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Introduction

The primary concept of Newton mechanics is that of the material point mov-
ing in three-dimensional Euclidean space. A good deal of the theory depends
only on the affine sector of geometry. The metric structure becomes essential
when constructing particular functional models of forces; the concepts of en-
ergy, work, and power (time rate of work) also depend in an essential way on
the metric tensor. The Galilei relativity principle implies that, as a matter of
fact, it is not three-dimensional Euclidean space but rather four-dimensional
Galilean space-time that is a proper arena of mechanics. This space-time has
relatively complicated structure, does not carry any natural four-dimensional
metric tensor and fails to be the Cartesian product of space and time. There
exists the absolute time, but the absolute space does not. In the sequel we
concentrate on the other kind of problems, so the analysis of the subtle space-
time aspects will be almost absent in our treatment. Newton theory becomes
essentially realistic and viable when multiparticle systems are analyzed. It is
just there where metrical concepts become almost unavoidable, because it is
practically impossible to construct any realistic model of interparticle forces
without the explicit use of the metric tensor. Extended bodies are described as
discrete or continuous systems of material points. Their motion consists of that
of the center of mass, i.e., translational motion and the relative motion of con-
stituents with respect to the center of mass. The total configuration space may
be identified with the Cartesian product of the physical space (translational
motion) and the configuration space of relative motion. In many physical prob-
lems the structure of mutual interactions leads to certain hierarchy of degrees
of freedom of the relative motion; in particular, some constraints may appear.
The effective configuration space becomes then the Cartesian product of the
physical space and some manifold of additional degrees of freedom. There are
situations when this auxiliary manifold and the corresponding dynamics are
postulated as something rather primary then derived from the multiparticle
models. Usually the guiding hints are based on some symmetry principles. In
this way the concept of internal degrees of freedom replaces that of relative
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motion. Sometimes it is a merely convenient procedure, but one can also admit
something like essentially internal degrees of freedom not derivable from any
multiparticle model. After all, the very concept of the material point is an
abstraction of a small piece of matter. Why to reject a priori an abstraction of
a small and particularly shaped piece of matter, thus, the material point with
extra attached geometric objects, as something primary for mechanics? In this
way the configuration space becomes as follows:

Q=MxQ™,

the Cartesian product of physical space M (translational motion) and some
internal configuration space Qint. The usual d’Alembert procedure of deriving
equations of motion is not then reliable, perhaps just essentially inadequate and
should be replaced by something else, probably based on appropriate invariance
assumptions.

In standard quantum theory there are quantities which have the status
of essentially internal variables, e.g., spin. If M is not the Euclidean space
but some general manifold, then the concept of essentially internal degrees of
freedom becomes even more justified, as we shall see.

And just in connection with this, the last step of generalization: why @) =
M x Q™? Perhaps any spatial point & € M has its own manifold of internal
variables Q**? Then the total configuration space would be

Q= e

xeM

In this way, the concept of fibre bundle appears as a most natural mathematical
framework for describing internal degrees of freedom.

As mentioned, such concepts are particularly natural when M is a general
manifold endowed with some geometric structure based on the affine connec-
tion, metric tensor, or both (interrelated or not). In any case, the primary
mathematical concept underlying any model of internal degrees of freedom is a
principal fibre bundle (Q, M, ), where M denotes the base manifold (physical
space), @ is the total bundle manifold (configuration space), and 7 : Q — M is
the bundle projection. We shall often use the following abbreviation for fibres:

» = ©1(x). Obviously, in the relativistic theory a more adequate formulation
is one using the space-time manifold as a basis of the fibre bundle. The same is
true in non-relativistic theory when the problems of Galilean relativity principle
are important. However, in this treatise we do not touch such problems or do
it merely exceptionally.
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As is well known, the general fibre bundle (Q, M, ) does not need to be
diffeomorphic with the Cartesian product M x Q™. And even if such a dif-
feomorphism does exist it is not in general unique in the sense that there is
no canonically distinguished choice (there are exceptions like, e.g., tangent and
cotangent bundles over Lie groups, bundles of linear frames or co-frames over
Lie groups, and so on). Therefore, in general, the total motion ¢ : R — @ does
not split in a well-defined way into translational and internal motion. More
precisely, only translational motion is well defined as a projection

O :=mop: R — M.

Similarly, generalized velocity o(t) € T} ;)@ does not split into translational and
internal velocities. Only the first one is well defined as a T'r-projection of o(t)
to the tangent space T (,())M; obviously, it is identical with ¢, (t) € Ty, (1) M.
Without additional geometric objects the time-rate of internal configuration is
not well defined.

p(t)

p
p(1)
TT
0,.(1) )
p,.(1) !
p,=TOp
Fig. 1

The very concept of internal motion and internal trajectory is meaningful
only when Q = M x Q™ i.e., when @ is the Cartesian product. In general,
when the bundle (@, M, ) is nontrivial (perhaps even not trivializable) and
no additional connection-like structures in ) are defined, it is only the total
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motion in () and the translational one in M that are well defined. The same
concerns velocities.

In original Newton theory M is the Euclidean three-dimensional space. We
shall consider the manifolds with a more general geometric structure and the fi-
bre bundles (@, M, ) over them. Having in view both the mathematical clarity
and certain nonstandard physical applications we admit the general dimension,
i.e., dim M = n.



Chapter 1

Kinematics and canonical
formalism for affine models

In a long series of earlier papers we have developed the theory of extended
affinely-rigid bodies in Euclidean spaces [13, 14, 15, 16, 17, 18, 24, 25, 26,
27, 28, 31, 32, 33, 34, 36, 37, 38, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51].
Strictly speaking, kinematics of such objects preassumes only affine structure
of the physical space. Affine constraints mean that all affine relations between
material points remain invariant during admissible motions; material straight
lines continue to be straight lines, their parallelism is preserved, etc. Assuming
that all metrical relations are preserved one obtains the rigid body in the usual
sense.

The concepts of extended metrically- and affinely-rigid bodies break down
when the Euclidean or affine space is replaced by a differential manifold with
geometry given by the metric tensor, affine connection, or both of them (in-
terrelated or not). For example, let (M, g) be a Riemann space, where M is a
manifold and g is a metric tensor defined on it. An extended continuous system
of material points moving in M is metrically rigid if all infinitesimal distances
are invariant during any admissible motion. Of course, then also finite along-
geodetic distances are constant. If some standard reference configuration is
fixed, the configuration space becomes identified with Diff(M, g), the isometry
group, i.e., the group of all diffeomorphisms ¢ : M — M preserving the metric
tensor, ©*g = g. But it is well known that for the generic Riemann space (M, g)
with not vanishing curvature tensor R[g] # 0 it is rather typical that the isom-
etry group is trivial, i.e., Diff(M, g) = {idas}. Obviously, the highest possible
dimension of Diff(M, ¢g) in an n-dimensional M equals n(n+1)/2. This highest
dimension is attained only in constant-curvature spaces, like, e.g., spheres and
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pseudospheres in R™*!. And in fact, in such manifolds the concept of a finite
extended rigid body continues to be well defined. But such manifolds, with
n(n + 1)/2 independent Killing vectors, are extremely exceptional in category
of all Riemann manifolds. Let us also mention that even if R[g] = 0, i.e., (M, g)
is locally Euclidean, but M is topologically not equivalent to R™ (e.g., torus
T"™ = R™/Z"™ with the metric tensor inherited from R™), there may be obstacles
against the existence of the global n(n+ 1)/2-dimensional isometry groups. So,
in a generic Riemann manifold the concept of extended rigid body fails to be
well defined.

The same concerns extended affinely-rigid bodies. Let (M, I") be an affine-
connection space, i.e., a differential manifold M endowed with an affine con-
nection I'. This connection may be quite arbitrary, not necessarily one derived
explicitly from some metric tensor g (at this stage the metric structure does not
need to exist at all). Let V denote the covariant differentiation corresponding
to I'. We say that ¢ € Diff(M) is an affine transformation of (M,T’), i.e., that
¢ € Diff(M,T") if for any pair of vector fields X, Y on M the following holds:

V. x (oY) = i (VxY),

where, as usual, Vx denotes the covariant differentiation along the vector field
X. Roughly speaking, the above property means that the V-operation is ”trans-
parent” with respect to the transformation . In the usual flat affine space this
is just an equivalent definition of the n(n+1)-dimensional affine group GAf(M).
However, when the curvature tensor R[I'] of the affine connection I' is not van-
ishing, then, as a rule, the dimension of Diff(M,T") is smaller than n(n+1) and
the generic situation is that Diff(M,T") = {id}, i.e., the only affine transfor-
mation is the identity mapping. Therefore, in principle the concept of extended
affinely-rigid body breaks down.

However, “very small” regions of (M, I") approximately look like flat affine
spaces; similarly, “very small” regions of Riemannian manifolds (M, g) look
like Euclidean spaces. Therefore, approximately, one can consider “very small”
rigid and affinely-rigid bodies in non-Euclidean manifolds. This is always an
approximation, the better one, the more body shrinks. Everything becomes
rigorous in the limit of vanishing size. Roughly speaking, the body is not any
longer injected in the physical space M, but in a tangent space T,M, where
x € M represents the spatial position of the body “as a whole” and is a remnant
of the centre of mass position in the flat-space theory. And configurations of
affine bodies in the linear space T, M may be identified with linear frames, i.e.,
ordered bases in T, M.

This is a natural analogue of some description used in mechanics of extended
affine bodies. Namely, let V' be the linear space of translations in the physical
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affine space M. The configuration space of extended affinely-rigid body in M
may be identified with M x F(V'), where F(V') denotes the manifold of linear
frames in V. This is meant in the following sense: x € M is an instantaneous
position of the centre of mass, and the frame e = (e1,...,e4,...,¢e,) € F(V)
is materially frozen into the body, i.e., co-moving with it. More precisely, if
a = (a',...,a") are Lagrange (reference) coordinates of some material point (its
identification labels), and configuration is given by ¢ = (z,e) = (x;e1,...,ep,) €
Q = M x F(V), then the current spatial position y € M of this a-th point
satisfies
7y = a¥e,

where g denotes the radius-vector of y with respect to the instantaneous po-
sition x € M of the centre of mass. Analytically,

g = 2t + elpeal
with respect to some Cartesian coordinates.

Essentially the same remains true for infinitesimal bodies injected in tangent
spaces T, M. They are somewhere placed in space, x € M, and have the extra
attached internal variables ex € T, M, K = 1,n. Let us describe it in geometric
terms.

The configuration space of infinitesimal affinely-rigid body moving in the
physical space M is given by the manifold F'M of linear frames in M,

Q=FM= | F,M,
xeM

where F, M denotes the manifold of linear frames in the tangent space T, M.
Obviously, just as F'(V') is an open submanifold of

V=V XxVx--xV,

n terms

so F'M is an open submanifold in the Whitney sum of fibre bundles

EBTM: U T M x Ty,M X - x TyM .
n

zeM n terms

These open subsets consist of linearly independent linear n-tuples.

To be more precise, in the theory of the flat-space extended continuous
bodies one should not use the total F(V'), but rather one of its connected
components, e.g., one positively oriented with respect to some fixed standard
orientation. And so is in mechanics of structured material points; by the way, it
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is tacitly assumed that M is orientable. Although, one can argue that if once the
framework of classically imaginable extended bodies is left and affine degrees of
freedom are essentially internal, the exotic orientation-changing motions might
be perhaps admissible and even (at least mathematically) interesting. The
problem becomes particularly interesting, perhaps just mathematically exciting,
when M is not orientable, like, e.g., Mobius band.

The manifold F'M carries a natural structure of the principal fibre bundle
over the base M [19, 53]. The projection w : FM — M assigns to any linear
frame the point at which it is attached, thus 7 (F;M) = x. The structural
group GL(n,R) acts on F'M according to the standard rule; thus, for any L €
GL(n,R) we have that

FM>e=(...,ea,...)—eL:=(...,egLB4 ... (1.1)

Obviously, dim FM = n(n + 1); this is the number of degrees of freedom (n
translational and n? internal ones). For any linear frame e there exists a unique
dual co-frame € = (...,e4,...), where

and for any x € M, v € T,M and p € T;M the symbol (p,v) denotes the
evaluation of the linear function p on the vector v.
The manifold of all co-frames, i.e.,

Q" =FM= ] F;M,
xeM

is canonically diffeomorphic with F'M just in the sense of duality. Therefore,
the configuration space of infinitesimal affine body may be represented either
as F'M or F*M; it depends on the particular problem which representation is
more convenient. Just as previously, F*M is an open subset of the Whitney
sum
Prv= ) T;MxTiM x - x Ty M;
n zeM

n terms

it consists of linearly independent n-tuples. The natural projection onto the
base manifold will be denoted by 7* : F*M — M, and then 7* (FM) = x.
Obviously, F*M also carries the structure of the principal fibre bundle with
GL(n,R) as a structural group:

F*M >e= (...,eA,...) — el = (...,L_IABeB,...) (1.2)

for any L € GL(n,R).
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There is one subtle point, namely, GL(n,R) is not connected. It con-
sists of two connected components, i.e., the subgroup GL*(n,R) of positive-
determinant matrices and GL™(n,R) is the coset (not a subgroup, of course)
of negative-determinant matrices. In theory of Lie groups, fibre bundles and
connections one usually deals with connected groups. Thus, it seems rather
natural to deal with reductions to the subgroup GL™(n,R). But this has again
to do with orientability of M. Then the unconnected manifold F'M is replaced
by FTM, i.e., the manifold of linear frames positively oriented with respect to
some fixed orientation on M.

Any system of local coordinates z*, i = 1,7, on M induces local coordinates
(z°,€'4), A =T1,n,on FM and (%, e?;) on F*M, where ¢’ 4, e; are respectively
components of e4, e with respect to coordinates z*, and

ediely = 6AB, eiAeAj = 5ij.
To avoid the crowd of symbols we do not distinguish graphically between z
and their pull-backs to F'M and F*M.

In certain problems it is convenient to admit the local, xz-dependent action
of the structural group, like in gauge theories. This means that we consider (suf-
ficiently smooth) fields L : M — GL(n,R); they form an infinite-dimensional
group under the pointwise multiplication,

(LlLQ)(l‘) = Ll(ZL‘)LQ(ZL‘)

And this group acts, also in a pointwise way, on FM and F*M. Thus, if
e € F;M, e € F;M, then the action of L is given by

e eL(x), €+ eL(x). (1.3)

From the mechanical point of view the structural action of GL(n,R) on Q =
FM and Q* = F*M corresponds to material transformations. We shall use
the term “micromaterial transformations”. This is exactly the infinitesimal
limit of the usual material transformations. In fact, material points with affine
internal degrees of freedom may be interpreted as affinely-rigid bodies injected
into instantaneous tangent spaces 1, M, where x € M is the spatial position of
the body. But it is obvious that e € F,M is canonically identical with some
linear isomorphism of R™ onto T, M (similarly, € € Ff M is a linear isomorphism
of T, M onto R™). In this way, R™ plays the role of the “micromaterial space”
(Lagrange variables) and 7, M is the “microphysical space” (Euler variables)
of infinitesimal affinely-rigid body. The frame e € F, M, i.e., the “placement”
is then exactly the counterpart of what was denoted by ¢ € LI(U,V) in our
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papers about extended flat-space bodies [31, 32, 33, 34, 36, 37, 38, 41, 42, 44,
45, 46, 47, 48, 49, 50, 51].

And what does correspond to spatial or physical transformations, i.e., what
are “microspatial” kinematical symmetries? Here the situation is more compli-
cated. Obviously, microspatial transformations must act on the left in tangent
spaces T, M. But for different points x € M the tangent spaces T, M are
logically different linear spaces and their linear groups GL(7, M) are also logi-
cally different sets. Without additional strong geometric structures there is no
natural isomorphism between different GL(7,M). So, there is only one possi-
bility, in an essential way infinite-dimensional. Namely, the fields T' of mixed
non-degenerate second-order tensors on M,

M >z T, € GL(T,M) C L(T,M) ~ T1(T, M),
give rise to the following transformations of F'M, F*M:

F,M>e=(...,ea,...) — (...,Ty0ea,...), (1.4)
FEM3e=(...et..) = (..,etoTh ). (1.5)

In a structure-less manifold M and in a connection manifold (M,I") with not
vanishing curvature tensor R(I'), there are no natural isomorphisms between
different T, M, therefore, nothing like the “constancy” of T' may be defined. If
the components field T* j is accidentally constant in some coordinates z', then
in other coordinates it is no longer true. Therefore, by its very nature the above
group of left-acting transformations is infinite-dimensional, flexible. Of course,
in the right-hand side action of GL(n,R) (1.2) L may be put z-dependent like
in gauge theories of fields and continua, but need not to be so; its constancy is
well defined. L € GL(n,R) are just matrices by their very nature, not matrix
representants of linear mappings in 7, M with respect to some coordinates.

When some coordinates 2 are fixed in M, the second-order mixed tensor
field T is represented by a system of functions, i.e., components T"%;(x%),

T = Tij(x)% ® da’.

Analytically, the action of 1" on the configuration space @ is described by
(...,x“,...;...,eiA,...) — (...,xa,...;...,Tij(:v)ejA,...). (1.6)
Similarly, z-dependent L € GL(n,R) act as follows:

(...,a:a,...;...,eiA,...)b—>(...,xa,...;...,eiBLBA(:U),...). (1.7)
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In particular, this formula holds for global, z-independent L € GL(n,R). It
is seen that when x € M is kept fixed, these are just the well-known formulas
for an affinely-rigid body in a flat space T, M. The difference is that there is
no counterpart of translations and general affine mappings in M and in the
total FM. The reason is that, as mentioned, even if M is endowed with some
affine connection I"' with not vanishing curvature tensor, the group of affine
transformations is generically trivial or its dimension is smaller than n(n + 1).
And if M is completely amorphous, i.e., even if any affine connection is not fixed,
then it is only the total diffecomorphism group Diff(M) that may replace the
group of spatial affine transformations in mechanics of extended affine bodies
in a flat space.

In mechanics of affine extended bodies [31, 32, 33, 34, 36, 37, 38, 41, 42, 44,
45, 46, 47, 48, 49, 50, 51] we considered various kinds of additional constraints;
for obvious reasons the most important of them were metrical constraints, i.e.,
rigid body in the literal sense. Not only affine relations between material points
are then preserved but also metrical ones, i.e., distances and angles. In flat-
space theory one is dealing then, also on the kinematical level, with the Eu-
clidean structure (M,V,g), where V is the linear space of translations in M,
and g € V* ® V* is the metric tensor of M. The configuration space of the
rigid body may be identified with Q = M x F(V,g), where F(V,g) C F(V) is
the manifold of g-orthonormal frames e = (eq1,...,€e4,...,€y), i.e.,

glea,ep) = gije' a€’ B = daB.

More precisely, one should use rather some connected component of F(V,g),
e.g., the manifold F*(V,g) of g-orthonormal frames positively oriented with
respect to some fixed orientation of M.

When (M, g) is a general Riemann manifold, then, as a rule, there are no
extended rigid bodies with the usual number of n(n + 1)/2 degrees of freedom;
the only exception are constant-curvature spaces. In a generic case the not
trivial isometries do not exist at all. But just as in affine theory we can speak
about infinitesimal rigid bodies. They describe in a good approximation the
behaviour of very small “almost rigid bodies”, in which the changes of distances
between neighbouring particles are higher-order small in comparison with the
initial distances themselves.

The configuration space of infinitesimal rigid body in (M, g) may be identi-
fied with F'(M,g), i.e., the manifold of all g-orthonormal frames in all tangent
spaces of M. Again, to be more precise, if M is orientable, we should restrict
ourselves to F'*(M,g), i.e., the connected manifold of g-orthonormal frames
positively oriented with respect to some fixed orientation in M. Obviously,
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F(M,g), F™(M,g) are n(n + 1)/2-dimensional manifolds; there are n transla-
tional degrees of freedom (M) and n(n—1)/2 rotational ones (fibres (F, M, g,)).
Just as in affine model, it does not matter whether we use F'(M, g) or the man-
ifold F*(M, g) of g-orthonormal co-frames. Projections onto the base manifold
M are just the restrictions of the previous 7, 7* to submanifolds F(M,g),
F*(M,g); for brevity we denote them by the same symbols. The structure
groups of F(M,g), F*(M,g) are respectively O(n,R) C GL(n,R), SO(n,R) C
GL(n,R); they act on the bundle manifolds on the right, just in the sense of
formulas (1.1), (1.2). Similarly, the left-hand-side spatial transformations are
given by (1.4) and (1.5), where now the field T" takes values in orthogonal groups
of (T,M,gs), ie.,

M>z — T,€0(TuM,g,) C GL(T,M),
M>z — TxESO(TmMag:E)CO(TzMaga:);

obviously, g, € Ty M ® T M is the metric tensor of T, M, i.e., the value of the
field g at z € M.

What concerns the very description of degrees of freedom, infinitesimal
affinely-rigid body is well defined in any quite amorphous differential mani-
fold. Obviously, the usual, i.e., metrically-rigid body is meaningful only when
M is endowed with some metric tensor g.

But, as mentioned, even on the purely kinematical level there are some
difficulties with systems with internal degrees of freedom. Namely, for any
motion ¢ : R — FM it is only the tangent vector o(t) € T, FM and its
projection gy (t) € Tr(p))M (see Fig. 2) that are well defined velocities, i.e.,
respectively the total generalized and translational velocities.

There is no well-defined time rate of internal variables evolution. The mini-
mal geometric structure necessary to define it is a connection on the fibre bundle
(Q, M, ). In mechanics of infinitesimal affine bodies and infinitesimal gyro-
scopes this is simply the affine connection. Therefore, from now on we assume
that some affine (more precisely linear) connection I' is fixed in M. Analytically
it is given by the system of components Fijk transforming under the change of
coordinates ' on M according to the well-known linear-inhomogeneous rule.
In modern differential geometry [19, 53] linear connection is described by some
differential one-form w on F'M (or F(M,g)) taking values in the Lie algebra
of the structural group GL(n,R)" ~ L(n,R) (or SO(n,R)’, i.e., the space of
skew-symmetric matrices). It satisfies certain conditions that are quoted in
[19, 53]. Analytically w is represented by the system of differential one-forms

wi related in the following way to coordinate-dependent quantities Fijk:

wAB = eA,- <deiB + Fijkedea;k) .
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Fig. 2

One uses also the connection-independent canonical R™-valued differential
one-form 6 on F'M; it is intrinsically defined and its coordinate representation
is given by

04 = eAidxi.

It vanishes when evaluated on vectors tangent to the fibres F, M, F, (M, g), i.e.,
vertical ones. The kernel of w, is transversal to the space of vertical vectors;
its elements are by definition “horizontal” vectors in T.FM, T.F(M,g). The
subspaces of vertical and horizontal vectors at e are denoted respectively by V,
H,. Obviously, T.FM = V,@® H,, and similarly for F'(M, g). Roughly speaking,
horizontal vectors establish isomorphisms between fibres over infinitesimally
remote points of M. Therefore, infinitesimally, the concepts like the change of
internal state and the velocity of internal motion become meaningful.

At any e, the co-vectors we, 0. € T)FM (TXF (M, g) in the gyroscopic case)
form a basis of T, FM. The dual basis in T,F'M (T.F (M, g)) consists of vectors
denoted by EAp, Hy and

(Wi, BYp) =6"potr, (W Ha)=0,
(0%, B4p) =0, (0%, Ha)=6"4.
One can easily show that, after identifying vector fields with differential oper-
ators [19, 53], we have that

) . 0 .0
gk, — Hy — k
L= elLaeiK’ L= elL (833@ -T ]ZejAaekA> ‘
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At any point e, the corresponding vectors (EK L)6 are vertical, i.e., tangent to
the fibres, (EKL)e € Ve, whereas (Hf), are horizontal, (Hg), € He. Dually to
the situation with co-vectors w?p, 64, now EX are connection-independent,
whereas Hj, depend explicitly on the connection. In the literature [19, 53] Hx
are referred to as standard horizontal vector fields and EX [ as fundamental
vector fields. E¥ are infinitesimal generators of the action of the structural
group GL(n,R) on F'M. Roughly speaking, Hx generate the parallel transport
in the sense of I'.

The splitting T, FM = V., ® H, enables one to decompose every vector
at e into vertical and horizontal parts. In particular, this may be done for
generalized velocities o(t) € Ty F'M. Projecting the horizontal component
to M, we do not obtain anything new, just the translational velocity g (t) €
Tr(ot))M. The vertical part, however, is a new, I'-depending object. It is a
measure of the internal velocity, a kind of the time rate of internal configuration.
And, as expected, it simply coincides with the system of covariant derivatives
of the frame vectors ey along the curve describing translational motion. If
xt, e’ 4 are coordinates on FM induced by those z* on M, and if instead of
sophisticated symbols z° o g, €’ 4 o o we simply write z°(t), e’ 4(t) for the time
dependence of generalized coordinates of the object, then translational velocity
v has the components ‘

dx*
dt’
whereas the internal velocity is given as follows:

v =

Det 4 B de' 4
Dt dt

T (a(t)) 4 02

VA: CAE.

