) = x§™™ (n 21, @ 22, 23),

Xg;? = Xf,?ﬁ)(zl, 22, 23) = XI™ (921, @ 22, BN23).

(mn) one has:

/ Y dz = 0, / hiys) dz = / his) da

We observe that due to the periodicity of xp
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Return to (7.4) and let n tend to zero. We get
Climn = (@ + B+ aB) Cijmn — Cijp f (aBh5Y + Bhiny) dz

(7.6)
—Uijp2 f ( hpTg] =+ ﬁh;?g)) Cijps f af hﬁ?? ik ahm)) dz

To calculate explicitly the integral terms of this formula we take ¥; in (4.6)
to be a smooth function, Y-periodic and not dependent on y;. We have the
following equations (not independent):

Cajp2 f hm‘) dz + Cajpa f hpTg) dz = —Chjmn,

(7.7)

Similarly taking lI'j in (4.6) to be a smooth function, Y-periodic and not
dependent on ys we obtain

Cijp1 fh'p21 dz + Cijps fhp?.'.’n) dz = —=Cjmn,

(7.8)
Cajp1 fhp21 dz + Csjps fhp?a) dz = —C3jmn-

Suppose now that ¥; in (4.6) is a smooth function, Y-periodic and not de-
pendent on y3. Then we get

Cijp1 f Gt dz + Cijpa f h;’;g) dz = —Cijmn,

(7.9)

Cajp1 f hp31 dz + Cyjp2 f h’p3 2 Vdz = —Cajmn-
The above equations enable us to obtain the components of the matrix C*.
In the case of isotropic material with the Lamé constants A, u and assuming
that a = 8 = 1 we finally get:

[ 104?415 A+6 A%
s 6 6 0o 0 o0
6 R 6 0 0 0
c* — 6 6 e U
0 0 0 120 0 0
0 0 0 0 12p O
5 0 0 0 0 0 12p
and i
ch=-¢cC,
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where ¢ is the volume fraction of material. The general formula for the effec-
tive rod-like (strut-like) cellular solid can be used to the estimation of elastic
moduli of trabecular bone with such an architecture.

Similar problem of determination of macroscopic moduli of cancellous
bone with rod-like architecture was also considered in [83, 86],where an ap-
proximate procedure was used.

8. Honeycomb structure

Let us pass to estimation of the macroscopic effective elastic moduli C‘g Kl
for cancellous bone with honeycomb architecture, cf. Fig. 23.

FIGURE 23. Honeycomb architecture.

These moduli are determined in an approximate manner for small volume
fraction ¢ characterizing the solid phase. For the sake of simplicity we assume
that d; = dy. To determine the effective moduli C-?jkt» we exploit approxi-
mate solutions of the local problem (4.4). The effective technical coefficients,
given by Egs. (6.2)-(6.4), are calculated by using formulae for C%, specified

ij
by (4.3). After lenghtly calculations we obtain

h (a3)” cos’ (a3)* (c2)? 1, 3

_ g
Ciin = E¢+8 - E¢”, (8.1)

- 44 2
hoo_sinfa . (a3)*sin"a(a) 3 9
Cooo = o E¢—8 e E¢°, (8.2)

2 deiig

e agcosglsm @ Eé+8 (a3) s;rzzacl o E6, (8.3)

4breg(2+
s I o i “:losa vEg+8%) 1::2( &), Eg, (8.4)
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by = ay sin’ o VE6+8 (a3)* by 3 sin? a (2 + €) VER, (85)
ma mao
2. 2 2 2
051333 = (1 + Vo ) E¢ +8 (":"'3}‘1 (bl) (2 + 5) V2 E¢3, (86)
my ma
ol 2 (a3)? (0.3 - (ms(a:):))2 f) (sin(a))2 (aa + (Sin(a)]2§) 2.
S e (2+6°(26+1) P
Ch & 3 8.8
1313 = f(2+f)2 po (8.8)
Ao Q3 sin? a
Cazos =2 C+da po. (8.9)

