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ON THERMODYNAMIC FOUNDATIONS OF VISOOPLAS.TICITY !1) 

INTRODUCTION 

In agreement with J .Mei:xner .. e well founded opinion 

(1} three difter~nt approsches to a thermodynaJl'liC theory 

· o~ oontinu:um can be distinguished. These approaches differ 

tro1r. each. other by th6_ foundamente.l poetulatee, on which 
the theory is based •. All of t,b;em u:~ cl;l.e.rac terized by the 
same :f'oundementa.l requi.r~ment that the;-esuite s,hould be 

obtained w.i t.i,Lout .b.aving .reCOU!"·$6 to ets.tieticel or kili,etic 

theories. None of these approe.chos is cohoeine~ with the 

.ato!ni.c · str~c ture of tb.e i.ne.terie.l.·· Therefore, they ·repre­

sent a pure p.henotnenoloP..cal approac.tl. 
~e principal post.ulatee ot the first approach, . 

initiated by Onsagt!t' s works :and usually called the clas­

sical therxncdyilamice of irrev.ersi ble· proQesees, are as . 

follows (er. S. R. De Groot and P. Mazu.r [2]): 1 • . The :prin­
ciple c;;>f locel etete is aesurnea to be vaJ.id. 2. The Gibbe"' 

l'elation ie satisfied. ;.. The equation ot . entropy balance 
"is assUmed to involve e. term expressitlg the entropy pro­
. duc·tion which oan .. be represented as a sum of products ot 
· tluxes and forces. T4ie term ie zero for a state. ot eqUi• 
· libriwn Eild poei tiv-e for Bii ~rrttversi .ble process. 4 • . The 

tl.uxes e.re flmction of foroe:st . . not neoessari;Ly linear. 

However, ·the Onsager.;.Cesi~ r .eciproci ty .re";Latione concern . 

only coeftioiente of the linear te.ns ot the series expan~ 

siolis. Using methods ot this app.:-oaell, 8 ttlerrnodynam,1.c 

de..:~cription of $lastic, I"heologic and plastic -mate.rials 

was obtained •. Let . us mention t.b.e works by M. A. Biot ('J, 
D.C.Drucker [4], R.Ziegler [5-14] , A.A.Valrulenko [15,16], 

•) T.b.ie pape~ . has been ptepared tor Symp·osi um on the ·Mecha• 

nio.al .Beh.avior ot J4s.terials under D:Vna.inic Loads, Septem- . 

ber. 6 - a, .1967 , San Antonio, Texaa. USA~ 
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A. E. Green ei:ld J' .E.Adldns [17], O. W.Dillon (18), G.A.Klui­

tenberg · [19-25], S.L.Kob. and A. C.Eri:ngen [26], J .Kestin 
.(27] and ;r .F .Bessellng [28]. 

Tbe second approach, called the thermodynamic theory 
of material& with memory, was initiated by the w9rk ot 
B.D.Ooleman and W.lfoll (29]. The toundamental postulates 
of t~s approach are as tollows: 1 • The temperature and 

. entropJ tunctions are asawned to exist for non-equilibrium 

. a.tates. 2. The principal restr~otion imposed on the con­
stitutive equations . is the Clausius-Duhem inequality. 
}. The notion ot the thermodynamic state is modified by · 

asstmlin£ tha~ the atat.e of a given particle. at time t is 

o.baracterized, 1n aeneral, by the time history ot the ·lo­

cal oonficuration ot that particle. It sh.o1Ud be emphasis­
M,' howner. that in particular oases the history· ot the 

local configuration of a particle -om-be determined by 

et YiD& the actual values ot this oo~iguration and 1 ts 
time del'ivat1Tea (et., tor instance, B.D.Coleman and V.1 • 

. Klzel (30] ) • 4-. Io limitations are introd.uced tor the 

prooesaae considered. The constitutive equations are in 

ceneral n~ear ~ 11 thin t~e frame-work or ·this approach, 
thenodynami.o foundations of rheologi.c ma teriale were · 
astabUshecl et. B.D.Coleman [31,32] , B.D.Coleman and 

T.J.Iizel [30] • a.Truesdell and W.Noll (33] and R.Chri­
stensen a:nd P.K.JJaghdi t34]. The same was done for plastic · 
materials also (of. A.E~Green and P.M.Nagb.di [,5, 36] and 

o. W.Dillon L~7] ) • 
The th,U.-d approach· has been developed by J.Meixner · 

l38-40] and ie ·called the thermodynamic theory ot passive 

systems. 'It is based on the followin& postulates: 1. The 
introduction of tha notion of entropy is avoided tor non• 
equilibrium states and the principle of local state is 
not assumed. 2. The Clausius-Duhem inequality' is replaced 
by an inequality expressing the fundamental property of 

passivitJ. T.bia inequality follows from the eeoond law ot 
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thermodynamics and the condition of thermodynamic stabili­
ty. Further ·the inequality ie . known . to .haTe sense oJl].y :for 
states of equilibrium. 3. The tempere~e is assumed to 
exist tor non-equilibrium states. 4. As a consequence of 
the toundamental ~equality the class of processes UDder 
consideration ie limited to processes in which deTiationa 
from the equilibrium conditions are small • . This enables 
full linearization of the canstitutiTe equations. !n im­
portant feature of this approach is the clear pbysioal iD• 

terpretation of all the quantities introduced. 
Each of the three. approaches above has its weak­

nesses and none is commonly accepted~). The tire~ is sub• 

ject to excessive lilnite.tions .1n the form ot the assumpt­
ions of the Onsager-Casimir relations. ·rts present develop­
ment does not appear to be promising tor the ove.rcom:l.D& ot· 
the dUfioul ties that are encountered in nonlinea.r mecha­
nics~) • The second approach is criticized principally 
from the point of view of physical foundations (et. J.JeiX-