It is very important to stress that if (M,T") is non-Euclidean, i.e., the curvature
and torsion tensors do not vanish:

Rl = Dy — Tk + Dol — TPl %k # 0,
. 1. .
Sk = 5 ([ =T') #0,

then the system (vi, Vi A) is the aholonomic velocity in the sense that there are
no coordinates ¢, ¢' 4 in FM for which the following could hold:
,_ dq’ . dg'a
i = Vi, = )
R AT T

Generalized velocities at e € 7~ !(x) are represented by the (n + 1)-tuples of
vectors (V... ,Vya,...) € (T, M)™"! attached at 2 = m(e) € M. Therefore, the
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affine connection I' enables one to identify the tangent bundle TFM with the
following fibre bundle over M:

TFM = | J FoM o (T,M)" c | ) (T.M)>
xeM xeM

It is an open subset of the last Whitney sum; namely, the first n-tuple is the
submanifold of (T,,M)" consisting of linearly independent systems. Obviously,
for any fixed affine connection I' the above-mentioned diffeomorphism of T'F'M
onto 7 FM is canonical.

Similarly, canonical momenta at e € 71 (z) are represented by the (n + 1)-
tuples of co-vectors at z = m(e), i.e., (P;...,P4,...) € (M),

It is seen again that I' establishes a distinguished diffeomorphism of the
cotangent bundle T*F M (phase space of the system) with the bundle

T°FM = | | Mo (TyM)™ c | (TM)" e (TyM)™
zeM zeM
Denoting generalized velocities by
dz’ ;o de’ 5

Vi = —— v
AT T

dt’
and their conjugate canonical momenta by p;, p;, we have that
piv' +pt'a = BVI 4+ PAV 4,
and

Vi=1t, ViA:viA+Fijk(x)ejAvk,
P, = p; — e 4p™TF P4 =pt.

Let us observe the following anti-dualism: it is easily seen that V? and P4; are
connection-independent, whereas P; and V* 4 depend explicitly on I'. Geometric
reasons for this are that that V is simply the m-projection of generalized velocity
o(t) to M and PA; are components of the linear functional on Loy oy M
(x(t) = m(o(t))) which is simply the usual restriction of some functional on
ToyF'M to the subspace Ty FyyM. The restriction procedure is obviously
connection-independent.

Remark: v’4 are not components of vectors in 7, M, and similarly, p; are not
elements of covectors. Only v* and p?; are so. The total systems (vi,vi A),
(pi, pAi) represent the higher-floor vectors and covectors in T, F'M. The con-
nection-dependent systems V* 4, P; are respectively components of vectors and
covectors in T, M (elements of T, M itself and T} M).
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Quite a similar reasoning works for infinitesimal gyroscope, i.e., for the bun-
dle F(M,g). The situation there is more complicated technically, because the
quantities e’4 are no longer independent, i.e., they satisfy the orthonormality
conditions

gije' a€’ B = 0 AB.
This fact creates some problems in equations of motion; to overcome them one
uses an auxiliary technical tool, namely, a field of linear orthonormal frames
defined all over the manifold M. We return to this question later on.

In mechanics of extended affinely- and metrically-rigid bodies one uses the
concepts of affine velocity (Eringen’s “gyration”) and affine spin (affine momen-
tum, hypermomentum). They may be as well defined for infinitesimal objects,
i.e., for internal degrees of freedom.

Every tensor object in the tangent space T.F'M or T.F(M,g) may be ex-
pressed in terms of its components with respect to the frame e itself. In partic-
ular, this concerns the translational velocity V' and the system of internal veloc-
ities (..., Vy,...). Similarly, the covariant conjugate momenta P, ( .., PA L. )
may be expanded with respect to the dual co-frame €. So, we have that

V = V4ey, Vi =epP 4,
i.e., ' ‘
VA= (e V) =iV, Qg = (e, V) = e*iV'5,
or explicitly, using differentiation symbols,

~ DeB DeiB
QA — A _ A, )
B <e ' Dt > ‘Dt

This expression is exactly the co-moving affine velocity known from the theory
of extended affine bodies in a flat space. V4 are co-moving components of the
translational velocity. Geometrically, these objects belong to the matrix spaces,
ie.,

Qe L(n,R) ~GL(n,R), VeR"~L(1,n;R).
But having e instantaneously fixed, we can associate with these numerical ob-
jects the corresponding quantities in the tangent space T M, where z = m(e)
(e € FyM). For V this is just the usual translational velocity V' € T, M:

o dxt
V= )
dt

The quantity O and the frame e give rise to the object

Q:QAB€A®€B, sz :VZAeAj,
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i.e., explicitly in terms of derivatives:

DeA A : DeiA A
0= 0 = |
Dt 2 1T "Dt

. A B
(& ]ZQZAQ BE je

Geometrically, they are linear transformations in tangent spaces, i.e.,
Qe (M) ~T,M®T:M = GL(T, M),

where, obviously, z = w(e) (e € F,M).

Just as in mechanics of extended affine bodies, Q; are spatial (laboratory)
components of the affine velocity, i.e., they represent what Eringen used to call
“gyration” [10, 11]. Geometrically it is important that @, Q) belong respectively
to Lie algebras of the groups GL(n,R), GL(T,M).

The same may be done for the covariant canonical momenta P and P4:

P = Pyel, PA =354568,

i.e.,
ﬁA:<P,€A>:Pi€Z‘A7 iAB:<PA,€B>:PAZ’€iB.

Just as previously, Pe R™, T e L(n,R), but strictly speaking one means here
R™ as identified in a Cartesian way with its own dual R™*; similarly, L(n,R)
plays here a role of the Lie co-algebra L(n, R)* of GL(n,R). One does not notice
this subtle distinction because L(n,R)* and L(n,R) are canonically identified
via the pairing

(A, B) = Tr(AB).

In analogy to mechanics of extended bodies in flat spaces we say that the
matrix elements of 3 are co-moving components of the affine spin (hypermo-
mentum). Just as in flat-space theory, the laboratory (spatial) description is
based on the quantity

A B . o <A B
Y=Y"ges®e”, Y =e'aP"; =€ sy X e’

So, S4p are Hamiltonian generators of the structural group GL(n,R) (micro-
material global transformations) (1.1), (1.7). And similarly, ¥¢; are Hamilto-
nian generators of the local group of microspatial transformations (1.4), (1.5),
(1.6).

If the configuration e € FM is fixed, then the velocities V', V%, contain
exactly the same information as V¢, Q%; or 17‘4, 0A B- Similarly, the momenta
P;, P4, are equivalent to P;, Eij and 13,4, $A B. Using more sophisticated terms
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we would say that the state space 7 F M is naturally diffeomorphic with the
manifolds

ToFM = | ) FM e T,M o L(T.M),
zeM

ToFM = | ) EMeR" & L(nR).
zeM

Similarly, the phase space 7*F M is canonically diffeomorphic with

TiFM = | FeM & T;M & L(T.M),
xeM

TXFM = |J F.MoR"®L(n,R).
zeM

Let us notice that there is a subtle distinction between 75 FM and Tg FM
indistinguishable in our simplified notation. Namely, in the latter space the
R"™-term consists of row numerical vectors, i.e., linear functionals on the space
of numerical column vectors (so, strictly speaking, one deals with R™). And
L(n,R) is canonically isomorphic with L(n,R)*. (Remark: this isomorphism
is canonical for L(V'), L(V)*, where V is an arbitrary linear space. This is no
longer the case for V', V* themselves.) Obviously, the mentioned identifications
between state manifolds may be interpreted as natural ones only on the basis
of some fixed affine connection I' on M.

The cotangent bundle P = T*F M carries a natural symplectic structure
[1, 43, 53] and is used as the mechanical phase space of our problem. As just
mentioned, the affine connection I' fixes some diffeomorphism of P onto the
manifold P = 7*FM. This diffeomorphism enables one to carry over to P the
intrinsic symplectic geometry of P = T*F M. But there is one delicate point
which, when overlooked, may lead to serious mistakes. Namely, unlike the pre-
viously used coordinates in T*FM, the quantities z?, e’ 4, P;, P4; fail to be
canonical (Darboux) coordinates for the symplectic structure I-transferred to
T*FM. After some essentially easy although sometimes technically embarrass-
ing calculations one obtains the system of basic Poisson brackets. So, just like
in mechanics of extended affine bodies, we have the obvious rules

{xi,xj} =0, {eiA,ejB} =0, {xi,ejA}ZO, {PAZ',PB]'}ZO,
{PY,al} =0, {4, PP} =664, {a' P} =45
However, further on one obtains more complicated expressions explicitly de-

pendent on the I'-geometry of M:
(PP} =S8Ry, P, Py = =P {Pela) = ally,
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where, obviously, R denotes the curvature tensor of I'; we use the convention
R%ig =T%ji — T%ij + Tl % — T,

(comma, as usual in the tensor calculus, denotes the partial differentiation with
respect to the indicated coordinate). The latter three Poisson brackets mean,
roughly speaking, that P; are Hamiltonian generators of parallel transports of
our state variables. One can also show that

(x4, 5k = 64k, — 6% 5.

In these formulas we recognize structure constants of the linear group. As
expected, this means that X¢; are basic Hamiltonian generators of (1.4), (1.5),
i.e., roughly speaking, of the system of groups GL(7,M). It is easy to obtain
the relationship
(P, 2F5} =210, — 25 Ty,

that is also compatible with the mentioned interpretation of P; as Hamiltonian
generators of parallel transports.

If some function F' depends only on the configuration, i.e., on the FM-
variables (but not on P; and P4;), then

. . . OF
7, R n 2 .t
{¥%,F} = —E,F = A Ge s
where 5
. . I K .
Elj = €ZK€ jE L = elKaejK.

The Poisson brackets involving co-moving components are as follows:

{Pa, P} = SK RV eap — 2P S 4B, {(S45, Pc} = —Pgé’c,
{(245,5p}) = 6934, — 64p32C5, (21,345} =0,

where RE g ap, SK Ap are respectively co-moving components of the curvature
and torsion tensors of I' with respect to the instantaneous internal configuration
e, i.e.,

L Lo .
RYkap = €R'jmne’ ke a€"p,
o . 1, . .
K K
S AB = € iSijejAemB, Sljm = 5 (szm — Flmj) .
Let us observe a characteristic difference between the spatial and co-moving
representations of Poisson brackets. Namely, the latter ones are “almost” iden-

tical with the basic commutation relations (structure constants) for the affine



16 Kinematics and canonical formalism for affine models

group GAf(n,R). The “almost” concerns the brackets {P4, Pg} which do not
vanish if the connection I' is not completely flat (in the sense that both the
curvature and torsion tensors vanish). The co-moving brackets enable one to
interpret ﬁA as a Hamiltonian generator of parallel transports along the A-th
legs of the frames e.

Let us also note certain additional and convenient Poisson brackets. If F'
depends only on the configuration, then

N . OF
A5 F} = —EAgF = —¢'p—
{¥%p, F} B e B e,
{Ps,F} = —HuF, {P,F}=-H[F,
where 5 5
Hi = €AZ'HA = axZ - ijiejBaekB.

Again we conclude that P; are Hamiltonian generators of parallel transports
along the i-th coordinate axes, and ﬁA are generators of parallel transports
along the A-th legs of the frames e.

In the theory of an extended affinely-rigid body in Euclidean or affine space
the quantities P;, P4;, Zij, $A B have a very natural geometric interpretation
based on some transformation groups acting in the configuration space. Let us
remind that in the flat affine case the configuration space F'M trivializes to the
Cartesian product M x F(V'), where F(V) is the manifold of frames in V. The
most important transformation groups acting in M x F(V) are the following
ones:

(i) spatial translations (z,e) — (t,(z),e); they shift the centre of mass
x € M along the vector v € V without affecting the internal configuration
e € F(V). Analytically:

(mi,eiA) — (xz + Ui,eiA) .

(7i) additive translations of internal degrees of freedom: any { € V"
gives rise to the mapping (z,e) — (x,e + &), i.e.,

(2',e'a) > (2", e'a + €' a).

Of course, such transformations act only locally in M x F(V), because
they may produce linearly dependent n-tuples of vectors from independent
ones. The Hamiltonian generators are given by P4;.



Kinematics and canonical formalism for affine models 17

(iii)

(iv)

spatial affine transformations of internal degrees of freedom: any
L € GL(V) acts on the configuration space as follows:

(z;...,e4,...)— (x;...,Ley,...)
or shortly (z,e) — (z, Le). Analytically,
(z',e'4) > (2", L'je? 4).

The centre-of-mass position is not effected. The Hamiltonian generators
of this group are given by ;. Because of this the object [Eij] is referred
to as affine spin. If g € V* ® V* is the metric tensor of V, then the
quantity

S =% — guStig,
i.e., the doubled g-skew-symmetric part of X, is the usual canonical spin
generating rigid spatial rotations of internal (relative) degrees of freedom.

material affine transformations of internal degrees of freedom:
any not singular matrix L € GL(n,R) acts on the configuration space as
follows:
(z;...,en,...) = (z;...,egLB4,.. ).
As in (éii), we use the shorthand (z,e) — (x,eL). Important in this
context: do not confuse conceptually linear mappings in V' with matrices!
This group is generated in the Hamiltonian sense by $A B, i.e., by co-
moving components of the hypermomentum. Let us observe that the
above right-acting transformations may be interpreted as ones induced
by linear mappings L € GL(n,R) acting in the "material space” R™.
As usual, the frames themselves may be interpreted as linear mappings
e : R™ — V. The label space R" is endowed with the standard metric 9,
sometimes denoted also by 7, to stress the link with the usual formulation
of the mechanics of extended affine systems. The d-skew-symmetric part
of i\]A B
VAR =545 — 65cEC pePA,

i.e., vorticity, generates rigid material rotations of the body.

total affine transformations in space. They act both on the transla-

tional and internal degrees of freedom. Let ¢ : M — M be an arbitrary

affine transformation acting in M, and L[p] : V' — V be its linear (ho-

mogeneous) part. Explicitly, for any pair of points a,b € M, the radius
N X . . - .

vector p(a)@(b) is obtained from the vector ab through the action of L[p]:

_

p(a)p(b) = L|g)ab.
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(vi)

The action of ¢ on the configuration space M x F(V) is given by (z,€) —
(o(z), L[ple). Analytically, in Cartesian coordinates z°,

(ﬂvi,eiA) — (Lija:j + ai,LijejA) .

Infinitesimal Hamiltonian generators are given by (B,J ij), where the
total canonical affine momentum J*; with respect to the origin of coor-
dinates is defined as follows:

jij = :Ein + Zij,
i.e., it consists of the “orbital” and “internal” parts, respectively, :BZP]
and ¥';. Taking the skew-symmetric part of the above expression we

obtain the usual splitting of the angular momentum onto its “orbital”
and ”internal” (spin) parts:

IS i,
S =L+ 5,

where, obviously,

L', = a'Pj— gikgjl:rlPk =a'P; — a2, P',
Szj _ sz o gzk‘gjlzlk _ sz _ ij'

total affine transformations in the material space. If the configu-
ration space of extended affinely-rigid body is identified with M x F(V),
then, as mentioned, the material space may be identified simply with R".
The current position of the constituent labelled by a € R" is displaced
with respect to the instantaneous position of the centre of mass by the
spatial vector u with coordinates u’ = ¢’ a. The affine group GAf(n, R)
in R™ is canonically identical with the semidirect product GL(n,R) x sR™,
i.e., with the set of pairs (B,b) multiplied (composed) according to the
group rule
(Bl7 bl)(BQ, b2) = (BlBQ, by + Blbg).

The action of (B,b) on the configuration (x,e) is given by
(‘737 6) = (teb(x)7 eB) )

where in the expression eb, e € F(V) is identified with a linear isomor-
phism of R™ onto V. Analytically,

(z',e'a) = (2" + e'kb™, 'k BX 4) .
The corresponding system of infinitesimal Hamiltonian generators is given
by (PA,ZK L).
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If (M,T) is not flat, then the above picture of the transformation groups
changes in an essential way. There is no counterpart of the n(n+1)-dimensional
group of affine transformations acting in M. In particular, there is no concept
of spatial translations and radius vectors. Only the infinite-dimensional group
Diff(M) of all diffeomorphisms of M onto M is well defined. As a rule, its
elements do not preserve the parallel transport and covariant differentiation.
There are no extended affinely-rigid bodies and affine degrees of freedom may
be considered only as internal ones. Translations in the micromaterial space
R™ are well defined, however, they lose the physical meaning that they had in
the theory of extended affine bodies. The only transformations which survive
are those dealing with internal degrees of freedom only, without any affecting
of translational motion in M. Let us describe them in some details:

(1) additive translations of internal degrees of freedom. They act
in any fibre F, M = 7~ !(x) C FM of the bundle of frames exactly as
their flat-space counterparts do in F'(V'). There is, however, an essential
novelty when these transformations are considered globally in F'M, not
in separate fibres. Namely, in a curved manifold there is no canonical
identification between different tangent spaces. Therefore, the concept
of “the same” translation in different fibres is missing, and the group
becomes infinite-dimensional. Every ordered n-tuple of vector fields in
M7

M3z E&x)=(..,8a(x),...) € (TM)",

gives rise to the local transformation of F M
F,M>e—e+&(x)e FM (1.8)

(local, because some frames are mapped into linearly dependent n-tuples
of vectors). Obviously, the sum in the last formula is meant pointwisely,
i.e., for any A = 1,n the element e4 is replaced by e + &4(z). Canonical
momenta P4; are Hamiltonian generators of such transformations. More
precisely, for any ordered n-tuple of covector fields X 4 on M, the quantity
X APAi generates some one-parameter group of transformations (1.8).

(1) spatial affine transformations of internal degrees of freedom.
Here we are dealing with the same phenomenon as previously, namely,
the n?-dimensional Lie groups GL(T,M) acting separately in tangent
spaces T, M give rise to some infinite-dimensional group of transforma-
tions acting globally in FM. This group is “parameterized” by mixed
second-order tensor fields 7" on M, cf. (1.4), (1.5), (1.6). The quantities
Zij are Hamiltonian generators of this group. More precisely, for any
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mixed second-order tensor field o on M, the quantity aijEji generates
some one-parameter group of transformations (1.4), (1.5), (1.6). There is
no escape from the infinite dimension because in a curved space (M,I")
there is no canonical identification of tangent spaces at different points.

(7i7) micromaterial affine transformations of internal degrees of free-
dom. Now, in a complete analogy to the extended model in a flat space,
the n?-dimensional Lie group GL(n,R) acts on the configuration space
FM according to the usual rule (1.1). The quantities ¥4 are Hamilto-
nian generators of the corresponding Lie groups of extended point trans-
formations.

One should stress that the quantities L g describing micromaterial trans-
formations may be defined as constants, but they need not be so. Namely,
following the pattern developed in gauge theories we can replace the ma-
trices L by GL(n,R)-valued functions on M. They act on the configura-
tion space F'M according to the rule (1.3), (1.7). Any matrix-valued
function o : M — L(n,R) gives rise to the one-parameter group of
transformations with the Hamiltonian generator o BiB 4. In this way
we obtain again, just as in previous examples, some infinite-dimensional
functionally-” parameterized” transformation group.

We shall almost not deal with the diffeomorphism group Diff(M) or its
special (volume-preserving) subgroup SDiff(M) as a symmetry of our model. It
does not play any essential role in mechanics of material points with internal
degrees of freedom. On the contrary, it is rather relevant for the theory of
micromorphic continua.

Here let us only mention that any diffeomorphism f : M — M acts on the
configuration space F'M according to the rule

FEMse— Dfy-ec Ff(I)M,

i.e., analytically,
i i i of’ j
(x ,e A) — (f (x),ag{j(x)eJA> ,

where the functions f%(x) provide analytical description of f (they express
coordinates of f(z) in terms of those of x).

Due to the essentially local (“z-dependent”) character of transformations
(1.4), (1.5), (1.7), (1.8), and admissibly local character of (1.3), their action on
velocities and canonical momenta is (respectively, may be) different from that
could be naively expected on the basis of analogy with the flat-space theory.
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Additive translations in internal degrees of freedom (1.8) affect internal
velocities as follows:

Vig='Vig=Vig+VIV,Ea,

where, as previously, V? = dx’/dt denotes the translational velocity in M. This
rule reduces to the invariance of (..., Vy,...) (characteristic for the flat-space
theory) only when all vector fields {4 are parallel in the I'-sense. Translational
velocity is invariant under transformations of internal degrees of freedom, 'V* =
V. On the contrary, the covariant canonical momenta transform according to
the rules
'P, =P~ PYVigls, P =P

Microspatial affine transformations of internal degrees of freedom (1.4), (1.5),
(1.6) also do not affect translational velocity, i.e.,

lvi — Vi,

but the internal velocities are transformed in the following way:

WVig =TV 4+ VE(VETY) e a. (1.9)
This implies that
/Qij _ TilleT—lmj Lk (vaim) T—lmj
Th, T~ + (VyThy,) T, (1.10)
and similarly,
0 =04 + T, (VyTY) e p. (1.11)

On the contrary, translational canonical momenta P; suffer the transformation
'P =P —SHT v T (1.12)
whereas the internal ones obey the well-known global rule:
'pA; = AT,
therefore,
'yl = Th sk, T ISy = A,

The formulas (1.9), (1.10), (1.11), (1.12) reduce to the corresponding global
rules from the mechanics of extended affine bodies if and only if the field T' is
I'-parallel, i.e.,

VkTi i =0.
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The global micromaterial transformations (1.1) act just like in the flat-space
theory of extended affine bodies:

lvi — Vi, lviA — ViBLBA,
'P,=pP, 'PY=L"YgpP%,
therefore,
/Ql] — QZ], /ﬁAB _ L_lACQCDLDBa
T =5, 'S = LTS L g,

For local, i.e., z-dependent micromaterial transformations we have that

lvi _ VZ

Via = V'LEs+e' LY 4 VF,

/(27,‘7 — Ql] + eiB (LBAJgLilAC) ecjvk’
IQAB _ L*lACQCDLDB + LilACLCB’ka,

where comma denotes the partial differentiation. Again these formulas reduce
to the preceding ones when the field L is constant, i.e., micromaterial transfor-
mations are global. By duality rule,

/j:)ilvi + /EBAIQAB — .PZV’L 4 EBAQABy
one can easily show that

‘P = P —SAxLNp,L71B,
/iAB
/PAi — L_lABPBi.
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Chapter 2

Metrical concepts

We have described above kinematics and canonical formalism for affine model
of internal degrees of freedom in a manifold M endowed with a general affine
connection I'. The metrical concepts were yet not used at all. They become
necessary when we aim at constructing dynamical models. And of course, in
realistic physical problems one usually deals with some metric structure. For
example, in the standard General Relativity, i.e., in the Finstein theory of
gravitation, the dynamical metric tensor of the four-dimensional space-time is
used for describing gravitational field. Even in more sophisticated alternative
theories, like gauge models of gravitation, there exists always some physically
relevant metrical aspect of the gravitational field.

So, from now on, we shall usually (nevertheless, not always) assume that the
manifold M is endowed both with the metrical tensor g and affine connection
I'. In principle, one can consider the most general structure, where I' and g are
unrelated, independent on each other. Nevertheless, both from the geometrical
and physical point of view of particular interest are situations when some kind
of compatibility between affine and metrical structures is assumed.

Riemann-Cartan space is one in which all metrical relations like length of
vectors, angles (in particular, orthogonality) are preserved by parallel trans-
ports, i.e.,

Vigij = 0;

the covariant derivative of the metric tensor vanishes. It is well known from
differential geometry that then

ijZ{jk}+Kjk={jk}+5jk+5jk + Skj*, (2.1)
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where
ik [ =29 Gmikt gmkj = Gjkm)

is the Levi-Civita (Christoffel) symbol,
i i Lo i
Sk =Tl = 5 (T = T'ky)

is the torsion tensor, and all indices are moved from their natural positions
with the help of the metric tensor g. The quantity K°';; is referred to as the
contortion tensor; it satisfies

Kijk + sz’k =0.