The remaining moduli disappear. In the above formulae the following
notation is used:

a;=1+¢cos(a), ap=1+2 (cos(a))?€, az=¢+cos(a),
by = —1+2cos(a), by=—1+2 (cos(a))®,

1 =2(2+¢€) cosa—viay, c3=0by(2+¢&)+v%aq sin’a,
=(2+8a—v? (@), ma=(2+¢)°(m)?,

_h
E = 52'
The effective technical moduli are given by:
h o (E+cosa)t | 3 h o (E+cosa)? sin'a | 4 b
EI—S (2+£)3 E¢ ! Ey_ C0820(2+§)3 Eﬁb ) Ez*_Eqbs
b (sin(a))? sin? a by a3 2
W cos(a)ag cosPa(2+46)27
h a3 cosa cos(a)(a3)* 2
vy..": = - 7 - 2 2 ¢ )
(sin(a)) (sin(a))” (2 + £)
vgz - V;tz =V,
h (a3)v 5
zz 3 ®°,
(2+¢)
g 2 n@) @) o
Y (246)° (cos(a)
Gh Gh Gh
—£ = Clys, = Cia3, ? = Choa-

Table 5 gathers some available data concerning the values of elastic modulus
of individual trabeculae, cf. [30, 31]. These data were used to depict the
dependence of the elastic moduli on various parameters, cf. Figs. 24-29.
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FIGURE 24. Effective shear moduli versus volume fraction; E = 20 GPa, £ = 2,
a=7/3, v=03.
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Ficure 25. Effective shear moduli versus a.
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FIGURE 26. Effective Young moduli versus volume fraction; E = 20 GPa, £ = 2,
a=w/3, v=03.
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FIGURE 27. Effective Young moduli versus a.
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FiGure 28. Effective Poisson ratio versus fraction £ = [1/l2; E = 20GPa,
a=7x/4,v=03,
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FIGURE 29. Effective Poisson ratio versus versus a; E = 20GPa, v = 0.3.
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TABLE 5. Elastic modulus of individual trabecular, after [30, 31|.

Source Type of bone Analytical/ Estimate of trabe-
test method culae elastic modulus
Wolft Human 17 to 20 GPa (wet)
Bovine 18 to 22 GPa (wet)
Pugh et al. | Human, Finite elenent method Concluded that the
distal femur modulus of the
trabeculae was less
than the modulus
of compact bone
Townsend Human, Inelastic buckling 11.38 GPa, (wet)
et al. proximal tibia 14.13 GPa (dry)
Ashman Bovine femur Ultrasonic test method 10.90 1.6 GPa (wet)
and Rho Human femur | Ultrasonic test method 12.7 2.0 GPa (wet)
Runkle Human, Buckling 8.69 3.17 GPa (dry)
and Pugh distal femur
Mente Dried human Experimental with 5.3 2.6 GPa
and Lewis fermur finite element method
Fresh frozen
human tibia
Kuhn et al. | Fresh frozen Three-point bending 3.17 1.5GPa
human tibia of ultra small
machined specimens
Williams Human, Experiment with 2-D 1.30 GPa
and Lewis proximal tibia | finite element method
Rice et al. Bovine Statist. data analysis 0.61 GPa
model of Christensen
Ryan and Fresh bovine Tension test, 0.76 0.39 GPa
Williams femur single trabeculae
Rice et al. Human Statist. data analysis, 0.61 GPa
model of Christensen

9. Torsional creep and relaxation of cancellous bone filled with

marrow

As we already know trabecular bone is a porous structure consisting of
bony network of connecting rods, plates and prisms (elastic phase) filled with
bone marrow (viscous phase) [38]. We are also aware that various approaches
to modeling the mechanical behavior of trabecular bone have been proposed,
see for instance [38], [45] and [96] and the previous sections of our paper. In
this section the structural model developed earlier by us in [77] is applied to
predict the creep and relaxation behavior of long bone under torsion.