. ner [ 1] ) . • Indeed, we must agree with the opinion, t.b.a.t · 
the problem o.f pbyeioal. interpretation of quantities such 
as the temperature or entropy has not :tound a detailed 
treatment w:lthin the :treme-work or t.tns approach. The ad­

vantages of the second approach are. the mathematical . 
foundations which are very well developed -.nd of:ter a poe­
eib~li ty of analysis ot numy interestUJ& processes. The;y 
can also be used tor the description of nonlinear mater­
ials. It is also ·worth mentionin& that the thearies of 

. . 

~) This :tact was pointed out by a detailed discussion at 
the IUTAM Symposium on Irreversible Aspects ot ContiDn­
um Mechanics in Viem:ta, June 1966.( o:t. J'.Meixner l1] 
and C.Truesdell ( 41] ). 

JEJ!) A detailed cri tice.l analysis ot this approach can be 

:tound in the monograph ot c. Truesdell and R. Toupin [ 42] • 
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elastio and Yiaooelastio materials can be obtainei as parti• 
oular cases: of the t.lieC).ey ot materials with memory ( 'ct.B.D. · 
Ooleman [ 31·, 32']) • . Tfl1s theory enables the descripti.on of 
rna.ny. important me.ehimioal. . phenomena, sue as elastic insta~ 
bilit7 and .. pnenolJ!ena ·acoompc!nYin& ws.Te propagation. (et • . 
O.'l'rueedell t41J) . · The applicability ot the !llethods o~ 
the third approach is, on the oth.el' b.alld, lim1 ted to · li.near 

·problems. -~t does not. s~em 11ke!7 .. t.b.&t·. turther generalizat-· 
ion 'tQ · nonlU8ar problems is possj,.b~~ lrn.tbin ·th.e tR~ 

. . . . 

· •ort· ot the aesump-t:Lons ot· this ·approaGh.· The results 
obtaineci concern problems ot Ji.D,eu Yisooelutioi 1i7 OD.l.J' 
(et, .r. Jleixne.r [38-40 ,43] )• 

It is .wo.rth mentio~ ~.tia • rec8llt wOr-ks conoeftied 
·wi.th anomati~ tcnu.ulationa · ot ;oatinuUm- .thermeay~oe 
have· shown in a clear ma:iu.ler tb. · ooneotness at the · con• 
oep tion ot th& second approac!l~) • Al thoqh they ·have .. noi 
removed ·the. ob3eotions ·as~t: the pjqaio~ .toundat1.·ons 
o-r ·the theory, they. have forJDU:lated ill . a ~themat1oal.l7 . 
aooUl'a:te: manner tb.e applioabili ty cODditions · ot tb.a me~· 

o~ ~ational the.rmodyn.amioa • .. · 
The aim of ~he present paper is to discuaa 'the. ther- . 

m~namio foundations ·of the· theC?ry ot· riaeoplat~oiQ'.Th• 
easential feature of Which is the . sim1l.l taneous descrlptioil 
ot rheologio and plastic ettecta oi a material.~ _The neoes~ · 
sity ot simultaneous ocnsi.der•tionot· nsooelasti~ an4 
plastio properties ot a material is ilidioat•d by tu re-

. . 

sulta of experimental investi.satio:ns of' dynalld,.c loads~ . . . . . . 

These investigations show clearl.7 that du.rin& clyi1am1o· load-

~) Tb.e· axioms:tio toundationa ot conti.mltl.JI thermodynamics- . 
. have bean presented in the· paperS. bJ I•E~Gu.rtin Fm4 

W.O.I'illiams (4ti-,4S1• They are a generalization to thel'­
modynamioe problems of ·the earli•r conceptions ot w·.Ioll 
(46, 471 . oonoernin& the ·purely mechanicai theol"Y ot 

· .a . continuum. 
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1ng ot a test piece the plastic and Tisooe-lestio ettecta 
are coupled and play roles equal importance•>. The Yii!COila 
properties of the material introduce a time dependence ot 
the states of stress and strain. The plastic properties. 
on the other hand, make these states dep$nd an the de~or..­
etion :pQth. D~ttex-ent results will be obtained far auter­
ant deto~ation paths and tor ditterent time durations at 
the process. . . 

It appears that by investigat1n& thermodynamic pro­
eeeses in rtscoplastic materials, oharactuized by a non­
line~ity resulting tram dependence on the time end 'he 
path, their description · cail be obtained witb.in the asBWIIpt­
ions of the second approach. We shall try to · show that til8 

methods or· thermodynamics o1' n:Jaterials .with memory call. be . 
used for the establishment of the thermodynamic .toundat­
ions of visooplesticity. 