The structure (M, T, g) reduces to the Riemann space when it is torsion-
free, Sijk =0, i.e., the object I is symmetric and automatically coincides with

Levi-Civita symbol,
i)
o= { ik }

In this model parallelism is derived from the metric concepts.
Riemann-Cartan-Weyl space is one in which angles between vectors, but
not necessarily their lengths are preserved, i.e.,

Vigij = —Qrij,

where Q) is referred to as the Weyl covector, and its contravariant counterpart
QF = g Q; as the Weyl vector. It is known from differential geometry that in
Riemann-Cartan-Weyl spaces

ijZ{ ik }-chk,
where .
Kk = 8"k + Sir’ + Sky' + 3 (0'5Qn + 0'1Q; — girQ")

with the same as previously convention concerning the raising and lowering of
indices.
If I is symmetric, we are dealing with the Weyl space,

i ( L i i
Fj’“:{jk }+2(5ij+5ij9ij)~
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In the micromaterial space R™ the standard Kronecker metric d4p is used.
If for any reason we admit non-orthogonal rectilinear coordinates in R™, we
shall use the symbol n4p to denote the micromaterial metric.
For any e € F,, M the corresponding Green deformation tensor in R” is given
by
Glelap = gij(z)e’ ae’ B

or, using the obvious abbreviations,
Gle] =€ -g e R"™ @ R™.
Similarly, the Cauchy deformation tensor Cle] € T M ® T M is given by
Clelij = nage™ie®; = dapetie?;,

or symbolically,
Cle] =¢e* - n.

The corresponding contravariant inverses will be denoted by G[e], Cle],
GA°Gep = 64p,  C*Cy =4

Obviously,

Gle]'P = eAiijg(x)ij, Cle] = €' ge/ P = el gl 615,
Lagrange and Euler deformation tensors are respectively given by

El=5(@—n), cd=10-0).

Obviously, the quantities G[e] 4p are scalar products of vectors e4, ep:
Glelap = g(2) (ea,e) = (ealen) = Gle]pa.

We say that motion is metrically rigid if £ (equivalently ¢) vanishes along all
admissible trajectories. In other words, only such configurations are admissible
that

Glelap = 1naB = 04B-

Equivalently, this means that
Cle] = g(x), ee€ F,M.

Infinitesimal affinely-rigid body becomes then the infinitesimal gyroscope, i.e.,
the configuration space F'M becomes restricted to the constraints submanifold
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F(M,g) C FM consisting of g-orthonormal frames. More precisely, one ad-
mits the connected submanifold F*(M, g) consisting of g-orthonormal frames
positively oriented with respect to some fixed orientation in M.

As mentioned, constraints of gyroscopic motion may be described analyti-
cally by any of the following systems of equations:

gije' 4’ B = nap = 0ap, (2.2)
napeie?; = dape’ie?; = gij, (2.3

obviously, these systems are equivalent.

Subjecting the first system to the operation D/Dt, i.e., covariant differenti-
ation along the orbital trajectory, and contracting the resulting equation with
eAiij, we obtain that

9+ g% = —V""Vogr = — Vv gu.- (2.4)

Equivalently, differentiating the second system in the D/Dt-sense, we obtain
the equivalent form

14cQ s +npcQC a4 = — (V"Vigi) €l ae’p = — (Vvgij) €aclp. (2.5)

Let us notice that the D/Dt-differentiation of the first system is identical with
the usual d/dt-differentiation, because from the point of view of geometry of
M the left- and right-hand sides are scalar quantities (they are tensors in the
micromaterial sense of R™).

If T is metrical, i.e., if (M, T, g) is a Riemann-Cartan space, in particular,
just a Riemann space (M, {},g), then the right-hand sides of equations (2.4),
(2.5) vanish and €, Q become respectively g- and n-skew-symmetric,

GV 1+ g1 = 0, e L+ M e = 0.

If the standard coordinates in R"™ are used, nap = d4p, then the last condition
means simply that € is literally skew-symmetric.

Therefore, 2, QO are respectively elements of Lie algebras SO(T,M,g.),
SO(n,R)’ of the corresponding orthogonal groups. They are gyroscopic angular
velocities respectively in the spatial and co-moving (material) representations.
For a unconstrained affine motion, when €2, Q are general linear mappings,
angular velocity may be defined as the corresponding g- or n-skew-symmetric
part of the affine velocity, i.e.,

(Qij - gikglelk) ,

(ﬁAB — 7 %ppQP c) :

N — DN -
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In the case of rigid motion they are identical respectively with Qij and QA4 B-
But attention! The general rule

sz _ elAQABij
is not valid any longer for w';, o4g, ie.,

wij ?’éeiA@ABija
unless the motion is metrically rigid (gyroscopic), i.e., (2.2), (2.3) hold. There-
fore, in non-gyroscopic motion @4 fail to be co-moving components of the
angular velocity. The same concerns kinematical distortions,

, 1/ . .
de = 5 (sz + glkglelk> s

- 1 /~ .

d'p = B (QAB + UACHBDQDC) :

As seen from the formulas (2.4), (2.5), if affine connection I' used in the
definitions of Q and € is not metrical (i.e., (M,T, g) is not the Riemann-Cartan
space), then 2 and Q) are not skew-symmetric in the g- and n-sense (i.e., are not
elements of the Lie algebras of SO(T,M, g..), SO(n,R)) even if motion is purely
gyroscopic. Therefore, it is confusing to interpret them as angular velocities.
Taking their g- and n-skew-symmetric parts also does not seem convincing. If
I’ is metrical, i.e., Vg = 0, then, as mentioned, {2 and O are respectively g-
and n-skew-symmetric. Nevertheless, their particular form depends explicitly
on the torsion tensor S. So, no doubt, the use of gyroscopic concepts is clean
only when the Levi-Civita affine connection {} is used.

One can wonder whether gyroscopic motion could not be defined without
any use of the fixed metric tensor ¢ on M, thus, without any problems like
those mentioned above (definition of angular velocity, I'-g compatibility, and
so on). Apparently, the idea might look both not physical and mathematically
inconsistent. However, although the physical usefulness question is still open,
the mathematical correctness may be easily shown. In a sense, gyroscopic
constraints may be defined on the basis of affine connection structure (M,T"),
quite independently of the metric tensor concept. However, the micromaterial
metric n4p (04p) may be used. Namely, it gives rise to the Cauchy deformation
tensor

Cij = napetie?;

and its inverse
CY = eZAejBnAB-
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Obviously, Cle] € Ty oM @ Ty )M has all formal properties of the metric
tensor in the instantaneous tangent space 1) M (symmetry and positive def-
initeness). But it is defined only at the point = 7(e) € M and is not induced
by any metric field g living globally all over in M. And without such a field
even the very term ”deformation tensor” is not very adequate, because we do
not have any metrical standard which might be compared with Cle|; thus, we
cannot decide to which extent e € FFM “deforms” 7. Nevertheless, it is mean-
ingful to say that some motion in FM is free of deformations when Cle] is
covariantly constant along the curve describing translational motion in M, i.e.,

DCZ']'
Dt

=0.

After simple calculations we obtain the mutually equivalent conditions

~

QAB = —nAKnBLﬁLK, (26)
Q' = —C%cuQy, (2.7)

ie., Q and Q are skew-symmetric respectively with respect to n and C used
as metrics. There is however an important point, namely, if (M,T") is non-
Euclidean (in the local sense), then the above constraints are aholonomic. If
(M,T) is locally Euclidean, these constraints become quasi-holonomic, i.e., the
manifold F'M is foliated by a family of n(n+1)/2-dimensional integral manifolds
of the above Pfaff systems. Any of these mutually disjoint manifolds is a possible
configuration space of rigid motions. And any particular choice is equivalent to
fixing some metric tensor field g on M. And indeed, in an n-dimensional linear
space the manifold of possible metric tensors is n(n + 1)/2-dimensional, thus,
leaving n(n — 1)/2 independent parameters in the manifold of linear frames
reducing the metric to its standard Kronecker-delta form. Together with n
translational degrees of freedom we obtain exactly n(n+1)/2 degrees of freedom
of a rigid body moving in n-dimensional Euclidean space.

It is quite a different question whether the Cauchy tensor Cle] may be
meaningfully used as a metric-like tensor of the instantaneous tangent space
Tr(eyM. We return later on to the question of possible physical applications.
In a moment we stress interesting geometrical aspects of aholonomic constraints

(2.6), (2.7).



Chapter 3

Dynamical affine models

Let us now turn to describing dynamical models. We begin from the models
of kinetic energy, i.e., roughly speaking, metrics (Riemannian structures) on
the configuration space FM. When we deal with internal degrees of freedom,
the problem becomes delicate because the d’Alembert method of deriving the
kinetic energy from the model of extended affinely constrained system becomes
unjustified, not reliable, perhaps just misleading. It is so even in models of
essentially internal degrees of freedom in a flat space, but in curved manifolds
the problem becomes very essential, fundamentally embarrassing, and the only
reliable method is one based on appropriate symmetry principle. As we saw in
[49], it is the case also in some non-standard applications in the usual continuum
mechanics and the dynamics of structured bodies and defects.

Nevertheless, to begin with, we discuss as first the models (metrics on F'M)
following formally the expressions known from the d’Alembert mechanics of
extended affine bodies in flat spaces, and in any case based on simple analogies.
Later on we discuss mathematical structure of more general models following
the non-d’Alembert ideas in a flat space [49]. And finally, some perspectives of
physical applications will be suggested and preliminarily discussed.

Repeating formally the d’Alembert expression from mechanics of affine bod-
ies in flat spaces, we obtain that

i dod i J

t dt 2 Dt Dt
In this formula the descriptors “tr” and “int” refer obviously to the translational
and internal parts, m > 0 is the mass, and the symmetric and positively definite
micromaterial tensor J € R™ ® R™ describes the internal inertia. The main
difference in comparison with the flat-space formula for extended bodies is that
now the covariant along-curve derivatives of “directors” e4 are used. And there

TZTtr""ﬂnt = (31)
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is of course one subtle point; namely, now J is not derived from the model of
constrained extended system, but just postulated as something primary. In
certain calculations the following equivalent expressions are convenient:

m N AN

T = EG[e}ABVAVB, (3.2)
1 ~ ~

Tint = §G[6]KLQKAQLBJAB. (3.3)

Obviously, now the coefficients in quadratic forms of co-moving velocities de-
pend on the internal configuration e. Alternatively, Tiyt may be expressed in
spatial terms:

1 . .
ﬂnt = ggileijlJ[e]kl’ (34)

where J|e] is the configuration-dependent spatial representation of the internal
inertia:
J[e]F! = ek gl g JAB.

This second-order moment (quadrupole of the internal inertia) in extended body
dynamics is often used in nuclear physics.
Remark: T, in (3.1), (3.3) is invariant under translations (1.8) if and only if
the field £ of additive translations is parallel under I, i.e., V& = 0.

Denoting the system of generalized coordinates of affine bodies by

(coyg”, ) =(yat, e, ),
and writing symbolically (3.1) in the following form:
1 dg" dq”
T=-Guw T
29 ar

we see that the underlying Riemannian metric G on F'(M) is flat if (M, g) is
locally Euclidean. It is no longer the case in a curved manifold.

In non-dissipative models with the velocity-independent Lagrangians L =
T — V(z,e) the resulting Euler-Lagrange equations

d OL 0L
—_—— = (3.5)

dt 0gt  Ogt

may be written down in the following form:

Dve ,
m—p - = YRRV — mVPIG,e Ve
De™ 4 DeF AB
— —= F* .
Kok Di Dt 9 Y (3.6)
D2eb; Dgpme Der,

a JKL — 0 bm mc JKL N(Lb 3.7
“ K Dp “KI "Dt Dt A (37)
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where the meaning of symbols is as follows:

a _ a a
ICbc - Fbc {bc}’
oV .oV
F* = abF:_abH =g 7—Fl
g Fy g HyV <3x b Bal >,
oV
86‘3[(’

Nab — Nachb — _gbcEaCV _ _gbceaK

and obviously, all shifts of tensor indices from their natural positions are meant
in the sense of g.

Let us stress an important fact that in general the translational force F'®
does not equal —g®9V/d2®. The equality holds only when V does not depend
on internal degrees of freedom, i.e., when V is a w-pull-back of some function
on M, or if connection I' is flat and local Cartesian coordinates on M are used.
If V is not a m-vertical function on M, then OV /dx® is not a covariant vector in
M at all, and g?°9V/9x® fails to be a contravariant M-vector. Let us observe
that F may be written as follows:

a ov z

The co-moving representations of I, N are given as follows:

Fi = Fe'a=—-HaV,
ov
Oet 4

NAp = eYNielp= B3V = —¢'p

Remark: the contravariant objects FA = eAiFi, NAB — eAiijNij have the
forms
A _ GABFB, NAB _ NACGCB,

i.e., the lower-case indices are raised with the help of the Green deformation
tensor.

When non-potential interactions, e.g., dissipative ones, are admitted, the
above general form of equations of motion in principle remains valid, however
the dynamical terms F¢, N% must be replaced by more general expressions
postulated on independent basis (e.g., additional friction forces linear in gener-
alized velocities with symmetric negatively-definite coefficients matrices).

It would be technically very difficult to derive equations (3.6) directly from
the second-kind Lagrange equations (3.5). It is much more convenient to use the



32 Dynamical affine models

canonical formalism and Poisson-bracket techniques. For the potential systems
with Lagrangians L =T —V (ZL‘i, el A), the Legendre transformation

oL oT .
Pu = GTIM = 8711“ = g,w(q)q

leads to the Hamiltonian
H=T+V (2',¢'4),

where the kinetic term

T = %g“ (@)pupy
has the form

T= o PP+ 5 Tan PP g0 (3.8)

Let us remind that .J is the inverse of .J ,

JAC Jep = 6B,
and the explicit expression for Legendre transformation reads that

_or
~ovi

or
avi,  Ju

Pi :mgijVj, PA,L' = VjBJBA.
The formerly quoted basic Poisson brackets enable one to write down explicitly
Hamiltonian equations of motion,

dP; dpP4, A

= Pi,H, =P in ’
o = b} i }
dt —{l’,H}, dt —{6 AaH}u

which after some manipulations may be reduced to the form (3.6). Let us
stress that the covariant derivative in (3.6) is meant in the sense of I', not in
the g-Levi-Civita sense; an important fact to be kept in mind when they do not
coincide (i.e., when (M, T, g) is not a Riemann space).

As expected, equations of motion (3.6) simplify in a remarkable way when
(M,T, g) is a Riemann-Cartan space, Vg = 0. In this case K becomes so-called
contortion,

ICabc = Sabc + Sbca + Scba7
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and equations (3.6) reduce to

DVe 1 ksl a1 byreg a | pa
mep = SRV VIS, ¢ F (3.9)
D?e?
€aK Di2L JKL — Nab. (310)

In the first (translational) equation only the g-skew-symmetric part of X7,
ie., Sij, survives, because in Riemann-Cartan spaces the curvature tensor is
g-skew-symmetric in the first pair of indices. Besides of the usual external force
F®, the right-hand side of (3.9) involves two geometric forces describing the
coupling between spatial geometry and kinematical quantities of the particle
motion. Namely, translational velocity is quadratically coupled to the torsion,
and spin is coupled to the curvature. This is in a nice way compatible with
the geometric interpretation of curvature and torsion respectively in terms of
rotations and translations. The geometric force

1 .
Fgaeom = isklleajvj + QmeVCSbCa

is so-to-speak magnetic-like in the sense that due to the corresponding anti-
symmetries of R and S they are g-orthogonal to velocities and do not do any
work, i.e.,

= O,

gabVangeom
therefore, they do not contribute to the energy balance. In particular, they do
not accelerate the absolute value of V¢, [|[V|| = 1/ gV *V?, but only change the
direction of V¢, i.e., give rise to the bending of translational trajectory. Even
in the force-free case the motion is not geodetic; there is some link between this
phenomenon and geodetic deviation. Let us observe that (3.9) may be further
simplified to the form

a

D%f = %Sklnlk“jvj + F°,

where Dy denotes the along-curve covariant differentiation in the Levi-Civita
sense. However, if (M, T, g) is non-Riemannian, i.e., the torsion does not vanish,
this simplification is a rather seeming one, because the curvature tensor R of
I' contains both the term corresponding to the Riemannian curvature of {}
and the terms involving torsion. And in the internal equation (3.10) there
is no simplification at all. Obviously, in the purely Riemannian case, when
the torsion does vanish, we obtain the maximally simple and clear system of
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equations of motion:

Dve 1 .
m Dt = iskl'lea]‘V]—i-Fa, (3.11)
D2 b
xS = N, (3.12)

and now both the covariant derivative and the curvature tensor are meant in
the g-Levi-Civita sense.

It is instructive and convenient to write down these equations in terms of
some balance laws. Let

dx?
K* = mV“:mi,
dt
Kab — eaKvaJKL — eaK DebL JKL

Dt

denote respectively the kinematical linear momentum and kinematical affine
spin (kinematical hypermomentum), just as in [49]. Then (3.11), (3.12) may be
written as follows:

DK 1 : 1 A

= —SMRLYWYW KT+ P = —KNRYS KT+ B 3.13

i o2 1Tk R R A B (3.13)
DK De® g De

- _ gtK DetLJKL + Nab, (3.14)

We by purpose use the symbols K¢, K% not P?, %%, because the latter sym-
bols are reserved for canonical linear momentum and affine spin in contravariant
representation. In the very special case of Lagrangian L = T —V (2, e’ 4), where
T is given as in (3.1), it is really so that these concepts are mutually identified
via Legendre transformation, i.e.,

P — gabe — K9 — mvﬂl? Eab _ Zachb — Kab.

However, for more general Lagrangians and for non-d’Alembertian models of the
kinetic energy 7', the above relationships become false, whereas (3.13), (3.14)
remain true.

The power, i.e., the time rate of work, is given by the following formula
obtained by analogy with the mechanics of extended bodies [37, 49]:

P = gabFaVb =+ gchacha = Ptr + Pint-

We can consider internal affine dynamics subject to additional constraints, just
as in the case of extended affine bodies. First of all, let us consider gyroscopic
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constraints, i.e., assume the moving frame e to be permanently g-orthonormal.
Then, as mentioned above, () is permanently g-skew-symmetric ((AZ is perma-
nently 7-(6-)skew-symmetric).

We assume here the validity of the d’Alembert model of constrained dynam-
ics. Therefore, our equations of motion remain valid when on their right-hand
sides we introduce some extra reaction forces responsible for keeping the con-
straints, but, roughly speaking, not influencing the along-constraints motion.
Let us denote the corresponding expression by F'%, Nfzb. They are to be added to
the “true” applied dynamical quantities F'*, N%. According to the d’Alembert
principle they are completely passive controls, i.e., they do not do work along
any virtual motion compatible with constraints, i.e.,

Pr = gapFRV" + g N Qe = 0

for any V' and for any g-skew-symmetric 2. This means that F = 0 and
N = Nb ie. Fg vanishes and Ng is symmetric. Therefore, the effective,
reaction-free system of equations of motion consists of (3.13) and the skew-
symmetric part of (3.14) with algebraically substituted gyroscopic constraints
gije' A€l g =nap = dap, Le.,

DK* 1 )

D = S REE

Dsab

o = N, (3.15)

where, obviously,
Sab _ Kab _ Kba

is the internal angular momentum (spin) and
Nab — Nab _ Nba

is the skew-symmetric moment, torque, i.e., generalized force coupled to rota-
tional degrees of freedom. In this way one obtains the system of n(n + 1)/2
equations of motion imposed on the time-dependence of n(n + 1)/2 degrees of
freedom of the infinitesimal gyroscope moving in M (n translational degrees of
freedom and n(n — 1)/2 gyroscopic ones).

Returning to the explicit description in terms of the configuration variables
we obtain that

DVe DQ:U“ 1 dij
= == *Sk‘ Rl e Fa
m Dt m D2 9 Ik g dt + ’
6aKDzebL KL bKD e'r JEL  _ prab _ nab _ ppba (3.16)
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In these equations only given (reaction-free) forces and moments are present
and obviously

.. .. . ) DejB AB . DeiB AB
SV =KY - K" =¢e'y——=J" —ed y——=J"7.
47Dt 47Dt
In analogy to extended affine bodies one can also consider internal dynamics
with other kinds of constraints. The most natural ones are those with the lucid

group-theoretical structure. For example, for incompressible bodies, (3.12),
(3.14) are to be replaced by their g-traceless parts:

d
L 1
gabJKL Nab ngchcdgab7
ie.,

2 (Kab _ 1gchcdgab> _ Nab _ lgchcdgab
Dt n n

DeaK DebLJKL ]. DGCK DedLJ‘KL ab
Dt Dt 29" Dt Dt ‘

Incompressibility constraints may be described analytically by equations

det [BAZ'] = \/det [gij]’

or infinitesimally in any of two equivalent forms

~

Q= 0, Q4 =o.

Let us recall that gyroscopic constraints in Riemannian space may be also
described in terms of equivalent infinitesimal conditions:

Qij = _jS = _gikglelkv QAB = —QBA = —WACHBDQDc.
If only purely dilatational internal motion is admitted, i.e.,
QZJ _ )\51j, QAB _ )\5.437
or, equivalently,

) 1 ) ~ 1~
Q- ﬁQkkalj =0, Q'%- EQCCV‘B =0,
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then the internal motion is (on the basis of d’Alembert principle) completely
described by the g-trace of (3.12) or (3.14):

0 DL gL g N 3.17

gab€ K Dt2 = Yab 3 ( . )
DKab De%y Debp

Jo—pr~ = 9w i pr JEE 4+ g NP, (3.18)

If the body is subject to Weyl constraints, i.e., its internal degrees of freedom
undergo only rigid rotations and dilatations, then equations of internal motion
are given by (3.15) and (3.18), or equivalently (3.16) and (3.17).
A very interesting example of constraints is that of rotation-less motion in
M,
sz = le = gjkglekl- (319)
Then the d’Alembert principle implies that equations of internal motion (effec-

tive ones, free of reaction forces) are given by the symmetric part of (3.12) or
(3.14), ie.,

eaKD;jZL JKL +ebKD;iZL JKL _ Nab —I—Nba,
ie.,
D De®g Debp, Deb De?p,
= (fab Kba) _ KL JKL | pab o ppba
Dt ( + Dt Dt Dt Dt * *

We have mentioned that when the geometry of M is non-Euclidean (curved),
then in a natural way aholonomic velocities and other aholonomic concepts
appear. In the last example situation is even much more complicated, because,
as mentioned in our papers about extended affine bodies [36, 37], constraints
(3.19) are very essentially aholonomic even in mechanics of extended affine
bodies in flat spaces; the more so in a non-Euclidean manifold.

From now on we concentrate on the mechanics of infinitesimal gyroscopes
and infinitesimal affine bodies without additional constraints, but very often
with the special and strong stress on the mutual coupling between rotational
and deformative motion. This induces us to develop certain analytical proce-
dures. They are even more than analytical procedures, because the underlying
geometric techniques are interesting in themselves and simultaneously they re-
veal certain very interesting mechanical facts.

So, let us begin with the special case of infinitesimal gyroscope in a Rie-
mann space (M, {}, g), where equations of motion are given by (3.15) or, more
explicitly, by (3.16).
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Let us stress an important fact. In mechanics of unconstrained infinitesimal
affine bodies, equations of motion (3.11), (3.12) or (3.13), (3.14) are directly
applicable even in the purely technical sense, because (a:i, et A) are “good” in-
dependent (unconstrained) generalized coordinates. It is also so in expressions
(3.1), (3.8) for the kinetic energy. However, after the gyroscopic constraints are
imposed,

gije'a¢’B = nap (= 0aB),

the quantities e’4 are no longer independent and cannot be used as general-
ized coordinates. Even when we study the mutual coupling of rotational and
deformative degrees of freedom, the quantities e’4 are inconvenient, although
well defined as generalized coordinates. In flat spaces the procedure is obvious:
the system [e’4] as a matrix is subject to various polar, two-polar [49], and
similar decompositions, and then the mutual interplay between rotations and
deformations is easily treatable. Something similar must be done here, but the
direct methods based on the flat-space geometry are not applicable any longer.
Instead, some geometric techniques based on orthonormal aholonomic refer-
ence frames may be developed. In the special case of gyroscopic constraints one
can use then various well-known coordinates on the special orthogonal group
SO(n,R) as a subsystem of well-defined generalized coordinates on (F'M, g).

\

Fig. 3

So, let E be some preestablished, fixed once for all fields of linear orthonor-
mal frames on M, i.e., a cross-section of the subbundle (FM,g) C FM over
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M. By the way, the orthonormality demand is a technically simplifying one,
but in certain problems some general frames would do. But let us assume FE to
be orthonormal in the g-sense, i.e.,

9(Ea, Ep) = gijE'AE g = nap = ap.
The dual co-frame E = (...,E4,...) will be also used,
<EA7EB> = EAiEiB = (SAB.