To this end we introduce : Ag, o — the elastic moduli of compact bone;
A1, 41 — the elastic moduli of a trabecular bone; Ag, po — the bulk and shear
viscosities of bone marrow, A3, u3 = Jwps — the complex moduli of marrow;
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pig — the homogenized (effective) complex modulus of cancellous bone, Happ
- the apparent complex modulus of bone, P (t) and Ve (t) — the effective
creep and relaxation functions of the cancellous bone, ®;,,(t) and ¥, (¢)
- the apparent creep and relaxation functions of long bone, ¢ — the relative

apparent density of cancellous bone.

9.1. Basic equations

Let us consider an idealized model of cancellous bone represented by an
elastic rod reinforced with cylindrical viscoelastic fibers arranged in a hexag-
onal lattice. Different arrangement of fibres can also be considered. According
to the notation introduced above, A\; and p are the Lamé constants of the
matrix, while A and u3 denote the Lamé coefficients of fibers. By using
the homogenization procedure, the equations defining the effective torsion
modulus peg/py are given by, cf. [87],

ﬁi:_}‘f oTw) , ={u1ify691,
lYly u(y) oy u(y)

H1 #‘3 if yE Q’?) I
) T (y) %) oT(y)\ _
P (u(y)——ayl ) - (u(y)—am ) —o, 9.1)

1 0T (y) 1 ]6T(y) 0T (y) s
—_ dy=1, — dy=0, ——— —Y — periodic,
V1) o T vl Taw By °

where ;and €y are the domains occupied by the elastic matrix and vis-
coelastic fibres, respectively. The macroscopic modulus (p3g/p1) — 1 has an
asymptotic expansion at y =0

. 1
Her/m — 1= py - 50(1 - @)y + 0@°), (9.2)
and attains discrete values indicated in Table 6, cf. [64].

TaBLE 6. Discrete values of the elastic torsional modulus peq /g1 —1 for hexagonal
array of cylinders, after [64].

Ti w=076 | p=080 | p=0.84 | p=0.88
z-1=-1| -0.8711 -0.8996 -0.9286 -0.9607
0= 0 0.0000 0.0000 0.0000 0.0000
1 =9 3.3778 3.9489 4.6887 5.7225
T2 =49 5.7076 7.2600 9.7931 15.1565
T3 = 00 6.7600 8.9586 13.0093 | 24.4508
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FI1GURE 30. Main steps of modeling of the torsional properties of typical human
bone: a) micrograph showing cellular structure of cancellous bone, after [39],
b) idealized microstructural model of cancellous bone, c¢) two-phase continuous
model obtained via homogenization of cancellous core, d) homogeneous medium
modeling long human bone.

In addition, (u2g/u1) — 1 has Stieltjes integral representation introduced
in [87] in the form
1/(14x:)

F’;ﬂ' 1 — _ dﬁ(zisE) _ &i _
& l—zfl(z)—{]/z—1+(z_$i)£, Z_M 1. (9.3)

This representation generalizes that derived by Bergman (23] and rederived
in a more general form by Golden and Papanicolaou in [41]. For more details
on application of Stieltjes function to the estimation of effective moduli the
reader is referred to [80]-[83], [85] and [86].

9.2. Continued fraction bounds on torsional modulus

Let us let us consider now bounds on the effective complex modulus
(teg(2)/m) =1, z=14E2 — 1.

Let us introduce the sequence of complex bounds Fj(z, ) on plg(2)/p1—1
given by

z .
2Fj(z,7) = g0 5 i =012 0
14291 + 203
1+
L4 (z — 21)94
1+ (z —z2)V;F(z,7)
(9.4)
where the elementary bound F(z, 7) appearing in (9.4) takes the form, cf. [19],
1-7) .
— <7<
F(z,7)={ 1427’ if 0s7<l, (9.5)

1+47), if —1<7<0.
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From (9.4) we obtain
zFy(z, 1) = F(z,71),

_ Zgo0
2BiieT) = 1+ 2V F(z,71)’ (9-6)

Zgo0
1+ zg1 + z2VaF(z,7)’

zFy(2,7) =

where the renormalizing coefficients V; satisfy the equations, cf. Table 6,

=F1(=1,0) = (peg(—=1)/m) — L. 9.7

In order to evaluate the coefficients g;, j =0,1,2,...,5, generating via (9.4)
the bounds on g (z)/p1—1 the following input data are available: from (9.2)
and Table 6, for ¢ = 0.88, we have,

d
apﬁ(zj 0)|z=zo == 0881

d2
@Fﬁ(Z,O)I;:zD = 0-5(’9(1 e (p) = _0-0528, (9‘8)
Fs(z-1,0) = -0.961, F5(z1,0) = 5.722,

F5(z9,0) = 15.156, F5(z3,0) = 24.45.