·rt Will be proposed to .describe a visooplastio ~~ate.r­
ial as a material with memory, for which the history ~ 
the local ocm!'~gu.ra~ion depends on the time as well as 
the path. Viscoplastic materials ot t.be .rate type, tor 
wbich the. path-dependency is o~acter~zed by dif~erent 

sets of constitutive equations, tor t,b.e loading anc1 1Ul­

loe.ding process, Will be discu.ased in more detail. .la 

· a particular case of an elastic-viscoplastio material err 
the rate tne, a rate senai tin plastic material will be 

·discussed. 
Fi:ni te deforll1.8tions of a body du.J:iiDC the general 

thermodynamic process Will be considered. All. ·the oODSti­
tutive equations obtained will be invariant unde~ a ch~e 
ot the referenoe ·trame. 

ll) .A discussion .or the results of experimental inYestigat­
ione in the ·domain ot dynamic loads actiil& OD metals 

oan be found . in the paper (o48] • 
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PBELDllliARY CONSIDERATIONS 

In ceneral we shall use a similar notation as in 

monograph ot C. Truesdell and W.lioll [~3.]. The moti,on ot the 
body 1!J with points ~ is described by the equation 

( . ) ~,1 ~ = !v 1 X t) - \..-, ') 

where ~ denotes the spatial position occupied by the 
material point ·~ at time t · •). Th• gradient 'f ot 
~ w1 th respeoi to ~ · , i.e., 

(2) 

is the deformation &radient at the· points X rel,a.~ive to 

the retuence . contiaura tion. ·It is assumed that de.t F :j: 0 • 
By the polar dacompositi an ot · ~ ~ viz., · 

F :: R U - .... ..., 

we define the ortb.ogonal rotational tensor ·~· ·and posi­

tive definite and symmetric richt stretch tensor g • 
Similarly, th• relation 

C = F'F = U' 
.~ ., - """' ' 

where ET denotes tb.e transpose ot F , defines the 

.'i&ht Cauc~-Green teuo.r. 

It 'f is replaoeci by the relatiV'e deformation era~ 

client ftt) , .then tb.e notations ~{t) Vtt) and ~tt-} 
are used ·respectively tor th• ·corresponding ·relative rotat­

ion tensor relative stretch tensor, and relative Cauchy-· 
Green· tensor. The ex.p.ressions ty(t-)= tlt)(t) and p(t):a 
U1L.(t) define the spin and the stretching tensor, re-
~\" 

•) We iden-tify the materi-u point X. with its position 
~ in the reference coilfiguratfon. 
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epectiTeJ.7 .. 

Let ua denote the Caucby stress tensor by Ttt) • We 
sb.all introduce, after W.Noll [46], the f'ollowini' eo-rota­

tional stress rate: 

! . .5) 
~ ....:.... .. _ - l 

I:.\ -WI-+l'"W - - -- ..., ..,, 
where \~ denote e spin. 

A thermodynamic process in 'B is described by 

eight tunctione { ~, T ] 1.2 , t , 7, .V, q., r~ ~ ot };_ and time t • 
The values of these tuncti.one have., the following pnysical 

interpretation (et., B.D~Colema.n and W.Noll ~291 ). The 

tu.notion !- (~) t) describes the motion ot th& body 3 
and is called the deformation tuncti on; T (~ ~ -t) is the 

symmetric stress tensor; ~ (~)t) is the body force per 
unit me.as; [ l~ ;t) denotes specific internal energy per 
unit mass; ? (}_;., t) the specific entropy and v"'"(~ ,-!:) 
is the local e.bsolute temperature; '1 c~ ,1:) is the heat 
flltx vector a.Dd t- (~ ,t) the .b.eat supply per unit mass 
and unit time. 

The set ot eight functions {~,T., ~'E.,~' Y,q,,-rt is 
called a thermodynamic process if, and only it, it -is com­
patible . .with the condition for the balance of linear mo­

mentum ( Cs.ucbi" s first law of motion) .-) 

l6) 

and the law of balanoe of energy (the firs ·t law of thermo­

dynamics) 

l?) 

where <;_ denotes the tnass densi tyc. L &: 'dx '.x. _i_ 

!!) Cauo:bY" e .second law ot motion requires I a T' 
whioh we assumed in advance. Couple stresses and body 

couples are assumed to be absente 
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the trace operator is denoted by tr • 

In ordez to define a thermodynamic process, it sut-

:tioes to prescribe the six· functions t ~ , T, E., ~ ~ ;) , ~} • 
The two remaining tunc tions lz and r are then · UDi• 

quely determined by 1Eqs.(6) and ( 7). 
Two thermodynamic processes [ ~ 

1 
T ) t.,. ~ , ::r, q_ -~ and 

{ ~ ~, T *", E.,"', ry~, ~~ q.*} are equivalent it they are "'related 
only by a change oi a reference frame. 

We assume that all constitutive equations describing 
the physical properties of the material satisfy the follow­
ill& principle ot material frame•indi!terenoe (et. 'f.Noll 

(46] and c.Tneedell and W.lloll Lj31) : -I.t pro~ess 
f ~,"I, l, fJ ~ ~, tt, ~ is compatible with a ·system of consti tu­
'tive equations: then all processes { t lli' 1~ E/, ~~-- ~ ,..) tt-fwo~ 
equiTalent to it must be compatible wi tb the same s:vs""tem 
ot constitutive equations. 

A. thermodynamic process in .13 , compatible with 
the constitutive equationa a~ each point X of 1?> and 

tor all time t , will be oalled an admissible process 
in ~ • 

Thus, the principle of · material frame•inditterence 
atatea, that if a t.b.ermoclynamic process { ~ , -~ > E., ~, v, ~ J 
ie admissible in B , then also all thermodynamic pro-

oesses [ ~ 
1 
~ . C.,'} , v, ~ ~ must be admissible in :B· • 

The physical mea.ni.-U6 ot this principle ia simply that the 
mterial properties of a body should not depend on the 
observer, irrespective of how he movee. 