It is obviously orthonormal with respect to the reciprocal (contravariant) metric
gon M,
A B ij AB AB
EZE jg”:n (:(5 )

Remark: this is a field of frames, and it is defined all over in M and kept
fixed. The natural question arises as to the choice of this aholonomic frame in
M. In general the particular structure of the Riemann space (M, g) suggests
some choices, both technically convenient and geometrically lucid, which are
well suited to the problem.

So, M is “inhabited” by continuum of orthonormal frames. The metric field
on M may be expressed as follows:

g=128BE,® EB = 64BE, ® EB.

In the course of time the body moves in M. At the time instant ¢t € R
it is instantaneously placed at the geometric point z(t) € M and its internal
configuration is then given by e(t) € F,u M. Obviously, the vectors es(t) €
TypyM, A = 1,n, may be expanded with respect to the just passed frame
Ex(t) S Fx(t)Mv ie.,

ea(t) = EyypRP a(t),

where, in the gyroscopic case, the matrix R is orthogonal,
5ap = 0cpRY AR, (3.20)
or if for any reason we use a more general (non-standard) basis in R", then
nap =ncpRY AR p.
Roughly, (3.20) may be written in the usual matrix terms:

RTR=1,,
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where the n x n identity matrix is on the right-hand side. In this way the
configuration space F(M, g), or more precisely F*(M, g) (orthonormal frames
positively oriented with respect to some fixed standard of orientation) is iden-
tified by the field £ with the product manifold

M x SO(n,R).

Obviously, this diffeomorphism depends explicitly on the choice of E. And of
course everything is based on some topological assumption about M, namely,
that it admits a globally defined smooth field of frames (and then, obviously,
infinity of them). Instead of describing motion in terms of time-dependent
quantities z(t), e’ 4(t), we describe it in terms of quantities z*(t), R4z (t). In
other words, the motion is represented by a pair of curves: the one in M, i.e.,
the translational motion, and the other in SO(n, R)-internal rotational motion.
And let us repeat that this trivialization (splitting) is possible only when the ref-
erence field F is fixed and depends explicitly on it. One of the main advantages
is a possibility of introducing good generalized coordinates instead of redundant
quantities (2%, e’ 4). Namely, SO(n,R) admits many well-investigated and geo-
metrically convenient coordinatizations like, first of all, canonical coordinates
of the first kind (components of the rotation vector if n = 3), canonical coor-
dinates of the second kind, and also some other possibilities. For example, in
the physically interesting special case one uses also Euler angles or spherical
variables in the space of rotation vectors. So, in any case we have at disposal
various natural choices of “good”, i.e., not redundant generalized coordinates
(.. @t o €600, where €4, u = 1,n(n — 1)/2, are the mentioned coor-
dinates on SO(n,R).

The same procedure may be applied in the general case of the infinitesimal
affinely-rigid body. The prescribed field of reference frames E = (..., Ey,...)
may be in principle quite general, but usually it is chosen as g-orthonormal,
even if deformations are admitted. The reason is that such a description is
physically convenient when dealing with mutual interactions of rigid rotations
and finite or infinitesimal homogeneous deformations. Just as previously we
expand

ealt) = Eyppe®alt),  o'p(t) = (E* ep(t)),

but now ¢(t) € GL(n,R) is a general non-singular matrix, or usually a general
positive-determinant matrix, ¢(t) € GL*(n,R). In analytical procedures de-
scribing realistic and simple isotropic problems we often represent ¢ in terms
of the polar or two-polar decomposition [49].

In this way the bundle of linear frames FFM (FTM) is represented by a
trivialization M x GL(n,R) (M x GL™(n,R)), also explicitly dependent on
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the choice of the frame E. Analytically, configurations are parameterized by
generalized coordinates (...,z%,...;...,¢%p,...). Let us stress once again that
now it is not logically necessary, because the quantities (..., 2% ...;...,e%4,...)
themselves are good, independent generalized coordinates. The point is only
that that, as mentioned, in many realistic problems generalized coordinates
(...,2%...;...,¢%5,...) are geometrically and technically more convenient
and computationally effective. The more so it is when ¢4 p are replaced by
coordinates appearing in the polar and two-polar decompositions of .

Let us begin with the general description of affinely-rigid body in terms
of prescribed reference frame E and later on consider the special case of in-
finitesimal gyroscopes. This will be also convenient for making the explicit
use of the polar and two-polar decompositions, in particular, for discussing in-
tegrable and superintegrable models in a two-dimensional space. The latter
problem, i.e., two-dimensional infinitesimal gyroscopes or homogeneously de-
formable ones sliding over two-dimensional curved manifolds may be useful in
the theory of microstructured (micropolar or micromorphic) plates.

Obviously, the primary dynamical variables are the moving-frame vectors
e4(t), or equivalently the moving-frame covectors, e (t), whereas the reference
frames E are only the auxiliary quantities, does not matter how important for
computational purposes. Let us express

eat) = Bp(z()e”a(t),  e(t)=¢ BB (2(t)), (3.21)

where, obviously, e(t) € Fy)M, ie., x(t) = m(e(t)).
We shall also need inverse formulas, i.e.,

Ea(z(t)) = ep(t)e™'Pa(t),  E(2(t) = ¢ (1) (). (3.22)

To avoid unnecessary crowd of symbols, when it is not confusing, we shall omit
the arguments ¢, z(¢) in the above quantities.
To express explicitly affine velocities we must find formulas for the covariant
derivatives De, /Dt in terms of the quantities E, ¢.
The above expressions (3.21) imply that the covariant differentiation of
R > t+ eq € FM along the curve of translational motion R 5 ¢ — z(t) € M
is given by .
Dey D DEp g dp” 4
Dt ~ Dt pr ¥ AT EET
Let us express the along-curve differentiation of Ep through its field-differen-
tiation (well defined because E is defined as a field all over in M),

(BEpp®a) = (3.23)

DEp da’ o dat
Dr ~ Vif) g = (VePr) EVigr,

(3.24)
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where Vo Ep is an abbreviation for Vg, Ep, and let us remind that for any
vector field Y and tensor field T, VyT denotes the covariant derivative of T
along Y. Analytically,

VyT =Y'V,T.

It is convenient to use aholonomic coefficients of our affine connection with
respect to the field F,
VoEg =TApcE,. (3.25)

The usual holonomic coefficients of T" with respect to coordinates z* are given
by the expression

[ = B AT po BP B + B B4y,
where the comma as usual denotes the partial differentiation. The second term
T[E) i := E'AE;, (3.26)
denotes the teleparallelism connection induced by E. It is defined as follows:
VireEa =0, (3.27)

i.e., it is the only affine connection with respect to which all the fields E4 (of
course, also their dual co-fields EA) are parallel. Its curvature tensor vanishes
and the torsion equals

. : 1 .
SIEY jk = EZAEA[j,k] = iElA (EAj,k — EAk,j) . (3.28)

The parallel transport with respect to I'[E] is path-independent. A tensor field
T is I'[E]-parallel, Ve = 0, if its aholonomic components with respect to
E are constant in M,

T“Zkﬂ]z — TII.”IkJL..JlEh R - ® Efk ® EJ1 R ® EJI,
TII'”Ile_nJl = const. (3-29)

If the field of frames E is holonomic, in particular, if it is given by the
system of tangent vectors 9/0x% of x!, then

o .0
Vojowr 55 =ik 5

which means that we obtain the usual components of I' with respect to local
coordinates z'.



Dynamical affine models 43

Obviously, the quantity
I, —T[E)'jx = B AT o EPEC,
i.e., in the coordinate-free form
I —T[E] =T%50Es ® EP @ EC

is a tensor field, once contravariant and twice covariant, as it is always the case
with the difference of affine connections.

The teleparallelism torsion is directly related to what is well known in dif-
ferential geometry as the aholonomic object of E, i.e.,

1 ~ ~
S[E] = 5QABCEA ® EP @ EC.

In other words the doubled E-co-moving components of S[E] coincide with the
Schouten aholonomic complex €2; the latter may be defined in terms of Lie
brackets of basic vector fields,

O pe = 284pc = (B4, [Ep, Ec)), (3.30)
i.e.,
~ 1~
[Ea,Ep)l = QO spEc,  dEA = 5QABCEC ANEB. (3.31)

After some calculations performed on (3.23) with the use of (3.21), (3.22),
(3.24), (3.25), we finally obtain the formula

Dey
Dt

aB
= 6BS2 A,

where the co-moving affine velocity 0 may be expressed as follows:

—1B dﬁPCA

QB —1B
dt ’

A= BrlF ol 4o BVE + ¢ (3.32)

where, as previously,

~ dzt .
VK — eKiE — K

denotes the co-moving components of translational velocity. In this way the

quantity
~ Dey De' 4
OB, — (B _ B,
4 <6 ’ Dt> ‘Dt
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is expressed through the matrix ¢ and its time derivatives. This representa-
tion becomes very convenient when gyroscopic constraints are imposed. Let
us observe that in addition to the second term ¢~ 'dp/dt familiar from the
flat-space theory, the above expression (3.32) contains the first term explicitly
depending on the geometry of M (more precisely, on (M,T")) and on the choice
of the auxiliary reference frame E. Roughly speaking, the quantity ¢~ 'dy/dt
is the co-moving affine velocity of internal degrees of freedom, as seen from the
point of view of the just passed frame E,;). And the first term represents the
contribution to O coming from the rotation-deformation of E itself.

It is interesting to rewrite the equations (3.9), (3.10), (3.11), (3.12), and
(3.13), (3.14) in purely co-moving terms. After some calculations we obtain
that

d‘/}A OA 1B i>B{,C A
1~ ~ ~
+§QCDRDCABVB + 4, (3.33)
AD ~ ~ A~
M joa —QPpOP g4 1 N4B, (3.34)

dt
Obviously, the torsion here is taken into account, so strictly speaking they are
co-moving counterparts of (3.9), (3.10).
Remark: do not confuse the three-index torsion tensor with the two-index
spin one. The two-index quantity in the curvature term is vorticity.
Using explicitly the balance form of the equations of motion for the linear
momentum and affine spin we obtain that

dpPA ~p~ = 2 =g
= —PPIsoRN+ S PEPCspet
m
1 ~ ~ ~
+%KCDRDCABPB + F4, (3.35)
dKAB Sacr .
= ~KA%JopKPB + NAB, (3.36)

where, as previously, J, BoJCA =645,

Obviously, we are allowed to use the usual time derivatives at the left-hand
side of equations because ﬁA, KAB , 17A, 0A B are scalars from the point of
view of geometry of M (although they are tensors in the micromaterial space
R™).

These are, so to speak, affine Euler equations. By the way, when we impose
metrical constraints, i.e., assume that permanently

glea,ep) = gije' ae’ p = dap, ¢ € S0(n, R), (3.37)



Dynamical affine models 45

and according to the d’Alembert principle the reaction-free equations of internal
motion, i.e., the skew-symmetric part of (3.36) is only left, then we exactly
obtain Euler equations for infinitesimal gyroscope in a non-Euclidean space.

Let us observe that all the above equations of motion, in particular (3.9),
(3.10) and the expression for the kinetic energy (3.1), or its equivalent form
(3.2), (3.3) may be expressed in terms of (3.32), and in the case of gyroscopic
motion this becomes technically unavoidable. The point is that e’ 4 are not then
independent generalized quantities, just due to the constraints (3.37). And al-
though equations of motion in their general balance form (3.15) are correct
and free of reaction forces, in particular dynamical problems they are not di-
rectly useful in analytical calculations and analysis of the phase portraits. The
quantities o are not generalized coordinates either, because the matrix ¢ is
orthogonal. However, as mentioned, ¢ € SO(n,R) may be easily parameterized
on the basis of group-theoretical considerations, and the corresponding param-
eters are just proper generalized coordinates to be effectively used in equations
of motion. Let ¢, o = 1,n(n —1)/2, be such group parameters. Then taking
some independent subsystem of (3.15), e.g., one given by a < b (or conversely),
we obtain a system of n(n — 1)/2 second-order differential equations imposed
on the time-dependence of n(n — 1)/2 generalized coordinates. In variational
problems it is more convenient to substitute the expressions ¢(q) directly to
the formula for the kinetic energy (3.1) or its Hamiltonian version (3.6), and
then obtain directly the corresponding Euler-Lagrange equations or (more con-
venient) Hamilton ones formulated in terms of Poisson brackets. Such an ap-
proach is better suited to the study for integrability problems and action-angle
variables. Geometrically the most suggestive choice of generalized coordinates
q“ is that based on the exponential representation of . The quantities ¢* are
then canonical coordinates of the first kind on the group manifold of SO(n, R).
More precisely, let Mg € SO(n,R)" be basic skew-symmetric matrices; they
have only two not vanishing entries, namely +1 in the rows and columns labelled
by K, L [49]. Then R € SO(n,R) may be represented as follows:

1
R(e) = exp (f“MLK) ,

where ¢ is an arbitrary real skew-symmetric matrix, e5% = —¢¥ and, e.g.,

KL with K < L may be chosen as independent coordinates. The corresponding
Mgk, K < L, form a basis of the Lie algebra SO(n,R)’.

In the special case of n = 3, due to the exceptional isomorphism between
axial vectors and skew-symmetric second-order tensors in R3, it is customary
to write [49]

R (E) = exp (k;AMA) ,
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where M4, A = 1,2,3, are basic skew-symmetric matrices,

(Ma)pc = —€aBc

(e is the totally skew-symmetric Levi-Civita-Ricci symbol normalized by €123 =
1), and k“ are components of the so-called rotation vector in R3. Its length

k= (k1) + (k) + (92

satisfies k < 7 if all possible direction versors m = k/k are admitted. Obviously,
for any versor m we have

R(mm) = R(—7m).

Therefore, the group manifold is represented in the space of R3-vectors k by the
ball of radius m, with the proviso that antipodal points on the limiting sphere
k = m are identified. This provides a very nice form of understanding that the
group SO(3,R) is doubly connected.

In the three-dimensional case one uses also other parameterizations, depend-
ing on dynamical details of the considered problem. For example, in certain
dynamical models of the spherical rigid body it is convenient to use the spherical
variables (k, ¢,0) in the space of the rotation vectors k [49]:

k' = ksin 6 cos ¢, k% = k sin 0 sin ¢, k3 = kcos#.

In the theory of a free or heavy symmetric top (I3 = I2, but in general
I, # I3), it is convenient to use Euler angles (¢, 9, 1),

Rlp, ¥, 9] = exp(oMs3) exp(IM; ) exp(1pMs3).
One can also use canonical coordinates of the second kind («, 3,7), i.e.,
Rla, 8,7] = exp(aMy) exp(5Ma) exp(yMs).

Surprisingly enough, for the spherical rigid body (I; = Iz = I3) the kinetic
energy expressions have almost the same form in coordinates (p,,1) and

(o, B,7).

If n = 2, the situation is much more simple, because then SO(2,R) is
one-dimensional (thus, obviously, commutative) and R(p) = exp(pe), where
€11 = €990 = 0, €10 = —e€91 = 1, i.e., explicitly

| cosp —sing
R((’D)_[singo Cos ]
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In the case of rigid motion the second term in (3.32), ¢~ 1dp/dt is always skew-
symmetric, i.e., an element of the Lie algebra SO(n,R)’. More precisely, if we
use artificial not orthogonal coordinates in R?, it is n-skew-symmetric, i.e.,

_ do© 4
e B A enPle

—1K dSOCL
dt '

dt

If the connection I' is metrical, V(rjg = 0 (Riemann-Cartan space), then, as we

saw, the total  is also skew-symmetric (n-skew-symmetric) and therefore, so
is the first term of (3.32). By the way, the aholonomic connection coefficients
I'" pe are then also skew-symmetric (more precisely, n-skew-symmetric). Just
as in the general affine motion, we can say that Q is then the co-moving an-
gular velocity, ¢ ~'dyp/dt is the angular velocity with respect to the pre-fixed
aholonomic frame F, and the first term is, in a sense, the angular velocity with
which F itself rotates along the trajectory of the structured material point.

In both the general affine and constrained gyroscopic motion the expression
of kinetic energy through the above quantities becomes relatively lucid and
computationally effective when the manifold (M, T, g) has some special struc-
ture, e.g., if it is a constant-curvature space and if the auxiliary field of frames
FE is appropriately chosen. The proper choice depends on the particular geom-
etry of M, and it is also a matter of some inventive intuition. In such special
cases the problem may be effectively studied on the rigorous analytical level
and, in particular, interesting results concerning integrability and degeneracy
(superintegrability) may be obtained [13, 14, 15, 16, 17, 18, 24, 25, 26, 27].

Unless otherwise stated, from now on we concentrate on Riemannian spaces,
when I' is the Levi-Civita connection built of g. The general case, when I, g
are unrelated may be also interesting in itself, but certainly there are some
difficulties to be overcome, because even in the rigid motion the affine velocity
Q) is not g-skew-symmetric and its co-moving representation Q is not n-(0-)skew-
symmetric. The fact that they do not belong to the corresponding Lie algebras
of the rotational groups SO(T, M, g ), SO(n,R) obscures their interpretation. If
(M,T, g) is a Riemann-Cartan space but I is not symmetric (i.e., it is not Levi-
Civita connection), then affine velocities are skew-symmetric (respectively in a
g- or n-sense), but they are explicitly dependent on the torsion tensor. This
also leads to certain interpretation problems. Namely, one obtains different
expressions for the kinetic energy and different equations of motion when one

} (g-Levi-Civita) and

uses respectively the affine connections

i
jk

ij:{ ik }+Sjk+5jk + Sij
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in the definition of angular velocity.
In the general case of affine motion the formula (3.32) will be written in any
of the abbreviated forms

Q = Qqr + QO = Q(dr) + Q(r1),

where
Qutp = Qdr)*s = ¢ I pepPreEVE, (3.38)
~ ~ do®
Onlp = Oa)Ag = w‘lAc%. (3.39)

The labels “dr” and “rl” refer respectively to “drift” (or ”drive”) and “relative”.
The reason is that, as mentioned, ¢ refers to affine rotations with respect to the
just passed prescribed reference frame F; the first term describes the time rate
of affine rotations contained in the field E itself. When gyroscopic constraints
are imposed, all these ﬁ—objects become skew-symmetric angular velocities.
To stress this, sometimes, but not always, we shall use then the symbols &,
Oar = w(dr) and &y, = &(rl).

One of analytical advantages following from the prescribed reference frame
E is the possibility of using the polar and two-polar decompositions [49],

¢ =UA=BU = LDR*,

where U, L, R are orthogonal (more precisely, n-orthogonal when artificial non-
orthonormal coordinates are used in R™), A, B are symmetric (n-symmetric),
D is diagonal, and obviously,

B=UAU"".

As usual, U, L, R denote fictitious gyroscopic degrees of freedom extracted
from ¢ € GL(n,R) [49]. The corresponding “co-moving” angular velocities are
given by the expressions

dU dL ~ dR
-1 -1 -1
T ) r L rl = T A4
on=U"r Xm=Logs n=RE (340)
Obviously, as usual, the “spatial” representation may be used:
dU dL dR
rl — 5 B rl — 7L_ T T _1-
wa =" U =g =g B

However, in calculations appearing in practical problems the “co-moving” ob-
jects are more convenient. Obviously, in the two-dimensional world, when
n = 2, these representations coincide.
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After some calculations one can show that the kinetic energy of internal
motion Tiy (3.1) may be expressed in the following way in terms of the polar
decomposition:

Tint = —%Tr (AJA@Q) + Tr (AJC:Z;@) + %Tr (J (%)2) , (3.41)
where
O = Bgr + Dy :@dr+U‘1%, (3.42)
and obviously @, is the restriction of Q4 (3.38) to the U-rigid motion:
Garp = U M poUP gUCEVE. (3.43)

The formula (3.41) is written in the standard orthonormal coordinates in R™.
Otherwise, when n4p is admitted to be different than § 45, we have to replace
the symbol J in (3.41) by J,), where

JnAB = JACnCB.

Geometrically, .J,, is a mixed tensor in R", i.e., linear endomorphism of R", J;, €
L(n,R), whereas J itself is a twice contravariant tensor.

The two-polar decomposition becomes analytically useful in doubly-iso-
tropic dynamical problems, i.e., ones isotropic both in the physical space M
and the micromaterial space. This double isotropy imposes certain restrictions
both on the kinetic and potential energies. What concerns the very kinetic
energy, the inertial tensor must be proportional to 7, i.e.,

JAB _ [pAB JnAB — 154,

Then one can show that (3.41) becomes

I I IR
T = —5Tr (D?R%) - 5T <D21§2> 41T (D;ZD&) , (3.44)
where now
~ dR
v R, 3.45
dt ( )
~ - - N _.dL
X = Xdr+Xo1=Xar+L IE’ (3.46)

Xa's = LYpIF peLPpLCpVE. (3.47)
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The last formula is quite analogous to (3.43). Just like there, X contains the
“drive” term built of the connection coefficients. It is only the L-rotation
that is coupled in this way to spatial geometry; the R-rotation is geometry-
independent.

Again we conclude that (3.44) is structurally identical with the correspond-
ing formula for extended affine bodies [37] with the proviso however that Y
contains the drive-term. The expression for ¥ is free of such a correction. Ev-
erything that has to do with (M, T, g)-geometry is absorbed by the X-term.



Chapter 4

Special two-dimensional
problems

We shall consider now some special two-dimensional cases, i.e., when n = 2.
Therefore, for the infinitesimal rigid body (infinitesimal gyroscope) we are deal-
ing with three degrees of freedom: two translational and one internal, rotational.
If no gyroscopic constraints are imposed and the internal motion is affine, then
of course there are four internal degrees of freedom; together with translational
motion one obtains six degrees of freedom. The resulting models are interesting
in themselves from the point of view of pure analytical mechanics, in partic-
ular, some integrability and hyperintegrability (degeneracy) problems may be
effectively studied. Obviously, the explicit analytical results exist only in Rie-
mann manifolds (M, g) with some peculiar structure, first of all (but not only)
in constant-curvature spaces. Some practical applications of two-dimensional
models also seem to be possible, e.g., in geophysical problems, in mechanics of
structured micropolar and micromorphic shells, etc. What concerns geophysics,
we mean, e.g., motion of continental plates. Motion of pollutions like oil spots
on the oceanic surface is another suggestive example.

Below we consider in some details three kinds of two-dimensional problems,
namely motion of structured material points on the sphere, pseudo-sphere (Lo-
batchevski space), and torus manifolds with geometry induced by injections in
the three-dimensional Euclidean space R3. Many interesting dynamical models,
including some quite realistic ones, may be effectively investigated in analytical
terms. It is not very surprising in spherical and pseudo-spherical geometries
because of exceptional properties of constant-curvature spaces. But there exist
also nice completely integrable models on the R3-injected torus. Perhaps this
may have something to do with that that all these manifolds are algebraic ones
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(of the second degree in the spherical and pseudo-spherical cases, and of the
fourth degree in toroidal geometry).

4.1 Spherical case

Let us begin with the spherical geometry. The two-dimensional ”world” will be
realized as the two-dimensional sphere in R? with the radius R and the centre
at the beginning of coordinates. Of course, the radius has the intrinsic sense,
namely the scalar curvature equals 2/ R?.

We introduce the “polar” coordinates (r,¢). Obviously, r is the geodetic
distance measured from the “North Pole”, ie., ¥ = r/R is a modified “ge-
ographic latitude”, and ¢ is “geographic longitude”, i.e., Ry is the distance
measured along “equator”. So, ¢, ¥ are usual polar angles in R3, and R is
the fixed radius-distance from the origin. Euclidean coordinates of points on
S52(0, R) € R? are given by the usual expressions:

= RsinVcosp, y=Rsindsing, z= Rcos?, xz°+y?+2>=R%

Obviously, r runs over the range [0, 7R] from the “North Pole” to the “South
Pole”, and ¢ has the usual range [0,27] of the polar angle. Coordinates are
singular at » = 0, r = wR, and there is the obvious 0, 27 ambiguity of the
longitude .

Restricting the metric tensor of R? (roughly speaking, the metric element
dz?+dy*+dz?) to S?(0, R) we obtain the obvious expression for the arc element
on the sphere

ds? = dr® + R*sin® % d?. (4.1)

So, the kinetic energy of translational motion is given by

Tz () 4 a2 - (%) (4.2)
LS 7 SR \ae ) | '

where m denotes the mass of the material point.

Even for the purely translational motion some interesting questions arise,
e.g., what are spherically symmetric potentials V' (r) for which all orbits are
closed? Obviously we mean problems based on Lagrangians

Ly, =T — V(T)

This is a counterpart of the famous Bertrand problem in R?. And it may be
shown that the answer is similar [20, 35, 40], i.e., the possible potentials are as
follows:
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(1) oscillatory potentials:

P
% —Rtg®— 4.
(r) 9 g R’ (4.3)
(ii) Kepler-Coulomb potentials:
V(r)= —%ctg—r . (4.4)

Obviously, with the spherical topology also the geodetic problem belongs here:

(7i1) V(r) = 0, i.e., (in a sense) the special case of (i) or (it) when s = 0,
a=0.