Similar input data were obtained for ¢ = 0.76, ¢ = 0.80, and ¢ = 0.84. The
evaluated coefficients g; are listed in Table 7.

a) b)

z=-14i ©=0.88 o 2 =-1+10i ¢=0.88
1.03
8
0.98
7
0.93
6
0.88
0.120.140.160.180.20 . 0.0 11 22 33 44 55
Re(1 +F’ (z,u)) Re(1 "'Fl (z,u))

FIGURE 31. The sequence of lens-shaped bounds 1+ zF(z,7), 1 + zFi(z,7),.- .,
1+ zFs(z,7) on the torsional complex modulus p2g /g1 for the idealized structural
model of cancellous bone.
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TaBLE 7. The continued fraction coefficients g;,7 = 1,2,...,5 and Vs.

P go g1 92 g3 g4 Vs

0.76000 0.76000 0.11242 0.00757 0.46475 0.00024 0.01928
0.80000 | 0.80000 | 0.08929 | 0.01070 | 0.43494 | 0.00029 | 0.01954
0.84000 0.84000 0.06456 0.01543 0.38244 0.00052 0.01955
0.88000 | 0.88000 | 0.02400 | 0.03599 | 0.28841 0.00127 | 0.01939

The bounds 1+ 2F(2,7), 14+ 2F1(2,7), ..., 14+2F5(2,7), 2 = —1+i,p =
0.88, have also been evaluated and depicted in Fig.31. Figure 32 presents,
for 0.88 the multipoint Padé approximants 1 + zF5(2,0) and 1 + zF5(z,1),
z = —14iw,w = 1,10,...,2000, estimating the torsional modulus p3z(2)/p1.

14 : =30
Z=-1+iw ¢=0.88 z=-1+io ¢=0.88

- Re(1+F (2,0))
11.7| |— Re(1+F5(z.1))

=10 ©=100 4
o 145 20)] 1.6
— 14Fg{z,) -'1:
o=1
’ ; sl 24 . . .
0 10 20 80 81 82 83 84
Re(1+F; (z,u)) Re(1 -|-F5 (z,u))

Ficure 32. Complex torsional modulus of the elastic beam filled with vis-
cous fluid and evaluation error (idealized model of cancellous bone, ¢ = 0.76,
0.80, 0.84, 0.88). Normalizing coefficients are: uz = 0.0067kgm™'s™! and p; =
3.3GNm™?, after [6].

9.3. Multipoint Padé approximants

According to the definitions given in [19] and [20] the rational functions
1+ ([3/3] =1+ Fj(2,0) and 1 + [2/2] = 1 + 2Fj(z,1) considered above are
the multipoint Padé approximants to the effective complex modulus plg /1.
Those approximants have been evaluated explicitly in [87] and depicted in
Table 8.

Now we are in a position to introduce an inclusion regions I';, i.e. the
region in the complex plane surrounded by the bounds 1 + Fj(z,7). It can
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TaBLE 8. Multipoint Padé approximants 1 + 2Fs(2,0) to torsional modulus
pesr /p1 of hexagonal array of viscous cylinders embedded in elastic matrix; -
the volume fraction