We asaa~e the following postulate: For every admis­
sible thermodynamic process in a body ~ the production 
ot entropy must be nonnegatives 

Under sUitable smoothness assumptions we oan write 

{8) 
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where i • f..- ~~ ie the specific tree energy tunotion. 
This is a looal form ot Cla:Jl,sius-Dub.em inequality wb.io.b. is 

a ·ma.thema.tioal stat$n:ent of· the second law ot thermonamtos•~ 

~IMP: .AND P.A.TH DEPENDENT MA.TERI.ALS 

T.b.e non-li·nes.r material with memory ie defined by 

a system of constitutive equations (cf., B.D.~oleman t31,32l, 
O.Trueadell and W.Noll [3.3} and c.-C.We.Dg and R.K.Bowen 
[49]) 

\9) 

in which Jt L +) represents .the actual valu6·s ot some state 

~unctions .such as t ,l:le stress tensor . T , the speoitio , 

free ene-rgy "!' , the .bee. t !lux q and the SJ.ecitic ent­

ropy ? -icn is a function whicb.-repr~sents the history 
.ot the local configuration ot a material. It .is aesumed 
that tb.e history o! the local ~outigu.ration . i en ce.n 
be cha.J;-acte.rized .by the history or tb.e J,.ooal. deformation 

gradient . I en with ~ E (-~I t J ; the .b.:istory of the 

local temperature .:;, c r) with l ~ l - 00 : t J , and . 

the local temperature gradient~ grad .e- ••). Thus we 

b.aTe 

( 10) 1t l t) . = { T ( t ) ) "fl t } .' 'i- ( ~ } , 'l C" ) } } 

t 11) 1 ( t) =- i E l t ) 
1 
~ C.'t ) , ~ r u d ~ } ., t E= (- ea , t] . 

The response of the material is characterized· by the func­

tional T , calleC' the consti t .utive runctional. Th• tuno­

tional ):" must satiety an invariance requirement rela• 

~) For the discussion ot the conditions under which a lo­

cal for~ ot the Cl~siue-Duhem inequality ts) is valid 
eee M.E.Gurtin and W.O.Williams t45}. 

lf!e) Different assumptions have betn dis.cussed by M.E.Gurtin (50). 
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. tiTe to a obanp ot th• ob~•~ver, sollle requi.re'Dlents ··ot the 
SJ1DID8'tl'J' _lmd. ·special smoothness 'requi.rements (et. B.D.Oole-

m~ (.31,32]). 
We shal..l now concern oUl'selves with. simultaneous ·des• 

oription of the el$stio, rneologio and plastic properties 

ot a mate.rial. To this end, let us aoou.re:tely · ~etine the 
meaninc ot t4e plastio behaTiour ot a material. Unloading 
is · 8Jl impo.rta.Q.t ·teat\U'e which dis~in&u.ishes tb.e behavioUr · 
ot &· plastic ma~erial trom that of a nonlinear material 
with memd.ey. We shall. introQ.u.oe the disi1Z];ot.ion between · 

. /'aiDloadin&, neutral sta·te, &J;J.d .loa<}iq phenomena. 
Ill inviecicl. plastio1 ty, · it 1$ asS'Il.'mad that tb.e . mater• . 

. ial. deforms elasti.oally until the s'iate; of what is called 

.an iDitial yield au.rtaoe o~ t.b.e loadin& su.rtac~ is i"eaa~ed. 
UD.loadin& neutral state atict loadi:Q.c in tlU.s t;ta.ory are. de­
fined _as follo~s .(at. J..E.Gr-aeu and .P.M.Nagb.di (35]) • !n 

· uriloadin& process has taken plaoe . it . the deformation t~om · 
an existing elaatio•plastio ·state takes place ·elast'i«Jally 

so that the str$SS point lies ·inside. the yield · sur!aoe. 
Neutral state h&s · take!l place it nQ addi't,ional .plast.ic · 

strain is produced when t.b.e stresl!l ~oi11t lies on the yield 
surface. Similarly a loading process has taken place, if 

due to additional d•tormation t~e, stress point .reaches 
a subsequent yield surraoe. 

T.b.e deteriDination ot the yield condition tor a non­
linear material with. memory. at finite deformations ie very 

diitiou.lt and ilas not yet been aobieved. Thus, _ in tb.e to~- . 
mulation o:t the general constitutive equations ot an elast• 

io.;.visooplastic material, we _do not use the yield conditial. 

We shall assume tb.at the material ot a body .3 will show 

plastic ettects from t.b..e initial oontigu.ration · ~to 
~hia initial configuration 'l t . will be cSlled the con• 

.., 0 

ticuration ot yieldinc. 
Thw!, as a result_ ot simultaneous consider-ation of 

.rheo.LO&ic and plastic _ .properties of ·• material a desoript-
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·' 1cm :9-t .. ~b..• ~Q-~t~$1 _state _tuno~iona in:r.olvea th~ ·bis·to" . ot 
.;·. ~he l.ooal o.o=-:l.curation .•%pressed ••· a ·tune.ti.ou·. i»:t · ~:ule 

ana: ·Of . path.. To make .this i~ea ole-. let :ua .. introdlicie ::~ 
.t ·b.e·= definition ~t pat.b. .in ~he ten•dimensional spa.oe at ·4e• 
,formation and temperature .as tollon•> · · . . 

I . . . . . 

!' . . . . 

(12) · . sctJ .. Jl tr{~f) -t ~2.]'12 d.t'. 
-.a 

We :sllall int.roduQe the .b.l,.stor,y ot ·the looal ooDti._~· : 
.·. ·· ·. M . . : . · . 