There is an obvious correspondence with the flat-space Bertrand problem; it is
suggested by the very asymptotics for r &~ 0, i.e.,

X 9

V(r) = 575 V(r) ~ —%
Obviously, this is a rough argument, but it may be shown [35, 40] that there
exists a rigorous isomorphism based on the projective geometry.

The mentioned Bertrand models lead to completely integrable and maxi-
mally degenerate (hyperintegrable) problems. But even for the simplest, i.e.,
geodetic, models with the internal degrees of freedom the situation drastically
changes. There exist interesting and practically applicable integrable models,
but as a rule interaction with internal degrees of freedom reduces or completely
removes degeneracy.

Let us begin with the gyroscopic model of internal motion. Unlike the
general case, in two-dimensional problems with the constant-curvature spaces,
gyroscopic problem is simpler than affine one. Moreover, it very simplifies study
of the affine case.

The first step is to introduce an appropriate field F, i.e., the auxiliary and
fixed once for all orthonormal aholonomic reference frame. This is often the
matter of inventive guessing. In this case it is natural to expect that the natural
base (holonomic one) tangent to coordinate lines is a good starting point. It
consists of the vector fields

0 0
=—, E,=—.

or dp
Obviously, we mean here the well-known identification between vector fields
and first-order differential operators, i.e.,

0

X =X'"—=
oxt
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(X* are components with respect to the manifold coordinates z%).

Using more traditional language: if coordinates are ordered as (r, ), then &,
and &, have respectively components [1,0]7 and [0,1]7. This holonomic system
is not appropriate however, because it is not orthonormal (no holonomic system
may be so in a curved Riemann space). However, it is evidently orthogonal (r,
¢ are orthogonal coordinates):

. r
ngD = g(P'r' = 07 grr = 17 g(pzp == R2 Sln2 E

The lengths of &, £, are obviously given by ||| = 1, ||€,]| = Rsin(r/R). So,
it is natural to expect that the normalized fields

0 1 0 1

ET‘:E:E"?H ESO

N Rsin%% N Rsin%gﬂp (45)
will form a convenient orthonormal frame E. Let us stress that E is aholonomic,
although directions of E,., E, are tangent respectively to coordinate lines of 7, ¢.
The reason is just the “crossed-variables” normalization, i.e., £, is multiplied by
a function dependent on r. There are no coordinates 7/, ¢’ for which we would
have E, = 0/0r', E, = 0/0¢’. The orthonormal frame e = (e, e2) describing
the internal configuration is obtained from the fixed aholonomic frame F =
(Ey, E,) with the help of some time-dependent orthogonal matrix ¢ = U, i.e.,

e1 = FEUY+ FEU? =E.U" + E,U¥%,
ea = FEU's+ FEU% = E.U"y + E,U%.

Obviously, U may be parameterized in the usual way, i.e.,

| cosyp  —siny
| sinY  cos®

and
o 0 1] dyf[o —1
WE@ g | Tl o0 |

Remark: do not confuse the scalar quantity w,; with the second order skew-
symmetric tensor W, parameterized by it.
Similarly we write that

War = w 0 -1 W=w 0 -1
dr — dr 1 O 9 - 1 0 )



Special two-dimensional problems 55

where
_ rdp dy
war = cos = cosUan,
_ _dy rdp dy dy
WO e = g S g = gy TSy (4.6)

Obviously, the above expressions are the special cases of (3.40), (3.42), (3.43)
and follow easily from the formulas for Christoffel symbols (Levi-Civita connec-
tion) on the sphere, i.e.,

R r

. 1 T
oy = —3 sin = [, =I%,= ﬁctgﬁ

(the remaining coefficients vanish). In the aholonomic representation:

1 T 1 T
I oo = _ECtgﬁ’ ., = Ectg—,
but let us notice that
Iwcpr =0 7& Iwrgo;

i.e., the aholonomic coeflicients are in general not symmetric. The remain-
ing aholonomic coefficients also vanish. Obviously, the above I'%,. are exactly
the formerly used I'4 g¢; simply in some particular concrete cases this way of
writing is more suggestive and intuitive.

After simple calculations based on the formula (3.1) or rather on its restric-
tion to the gyroscopic motion, one obtains the expected expression:

T = ﬂr‘i‘Tint (47)

m dr\? 9 . 9T do\? I (dy rdp >
- 2<<dt> + R*sin R<dt> +2<dt+COSRdt>7

i.e., briefly,
2 2
muv Tw
T:ﬂr+ﬂnt:7+77

where w is given by (4.6). The scalar quantity I, i.e., the inertial moments of
the plane rotator is related to the tensor J by the formula

I =napJP = TrJ,,

i.e., in Euclidean material coordinates (nap = dap) simply I = TrJ. In the
absence of deformations the internal inertia is controlled only by this single
scalar. This is the peculiarity of the “two-dimensional world”.
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For certain reasons it will be convenient to rewrite the formula (4.7) in terms
of the variable ¥ = r/R, i.e.,

T = Ttr‘i’Tint (48)
mR2 [ (dv\? o (do\*\ T [(dy dp\?
= — in?9 | —- S v .
2 ((ﬁ)*ﬁm (ﬁ) +2<ﬁ*m% ﬁ)

It is seen that if formally (¢, d,) are interpreted as Euler angles (respec-
tively the precession, nutation, and rotation), the above expression is formally
identical with the kinetic energy of the three-dimensional symmetric rigid body
(without translations) with the main moments of inertia given respectively by

I, = I, = mR?, I3 =1.

If I = mR? one obtain the expression for the spherical top.

There is nothing surprising in the mentioned isomorphism because the quo-
tient manifold SO(3,R)/SO(2,R) may be in a natural way identified with
S%(0,1) (or with any S?(0, R)). Projecting the motion of the three-dimensional
symmetric top onto the quotient sphere-manifold we obtain two-dimensional
translational motion; the one-dimensional subgroup of rotations about the z-
axis refers to the internal motion of the two-dimensional rotator.

The projection procedure is exactly compatible with the mentioned corre-
spondence between Euler angles in SO(3,R) and our generalized coordinates ¢,
¥ = r/R, 1 of the infinitesimal rotator in S?(0, R).

Let U(p,9,9) € SO(3, R) be just the element labelled by the Euler angles
@, U, ¥, thus

U((p, 797¢) = Uz(gp)Um(ﬁ)Uz(w)a (4'9)
where U,, U, are rotations respectively around the z- and x-axes; angles of

rotations are indicated as arguments. Calculating the “co-moving angular ve-
locity”

Z=U"'1— (4.10)
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where

~ : . d dg
71 = sindsin ¢d—f + cos @Z)E, (4.12)
~ : d . dY
7y = sindcos wd—f — smzﬂa, (4.13)
~ de  dy

= —_ 4+ —. 4.14
73 cosﬂdt + (4.14)

In expression (4.14) we easily recognize (4.6), i.e., the expression for the one-
component angular velocity of the two-dimensional rotator. Calculating for-
mally the kinetic energy of the three-dimensional symmetric SO(3,R)-top, i.e.,

7=+ B4 Ly (4.15)
and substituting K = mR?, ¥ = r/R, we obtain exactly (4.7), i.e., (4.8).

The principal fibre bundle of orthonormal frames F(S2?,g) over the two-
dimensional sphere (with its induced metric g) has SO(2,R) as the struc-
tural group and it may be itself identified with SO(3,R). This is just the
essence of the above identification between SO(3,R) and its quotient manifold
S% ~ SO(3,R)/SO(2,R). Some important invariance problems appear there.
Namely, as usual in analytical mechanics, the kinetic energy (4.7), (4.8) may be
identified with some Riemannian structure on the configuration space. Let us
write down our kinetic energy in the following form with the explicitly separated
mass factor:

m dq' dg’
T=—G;i(q)——.
3 Giild) Gy
Just as above, our generalized coordinates ¢', i = 1,2,3, are the variables

(r,p,1) written just in this direction. On the level of SO(3,R) as identified
with F(S?, g), they are equivalent to the Euler angles (¥, ¢,), where ¥ = r/R.
After some calculations one obtains that

1 0 0
[Giyl=1|0 R%’sin? %L+ Lcos? % Lcost
0 % cos %

In the special case I = mR? one obtains that G simplifies to é, where

) 10 0
[Gi]} =0 R Rlcost |. (4.16)
0 R2cos B R?
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The corresponding expressions for the weight-one volume densities are as fol-

lows:
I z
\FG:R\/—sini, \/EZRQSinz.
m R R

The contravariant inverse metric G¥ (G*Gy; = &;) is given as follows:

1 0 0
. 1 cos %
[G”] = 0 R2sin? ' R2sin? B ,
cos & 1
R m 4 12T
L 0 R?sin? L 1 + RZCtg R |
and, obviously,
1 0 0 i
... 1 cos ¢
|:G”] =0 R2sin? £ R2sin? -
0 cos 1
L R2sin® - R2sin® |

If we once identify the bundle manifold F(S?, g) with the group SO(3,R), then
we can consider the action of two transformation groups. They are, obviously,
represented by the left and right regular actions of SO(3,R) on itself, i.e.,

X—VX, X~ XV,

where X,V € SO(3,R). From the point of view of the original configuration
space (52, g), these groups act both on the positions of material point in S?
and orientations of the attached bases, i.e., internal configurations.

The above metrics G are invariant under the total left-acting group SO(3, R).
What concerns the right actions, in general they are invariant only under the
subgroup SO(2,R) C SO(3,R) interpreted as the group of rotations about the
z-axis in R3. Therefore, G has the four-dimensional isometry group SO(3,RR) x
SO(2,R). Only in the special case I = mR? the metric tensor G is invariant
under SO(3,R) x SO(3,R), i.e., under all left and right regular translations.
Therefore, on the level of SO(3,R)-description we are dealing then with the
spherical top and up to a constant multiplier G becomes the Killing metric on
SO(3,R). Of course, this special case is not interesting from the point of view
of our primary model for an infinitesimal rigid body moving in S?(0, R) because
it is there physically too exotic and too exceptional.
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For the potential systems with Lagrangians L = T — V(q) the Legendre
transformation has the usual form:

OL y
Pi= ggi = mGij(q)¢’.
Inverting it,
1
iP=—GY j 4.17
¢ =G (a)pj, (4.17)
and substituting (4.17) to the expression for energy,
0L
E=¢—-L=T+YV
q aqz + (q)J

one obtains the Hamiltonian H, i.e.,

H(g,p) = Tla.p) + V(a) = 5 -G (apin; + V()

in particular, the geodetic Hamiltonian (when V' (¢) = 0):

1 .
T= %G” (@)pip;-
As a rule, the presence of forces, i.e., not constant V' (q), reduces strongly the
aforementioned symmetry of geodetic models.
We are interested here in integrability and hyperintegrability (degeneracy)
problems, thus, we concentrate our attention on the Hamilton-Jacobi equation,

oS AN

its separability, and the action-angle variables. We are dealing only with time-
independent problems, thus, S(t,q) is always sought in the following form:

i.e.,

S(t,q) = —Et + So(q),

where, obviously, the reduced action Sy satisfies the time-independent Ha-

milton-Jacobi equation, i.e.,
. 0S5y
H|¢,— | =F. 4.18
(¢ 50) (4.18)

Let us write down explicitly a few formulas describing Legendre transforma-
tion and kinetic energy for the rigid body moving in two-dimensional spherical
world.
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Denoting canonical momenta conjugate to coordinates (7, ¢, 1) respectively
by (pTapgp,pw), we have that

Pr = m,,;7
I .
Py = mR? <sin2 % + s cos? ;) ¢+ I cos %zb,

. r
= ] I — .
Dy 1 + I cos Rgo

The resulting geodetic Hamiltonian has the following form:

N N P — 2Py €OS 15 + (mTRQ sin Z + cos? }%) P
- 2m 2mR?2 sin® =
_ p%+pi—2p¢pwcos%+pi+mR2_12
= 2m 2mR2 Sin2 % omR2I pw.

It is seen again how this expression simplifies in the special case when I = mR2.
Without gyroscopic degree of freedom, when T is reduced to T, given by
the formula (4.2), 7 is reduced to

2 2
Dy Py
Ty = —"—+ —FF——.
T 2m | 2mR2sin® %
Then there exists the class of separable potentials

Vo ()

2qin2
Rst

V(Tv 90) = VT’(T) +

With rotational degree of freedom the metric tensor G is not diagonal in natural
coordinates (r, p, 1)) and there is no direct analogue of above integrable models.
Of course, in three-dimensional Riemann manifolds there are always orthogonal
coordinates, but it is fairly not obvious whether there exist diagonalizing coor-
dinates admitting a physically reasonable class of potentials treatable in terms
of the separation-of-variables method.

It is seen however that ¢, 1 are cyclic variables in the kinetic energy term;
this focuses our attention on the models where the potential energy also does not
depend on ¢, 1. These angles are then cyclic variables for the total Lagrangian
L =T —V and the corresponding conjugate momenta p,,p, are constants of
motion. The resulting models, including geodetic ones (V' = 0), are completely
integrable and one can analyze them by means of the separation-of-variables
method.
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As usual when dealing with cyclic variables, we seek the reduced action Sy
in the following form:

So(r, o, E, €, s) = Sp(r; E) + Lo + s, (4.19)

where /, s are integration constants, i.e., the dependence of S,(y) and Sy (v)
on their arguments is postulated as linear. Together we have three integration
constants F, ¢, s, just as it should be in a complete integral for the system with
three degrees of freedom. As a matter of fact, due to the assumed symmetry,
the problem reduces to the one-dimensional one for S, and substituting (4.19)
into (4.18), we obtain the ordinary differential equation

<ddir>2 — om(E - V(r)

2 — 20scos 5+ 52 (mTR2 sin? 5t cos? %)
- . (4:20)

2ain2
Rst

Therefore, p, = dS, /dr equals plus-minus (depending on the phase of motion)
square root of the rigid-hand side of the expression above. Obviously, this is
well defined only in the classically admissible region between the turning points.
It is clear that

98y dS, 98y dSy

Lt et rl Ak i

The corresponding action variables are given as follows:

2
Jp = %p@dcp = /Edcp = 27l
0

2w
Y{pwdw = /sdw = 27s.
0
Jr = %prdr

equals the doubled integral of the square-rooted right-hand side of (4.20) be-
tween the turning points, i.e., between nulls of (4.20). Substituting there

Jy

The radial action variable

E—J@ s—ﬂ

T or’ o)

(4.21)
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we obtain the expression

2 2
J, — J, s m.J,
(s v ) % dr. (4.22)
472 R? sin = 472]

J, :jf om (E— V(1)) —

Let us remind that the above expression, i.e., the contour integral of the dif-
ferential one-form p.dr along the corresponding orbit in the two-dimensional
phase space of the (r, p,)-variables, equals

J, =2 / pr(r)dr,

Tmin

where Tmin, Tmax denote respectively the left and right turning points of the
r-motion.

When some explicit form of V(r) is assumed and substituted to (4.22),
then in principle the integral may be calculated and one obtains the functional
dependence of the quantity J, on the integration constants £, J,, Jy, i.e.,

Jr = Jr (Eajgm Jw)'

Once calculated, this expression may be in principle solved with respect to the
energy F, i.e.,
E=H(J,Jp, Jy) -

In this way the energy is expressed in terms of action variables. Substituting this
expression and (4.21) into (4.19), we obtain the generating function of canonical
transformation from the original phase-space coordinates (7, ¢, ¥; pr, Py, Dy) to
the action-angle variables (©,,0,, Oy; Jr, J,, Jy), ie.,

Y

So (1, 0,03 I Ty J) = Sr (rH (i, Ty Jy)) + =T+ o

Ju-
2T ¥

The resulting angle quantities are given as follows:

850 850 o aSO

@T:TJT7 690:@7 w—@

This “angles” are meant modulo 1 but perhaps more intuitive are angles taken
modulo 27, i.e.,

O, =2710,, O,=2710,  O4=210,.
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Let us observe that usually

Op# 0, Oy # .
The fundamental frequencies are given as follows:

oo _on - _OH
YA Y Y0y

and their circular counterparts are the corresponding 2m-multipliers, i.e.,
Wy = 2TV, Wy = 27V, Wy = 2Ty

As usual, the action variables are constants of motion, i.e.,

dJ,  OH dly _ OH _ dly _ OH _

i ~ o0, dat 90, W‘a@w_o‘

And as usual, the angular variables perform uniform “librations” because

46 OH

o a7, v'(J) = const,

thus, _
Ol(t) = v (Nt +af,  OYt) =i(J)t+ 3,

and, obviously, the index ¢ runs over the labels r, @, .

A very important point is hyperintegrability, i.e., degeneracy. Let us remind
that a multiply periodic system with n degrees of freedom (an integrable one
with an open set of bounded trajectories) is said to be k-fold degenerate (or
(n — k)-fold periodic) when fundamental frequencies satisfy a system of k (but
not more) independent equations, i.e.,

n®v'(J) =0, a=1,k,

where n%; are integers, i.e., n; € Z (but nothing changes when we say that they
are rationals, i.e., n®; € Q). By “independent equations” we mean obviously
that Rank [n%;] = k. Integers n®; are to be constant, independent of J, thus,
the same for all possible frequencies. If the above equations hold exceptionally
for certain exclusive values of J, one says about accidental degeneracy.

Of course the n-dimensional manifolds J; = const are tori. While {J;, Ji.} =
0, i.e., the action variables are in Poisson-bracket involution, these tori are La-
grangian submanifolds, i.e., the symplectic two-form vanishes when evaluated
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on any pair of their tangent vectors at any point, and they are maximal con-
nected manifolds of this property. If the system is k-fold degenerate ((n—k)-fold
periodic), then the closure of every trajectory is an (n—k)-dimensional isotropic
torus (the symplectic form vanishes when evaluated at any pair of tangent vec-
tors attached at any point). The system orbits are dense in these tori. The
mentioned (n — k)-tori form a regular foliation (congruence) of partially dis-
joint submanifolds on the Lagrangian tori J, = const, a = 1,n. For any k-fold
degenerate system Hamiltonian depends on the action variables Ji,...,J, in a
very peculiar way, namely, it is a function of some (n — k) linear combination
of Ji,...,J, with integer coefficients (and of no less number of such combina-
tions). The extreme examples are as follows:

(1) if & = 0, then the system is completely nondegenerate, any orbit fills
densely some torus J, = const, a = 1,n, and H depends on all J,-
variables in an essential way, i.e., there is no possibility to superpose
them into a smaller numbers of combinations with integer coefficients,

(77) if Kk = n — 1, then all bounded trajectories are periodic, i.e., they are
topological circles (one-dimensional tori) regularly foliating the tori J, =
const, a = 1,n, so that the quotient manifolds are (n—1)-dimensional tori.
Then there exists a combination of J,-variables with integer coefficients,
ie, J =n%J,, n® € Z, such that H depends on all J,-s only through J.

The first special case is completely not resonant and has n independent fre-
quencies (periods). The second, quite opposite, case is maximally resonant, i.e.,
there is only one fundamental frequency (period) and trajectories are known
from the elementary mechanics as Lissajous figures in the original configuration
space.

If the system is k-fold degenerate, then the original action-angle variables
obtained from the space-time coordinates ¢',p;, i = 1,n, may be replaced by
some new ones, better expressing the degeneracy (hyperintegrability) structure.
Namely, it is always possible to introduce some quantities ©¢, J, such that

(i) Jo = JuN*a, 6% = N%0P,
(1i) N*, € Z, i.e., entries of the matrix N are integers,
(i) det [N%] = £1,

(iv) H=H (jl, ce jn_k), i.e., Hamiltonian depends only on the first (n—k)-
tuple of the action variables,
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(v) the first (n — k) basic frequencies V", r = 1, (n — k), are independent over
integers, i.e., the equations

n—k SNT—nfk . OH
;nry _;nr&ﬁ

imply that the (n — k) x (n — k) matrix n®, vanishes, i.e., Z 3 n®, = 0.

Obviously, the remaining k frequencies, i.e., v’ = 0H/0J, = 0 with p =
(n—k+1),n, vanish and the corresponding new action variables ép, p =
(n—k+1),n, are constants of motion. Together we have (n + k) constants
of motion, global and smooth ones:

~ o
T,y J, O KL @,

What concerns globality, according to the above conditions (i) and (i), the
quantities ©% a = 1,n, are “good” angular variables (they would not be so
without these conditions). They are of course multivalued in a “harmless” way
when property treated, just like the angular variables. To avoid this multival-
uedness, one can replace them by unimodular complex numbers, i.e.,

(" =exp (109).

Let us go back from these general digressions to our special models, begin-
ning from (4.22), thus, to n = 3.

It happens often, e.g., in the case of symmetry in the material point mechan-
ics, that some partial features of the problem may be seen from the formulas
like (4.22) for J, even without calculating the integral and without even as-
suming anything about the shape of V (r). For example, in central problems of
the material point motion, when the spherical coordinates r, 4, ¢ are used, it is
seen that the corresponding action variables .Jy, J, enter the under-square-root
expression through the combination Jy + J,, so the one-fold degeneracy is ob-
vious from the very beginning. The particular shapes of V (r) are necessary for
answering the question concerning total degeneracy. And then, according to
what is known from somewhere else, really one can prove after the explicit inte-
gration, that the total degeneracy occurs for the Kepler-Coulumb (attractive)
problem and the isotropic harmonic oscillator, i.e.,

V=-

o »
-, V=72 a >0, x> 0.
r
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In the formula (4.22) nothing like this is seen, even for the very special, highly-
symmetric case I = mr?, i.e.,

J2 —2J,Jy cos & + J?
JT:f om(E—V(r))— 220 "R T, (4.23)
472 R? sin =

Without performing some calculations, one does not see anything even in the
geodetic case, when V' = 0. But everybody knows that the problem is then
completely degenerate because it is isomorphic, as mentioned, with the free
spherical top, each orbits of which are closed (one-parameter group and their
cosets). But without the explicit calculation nothing may be decided because
J, and Jy, do not combine integer-wise under the square root. Moreover, there
are some unexpected strange technical problems when calculating then the re-
lationship between E and J-variables. This is probably the reason one can
hardly find the action-angle analysis in the rigid body mechanics. Passing to
the isomorphic problem for the rigid body we obtain that

J oI (E— V() — S22 JMOSQHJM@ 124
)= P2 E -y - (4.24)
where ¥ = r/R. Substituting here z = — cos ¥, we obtain for the geodetic case
that
J J2 4+ J? dx
2 Ex? — oI — ¥ . 4.2
7{¢ v = e-nern P

This integral may be calculated according to the usual rule for integrals of the

form
R (\/ax2+bm+c,m> ,

where R denotes a rational function of indicated expression. Of course, the
corresponding indefinite integral is elementary one and can be calculated, then
the resulting definite integral (the doubled value between the turning points)
may be in principle obtained in this way. There is however plenty of possibilities
of making mistakes and it is much more convenient to use here the method
of complex integration, as elaborated by Max Born in analytical mechanics
and the old quantum theory. Replacing x by the complex variable z, we see
that there are exactly two branch points, i.e., just the classical turning points.
Therefore, the action variable Jy (J;,J;) may be calculated as the contour
integral along the path infinitesimally surrounding the cut joining the branch
point along the real axis. There are also three poles, i.e., z = -1, 2 = +1, z =
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oo. Surrounding these poles by additional contours and taking the composed
unconnected contour consisting of the above four ones, we finally conclude that

Jy = —2miRes_1 — 2miRes; — 2miResyo,

where, obviously, residua are calculated for the total integrand. After some
calculations one obtains that

Jp — J,

Res | = —Mi,
41
Jo+ J,

Res; = et 1/1‘2-’
47

Reso,o = V2IE1.

Thus, finally,
ATV2IE = 2Jy + |Jp — Jy| + |Jp + Ty .

Only now, after all calculations, the degeneracy is seen on the level of action
variables, although it was obvious from the very beginning from the spherical
top analogy. There are however some delicate points, namely, the structure of
this total degeneracy is a little bit different in the four regions of the phase
space:

(i) (Jp > Jy) N (Jp > —Jy), ie., J, > |Jy|, then opening the absolute value
sign we obtain that
(Jﬂ + J@)Q

F—
8m2]

(i) (J, < Jy) A (Jp > —Jy), i.e., |Jy| < Jy, then

(Jﬂ + J¢)2

E =
82l

(1id) (Jp > Jy) AN (Jp < —=Jy), ie., |Jy| < |Jy| = —Jy, then

(Jog — Jp)

E p—
8m2]

(iv) (Jtp < Jw) A (J<p < —J¢), e, J, < — |J¢‘, then

(Jo = Jp)*

Jo
8m2]
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It is seen that there are four open regions of the phase space in which the formula
looks slightly different. Nevertheless, the difference is not very essential. In any
of these region one can introduce such action variables that only one of them
is essential for the energy, i.e.,

J2
EF=——.
8m2]

On the level of the old quantum theory according to the Bohr-Sommerfeld
postulates we have that
J =nh, n € Z,

and we obtain that
n2h?
ETL = a7
21

i.e., just as it should be.