P 1+ 2F5(2,0) 1+ zF5(z,1)
o6 | L+173282 + 0.915922 + 0.1476z° | 1+ 1.3460z + 0.40662>
* 1+ 0.97282 + 0.267822 + 0.019023 | 1 + 0.5860z + 0.052422
—Ee 1.8655z + 1.078722 + 0.19102° | 1 + 1.3364z + 0.388122
’ 1+ 1.0655z + 0.306322 + 0.01922% | 1 + 0.5364z + 0.039022
054 1+ 1.8901z + 1.086522 + 0.18162% | 1 + 1.3048z + 0.3481z°
g 1+1.0501z + 0.271722 + 0.013023 | 1 + 0.46482 + 0.024922
0.8g | 1H1:8%82z + 1.0009z% + 0.1345z° | 1+ 1.2331z + 0.268522
: 1+ 0.9782z + 0.192922 + 0.00532% | 1 + 0.35312z + 0.010622

easily be proved that for the problem considered we have

e/ €ETs €Ty €T3 €y €T,
- 14 2F5(2,0)€ellselyel3elz €, (9.9)
1+ 2Fs(2,1)ellselyelzel el

Since I's is very narrow (the smallest regions in Fig.31a,b), we can assume
that the Padé approximant 1 + 2F35(z,0) provides a good estimate of the
effective torsional modulus p%g/p41. Hence we conclude that the function

Hog/p1 =1+ 2F5(2,0), ¢ <0.88 (9.10)

solves the boundary value problem (9.3) with satisfactory accuracy. The tor-
sional modulus given by (9.10) is presented in Table 9 and depicted in Fig.33.

Now we are in a position to investigate the influence of marrow on the real
part of the complex torsion modulus. To this end we use the characteristic
time 7 = pg/u; = ﬁ—%;%m = 2.03 - 10~!1s. From Fig. 33 follows that
the hydraulic stiffening starts for wr =~ 5. Hence we immediately obtain:
w=5/(2.03-10711 5) = 2.463-10"! Hz. The effect of the presence of the bone
marrow is observable for very high oscillating frequency exceeding 2.463 -
10! Hz. On account of that the influence of bone marrow can be neglected
in physiological situations.

The value obtained should be treated with caution since the considered
model of torsion of long bone is constituted of both the compact and cancel-
lous.bone. More refined models are required to better estimate the influence
of marrow on the mechanical behavior of long bone.
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Ficure 33. Complex torsional modulus and its real part for the model of cancel-
lous bone (the elastic beam filled with viscous fibers); ¢ = 0.76, 0.80, 0.84, 0.88.
Normalizing coefficients are: pz= 0.0067kgm™'s™! and u; = 3.3GNm™?, af-
ter [39].

TaBLE 9. The torsional modulus p./p: for the inhomogeneous beam filled with
the viscous fibres distributed in hexagonal array of cylinders

2 peg/m =1+ 2F5(2,0), z=2%2 -1, x=4
0.76 | 7.760 — mf"&is"_"m . ?f;gfix;w o :?;t:isl_xm
080 ) 9.957 12.15[»]:;.? 2_x1w - 3.:1‘111!}3{31_;:1“ = 2_631:;8:‘ To
Ll 17.2;}33 9—qu - 4.201'31;92—“@ - 2_;)7.31{93:«1“
i il 31.7::;9?‘@ N 5.4142162%@ - 2.?;23?%‘0

9.4. Torsional creep and relaxation functions

The modulus p(z)/p1 and compliance p1/p*(z), 2 = (Jw/x) — 1, % =
p1/pe, divided by Iw are the Fourier transforms of the torsional creep func-
tion ®(t) and torsional relaxation function ¥(¢), respectively, cf. [26].
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TABLE 10. The torsional modulus u; /. for the inhomogeneous beam filled with
the viscous fibers distributed in hexagonal array of cylinders.

¥ p/peg =1+ 2F5(2,0), z=%-1, »x=4
R
030 0100 3.9[]i?fixfw 2.&2?;6?@ 21?5?12?”1‘.;
om| o (LI bl S
088 | 0.039+ 5.352‘.?9—”&; 2.35(llfl—xfw 2'{[)):;3?{05;;“

Hence we can write

H1 ¥(Iw)

N CIC N 7 S

S T L

Twpy

(9.11)

1

H1

The inverse of the Fourier transformations of ®(Jw) and ¥(Jw) take the

forms, cf. Table 11 and Eq. (9.11)

b
met) =d*+y =l
n

n=1
3
=drz

n=

1

C

2 |:=<:J_';

-

—xagt) :

(9.12)

eat).