- ~ ~ation u ( t, s) in t~e · :t oll.oriinc t orm 

. (13) 
·, '. . 

-~• coll$~1:tu.tin ·equa~io~· ·:r~r time -and path d-epend• 

. e~t _.ma,t:ei'i:al can be .4etine4 by "the. system ot the tQrm 

( 14) . 1t ( l-) ~ ~ ( 2 (.! J s) )' . 

· . r e (- oe , t L .~ € Lo) ~ tt >] 
. . . 

m.asA.riO~V!S~OPU,S.TIO Jli.iirRIAL OF TBE. RATE TIP.~ 

. tkll.oa4i!ll · f;olll an :elaetic•'fiscop~aetia s.tate to.ll()•• 
· :a path in- ~he _detonation and t .emperatu.re spac• . 'Cli:t:terent 
. tro~ t .:tmt ot· lodtD&~. ·we . as. the t .o.llowiil& detini tion• 

. .&. thermodynaiii.() proo•ss .represent.s ~o~uli~ it the 
·cODdition 

1. tr s ,.. L l ._ n ~ < 0 
~ . ·l ... ~ 5 { . . 

. -is-.:~at:tstied, ~. •·, ·it t'be .rate ot ·work ot ihe ceneral~e4 

a~ret~s ·1• negative. ·The .oaae 

l16) _ " . i i . 1 . ~ · -. "Cr . T \.. 1 - n v :: 0 
~ - .., J . ., . 

lt)~a id·-.· is similar to that ·ot A.O.Pipldn aDd ·B.S.lliT:-. 
. :Wl [51] • . 
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is called neutral . state, whereas the positive rate ot work 

ot the genealized stress 

(17) 

determines the loading process~>. 
Let us introduce the following detini tion. · 
A non-linear material has plastic properties it its 

behaviour is described by different constitutive equatiou 
··to~ loacling and unloading. 

This formal definition shows that the loading .· and 

' UDl.oadill8 ph~nomena tor the same material are ' c.b.aracte·riz-· 
ed by different features. 

We ·shall ·not bother · to introduce _the· distinction 

between elaetioi visool.UI and plastic deformations. Total­

deto.rmation will be treated as a combined reaul.to:t elast­
ic, rheologi.o and plastic effects. 

We now intend to obtain, on the basis o:t the tb.ermO-­
dynami.o theocy of the .rate type material. tll.e. general oon­
s .ti tutive equations of an eiasti·o-viscoplastio materials). 

We shall use . only the :tust order ditte.rent.ial aqua.tiona·. 
This, ot course, implies some restrictions concerning the 

memoq ot a materi~. We asswne- tollonnc· definition. 
An elastio-visooplastic materiali.s a ~impls mater­

ial ot the rate type ot ·the tire t order w.hioh is onarao• 
.. terized by different properties dilritt& the loe.dinc and un­

loadin& processes. 

•) .During tb.a isothermal process, the criter:1a ot unload• 

J.n&, neutral state and loadins taka. tb.e respeoti ve 
t<U'IDs t r! T ~ l ~ 0 · , 1. e., they coincide with t.b.ose 
first introduced by · .l.E.Green \.52] 

·u} et. the previous papers of the author ( 53,.54-] • 
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Tb.us, in i.b.e the.rmodynamic process in a body J3 . , 
which represents loadiDc i.e., the condition (17) is 
satisfied, we postulate for an elastio•Yisooplaetic mater­

i&l the tollowing system of the constitutive equati~na 

wi tb. initial values 

For th~. the.rmodynamic prooess in a body 'B , which is 

Uiiloading i.e., satis:tyirig the condition (15), we assume 
the following system of the constitutive equations 

- /\ 

. The response functions 1 and t must satisty t.b.e follow-
ing condition tor a neutral state 

(21) ".L-t- · l Q..- o· -~ 1L .-.ov::: . 
~ . .. - ( 

This condition is ·the contin~ty condition tor the first 

derivatives ·r ~ ~ 1, ~ and ~ . • . Additionally', we .b.ave 
to assume the oontinui ty condition f~ the functions "\' ~ 
·?) 1 and q. • This a8sumpt1on dete.rmines the initial 

values tort~ system l20). 
It is worth noting, .that the path dependence ili the 

constitutiv.s equations o:t an elastic-Tieooplastic material 
ot ~e rate type is expressed by the following tact. The 

properties of this material are described by a di.tferent 
system ot equations tor the loading and tor the unloading 

path • . 
. After satiatyinc the principle ~ material tramct­

illdi1'.terenoe, we can write tb.e aystems ot constitutive 
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. ' 
equations (18) and (20} respectively in the followi~ re~ 
duoed an~ e~plici t form · 