By the way, it is seen from the formulas (4.22), (4.23), (4.24), (4.25) that
the above class of integrable problems contains also interesting non-geodetic
models. Obviously, this is the case when the structure of V' is appropriately
sited to other (geodetic) terms occurring under the square root sign. In any
case, it is seen from (4.25) that potentials of the type

V(z) = az? + B, a, 3 = const

do not violate the explicit solvability in terms of elementary integrals. If 3 # 0,
then they also do not violate the total degeneracy because the term with the
constant a will be simply absorbed by —2/FE and will regauge it. In other
words, in (4.24) we can simply use that

V(9) = dcos® 9 + [ cos,

i.e.,

V(r) = acos? % + Bos %,

with the same consequences concerning the explicit solvability and degeneracy.

For the general case (4.22) the same is true concerning the explicit solv-
ability, however, as a rule, the degeneracy will be removed there even for the
special case 3 =0 (i.e., 5 =0, 3 =0).

Let us now go back to infinitesimal affinely-rigid bodies, thus, in addition to
the gyroscopic degrees of freedom the deformative ones are taken into account.
As mentioned, when the polar decomposition is used, then for the kinetic energy
one obtains the formula (3.41) with & given by the expressions (3.42) and (3.43).
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Just as in the gyroscopic case we concentrate on the phenomena in the two-
dimensional spherical world. We use the same as previously parametrization of
this world, i.e., (7, ¢)- or (9, p)-coordinates. What concerns internal degrees of
freedom we use coordinates v, &, n, (, where

| cosyp —siny 1 &
U(w) - |: sinw COSQb :|’ A(£7777C) - |: 77 C :|a

and U, A are factors of the polar decomposition.
After some calculations we obtain that

T o= Tt o= () e (22)
-\ \at R\ dt

J1§ + (J1 + Jo) 1 +J2C)

dt

(1 () v () +0(2))

where the micromaterial coordinates are chosen (always possible) in such a way
that the inertial quadrupole is diagonal, i.e.,

Ji 0
=10 n)
Obviously, w is given by (4.6). The first term of Tiy above, i.e., the first
term of (3.41) when n is specified to 2, is the centrifugal contribution; the
coefficient at w?/2 is the dynamical deformation-dependent inertial momentum
of the U-rigid body (the material tensor AJA in (3.41)). The second term is the
Coriollis contribution to Tiy, i.e., the coupling between angular and deformation
velocities (Tr (AJ(dA/dt)©) in (3.41)). And the third term of Tiy is the kinetic
energy of pure deformations (Tr (J(dA/dt)?) /2 in (3.41)).

It is seen that even the purely kinetic term is rather complicated and there is
no hope for integrability (or any kind of rigorous solvability) even if the potential
term has a simple structure adapted to that of T. Obviously, the most natural
potentials are those given by scalar invariants of the Green deformation tensor,
i.e., analytically

l
2

dn dc
< Jlndt (J1§ = Jam) dt+J277 >
41
2

oo | €+t nE+Q
nE+¢) €+’
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Obviously, in the case of some practical motivation some approximation or
numerical procedures are possible, however, for the general J there is no hope for
realistic potentials admitting integrability or some kind of analytical procedures.

As usual, this is possible however for highly symmetric systems, when the
internal inertia is isotropic, i.e.,

JAB AB — I(SAB.

This is explicitly seen when one uses the two-polar decomposition for internal
degrees of freedom.

For the general n we have the expression (3.44) with X, 9 given by the
expressions (3.45), (3.46), (3.47). And there is also no hope for integrability or
any kind of explicit analytical solvability. But again the special case n = 2, i.e.,
two-dimensional spherical world, is an exception.

Parametrization of the $2(0, R)-world is again the same, i.e., (r,¢)- or
(0, p)-variables. When expressed in terms of the two-polar decomposition, i.e.,

¢ =LDR™ € GL(2,R),

then ¢ is parameterized by generalized coordinates «, (3, A, i1, where

| cosa —sina | cos3 —sinf
Lia) = [ sina  cosa ] ’ R(B) = [ sinf3 cosf ] ’

In a partial analogy to (4.6) we obtain that

y:L—ldL—X[O _1} 3:3—1‘”%:19{0 _1]

d  “[1 0 dt 1 0
where p p p p
o r dp @ ©
= Xr r— B 1 - 12 197,
X = Xrl + Xd dt+COSRdt dt—l—cos 7
but ¥ has no “drive” term, i.e.,
g
9= —.
dt

Remark: do not confuse this 1 with the angle 9.
It turns out that to avoid some embarrassing cross-terms it is convenient to
introduce the “mixed” coordinates

1 1
vi= SOy sk, ymats S=ap
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The inverse rules read that
1 1
Azi‘r—i— y = — —(L” o = — —i—é, = — —5
\/5( Y) I ﬁ(y ) 5(7+9) p=50r-9)

The canonical momenta satisfy the contragradient rules

1 1

pm:ﬁ(p)\_pu)a pyzﬁ(pmtpu),
1 1
png(paﬂw), pazi(pa—pg),
and conversely,

1 1
pA:ﬁ(szrpy), pu:ﬁ(py_px)a

Pa = P~ + Ds, Pa = Py — Ds-

Remark: it is well known that the two-polar decomposition is not unique and
has singular points [49]. Therefore, for n = 2 the (a, 8, A, u)-parameterization is
not a diffeomorphism between GL(2,R) and T? x R?, i.e., the Cartesian product
of the two-dimensional torus and the real plane. Rather the representation
manifold T2 x R? is plagued by a complicated system of identifications [49] and
only the resulting quotient space may be interpreted as a proper representation
of our configuration space. What concerns the quantities =y, the situation is
even worse. They are “less proper” angular variables than «, 5 themselves are.
The reason is that the integer-entries matrix transforming (o, ) into (vy,d) has
the determinant —2, thus, different from +1. If we normalize it to the 41
determinant, then its entries will be no longer integer. Therefore, this matrix
is not a well-defined automorphism either of the torus T? or the lattice Z2.
The strange status of variables v, § is not misleading if it is not forgotten. And
of course, it is quite proper to say simply that to avoid some cross-terms in
the kinetic energy expression we replace the angular velocities y,d by their
combinations, i.e.,
a:=x+ v, b:=x—1.

Let us order our generalized coordinates ¢*, i = 1,6, as follows:
/r’ QO’ ’y’ 57 x? y‘
Then the kinetic energy will be written as follows:

_m dq' dg’
T = EG”(q)Eﬁ’
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where for the above ordering of variables the matrix [G;;] of the metric tensor
G consists of three blocks subsequently placed along the diagonal (looking from
the top to bottom):

(i) the 1 x 1 block M, i.e.,

(73) the 3 x 3 block My given as follows:

2 2 T I 2 2 2 r 1,2 T I .2 r
R*sin §+E(x +y)cos B mTTCoSf YT Cosp
- 1,2 r 1,2
My = ST COS [ - 0 ,
I, 2 r I,.2
my" oS 0 mY

(7i7) the 2 x 2 isotropic block M3, i.e.,

I L9
= —I = m
w=n= 1]
where, obviously, Is denotes the 2 x 2 identity matrix.

It is seen that now, when deformative degrees of freedom are taken into account,
the previous special case I = mR? does not lead to any essential simplification.
One can easily show that

\* r
det [Gy] = R* | — | 2*y*sin® —
et [Gij] <m>wywnR,

thus, the density of the Riemannian volume element equals

VIE = R (L) jaylsin .

= — ) |zy|sin —.
m 4 R

Explicitly, the block matrix [G;;] is given as follows:

My
[Gij] = My
Ms

The inverse contravariant tensor matrix [Gij } is obviously given by

M
] = ;! ,

where the inverse blocks have the forms:
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: ~1
(i) My~ =[1],
r 1 cos cos 7
R?sin® - R2sin® - R?sin® -
» -1 _ CSE  m 1 1 27 1 .27
(i) My" = | ~pgiz Tetrtes @iy |,
cos 7 1 42 1 1 o2
R a4 r m 1 —_ r
RZsin = mecte’ R T2t "2 Cig R ]

For potential systems with Lagrangians of the form
L=T-V(g),
the corresponding kinetic (geodetic) Hamiltonian equals
7= v
~ om (@)pipj
and the full Hamiltonian is as follows:

H=T+V(q).

According to our convention of ordering coordinates ¢*, ¢ = 1,6, i.e.,

T, 0,7, 0,T,,

the corresponding conjugate momenta p;, i = 1,6, are denoted and ordered as
follows:

PryPys Py Py Pxy Py-

In certain expressions it is convenient to use the original momenta p., pg, px,
py- First of all this concerns p,,pg because of their geometrical interpretation
respectively as spin and vorticity [49].
For the above potential systems the reduced Hamilton-Jacobi equation has
1

the form 95 S
i 0 090

—G(q)———

2m 0q* 0q¢?
We do not write it down explicitly because of the complicated and rather ob-

scure form of the resulting expression. The above block form is much more
readable and lucid.

V(g)=E.
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Just as in the gyroscopic case we are dealing here with non-orthogonal coor-
dinates (the 3x 3 block Ms) and it is not clear for us whether in some hypothetic
orthonormal coordinates (they exist, of course) the system is separable. It is
perhaps a little surprising that our kinetic Hamiltonian 7 has the separable
structure. Of course, for the system with deformative degrees of freedom as
above, the geodetic model is not physical because it admits unlimited expan-
sion and contraction. Therefore, some potential must be assumed and this is
just the problem, i.e., we could not determine a wide class of potentials com-
patible with the separability in our non-orthogonal, but nevertheless natural,
coordinates. Just as in the gyroscopic case we restrict ourselves to some special
class of potentials, assuming in particular that all angles ¢, «, 5 (equivalently
©,7,0) are cyclic variables. Therefore, the reduced action Sy is sought as a
function linear in angular variables and separable, i.e.,

So(q) = Sp(r)+ Sa(z) + Sy(y) + Ly + Cyy + Csd
= Sp(r) + Se(x) + Sy(y) + by + Coax + Cp3, (4.26)

where ¢, C, Cs5, Cy, Cg are constants. The relationship between (v,d) and
(a, B) implies that

Co=Cy+Cs5, Cz=C,—Cs,

ie.,

1
C =§(Ca+C@), Cs = (Ca—Cg).

1
2
As pq, pg corresponding respectively to the spin and vorticity in the flat-space
theory [49], we shall also denote the constants C,, Cj3 as s, j, thus,

So(q) = Sr(r) + Su(x) + Sy(y) + Lo + sa + jf.

Let us now quote the expressions for the action variables, i.e.,

2T
Jo = %padoz = Ca/da =2nC, = 27s,
0

2

Jg = ?{pﬁdﬂ = Cg/dﬁ = 21Cg = 27},
0
2w

Jo = j{pwng:f/dgo:%ré.

0
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Let us assume that the potential energy separates explicitly with respect to
acyclic variables, i.e.,

V(’I“, x,y) = V;"(T) + Vx(x) + Vy(y)

Then the resulting Hamilton-Jacobi equation also separates and denoting the
corresponding separation constants by C,., Cy, C, we have that

Cr+Cp+Cy=FE,

and then

1 dr 2 J _Ja L2
(S) +(<p COSR) +Vilr) = E—Cy—Cy, (427

2m \ dr 8m2mR2 sin2§
1 (dS:\>  (Ja+Js)°
1 Vi) = G, 42
21 < dx > * 32712 [ x? + Vala) ¢ (4.28)
1 (dS,\?  (Jo—Jp)?
B ) —- C, 42
() + v = G (1.20)

Therefore, after expressing C,, = s, Cg = j, C, = £ with the help of J,, Jg,
J,, we obtain for the remaining action variables the expressions

_ (Jo + Jg)

Jp = pxdaz —]{\/QI Cy — Va(x)) 16222 dx, (4.30)
_ (Jo — Jﬁ)

Jy = pydy —?{\/21 Cy—Vy(y)) — 167252 ————dy, (4.31)

L==fmw (4.32)

(J<p — J, cos }%)2

dr.
472 R2 sin? =

:L%Qm@@%WM)

Due to the cyclic character of ¢, «, 3, the true dynamics is contained in (4.27),
(4.28), (4.29) or on the level of action variables in (4.30), (4.31), (4.32). Obvi-
ously, the microdeformation dynamics is described by (4.28), (4.29) or equiva-
lently by (4.31), (4.32). Unlike this, (4.27) and (4.32) describe the dynamical
influence of the “North Pole” (r = 0) and “South Pole” (r = mR) on the transla-
tional motion. The dynamics of deformation invariants z,y is in many respects
similar to the one in [37] (the combinations (D1 — D) /v/2 and (D + D3) /v/2
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in [37]). The r-geodetic model with V; = 0 is obviously well formulated. But
in d’Alembert models the (x,y)-geodetic case (V, = 0, V, = 0) would be quite
not physical because of admitting unlimited expansion and contraction of the
body. This is not the case in affine models where the “elastic vibrations” may
be encoded in the very kinetic energy.

The procedure is now as follows. We assume some particular forms of the
deformative potentials V,,, V,, basing both on some physical arguments (taken,
e.g., from elasticity theory) and on the possibility of explicit analytical calcu-
lations (at least in terms of some familiar special functions) [37]. And later
on, calculating (4.30), (4.31) and inverting the resulting formulas, we express
C, in terms of J,, Jo, Jg and C, in terms of J,, J,, Jg. These expres-
sions show some kind of "degeneracy” because C, depends on J,, Jg through
the integer combination J, + Jg, and similarly, Cy depends on them through
Jo — Jg. However, this does not prejudice the true degeneracy of the Hamilto-
nian. Substituting C; (Jz, Jo + J3) and Cy (Jy, Jo — Jg) to the main dynam-
ical formula (4.32) and assuming again some functional form of V,. (e.g., just
V, = 0 in the translationally-free case), we in principle calculate J, in terms of
E,Jy, Jg, Jp, Jz, Jy. And again, solving this expression with respect to E, one
finds in principle that

E=H(Jr,Jp, o, 3, Iz, Jy) -

Without assuming the particular, both physical and analytically treatable, form
of potentials one cannot a priori decide about problems concerning hyperinte-
grability (degeneracy) of the above integrable models.

Just as in the flat-space problems, there exist reasonably-looking models
separable in other coordinates in the space of deformation invariants, moreover,
separable simultaneously in several systems of coordinates in this space, thus
probably degenerate (hyperintegrable) ones.

An interesting class of separable models is obtained when one uses the polar
coordinates (p,¢) in the space of deformation invariants:

T = psing, Y = pCOSE. (4.33)
Then the kinetic energy
m dq* dg’
T — Gai(g) 22 21
kAT

with coordinates ordered like

(¢",¢* ¢, qa* ¢°. %) = (r.0,7,6.0.€)
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7
has the block matrix of the metric components
K,
[Gij] = Ky ;
K3
where
Ky = [1],
R?sin? 5t %92 cos? = %92 sin® € cos & %g2 cos? e cos =
Ky = %92 sin’ € cos 5 %92 sin? e 0 ,
%92 cos? € cos = 0 %92 cos’ e
(4.34)
I
= 0 I|1 0
The inverse metric tensor G¥ underlying the kinetic part of the Hamiltonian is
given as follows:
Kt
(6] = Ky !
K;!
where, obviously,
-1
Kl = [1]7
r 1 cos 5 cos 5 7
R2 sin? 5 R2 sin? 5 _m
-1 _ cos i 1 1 4.2 14,2
K2 - R? sm}g% %92 sin? e + ﬁCtg }% ﬁCtg % ’ (435)
cos & 1 27T m 1 1 27T
L R2 sin§% WCtg R T o2cos?e + @Ctg R

mo m[1 0
-1 1 _ "
=0 a -7l 2]

Q2
Obviously, the purely kinetic (geodetic) Hamiltonian is given by

1 ..
T = Y iPjs
QmG (@)pip;

where the canonical momenta are ordered as follows:

(p1,DP2,P3,P4,D5,P6) = (Pr, Do Dys D5, Pos D )-
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Strictly speaking, our “polar coordinates” p, € are rotated by 7 /2 with respect
to the usual convention,but for some reasons it is convenient for us.

Tensor densities built of the metric G;; are in these coordinates given by
the expressions

2T

N, :
G = det[Gi] = R? <m> o' sin? € cos® e sin R
I\?2 9 . LT
VG = R( =) o*[sinecose|sin—.
m R
As previously, the system is separable (thus, completely integrable) for poten-
tials independent of ¢, a, . Then the reduced action Sy is given by
So(q) = Sp(r) + o + Coac+ Cpf + Syp(0) + Se(e),

where as previously ¢, C,, Cg are integration constants. Using again the terms
of spin and vorticity s,j we can write that

So(q) = Sr(r) + bp + sa+ jB + Sy(0) + S:(e).

It is easily seen that such problems with cyclic variables ¢, «, § are separable
for deformation potentials of the form

V. (e
W@+;X (4.36)
i.e., for the total potentials we have that
v
vw@azwm+%@+2?. (4.37)

Just as previously the action variables J,, Jg, J, are given as follows:

2T
Jo = %padoz = Ca/da =2nC, = 27s,
0

2

Jg = ?{pﬁdﬂ = Cg/dﬁ = 21Cg = 27},
0
2w

Jo = j{pwng:f/dgo:%ré.

0
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Then S,, S¢, S, satisfy the ordinary differential equations

ds,\?
0? <d;> +2I0%(V,(0) = C) = —2IA,
ds. 2 Jc% + 2J4Jg cos2e + Jg
21V, = 2[A
< de > * 472 sin? 2¢ 20Ve(e) ’

2 (Jp — Jacos %)
1<dSr> (Jo cos %) _ BoC-V.),

2m \ dr 8m2m R2 sin? =

where C and A are the separation constants. More precisely, 21 A is the constant
value of the Hamilton-Jacobi term depending only on ¢, and (E — C) is the
constant value of the r-term. Therefore, the remaining action quantities are
given by:

J2 + 2JoJg cos2e + J
J. = f{ 21(A — Vi(e)) — — de,  (4.38)
472 sin” 2¢

J, = 7{\/21(0 —V,(0) - 2912‘4619, (4.39)

(J¢ — J, cos %)2

2P2 qin2 T
47TRSII]R

Jp = 7{ 2m(E — C — Vi (r)) — dr. (4.40)

And again the calculation procedure is as follows. Some explicit forms of con-
trolling potential functions V, V,, V. must be specified on the basis of micro-
physical, phenomenological, or simply geometrical arguments. Later on one
“calculates” the integral (4.38) and expresses J; as a function of A, Jy, J3, i.e.,

Je = J: (A, Jo, J3).

Solving this expression with respect to A, one obtains the formula for A as a
function of three action variables:

A=A(Jy, J5,J.).

Substituting this to (4.39) and “calculating” the integral, one obtains J, as a
function of C, J,, Js, J., i.e.,

Jy=Jy(C, e, Js,J2) .

Solving this with respect to C, one can in principle express C' as function of
four action variables:

C =C(JoJg, g Jc).
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And finally, this expression is substituted to (4.40) and then we obtain the
formula for J, as a function of E, J,, Jg, J,, Je, Jy, ie.,

Jr = Jo(E, o, Jg, J gy Jey J).

Solving this with respect to E, one obtains the concluding formula expressing
E through the (six) action variables:

E=H(Jr, g, Jas I3, Jg, Je).

Unfortunately, unlike in the mechanics of material point moving in a central
field, even the partial degeneracy cannot be concluded directly from the formu-
las (4.38), (4.39), (4.40) without performing the integration process based on
some fixed forms of the potential controlling functions V, V,, V;.. And just (and
even more so) like in the mechanics of infinitesimal gyroscope, interaction with
internal degrees of freedom removes the total degeneracy of the material-point
Bertrand models (4.3), (4.4).

The potentials of the form (4.36), (4.37) are very convenient from the point
of view of nonlinear macroscopic elasticity. Being compatible with the very
nature of deformative degrees of freedom they are also interesting in the theory
of infinitesimal objects. The following example is very instructive, moreover in
macroscopic nonlinear elasticity in two dimensions it is almost canonical [49]:

2 2
_923(:;26—1—}2[@2:%()\1#4-/\ —;—,u ), x> 0. (4.41)
The first term prevents any kind of collapse of the two-dimensional body: to
the point or to the straight line. The second term of the “harmonic oscillator”
type prevents the unlimited expansion. The natural state A = p =1 (no defor-
mation) minimizes the potential energy V; it is a stable equilibrium. Extension
in one direction is accompanied by contraction in the orthogonal one. One
can invent plenty of similar potentials just using the polar coordinates g, e in
the space of deformation invariants. The above one is particularly simple and
suggestive; it is also well suited to the analytical procedure.

4.2 Pseudospherical case

Let us now consider the same problems on the pseudosphere, i.e., on the two-
dimensional Lobatshevski space. We assume it to have the pseudoradius R,
therefore, the constant negative curvature R = —2/R?. The most natural
realization of this space is the “upper” shell of the hyperboloid in R3, i.e.,

—2? —y? 4+ 22 = R?, z > 0.
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We denote it as H>%%(0, R). Its metric tensor is obtained as the restriction
(injection-pull-back) of the Minkowski metric:

da? + dy? — d2>.

Again we introduce the “polar” coordinates (r, ), where r is the geodetic dis-
tance measured from the “North Pole” x = 0, y = 0, z = R, and ¢ is the
“geographic longitude”, i.e., the polar angle in the sense of the plane z = 0.
Remark: the “South Pole” x = 0, y = 0, 2 = —R is not interesting for
us as it is placed on the “lower” shell of the hyperboloid, i.e., on the other
connected component. H?%*%(0, R) is not compact and the radial variable r
has the infinite range [0, 00]. We shall also use the pseudoangle ¥ = r/R. The
parametric description of H*%%(0, R) C R3 is given by

x = Rshd cos ¢, y = Rsh¥sin ¢, z = Rchd.

Expressed in terms of coordinates (r, ¢), the metric element of H%%%(0, R), in
analogy to (4.1), has the form

ds? = dr? + R28h2%dg02.

And in general, practically all pseudospherical formulas may be obtained from
the spherical ones by substituting hyperbolic functions instead of the corre-
sponding trigonometric ones. In certain expressions one must be however care-
ful with signs. So, the translational kinetic energy, in analogy to (4.2), has the

form ) )
_m dr o1 [dp

And again there are two Bertrand-type potentials [35, 40], i.e.,

(1) the “harmonic oscillator”-type potential:

V(r) = gR%hZ%, x>0, (4.42)
(7i) the “attractive Kepler-Coulomb”-type one:
Vir)=—-2cthe,  a>0. (4.43)

R R’

With these and only these potentials all bounded orbits are closed. And now the
term “bounded” is essential because the ”physical space” is now not compact.
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And indeed, there exist unbounded motions corresponding to energy values
exceeding some thresholds. It is interesting that unlike in the spherical world,
in Lobatshevski space the isotropic degenerate oscillator has an open subset of
unbounded trajectories because the potential (4.42) has a finite upper bound,
i.e.,

Sup V = gRQ.

For energy values above this threshold all trajectories are unbounded, the mo-
tion is infinite. Below this threshold all trajectories are not only bounded but
also periodic.

The existence of threshold in (4.43) is not surprising, it is like in the usual
Kepler in R?. But the threshold for the isotropic degenerate oscillator is a very
interesting feature of the Lobatshevski “world”.

Let us now consider an infinitesimal gyroscope. The success of (4.5) suggests
us to use the orthonormal basis

9 1 0 1

Bi= =&, By =&,
or v Rsh ¢  Rshp v
or in terms of components:
1
E, =[1,0" E, = 17,

It is easy to see that this aholonomic basis is really orthonormal because

r

Iro = Gor = 0, Grr = 1, Jop = sthQE.