Here the coefficients d¢,d", b5, b, a5, and aj, take the values provided in Ta-

ble 11.

TaBLE 11. Coefficients for the evaluation of torsional creep and relaxation func-

tions, the input data for (9.12).

¥ d* b b3 b3 as a3 a3

0.76 | 0.1289 | 0.0146 | 0.0655 | 0.0348 | 2.1958 | 0.8867 | 0.1238
0.80 | 0.1004 | 0.0476 | 0.0666 | 0.9226 | 1.0100 | 0.6432 | 0.0048
0.84 | 00714 | 0.0755 | 0.0925 | 0.9011 | 2.3972 | 0.5213 | 0.0656
0.88 | 0.0393 | 0.1339 | 0.1471 | 0.8608 | 3.9565 | 0.4500 | 0.0344
? a b b5 b5 a; @ @

0.76 | 7.7600 | 60.980 | 0.0974 | 0.0431 | 8.0930 | 2.1575 | 0.8312
0.80 | 9.9586 | 102.62 | 0.1831 | 0.0218 | 10.557 | 1.814 | 0.6035
0.84 | 14.000 | 209.39 | 0.4192 | 0.0192 | 15.275 | 2.2101 | 0.4768
0.88 | 25.451 | 737.96 | 1.6569 | 0.0223 | 29.669 | 3.4456 | 3.4456
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FiGURE 34. The torsional creep function ®(t) and relaxation function ¥(t) for

the porous beam consisting of hexagonal array of viscous fibers spaced in the

elastic matrix. Normalizing coefficients are: p2 = 0.0067kgm™'s™" and u; =

3.3GNm™2, after [38].

For cancellous bone we have » = 1/7 = 4.926 x 10'°s~!. From Fig. 34
follows that the hydraulic stiffening starts for st; =~ 5. Hence ts = 5/4.926 x
10'° = 1.015 x 1071%. On account of that the influence of bone marrow on
creeping and relaxation of cancellous bone is negligible.

10. Concluding remarks

The aim of this comprehensive paper was to synthesize our results per-
taining to macroscopic modeling of compact and cancellous bone by using
homogenization methods.

In compact bone three distinct levels were distinguished. To find the
elastic macroscopic moduli, reiterated homogenization was applied.

Cancellous bone was modeled as a cellular solid. Three types of cellular
structures were considered: plate-like, rod-like, and honeycomb. Obviously,
periodic microstructures are an idealization of real bone tissue. Each of the
models proposed involves several geometrical parameter thus ensuring certain
flexibility in applications. Trabeculae were assumed to be isotropic, according
to available axperimental data. General formula (4.3) for the determination
of the homogenized elastic moduli of porous elastic materials enables to cope
with very complex microstructures of cancellous bone. For instance, the ge-
ometry of trabeculae can be described by several independent parameters or
functions. Then, however, the difficult problem is to solve the periodic cell
problem (4.4), (4.5) or (4.6). For more complex (periodic) architectures such
a problem can only be solved numerically, cf. [51].
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As is well-known, bone is an inhomogeneous material. Inhomogeneity
can easily be included in homogenization procedures for bone, since then,
for instance, the elastic moduli Cjjx; appearing in (2.1) depend on the local
variables and macroscopic variable x. In this case the homogenized moduli
C{‘jk, also depend on x € (, cf. also (2.1), (2.11).

A broader class of microstructures requires using stochastic homogeniza-
tion, cf. 73, 74]. We observe that periodic homogenization is a specific case
of the stochastic homogenization. To characterize cancellous bone treated as
a porous material with random distribution of microinhomogenities (pores)
one can use the geometry of random fields. For an excellent review the reader
is referred to the comprehensive paper by Adler and Thovert [1], cf. also [74].

The third topic presented in this paper concerns influence of marrow on
long human bone behaviour under torsion. By using Padé approximants and
continued fraction technique the analytical formulae predicting the hydraulic
stiffening of a human bone due to the presence of marrow were obtained.
According to the presented model, the mechanical role of marrow in physio-
logical loads of frequences is negligible.
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