. , , = r ( "f > ~ ~ > \2 ' ;;)'' j-' ' ~ T ~ ra,d ~) ) 
? ~ h ( 7 , ~· , ~ : ~ , .5- , ~ T ~ ra.d J"),. 
t~ =! ( "!:•) l2~ , · ~ > ~, ~) ~T ~cad~)) l22) 

~~~ = ~ (~'~, ~~ > ~ ' ~J ~ J ~T ~rad""), 
and 

(23) 

~T& . = q c~i tt' ~~) T~ > :r' ~ > ~T ~ro.cl ,J), . - . ~ . 

where oo:-1t · R:"f'~ T*::: ·R'TR and · t>J.=~TDR } = - . ..:;. - .· ! - ..., ..; ., . . -.1 - """' ... 

We -~ssume that tile . constitut,ive · equations of an 

elastio~rtscoplastie material 1n both tbe loadi:gg and the 
unloading rap.ges satisfy the tb.ermo_dYD:-amio post.ulate. 

·By (8) •• have the following inequalities~ · 

tor 

l25 ,. 
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to~ 

(27) ' 11.} - 0,.. ; 0 
-~ Tr t 1 b t - ~ v ~ · 

The . inequalities (24) . • · (27) . ~•present the oaai.s restrict­
. ions imposed on. the oonstitutive equations .tor an elastic­

·. visooplaatio material. 
' . . . . 

RATE. SENSITIVE PLASTIC 1UTERIAL 

Recent theoretical and experimental research in tbe 
. domain of t.b.e dynamical p;oopertiee ot materials has shown 

the significant sensitivi·tt ot some materials to the rate : · 
ot ·deformation. This .e.tfect is disregarded in ths inViscid 
theory of plaatici ty. The intluence ot strain rate may, 

.however, b• t.a~en into account, within. the framework ot 
assumptio~ ·of ali elas·tic•viscoplastic material ot rate 
type·. 

Every material ~isplays more or leee detWte viscous 
pro:perties~ For many mat~i"i&.ls, however, t.hese properties 
are mora pronounced atter th_e plastic atat• has been .r9ac.h­

ed • . In these cases it may be assumed that material displays 
viscous properties in tb.e plastic . .r.ange only. 

General foundations . tor tb.e study ot problems con- · 
nected with rate sensitive plastic material were g;ive~ _ by 

K.Rohenemser a,nd. W.P.rager [55j. Fu.'etller development ot tbis · 
. . . . r . . 1 . 

id4:la is contained in the pape.re l48, 56 - 61 j. 
The basic assumption in tb.e 'theory ot .rate aensi tive 

plastic materials is . the addi tivi ty ot the elastic and ill­

elastic pu~s of. the rate o! detormation tensor 

l28) 

wheJ;te · e.g _ and ."I> are t.b.e elastic and inelastic 
parts ot tb stretchin& tensor, reapeotivel:;. 

To obtain the elastioresponse tram rate type mater­

ial we anould assume thai the co~titutive equation \ 22)3 
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is invariant under a change of time-scale and is independ­
ent on the stretch tensor \2 • Th.us, the constitutive 
equation of a rate type tor elastic response has form 
similar to that ot hypoele.stio material 

.Uter substituting (28) into t.bis equation we have 

following result 

(30) 

3inoe the material has · no viscous properties in the 
elastic region~ the ch.o.iee of an ad&.quate yield criterion 

will be much simpler than in the case o:t an els.stio-visco• 
plastic material. The initial yield condition, w.b.ich Will 
be called the static yield cri t~rion, will not di:tfer from · 
the known co~ition or the inviscid theory of plasticity 
at finite strains. 

In order to keep our considerations sUf!ioientl] 
general, we now introduce a static yield !unction in the 

form 

1 
I 

where the tunction f l "'!:'*, ~~, ~) depends on the state of 
stress T · and the state ot inelastic strain lt: and 

temperature -~ • . The strain tensor E ·is de!inecl by 

the relation 2 E -= C - ~ and it. is assumed that. 
~ ~ ~ -t ~~ •). -The .J wo;k-hardening paramet&r '"i:V is de-

fined by the expression lof. A.E.Green and P.M.Naghdi[35]) 

•) We unde~stand this assumption as a .very restrictive 
· postulate. 
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where ~ is a tensor function. The flow surface. } z a, 
in the ten-diemeneional atre ss and tempera tu.re space is 
assumed regular and convex. 

We propose tor the inelastic part ot the rate ot de­
formation . tensor the equ·ation 

where the tensor function M satisfies the relation 
'V 

(34) 

~loo)') denotes a viscosity coefficient and the symbol . 

"-<4> (1=")> · is detinecl aa tollowa! 

0 

L35) 
tor t > 0 

The function cp ('T) may be chosen to represent the re--
. sul ts . ot tests on .the behaviour ·o:r me tale under dynamic 

loading. b~e proper choice of ~()) at the same time 
enables a desorlption of the influence ~ tb.e rate ot de• 
formation and tb.e temperature on the yield limit of the 
material. 

:aY ( 30) and ( 33.) we have 

0 • • 

(36) 1 = ~1l ~~1 ~ l ~- 'f(.,i') t..4>(t)>~ (!*, .JJI§)] + ~2 ( 1· ~ ~) ~ • 
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1his constitut~ve eq~ation involTas tbe assumption that 