We formally repeat all considerations of the spherical case, i.e., all formulas for

Christoffel symbols are analogous, the trigonometric functions are replaced by
the hyperbolic ones, etc. Preserving the same notation we obtain that

dy w:wrl+wdr:dz/} hrdcp dp

at TR e T +Ch19dt

Wyl =

Ea
In analogy to (4.7), (4.8) we obtain that
T = Tu+Tin (4.44)
m dr\ 2 r (dp 2 I [dy %) 2
- ) L pren2l (&2 (¥ ial®
2<<dt>+ i R<dt>>+2<dt+CRdt ’
i.e.,
T = ﬂr"‘ﬂnt (445)
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When the generalized coordinates (¢!, ¢%, ¢®) are ordered as previously, i.e,
(r,p,1), then the corresponding metric on the configuration space is given as
follows:

1 0 0
Gol= | 0 R+ phoath) Leng | ()
I I

The kinetic energy is then given by the expression

m dq* dg’
T=—G;i(q)——.
5 Gl D) g
The contravariant metric [Gij ] has the form

1 0 0
y _1 __chy
[G”] =0 R2sh2§ R2sh2§
ch%
_ 9% om 1 4127
I 0 Py 1 + gzcth™; |

For potential systems the corresponding geodetic Hamiltonian is written as
follows:

1 .
T = %G” (@)pipj,
where, obviously, the generalized momenta (p1, p2,p3) are ordered as follows:

(Pr, Dgs Py)-
The weight-two density built of G has the form

G = det [Gyj] = RQEshQ%, (4.47)

and the weight-one density defining the volume element is given by

VG = R\/Zsh;. (4.48)

It is seen that the spherically very special case I = mR? here, in the pseudo-
spherical case also leads to some simplification of [G;;], but not so striking one
as previously. This fact has deep geometric reasons which will be explained in
the sequel.
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Namely, in the spherical space an essential point is the natural identification
between the quotient manifold SO(3,R)/SO(2,R) and the spheres S2(0, R),
S2(0,1). And this has to do with the formal identification between two-dimen-
sional rigid body moving over the spherical surface and the three-dimensional
symmetrical top without translational degrees of freedom. The special case
I = mR? corresponds to the spherical top. In general the kinetic energy is then
invariant under SO(3,R) x SO(2,R). In the three-dimensional top analogy
SO(3,R) is acting as left regular translations and SO(2,R) as right regular
translations corresponding to the group of rotations around the body-fixed z-
axis. If I = mR? we have the full invariance under SO(3,R) x SO(3,R).

In the hyperbolic pseudospherical geometry the problem is isomorphic with
the three-dimensional Lorentzian (Minkowskian) top on R®. The rotation group
SO(3,R) is replaced by the three-dimensional Lorentz group SO(1,2). And
still an important role is played by SO(2,R) interpreted again as the group of
usual rotations in Euclidean space of (x,y)-variables (thus, not affecting the z-
direction). The above kinetic energy (4.44), (4.45) is invariant under SO(1, 2) x
SO(2,R). But it is never invariant under SO(1,2) x SO(1,2), i.e., under left
and right Lorentz regular translations in the SO(1,2)-sense. The spherical
special case I = mR? does not help here. Indeed, the underlying metric G
(and the kinetic energy itself) is positively definite. But the doubly-invariant
(SO(1,2) x SO(1,2)-invariant) metric on SO(1,2), i.e., its Killing metric is not
positively definite. Instead it has the normal-hyperbolic signature (++—). The
reason is that it is semi-simple (even simple) non-compact group. This brings
about the question about non-positive kinetic energies (metric tensors) on our
configuration space. As the negative contribution to the Killing metric tensor
on SO(1,2) comes from its compact subgroup SO(2,R) of (z,y)-rotations, i.e.,
from the gyroscopic degree of freedom in the language of H%2%(0, R), there is
a natural suggestion to invert the sign of the gyroscopic contribution to (4.7),
(4.8), i.e., to make it negative. One is naturally reluctant to indefinite kinetic
energies but there are examples when they are just convenient and very useful
as tools for describing some kinds of physical interactions [42, 44, 45, 46, 47,
48, 49, 50, 51], just encoding them even without any use of potentials.

So, we can try to use, or at least mathematically analyze, the ” Lorentz-type
kinetic energies” Ty, of the form

m dr\? 9 o1 (dy 2 I dw r deo
L = 2<<dt> +RShR(dt AV hﬁa

mR2 [ (d9\? . [(de\?\ I [di 2
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Thus, it is so as if the extra rotation diminished effectively the kinetic energy
of translational motion. If we write as usual that
m dq’ dg’
T, = —1Gii(Q)———,
L= 5 rGila) g g
then, with the same as previously convention concerning the ordering of coor-
dinates (r, ¢, 1), we have that

1 0 0
LGyl = | 0 B (shif, - lach?f) —Lehp
I I

(compare this with (4.46)). And now, obviously, the remarkable simplification
occurs in the very special case I = mR? just as in the spherical symmetry. This
has to do “as usual” with the enlarging of the symmetry group from SO(1,2) x
SO(2,R) to SO(1,2) x SO(1,2) (two additional parameters of symmetry). And
namely, ;G becomes then Lé, i.e.,

5 1 0 0
[LGZ‘]} =10 —R? —R%h%
0 —chh% —R?

(compare this with (4.16) and notice the characteristic sign differences).
The weight-two scalar density built of ;G has the form

r
Eox

I
det [Gyj] = —RQEsh2 =

so it differs in sign from (4.47). This difference obviously does not influence the
density of Riemannian volume element, i.e.,

(I _r
|det [LGij] | = R Eshﬁ,

exactly as in (4.48). This fact is of some interest.
As usual, the geodetic Hamiltonian is given by the expression
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where ;G% are components of the contravariant inverse of 1Gij. They are given

as follows: ) )
1 0 0
y 1 __chy
(LGY] = 0 R2sh? T R2sh’ T
0 Ch% m 1 th?r
Tman 1 TR

Obviously, if we use the above isomorphism between the two-dimensional top
sliding over the Lobatshevski plane with the three-dimensional Lorentz top
without translational motion in R3, then it is clear that ;G is, up to normal-
ization, identical with the Killing metric tensor of SO(1,2). Let us quote some
formulas and concepts analogous to three-dimensional angular velocities, i.e.,
to (4.10), (4.11). And then the kinetic energy will be expressed like in (4.15).

First of all we parameterize SO(1,2) with the help of what we call the
“pseudo-Euler angles”. So, let us write that

SO(172) 2 L(%ﬂﬂl)) = UZ(‘P)LI(ﬂ)Uz(w)a

where the meaning of U, is like in (4.9) and L, denotes some Lorentz transfor-
mation in R?, namely, the “boost” along the z-axis, i.e.,

1 0 0
L,(¥)=1] 0 chy shd
0 sh® chy

During the motion all these quantities are functions of time and we can calculate
the corresponding Lie-algebraic element
~ dL
A=L1—>
dt’
i.e., the co-moving pseudo-angular velocity. After some calculations we obtain
formulas analogous to (4.11), (4.12), (4.13), (4.14), and namely,

0600 001 |0 =10
A=A |0 0 1 |4+X|00O0{+Xx|1 0 0],

010 1 00 0 0 O

where

~ . dyp dy

A= shz?smwﬁ + 0051/157

~ dy o do

Ao = —shdcos 1/1% + sin wa,

N =

dt dt’
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Both the similarities and differences in comparison with the corresponding
spherical formulas are easily seen.
And now we can write two formulas analogous to (4.15), i.e.,

T = % (X1)2 + g (X2)2 + g (Xg)Q, (4.50)
S R S

where K > 0 and I > 0. This is the symmetric SO(1,2)-top in R3. The indefi-
nite expression (4.51) is structurally suited to the normal-hyperbolic signature
of SO(1,2). When K = I, then it becomes the spherical Lorentz top in R? in
the indefinite version based on the Killing metric.

It is easily seen that both expressions (4.50) and (4.51) are invariant under
SO(1,2) x SO(2,R), where SO(1,2) and SO(2,R) acts on SO(1,2) through
respectively the left and right regular translations. The form (4.51) with K =
I is invariant under all regular translations (both left and right), i.e., under
SO(1,2) x SO(1,2). And specifying K = mR? in (4.50) and (4.51), we obtain
respectively (4.44) and (4.49).

Let us now turn to the Hamilton-Jacobi equation and action-angle variables.
Just as previously, ¢, are cyclic variables in the kinetic energy term and we
assume that the same is true for the total Hamiltonian, i.e., that the potential
energy depends only on the variable r. Because of the non-diagonal structure of
[Gi;] and [1Gjj] in the natural variables (r, ¢, ), it is rather difficult to decide
a priori what would be (if any!) the form of the general separable potential.
So, just as in (4.19) the reduced action Sy is sought (with the same meaning of
all symbols) in the form

So(r, o, s B, L, s) = Sp(r, E) + lp + s1).

Just as in (4.20) the genuine dynamics reduces to the radial function which
satisfies the equation

ds,\* (E_SCh%)Q m o

The =+ signs in (4.52) refer respectively to the models (4.44), (4.49). Just as in
the spherical case p,, py are constants of motion and their constant values on
fixed trajectories equal

98 a5

p¢_%:£7 p¢:%:5
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And, of course, their action variables are given as follows:

2w

Jo = jépwdgo = /ﬁd(p = 274,

0
27

Jy = fpipd?b = /sdw = 27s.
0

Substituting this to the radial action expression and to (4.52) we obtain for

JT = %prdr

the following formula:

2 2
(Jo = Jychg)”™ , m Jy
J = 7{ 2m(B = V() ~ o e il (45
(with the above-mentioned meaning of the + signs).
From now on the procedure is just as previously. After substituting here
some particular form of V' we perform the above contour integration and (at
least in principle) determine the dependence of J, on E, J,,, Jy, i.e.,

Jr = JT(E7 ng Jw)

Solving this equation with respect to E, one obtains the final expression for
Hamiltonian:

E =H(Jp, Jp, Jyp)-

Just as in the spherical case no degeneracy structure may be directly deduced
from (4.53) even in the special case of the minus sign and I = mR2.

An important point is that, because of the uncompactness of the Lobat-
shevski space, the geodetic motion (V' = 0) is unbounded, and then obviously
the action-angle formalism becomes meaningless. Nevertheless, even for un-
bounded motion the isotropic models with V' depending only on r may be
effectively studied with the use of explicitly known constants of motion and
reduced to first-order ordinary differential equations.

Let us now consider a deformable top moving in Lobatshevski space. All
symbols concerning internal degrees of freedom are just those used in spherical
geometry. The metric tensor G underlying the kinetic energy expression, i.e.,

m dq* dg’

T = EG”(Q)EE’
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has the form analogous to the spherical case with the trigonometric functions
simply replaced by the hyperbolic ones without any change of sign. Thus, the
matrix [G;;] consists of three blocks My, My, M3, where

My = 1],
RQShQ% + % (acQ + yz) chQ% %$20h% %y%h%
My = %CEQCh% %xz 0 ,
y T

I L
M32m12:|:78 I:|‘

m
When deformations are admitted, then there is no particular geometric mo-
tivation for discussing the “Lorentzian” model with the indefinite kinetic energy.
This is nevertheless possible and formally simply consists in replacing I by —1I
in all formulas; in other words negative “inertial moments” are admitted.
For the inverse contravariant metric [Gij ] underlying the geodetic Ha-

miltonian, i.e.,

1 ..
_ ij .
T 5. C (@)pipy,

we have the block structure also quite analogous to the spherical formulas:

—1
M =1],
r 1 chp chp 7
R2sh®~ R2sh?Z R2sh?~
Ml | —PE om1o 12 1 eth2r
2 R2sh?% T 22 T R? R R2 R )
ch%
SR 1 oth2r m1l 4 1 4h2r
Rerrs zCth™ T+ RzCth™ 5 |
m
-1 _ m . T 0
M3 - iIQ - m .
1 0 7T

The corresponding scalar GG-densities are given as follows:
o (1 ! 22427

I\? T
VIG] = R(m> \azy|shﬁ.
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Again we assume that the potential energy does not depend on the angles
p, a, O, i.e., they are cyclic variables for the total Hamiltonian. So, just as
previously, the complete integral of

1 050 0S50

5—G(q)

2m q' gy
will be sought as a linear function of all angles, i.e.,

Solg) = Se(r) + Sz(x) + Sy(y) + b + Cyy + Cso
= Sp(r) 4+ Se(x) + y(y) + bp + Cacr + CpP,

with the same as previously relationships between constants. Coming back to
the more familiar spin and vorticity symbols s, j, we have that C, = s and

Cp = j. The action variables corresponding to J,, Jg, J, are respectively given
by the same formulas like in the spherical geometry:

+V(g)=F

Jo = ?{pada = Ca/da =2nC, = 27s,

2w

Jg = fpﬁdﬂ = Cg/dﬂ = 2nCy = 27y,
0
2m

Jp = ?{pgpdgo:K/d(p:%rE.

0

Similarly, when the (z,y)-deformation invariants are used, the most natural
separable potentials have the explicitly separated form:

Vir,z,y) = Velr) + V(@) + Vy(y)-

Then, just as in the spherical case, denoting the separation constants by C).,
Cy, and Cy, we have that

Cr+Ce+Cy=FE
and the expressions for J,, J,, J, just analogous to (4.30), (4.31), (4.32), namely,

(J + Jg)
r - T - 21 3
J, p dx = %\/ Cyp — Va(z)) — 162222 ———dx
(Ja — JB)
Jy pydy ]é \/ (Cy=Vy(¥) = 53 )2 5oy,

Jp — Jach
JIr fprdr—%\/?m E—-Cy—Cy—Vu(r))— (47T2R28h2T) dr.
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The procedure of eliminating constants C, C, and expressing £ through the
action variables, i.e.,

E=H(Jr, Jp Ja, I3, s Jy),

proceeds exactly as in the spherical case.

Exactly as in the theory of deformable gyroscope in the spherical space it is
convenient and practically useful to parameterize deformation invariants with
the use of polar variables g, € (see (4.33)). The only formal difference is that
the trigonometric functions of /R (but not those of ¢!) are replaced by the
hyperbolic ones without the change of sign, thus, (4.34) and (4.35) take on
respectively the forms

[ R28h2§ + %QQC}F}% %92 sin? ech %92 cos? echy
_ I 2.2 I 2.2
Ky, = ~;0°sin“echp ~-o“sin“e 0 ,
I 2652 T I 2. .2
i -0~ cos” echg 0 ~-p“cos’e
1 cht cht 7
25h2 T T R2 }%L T R2 %L
R2sh® 5 R2sh® 5 R2sh® 5
Kyt = S S Arcth? s
2 - RQShQ% T o2sin%¢ ' R2 R R2 R
ch%
_ R A th?2r m__1 A ih2r
| TR L rrCth R T 7oo?z T w2 Cth° R |

And obviously the other blocks are identical with those from the spherical
geometry. The metrical scalar densities are given as follows:
I

# ()

) r
— ) o*sin®ecos?®e sh?—,
2
I . r
R(—) o*|sinecose|sh—.
m R

G = det [GU] R

ViG]

There are also no essential changes with the integration procedure, reasonable
deformative potentials models, and the action-angle variables. Just the trigono-
metric functions of r/R replaced by the hyperbolic ones.

4.3 Toroidal case

Let us now consider another interesting two-dimensional model, namely, the
motion of structured material points over the toroidal manifold, so this time
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over the Riemann space of not constant curvature. Obviously, we do not mean
the torus R?/Z2, i.e., the quotient of R? with respect to the “crystal lattice”
72; this would be flat, although topologically not trivial, space. Our torus is a
“tyre”, or rather “inner tube”, injected into R?® and endowed with the metric
tensor induced from R? (from its flat Euclidean structure).

Let R denote the “small” radius, i.e., the radius of circles obtained from
transversal orthogonal cross-sections of the tube by planes. The “large” radius,
i.e., the radius of the centrally placed inner-tube circle will be denoted by L.
The parametric description of the torus is given as follows:

x = (L+ Rcos?)cos,
(L + Rcos?)sin g,
z = Rsind,
where ¢ is the angle measured along the central inner circle (“along-tyre” angle)
and ¥ denotes the polar angle of cross-section circles (“around-tyre” angle)
measured from the external circle (maximally remote from the “tyre” centre).
Both ¢ and ¥ run over the usual angular range [0, 27] with its obvious non-

uniqueness. One can easily show that such a torus, denoted by T2%(0, L, R),
consists of points (x,v,2) € R? satisfying the fourth-degree algebraic equation

(1:2 +y2 —I—Z2 +L2 . R2)2 —4L2($2 +y2) =0.
Therefore, it is an algebraic manifold of fourth-degree because it is impossible
to lower the degree of the polynomial on the left-hand side.

After the easy calculation one obtains that the metric element induced on
the surface T2(0, L, R) has the form

ds? = R%*d9* + (L + Rcos9)? dp?.

Introducing as previously the geodetic length along the ”around-tyre” circles,
ie.,
r =Ry € [0,27R],
we can write that
2 2 \% . o
ds? = dr? + <L+RCOSE) dg?.

Therefore, the kinetic energy of the structure-less material point is given by the

expression
m [ (dr\? r\2 (dp\?
T = — — L — —
¢ 2 <<dt> +< +RCOSR) (dt))
2 2
m o [ dV 5 [ dp
= — — L — .
5 (R <dt> + (L + Rcos?) (dt) )
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In analogy to spherical and pseudo-spherical formulas it is also convenient
to use the form

mR? [ (d9\? (L 2 rdp\?
T“—a((dt) “(5re0) (%) )

It is seen that again ¢ is the cyclic variable in Ti,. The along-¢ rotations, i.e.,
© — @ + a, are isometries, thus, d/J¢ is the Killing vector field.

As previously, the coordinates on T%(0, L, R) will be ordered as (9, ¢) or
(r, ), thus,

] = R? 0

gl = 0 (L+ Rcos®)? |’
y 4 0

g7 = | & :

[ ] [ 0 (L-i—Rlcosﬂ)2

and the density of Riemannian volume (area) is given as follows:

Vgl = R(L + Rcos?).

Separable potentials have the form

Vo ()

The simplest and geometrically interesting is the class of models invariant under
@-rotations, i.e., Vi, = 0. The angle ¢ is then a cyclic variable. Unfortunately,
even the simplest case, i.e., the geodetic model V' = 0, is technically rather
complicated and leads to elliptic integrals (after an appropriate change of co-
ordinates).

One can easily show that the only not vanishing Christoffel symbols are as
follows:

Rsind

T¢ o« —T%, — _
¥ e L+ Rcos?’

L
1“19%0 = (R + cos 19> sin 9.

As expected, the most natural choice of the auxiliary field of frames FE is
one suited to coordinate lines, i.e.,
10 1 1 0 1

£, ¥ L+ Rcosd 0y L+Rcosﬁ5¥)

By=——
"R R

It is evidently orthogonal because

99p = 9o = 0, g9 = R?, 9o = (L + Rcosd)?,
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Let us now take into account internal degrees of freedom. We begin with the
infinitesimal gyroscope. The angular velocities are then analytically expressed
by the expressions

dip - e
Ea W =Wy +Wdr = dt ﬂdt

Wr] =

Therefore, the kinetic energy of the infinitesimal rotator is given as follows:

T = T+ Tt
i, de\?\ I (dy 2

_ 2 -
= 5 <R <dt> + (L 4 Rcos9)? (dt)>+2<dt+sm19dt> )

If we write it in the previous form, i.e.,

_m dq* dg’
T= Gl

with the ordering
(¢',¢% ) = (9,9, 9),

then
R? 0 0
[Gij]=1 0 (L+ Rcos?)?+ Lsin?d % sin ¢
0 % sin %

The inverse metric underlying the geodetic Hamiltonian is given by the expres-
sion

- # 0 0 -
. 1 sin ¥
[GU] = 0 (L+Rcos¥)? " (L+Rcos9)?
0 —,snd _ m M
L (L+Rcos®)2 T (L+Rcos?)? |

Up to the I-dependent normalization, the Riemannian density function is
like that for the structure-less material point, i.e.,

VG| = \/zR(L—FRCOS’ﬂ).

Just as in the spherical and pseudospherical spaces, the metric G is not diag-
onal in natural coordinates, therefore, without rather complicated analysis it
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would be difficult to fix the class of potentials compatible with the separation of
variables procedure. And again evidently integrable models are isotropic ones
when the variables ¢, ¢ are cyclic, i.e.,

1 ..
H=T+VW) = §G”pipj + V(9).
Obviously, the phase space coordinates are ordered in the usual way, i.e.,

(a'.a% a% p1.p2,p3) = (9, 0,905 D9, Py Py) -

For the action variables J,, J;, we obtain that

21

Jo = %p@dgp = /Kdgp =27/, (4.54)
0
2w

Jy = j{pwdw = /sdw = 27s, (4.55)
0

with the same meaning of symbols as previously and
So(V, ¢, ¥ E, L, s) = Sy(V, E) + b + s¢.

The true dynamics is contained in Jy which after the substitution of (4.54) and
(4.55) into

dSy
becomes as follows:

o :Rf\/m(E—V(ﬁ))— Uy = Jysin )" +? J

dd.

2
CA
472 (L + Rcosd)? 42

Assuming some particular shape of V(1), “performing” the integration, and
solving the result with respect to F, one obtains the final formula:

E =M (Jg,Jp, Jy).

No degeneracy is a priori seen without performing the integration, even for the
geodetic models, i.e., when V' = 0. An elementary integrability (if any!) may
be suspected, of course, only for V(#) built in a simple way from sin ¢, cos -
expressions.
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Let us now quote some formulas concerning an infinitesimal deformable top
moving over the toroidal surface. We restrict ourselves to the doubly isotropic
dynamical models of internal degrees of freedom and use the two-polar decom-
position of the matrix ¢. All symbols are just as in the spherical and pseudo-
spherical case, in particular, generalized coordinates ¢, i = 1,6, are ordered as

follows:

0, 0,7,0,2,y.
Angular velocities x, 0 of the two-polar decomposition are given by the expres-
sions

B do dp _dﬂ
X = Xl + Xdr = T +Sln?9dt 0= a0

where obviously «, 3 are the primary angles of the decomposition, i.e.,

S(r=4).

1
:7(7_‘_6)’ ﬁ:2

2
The general formula (3.44) implies then that

m dq* dg’
T =Ty +Tint = EGz’j(Q)EE;
where with the above ordering of generalized coordinates the matrix [G;;] con-

sists of three distinguished blocks M7, My, M3, and namely,

M, = [R?],
(L+ Rcos 19) (a: +y ) sin? ¥ %:1:2 sin ) %yQ sin? ¥
_ I, .2 I.,.2
My = ;o sind ottt 0 ,
I I
y2 sin? ¥ 0 Ry2

I
-~ 0 1

The Riemann density has the form

VG| = ( > lzy| (L + Rcos?).

The inverse matrix [Gij ] consists of the blocks

1
]\41_1 = |:.R2:| ;
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i _ sin ¥ _ sin 9 T
(L+Rcos¥)? (L+Rcos¥)? (L+Rcosv)?
M -1 _ _ sin 9 m 1 + sin? ¢ sin® ¢
2 = (L+Rcos9)?2 T z2 (L+Rcos¥)? (L+Rcos )2 )
_ sin ¢ sin? ¢ m 1 + sin? ¢
| (L+Rcos?)? (L+Rcos¥)? I y2 (L+Rcosv)? |
=0 m
Myt=| T - |==L.
0 ™ |77

As in all previous examples, the G-non-orthogonality of the natural coordi-
nates is a serious difficulty in analysis of integrability problems. And just as
previously, one can do something when the angles ¢, «, 3 are cyclic variables,
i.e., when V depends only on ¥ and deformations invariants x, y. Namely, the
system is separable for Hamiltonians of the form

H =T+ Vy(9) + Va(z) + V, (v). (4.56)

When V,;, V,, are chosen so that to prevent an unlimited extension or contraction
of the body, then they are capable to encode something like the dynamics of
nonlinear elastic vibrations. This is even much more true when we use the polar
coordinates (g, ¢), i.e., (4.33), on the plane of deformation invariants:

T = psine, Y = QCOSE.

In these coordinates the matrix [G;;] consists again of three blocks Ky, Ko, K3,
where K1 = M;, K» is just My with formally substituted (4.33), and K3 has

the form ;
L9 1 I[1 0
K?’_[O ééﬁ]_m[o @2]'

Just as in the spherical and pseudospherical case the problem is separable for
deformation potentials (4.36):

V(e
Vo) = Vilo)+ .
i.e., for the total potentials
V(e
V (9, 0,€) = Vy(9) + V(o) + Q(Q )

In particular, (4.41) is very interesting from the point of view of nonlinear
elasticity.



98 Special two-dimensional problems

The general procedure of constructing the action J-variables and discussing
degeneracy problems is just like in the spherical and pseudospherical cases. Let
us write down some explicit formulas.

According to our assumption about independence of V' of the angles ¢, «,
8 we have the following forms of the reduced action Sp:

So = Sp(¥)+ Sp(x) + Sy(y) + Lo+ sa+jp
= Sy(¥) + Sp(0) + S:(e) + by + sa + 33,
depending on whether we use the (z,y)- or (g, e)-variables in the plane of de-
formations invariants. Therefore, just as previously,

27

Jo = j{pada = /sda = 27s,

0

27
Jg = j{pﬂdﬁ = /jdﬁ = 2mj,
0

2m
Jo = j{p@dcp = /édcp = 27,
0

where s, j, ¢ denote respectively the constant fixed values of spin, vorticity, and
“orbital” angular momenta.