the i.nelastio part or the .rate o! deformat;on tensor ie . 
a tunc tion or excess stresses above the eta tic yield cri­
terion8 ~e function o! stress above the static yield 
criterion &enerates the inela~tic rate of deformation 
tensor aocordil:J€ to ·a viscosity law of the lfuwell type. 

It can easi~y b& seen t.bat the c.onst1tut1Te equat• 
ion (:;6) leads to tia f'ollowinc -dynamic yield Qondi tion 

Til.is ,re la ti on de_.t ermines the chat.J.ge of the ac t.u.a.J. yi tild 

eur.tace cl~in& t.b.e inelastic deformation process. This_ 
change is caused by_ ieotropi~ ·end an1.so~opie work•harden-. 

.ill€ eftecte ane ·by in!lu.enoe of t.b.e rate of defotmation · 
tensor an6 temp.e.re. ture on t.b.e y~eld point of the mat «trial. 

The full system of oonsti tutive ,equations fer a rate 
sensitive plastic ·matari&.l baebeen postulated in tha :tol­
lowi%1€ t orm•) 

( 38\ 
\ I 

I ..,...\ • I •t' iD ') h i "") CV ",! = n--· i, 'l , \ ) rr ~ I - oT I_ I I r '\." '\. 
'\'\~ "--· ~~ 2_\(>. I 

f = I · f..,...fo ..,._.,_ I'"-,., 
T"1 ~ \.' . "'. I \ V 
~ - J ; !..: _. 

!f) A different approac.b. tor e-s.t;ablie!liilg tb.e constitutive · 

equations tor a rate eensi ti ve plastic mate.rial has 
been recently p.resented in the pe.p~ . t a·'ij. 
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with initial values 

(39) 

The -constitutive equations must satisfy the t.b.ermo­

dynamio postulate 

l40) 
~ 

~ t l - ,, -d ~ > 0 
--t- - h' l T l -. - 1"\ v - -- o . q ra. v -:: . 

\ ;..--) l ,~-_; j 

Attar asauming t.b.e infinitesimal deformations (cf. 

the dsf~nition in_ the monograph by C.Truesdel~ and R.Toupin 

[42]) and perfectly plastic material with Huber-Misea ini­

tial yield condition we obtain from (38).
3 

and (-'8) 
5 

tb.~ 

oonstitu·tive equations !or a temperatu.r\! and rete eensitive 
plasti.c material w.b.iob. were discussed iil tb.e paper C 59] ... 
In that paper a detailed analysis of some particular oasa·a 

. o! the constitutive equations and a oomparison o! theoretic­
al an~ experimental results for metals can be found. Refe­
rence (591 also presents a complete discussion ot the 

problem ot an appropriate sell!totion of tb.e temperatUJ:'e de­

peruieJ;:Lt coefficients (of. also the review paper l481) • 

BEFEBENCES 

1. · .r.Meixner, Tli' has many taoes, IUT.AM Symposium on I.r­

~e,versible Aspects ot Continuum .Maohanics, Vienna, 
Austria, June 22 - 25, 1966;. 

2. S.R.De Gr_oot and P.Mazur, Non-Equilibrium Thermodync..nios, 
North-Rolland, Amsterdam 1962 .• 

3. M.A.Biot, Linear thermodynamics and the mechanics ot 
solids, Proc. Third u.s. National Congrasaot Applied 

Mechanics, June 11 - 14-, 1958_; pp.1 - 17. 

http://rcin.org.pl



- 20 -

4. D. O.Druoke·!', Stress-strain-time relations and irrever­
sible ther.modynamioe, Proc. Inter. Symposium on Second 
Order E.tfects in Elasticity, Plasticity and Fluid Dyn321-

ios, Haifa, April 21 - 29, 1962, Pergamon Press, Oxford 

1964, pp.331 - 351. 
5. H.Ziegler, Tb.ermodynamik und r-.h.aclcgisohe Probleme, 

Ing. Arah., 2l195?), 58 - 70. 
6~ H.Ziegler, An attempt to generalize Osanger~s principle, 

and its significance tor rheological problems~ ZAMP, 

22l1956~ 748 - ?63. 
7~ H.Ziegle.r, Zwei Extremalprinzipien der irreversiqlen 

Thermod.ynamik, Ing. Arch., 30 l1981), 410 - 416. 
a. C.Wehrli und H.Ziegler 1 Einige mit dem Prinzip von der 

grossten Dissipationsleistung vertragliche Stoftglei­

ohun.gen, ZAMP, 12 l1962) , 372 - 393. 
9. R.Ziegler, Ober ein Prinzip der grossten spacifischen 

Entropie produktion und seine Bedentung fUr die Rheo­
logie, Bheologica Acta, ~ (1962), 230- 235. 

10. H.Ziegler, Die statistiscb.en Grund.lagen derirreversib­
len Therll1odynamik, Ing. Arch., ~ ( 1962), 317 - 342. 

11. H.Ziegler, Some extremum principles in irreversible 
thermodynamics, with application to continu~~ machanks, 
Progress in Solid Mechanics, vol.4, North Holland, 
Amsterdam 1963, 91 - 193. 

12. H. Ziegler, Thermodynamics aspects of continuum mechan­
ics, CIA'IE Colloquium, Bressanone 1963. 

13. R.Ziegler, Thermodynamic considerations in continuum 
mechanics, Minta Martin Lecture, Dep. of Aeronautics 
and Astronautics, MIT, Cambridge, Mass. 1964. 

14. H.Ziegle.r, T.hermodynamik der Def'ormationen, Applied 
Mechanics, Proo. of the Eleventh. International Con­
gress of Applied Mechanics, Munich 1964, Springer, Ber­
lin 1956, 99 - 108. 

15. A.A.Vakulenko, On stress-strain relations tor inelastic 
bodies,Doklady Jkad.Nauk SSSR, ~ (1958) , 665 - 668. 