If Hamiltonian has the form (4.56), then the separation of variables proce-
dure tells us that

w—]{\/ﬂ Cp — V() — (Jo + J5)° A (4.57)

167222

J, = ]{ \/21 Cy — Vyly)) — <J167T2Jﬂ> dy, (4.58)

(Jp — Josin®)?
Jy=R 2m(E - Cp — Cy — Vu(9)) — ddg. 4.59
) j{\/m y = Vo) = et (459)

And again the procedure is like previously. When some explicit forms of V,,
Vy, Vi are assumed, the integrals (4.57), (4.58) are “calculated”, and then Cj,
Cy are expressed as functions of J;, Ju, Jg, ie.,

Co=Co(JuJatJs),  Cy=Cy(JyJa—Js).
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Substituting this to (4.59) and “calculating” the integral, we express Jy through
E, Jo, Jg, Jp, Jz, Jy. And finally, solving this expression with respect to E,
we determine E as a function of action variables, i.e.,

E =H(Jg,J gy s T3, Ty Jy) -

And unfortunately again without explicit calculations nothing may be decided
a priori concerning even some partial degeneracy.



Chapter 5

Three-dimensional problems

Now we are going to discuss the motion of structured material points in three
dimensions. We concentrate on the very interesting special case of the Einstein
Universe, i.e., compact constant-curvature space metrically diffeomorphic with
the three-dimensional sphere S3(0, R) € R*. This three-dimensional model is
quite different from the previously studied two-dimensional ones. The point is
that the spheres S3(0, R) are parallelizable, moreover, S3(0,1) may be identi-
fied in a natural way with the group SU(2). This means that the most natural
choice of the auxiliary reference frame F is that of basic generators of left or
right regular translations on SU(2), i.e., respectively, the basic system of right-
or left-invariant vector fields on SU(2). This frame may be easily chosen or-
thonormal. And all this means that the principal bundle of orthonormal frames
over SU(2), FM (SU(2), g) may be naturally identified with the Cartesian prod-
uct SU(2) x SO(3,R). The metric g here is obtained by the natural restriction
of the Euclidean metric in R* to S(0, R) and in the SU(2)-terms it is identical
up to a constant factor with the Killing-Cartan metric on SU(2). The latter is
invariant under left and right regular translations on the group SU(2).

Before going any further we return temporarily to the more general n-
dimensional formulation. This makes our description more lucid. So, we return
to the general formula (3.32) for the co-moving affine velocity (AZ, ie,

~ B ~ in do© 4
OF 4 = o PpTF popP a0 sVE + ¢ 13072 : (5.1)

Let us remind that Q is defined by the formula

= epOB
Dt €B A



102 Three-dimensional problems

i.e.,

~ Dey Det 4
OB _ (B _ B '
A <e ’ Dt> “ Dt

When the internal motion is gyroscopic, i.e., ¢ € SO(n,R), then obviously Q is
skew-symmetric in the Kronecker-delta sense, i.e.,

~

QBA = —QAB = —5Ac5BD§CD.

In the above formula (5.1) V4 denote the co-moving components of the trans-
lational velocity, i.e.,

~ - dxt
VA = eAin = GAZ' dt .
And we shall use the abbreviations (3.38), i.e.,
Qas = ¢ " rT popP peC sV 7, (5.2)
5 _1a_d¢Cp dptc _
0.4, — 1A A 1c 53
il B Y o C dt 1 B dt B (5.3)

thus,
Q= er + er = er + 9071er<)0~

If, as we always assume, the auxiliary frame E is g-orthonormal and I is the
g-Levi-Civita connection, or more generally it is some Riemann-Cartan connec-
tion, then the aholonomic components I'4 ¢ are Kronecker-skew-symmetric in
the first pair of indices, i.e.,

Mpe = -Tpc = —0prdTE 0.

It is not true for the holonomic components Fijk because they are not g-skew-
symmetric,

[ # =5’k = =g5ag" T
Let us now assume that the “legs” E4 of the auxiliary field of frames E

form a Lie algebra, i.e.,
[Ea, Ep] = C* 4pEk,

where CX 4p are some constants, just the structure constants of the algebra
with respect to the basis (..., E4,...). Lie bracket of vector fields in the above
formula is meant in the convention

(X, Y]'=X'Y"',;, -Y'X",
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i.e., as the commutator of X, Y when the vector fields are identified with first-

order differential operators: .
Xf=X"f,.

If some point xg € M is fixed, then the manifold M may be identified with
some Lie group and zg with its identity. Without distinguished zg the manifold
M is a homogeneous space of the corresponding Lie group with trivial isotropy
groups. In the Abelian case with the R™-topology of M this is just the difference
between the linear and affine spaces.

The algebraic Killing metric of the Lie algebra with structure constants
CX 1y has with respect to the basis (..., Ey,...) the components

Yap = CEAC kB,

The corresponding Killing tensor field on M is given in local coordinates as
follows:
Yij = vapEYEP;,

i.e., in the absolute tensor notation we have that
v = ’yABEA ® EB.

Obviously, it is not singular if and only if the Lie algebra given by structure
constants C' is semi-simple. It has the elliptic signature, i.e., is essentially
Riemannian when the underlying Lie group is compact. Then strictly speaking
the metric is negatively definite, but changing its over-all sign we obtain the
usual positive metric. The inverse algebraic metric 74P satisfies the condition

Y08 =68,
thus, the contravariant metric field on M is given as follows:
v = E' BT py"P,

or in the index-free form:
7=+7*"PE, ® Eg.

While %-jEiAEjB = v4p = const, then the metric tensors v, g on M define
practically "the same” geometries. And from now on we assume that « and ¢
just coincide at least up to a constant multiplier. Let us mention by the way
that this multiplier does not affect the Levi-Civita connection.

Let T'[E] denote the teleparallelism affine connection (3.26), (3.27) built
of E and S[E] is its torsion tensor (3.28). It follows from (3.30), (3.32) that
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S[E)*pc, i.e., the aholonomic coefficients of S[E] with respect to E, are given
as follows:

1
S[E go = 5CABC.

We have just assumed that the metric tensors v, g differ by an overall constant
multiplier A, thus,

YAB = XoaB,  7ij = Agij- (5.4)
Their common Levi-Civita connection will be denoted by {} or componentwisely
by { jzk‘ } According to the assumed relationships between g, E, v, the metric

tensors 7, ¢g are parallel under the connection I'[E] (i.e., the teleparallelism
connection is metrical with respect to 7, g). Therefore, following (2.1),

TE] ;4 = { jzk } + S+ Sikt + Sy

i.e., in the aholonomic terms:

K 1 1 1
T [E)" v = { M } + §CKLM + §CLMK - §CMKL-

The shift of “small” holonomic indices is meant here in the sense of g;;, whereas
the shift of aholonomic “capital” indices is meant in the Kronecker-delta sense.
But the FE-aholonomic components of the E-teleparallelism connection evi-
dently vanish, i.e., T[E]¥ y; = 0, so we obtain that

K 1 1 1
= ——C¥p— =Con™ + -Cu™p.
{LM} 2LM2LM+2ML
In semi-simple Lie algebras the structure constants are skew-symmetric in the
first pair of indices with respect to the Killing metric. As we have assumed the
latter to be proportional to the Kronecker delta, then we finally obtain that

K 1 1
{ LM } =50 =—5C

So, finally (5.2), (5.3) imply that

05 = Qa's+ s
1 .
= 3% Y eCF popP gl sVE + ¢

—1A dGDCB
dt
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It turns out that in certain formulas for kinetic energy it may be convenient
to use other representations for the relative (internal) aholonomic velocity.
Namely, from the point of view of GL(n,R)-objects €2 is the ”co-moving”
affine/angular velocity. One can also use the ”spatial” representation in R,
ie.,
dete ~ _
Qup = ¢ 195 = o pe Vg

There are also some additional possibilities concerning the M-representation,
i.e., literally understood spatial representation. Obviously, the most geometric
one is that based on the e-injection, i.e.,

- PN De’y
0. = BZAQABBB' — €A4

j j Dt €0

. o g . . B
M’y = €e'aQa"pe”y, 'y =e'ap”pe’y,

and so on. But one can also use the E-injection of R™ into the tangent spaces
of M, i.e.,

ﬁrlij = EiAﬁrlABEBjy Vi=FEi VA @' = FEap?gEB;,

and so on.

Let us now go back to the three-dimensional simple compact groups SU(2),
SO(3,R). In the standard representation structure constants are given by the
three-dimensional Ricci symbol:

K K
C%Lm =€ Lum, CkiM = €KLM

(again the shift of indices is meant in the Kronecker sense).

Some analytical expressions must be quoted now. Lie algebra of SU(2)
consists of trace-less anti-hermitian 2 x 2 matrices and it is customary to use
the standard basis a € SU(2), j = 1,2, 3, where

1

ap = 2037

and op denote the Pauli matrices:

101 10 =i |10
=110 2T li o]0 BTlo -1
Using canonical coordinates of the first kind & € R3, we have the expressions
for the SU(2)-elements

u(E) = exp (k:BaB) zlgcosﬁ—iagﬁsinﬁ (5.5)
2 k 2’ '
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where I, = [ 10 ] is the 2 x 2 identity matrix and

0 1
k= VE T =) + (62 + (1)

is the Euclidean length of k. The direction k/k € S2(0,1) of k runs over the
total indicated range, whereas the modulus k£ changes between 0 and 2w. All
vectors k with k = 27 refer to the same group element —I, € SU(2). For the
values of k larger than 27 the formula (5.5) would repeat the former elements of
SU(2). In this way & = 0 and k = 27 are singularities of the above coordinate
system. Obviously, ay obey the standard commutation rules, i.e.,

las,ax] =™ jxan.
The Lie algebra of SO(3,R), i.e., SO(3,R)’, consists of real 3 x 3 skew-symmetric
matrices. The standard basis is given by Ax, K = 1,2, 3, where

(A)" v = —ex"u,

and the trivial (purely cosmetic) Kronecker shift of indices is meant. With this
convention we have the same commutation rules, i.e.,

[As, Ag] = €My A
The exponential mapping
R (k) = exp (k7 Ay) (5.6)

leads to the explicit form of finite rotation matrices R (E)

R(E) -T=cosk-ZT+ (1—cosk) <k x) k +sink k X T,
k k k
with the standard notation @- b and @ x b respectively for the scalar and vector
product in R3.
Now k runs over the range [0, 7] and antipodal points on the coordinate
sphere k = 7 in R? are pairwise identified because

R(mn) = R(—nn)

for any versor m € R3, m-7m = 1. In this way k is the usual rotation vector,
k is the rotation angle (in radians), and m = k/k is the rotation axis in the
right-hand-screw sense, R(k)k = k. In particular, we have the intuitive formula

_ _ 1—- 1— _
R(k:)f:erkforgk:x(kx§)+~--+—'k:><(k:x---(k;xf)...)+--~,
. n:
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where the term with the 1/n!-factor contains n copies of k. The natural homo-
morphism

pr: SU(2) — SO(3,R)

is given by v — R, where

vu(k)v™! = u(RE).

Therefore,

ot (2®) = {u®u (-0 )} = {u, @}

The formula (5.5) injects the group SU(2) into the real four-dimensional
space spanned by matrices Iy, —iop, B =1, 2,3. Obviously, this space may be
identified with R*. It is seen that the sum of squared coefficients at the men-
tioned matrices equals one. This is just the mentioned identification between
SU(2) and three-dimensional unit sphere S3(0,1) C R*.

The Lie-algebraic Killing metric built of the structure constants e go has
the components

YAB = —204B,

therefore, in (5.4) we have that
A= —2.

The metric field on SU(2) or SO(3,R) is analytically given as follows:

4 . Lk 4 . k\ KK
9 = 13 sin? 55@‘ + (1 — ﬁsm2 2) T (5.7)
i.e., the corresponding arc element has the form
k
ds* = dk* + 4sin’ 5 (d¥? + sin® ¥dp?) , (5.8)

where k, 19, ¢ are spherical variables in the space of rotation vectors k. The
angular variables 9, ¢ parameterize the manifold of rotation versors n(v, p) =
k/k and we can write that

k
ds® = dk?® + 4sin® ?m- dm,
or using more sophisticated tensorial terms:

g = dk @ dk + 4sin? §5A3dnf‘ ® dn®.
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The reference frame E may be chosen either as !E or "E respectively con-
sisting of vector fields generating left or right translations on SU(2), SO(3,R).
The vector fields 'E4, "E4 are respectively right- and left-invariant. Let 'E, "E
be their dual co-frames. The covector fields (differential one-forms) ‘E4, " E4
are respectively right- and left-invariant.

After some calculations one obtains the analytical expressions in terms of

coordinates k:

IpA = Sizkdk“‘ n (1 - Sizk> kl:k]fdkB + %sirﬂg eApekBdkC,
rpA = %dk/‘ + (1 - Sh;’“) ";k]fdkB - %sirﬂg eApokBdkC.

The vector fields

0
1 _ C1.B
DA.— EA—TEA—gAB k ak‘ic

are infinitesimal generators of inner automorphisms, i.e.,

U — vuv L

It is convenient to separate explicitly the “radial” variable k£ and the angles

9, ¢. To do this in a symmetric way, we use differential operators (vector fields)
D 4 which depend only on ¥, ¢ and act only on these variables, i.e.,

Duaf =0,

if f is a function of the variable k. Similarly, the redundant system of quantities
7 = k/k are used. Obviously, n depend only on ¥, ¢, but not on k.
Then one can show that

1k 1
! BN C
By = — — Zctg= D¢+ =D

A nAak 26 g2 EABCT + 54

o 1 k 1

"Ex = nas- — -ctgo Bp® - >D

A nAak 2C g2 EABCTU 2 Ay

k

A = nAdk+QSin2§ B pdne + sink dn?,

k
"EA = npidk — 2sin? 5 eABCy pdne + sink dn,
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or in a brief, little symbolic way:

_ 0 1 k — 1=

l _ _

F = n— — —ctg= D+ -D
nak 2ctg2 nxDpD+ 51>

_ 0 1 k — 1=

T — 7 _ —mn -

E = nak 2ctg2 nxD 2D,

k
' = ﬁdk+2sin2§ n x dn +sink dn,

- k
"E = ﬁdk—Zsin2§ 7 X dn + sink dn.

Obviously,

(dk,Da) = Dk =0 alk:2 =1

) A - A - ) 78]{: - )
0 (971,4 C

<dnA> 8k> % 0, (dna,Dp) BNA = EABCN
Commutation relations between the above vector fields read as follows:
[ZEAaZEB} = —eap? 'Ec, ["Ea,"Ep] =cap® "Ec,
[ZEA,TEB} —0.

The vanishing of the last Lie bracket is due to the fact that the left and right
group translations mutually commute.

The metric tensor g (see (5.7), (5.8)), i.e., the (—2)-multiple of the Killing
tensor, may be written down as follows:

g = 5ABZEA ® B — 5ABTEA & "EB.

Similarly, the contravariant inverse metric

. k2 . k2 o
V= — 07+ (1- n'n’
7 fsin? £ < 4sin’ ’;)

may be expressed as follows:

§=06"""Er®'Ep ="""E, @ "Ep,
or using the k,n-variables:

'Vfg@Q_i_
g_ak ok 4sin2§

548 D4 ® Dpg.
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Let us now pass over from the standard unit sphere S3(0,1) =~ SU(2) to the
sphere S$3(0, R) C R* of the radius R. We introduce the new “radial” variable
r = Rk/2, i.e., k = 2r/R. Obviously, the range of r is [0, 7R]. The coordinate
vector k is replaced by 7 with the length 7 and such that

=1

il

=n.

Expressions for the auxiliary reference frames E and co-frames E take on the
forms

R R
'By = §ZE(R)A, "By = §TE(R)A,
2 2
lEA — EIE(R)A, TEA _ ETE(R)A7
where
0 1 T 1
l _ o L T BnC | 1
E(R)a = nagz-— petgpeapen” D7 + 5 Da, (5.9)
0 1 T 1
TE(R)A = nAE — ECtgﬁgABCnBDC — EDA, (5.10)
I A _ A . 2T _ABC E L 2r gy
E(R)” = n“dr+ Rsin 7e npdnc + 5 Sin Rdn , (5.11)
2
"E(R)* = n?dr — Rsin? isABandnC + R sin - dn”, (5.12)
R 2 R
The basic Lie brackets are as follows:
2
[ZE(R)A,IE(R)B} = ——eas”B(R)c. (5.13)
2
["E(R)4,"E(R)g] = EeABCTE(R)C, (5.14)
[ZE(R)A,TE(R)B} = 0. (5.15)

Therefore, the corresponding structure constants are given as follows:

2 2
'C(R) pc = _EgABCS "C(R)*pc = EEAB(%

and the trivial (cosmetic) Kronecker shift of indices is meant.
The resulting metric

9(R) =648'E(R)" ® 'E(R)® = 645" E(R)" ® "E(R)”
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has the coordinate form
R\? R\?
g(R)ij = <r> sin? %&-j + (1 — <r> sin? ;) ning,

r
R
—  dr? + R?sin? %dﬁ- dm, (5.16)

ie.,
ds’ = dr?+ R%sin? (d192 + sin? 19dcp2)

or in more sophisticated terms:
g(R) = dr ® dr + R?*sin® %5A3dnA ® dnP.

The algebraic Killing metric y4p is now given as follows:

8
YAB = —ﬁéABa
therefore,
8

The above analytical formulas may be geometrically interpreted in such a
way that the unit sphere in R* is subject to the R-factor dilatation resulting in
S3(0, R), i.e., the sphere of radius R and origin 0 in R*. The metric g(R) may
be obtained by restriction of the Kronecker metric in R* to S3(0, R).

Parametrizing S3(0, R) C R* by (r, 4, ¢)-coordinates, i.e.,

. L. .
z! = Rsin — sin® cos ¢, 22 = Rsin — sin9sin ¢,
R R
. r
23 = Rsin — cos ¥, z* = Rcos —,
R R

and expressing
ds® = (da*)’ + (da?)* + (d2®)? + (da?)?

through (7,7, ¢), one obtains exactly (5.16).

It is seen from (5.9), (5.10), (5.11), (5.12), (5.13), (5.14), and (5.15) that
when the limit transition R — oo is performed, then 'E(R)4 and "E(R)a
become asymptotically commutative, then

. [ T r o
Am CE(R)a = lim "E(R)a= 5 5.
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Similarly,
dim 'BE(R)* = Jim "E(R)A = da?,
li ij = i
Jim g(R)y; = 4y

i.e., as expected, one obtains the R3-relationships (flat space).

Now we make use of the peculiarity of the dimension three, i.e., the identifi-
cation between skew-symmetric second-order tensors and axial vectors. There-
fore, the matrices of angular velocity will be represented as follows:

Q(R)" 5 = " BcUR)C, Qg = - pon®,
. . detc _
Qar(R) 5 = e (R)C, Oty = fitc 105 = —e e,

and conversely,

1

N 1 N N N
QR = _§5ABCQ(R)B07 Q= —§5ABCerBa
~ 1 ~ 1
Qar(R) = *§6ABCer(R)BC, ot = *§5ABCerBC-

As always, the capital indices are moved in the “cosmetic” Kronecker sense.
There is no radius label R at ﬁrl, Q.1 because these quantities are independent
of R.

After some calculations one obtains the expressions for the basic aholonomic
velocities (“angular velocities”) for the motion on the sphere S3(0, R):

Qg (R)A = B (Rem) "Qu(R) = "B (R
dt dt
N % ds’

lQﬂA _ IEAZ'(%) rQﬂA _ T‘EAi(Q)

dt’ dt’
where 37 is the rotation vector on SO(3,R) which parameterizes the manifold
of internal degrees of freedom in the sense of (5.6) with 3¢ substituted instead
of k:
SO(3,R) 2 ¢(32) = exp (%JAJ) .
Denoting the canonical momenta conjugate to r¢, s respectively by p;, m;, we
have the expressions for the aholonomic momenta (canonical angular momenta)
conjugate to Qg (R)4, Q4
'Sac(R)a ="E' A(R;7)ps, "Sar(R)a ="E' 4(R;7)p;,
'Sua =B A(3)m;, "Sna ="E'A(3)m;.
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Their Poisson brackets are given as follows:

2
{lsdr(R)A,ZSdr(R)B} = EgABC 'Sac(R)c,

2
{"Sar(R)a, " Sax(R)B} = —EEABC "Sar(R)c,

{!Sar(R)a,"Sar(R)s} = 0,
{ZSrIAa lSrlB} = eas’ 'Suc,
{"Sua,"Sup} = —ea8” "Suc,
{lSrlAaTSrlB} = 0.

The drive and relative quantities are mutually in involution, e.g.,

{lsdr(R)AalSrlB} =0,
and so on. After some calculations we obtain the expression for the kinetic
energy

1 I
T o= g <m + R2> S QR)AMO(R)B

I I
_ECSABZQHA I0(R)B + §5ABlQr1A 8.

There are a few interesting features of this formula, namely, existing of the mass-
modifying term I/R? in the purely translational part and the characteristic
gyroscopic term of coupling between two angular velocities.

The most convenient procedure of deriving equations of motion is one based
on the Hamiltonian formalism and Poisson brackets. We do almost exclusively
with the potential models when Lagrangian has the form

L=T-V(F=x).

The Legendre transformation expressed in aholonomic terms is as follows:

oL or

! _ _

SRa = G =~ FamA
oL T

'Sua = I0.A — 9lQ.A’
0"y 0"y
i.e., explicitly,
I

'SRy = <m i ) (R)s - i,

I
1Sya = —ElQ(R)A—FIZQﬂA.
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The corresponding inverse rule reads

1 1
lo(mA — LigipA g A
QR = mS(R) +mR Sh”,
I+mR?,

A
ImR? S

1
‘044 = —!S(R)A +
rl mR ( )
where the raising and lowering of capital indices are meant in the ”cosmetic”
Kronecker-delta sense.
After substituting all this to the kinetic energy formula, we obtain the ex-
pression for the kinetic Hamiltonian

1 1
T - AB 1 l AB 1 s,
2m5 S(R)A S(E)B+mR5 S(R)A SiB
I +mR? ABI I
_ . 1
sr 0 1S S (5.17)

When some potential term is admitted, then the Hamiltonian has the form
H=T+V(,=).
For the purely geodetic models, when V = 0, the Poisson-bracket form of

equations of motion, i.e.,

dF

—={F,H
dt {F H},
leads to the dynamical system for canonical angular momenta
d'S(R)a 2 BClg
—_— = — Sue'S(R)c, 5.18
dt mRzA 1 S(R)e ( )
d' Sy L e I
= — S(R)B"Suc. 5.19
dt mrcA SB)E Snc (5.19)

It is interesting that only the interference term in (5.17) contributes to these
equations because the first and the third terms have vanishing Poisson brackets
with {S(R) 4, !Sya (they are Casimir invariants). Using the three-dimensional
vector notation in R3, we can write the above equations as follows:

d'S(R p
di) — mRZZSﬂxlS(R), (5.20)
d'Sy |

where there is meant the standard vector product in R3.
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The Poisson rules quoted above imply that the squared magnitudes of an-
gular momenta, i.e.,

(ZS(R>)2 — GABLS(R)AS(R) s,

2

! ABla 1
‘Sﬂ = 077"Sna’ SuB,

are constants of motion in virtue of the equations above (5.18), (5.19), (5.20),
(5.21). And moreover, these equations imply that the R3-vector

R

515(R)A +'S1a (5.22)
is a constant of motion. This implies in particular that the R3-scalar product
of angular momenta

5AB lS(R)AZSﬂB

and the angle between l@, 18,1 are constants of motion functionally depen-
dent on the previous ones.

In this way the six-dimensional dynamical system (5.18), (5.19), (5.20),
(5.21) has five independent constants of motion and there is only one time-

dependent degree of freedom in the (l (R),lg)—space. The only essentially

active degree of freedom is the orientation (polar angle) of the two-dimensional
plane in R? spanned by the vectors S(R), 'Sy and rotating about the axis given
by the vector (5.22).

Remark: it has been told that the motion of vectors ‘S(R), 'Sy is inde-
pendent of the first and second terms in (5.17), in particular, of the inertial
moment /. But of course these terms and the quantity I are relevant for the
total description of motion. Namely, I appears in the Legendre transformation
and its inverse. Therefore, the time evolution of configuration variables (7,7)
depends explicitly on I and on all terms in the kinetic energy expression.
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