http://rcin.org.pl



- 21 -

16. A. A. Vakulenko, Thermodynamic investigation of st~ess'"" 

strain relati.ons in isotropic elasto-plastic bodies, . 

Dolu~dy Akad. Nauk SSSR, ~ ( 1959), 736 - 739. 
17. A.E.Green and J.E.Adkins) Large Elastic Deformations 

and Non-Linear Continuum Mechanics, Ox:f'o.rd (1960). 
18. O.W.Dillon, Coupled thermoplasticity, X. Meoh. Phys. 

Solids, 11 (1963), 21 - 33. 
19. G.A.Kluitenberg, Thermodynamical theory ot elaaticity 

and plasticity, Physics, .~ (1962), 217 - 232. 
20. G.A.Kluitenberg, A note on the· thermodynamics ot Max­

well bodies, Kelvin bodies /Voigt bodies/, and fluids, 
· Pbysica, 28. l1962) , 561 • 56S. 

21. G.A.Klui tenberg, On rheology and the.rmodynamics of i.r­
reversibie processes, Ph.ysica ~·l1962), 1173 - 1183. 

22. G.A.Kluitenberg, On t1:te thermodynamics ot visco·sity 

and plasticity, Physioa, 29 (1963), 633 - 652. 
2~. G • .A..Kluitenberg, J. unified thermodynamic theory for 

. large defor.ma.tions in elastic media and in ·Kelvin . 

/Voigt/ m:edia, and tor viscous fluid !low, P.bysica, 

2Q (1954), 1945 -19?2. 
24. G.A.Kluitenberg, Application of the thermodynamics ot 

irreversible processes to continuum ~echanios, Non­
Equilibrium Thermodyna.."llics, Variational Techniques and 

Stability, Proc. Symposium held at the University o~ 

Chicago, May 1? - 19, 1965~ The University of Chicago 

. Prass .1966', pp. 91 - 99. 
25. G.A.Kluitenberg, On heat dissipation due to irrever­

sible mechanical phenomena in continuous media to ba 

published in' Physioa. 

26. S.L.·Koh and A. C.Eringen, On the toundations of non­

linear thermo-viscoelastioity, Int. J. Engng. Sci., 1 
l196.?) J 199 - 229. 

27. J.Kestin, On the application ot the principles ot ther­

modynamics to strained solid materials, Brown Unive.r­

si ty, Report, 1966) IUT.11I Symposium on Ir-reversible 

http://rcin.org.pl



-22-

!speots ot Continuum Mechanics, Vienna, &ustria, June 

22 - 25, 1966. 
26. J.F.Besseling, A thermodynamic approach to rheology, 

IUT.AM Symposium on Irreversible Aspects of Continuum 

Jiech.aidcs, Vienna, Austria, June 22 - 25, 1966. 
29. B.D.Coleman and W.Noll, The thermodynamics of elastic 

materials with heat conduction and viscosity, Arch. 
Rat. lfeoh • .Anal., .:!,2 l1963), 16? - 1?8. 

30. B.D.Ooleman and V.J.Mizel, Existence of caloric equat­
ions of state in thermodynamics, J. Chemical Physics, 

!2. L1964-), 111s - 1125. 
31 . B.D.Ooleman, Thermodynamics of materials with memory, 

J.roh. Rat. Kech. Anal., 17 l1964), 1 - 4-6. 
,32 .. B.D.Ool8Dlan, On thermodynamics, &train impulses, and 

Tisoo-elasticity, Arch. Rat. Meoh. Anal., 1? l1964)t 

230 - 254. 
3}. C.Truesdell and W.Noll, The Non-Linear Field Theories 

ot Mechanics, Encyclopedia or P.bysics, vol.III/3, 
Springer, Be.rlln 1965. 

34. R.M.Ohristensgn and P.M.Naghdi, Linear non-isothermal 

visco-elaatie solids~ Acta Me ob.., 2. ( 196'7), 1 - 12. 
35. A..E.Green and P.:rt.Naghdi, A general theory o:t an elast­

ic-plastic continuum, .Arch. Rat. Mech. @al., ~ l1965), 
251 - 281. 

36. A.E.Green and P.M.Naghdi, Plasticity theory and multi­
polar continuum mechanics .. Mathematioa g ( 1965), 21 -
26. 

,7. O.W.Dillon, A thermo~namio basis of plasticity, Aota 
Meoh.~ 3 (196?), /forthcoming/. 

38. J.Meixner, On the theory of linear viecoelastic beha­
vior, Bheologica Acta, i l1965), 7?- 85. 

39~ J.Meixner, Bemerkungen zur Theorie der W"armeleitung, 

Zei,schritt tUr Physik, 12l l1966), 366 - 383. 
40. J.Meixner, Consequences of an inequality in nonequili-

brium thermodynamios,J.Appl.Meoh.,22 l1966), 481-488. 

http://rcin.org.pl



.- 23 ° 

~1. C.Truesdell, Letter to the Participants in the IUTAK 
Symposium on Thermodynamics ai Vienna in J'une 1966 and 
Comments on Professor Meixner~s Lecture; October 26, 
1966. 

42. C.Truesdell and R.Toupin, The Classical Field. Theories, 
Encyclopedia of Physics, vol.III/1, Springer, Berlin 

1960, pp. 226 - 793. 
43. J.Meixner, On the theory of linear passive systems, 

· Arch~ Rat. Mech. Anal., 17 l1964), 278 - 296. 
44. M.E.Gurtin and W.O.Williams, On the Olausius-Duhem 

Inequality, ZAMP, :!1 (1966) , 626 - 633. 
45. M.E.Gu.rtin and w. 0. Williams, An axiomatic ·foundation 

tor continuum thermodynamics, Oarnegie Institute or 
Tecb.nology, Report 196?. 

46. W.Noll, A mathematical theory of the mechanical behav:ior 

of continuous madi a, A.r c.h.. Rat. Me eh. Anal. , g ( 1958) , 

117 - 226. 
47. W.Noll, The toundations ot classical mechanics in the 

light of recant advances in continuum mechanics, The 
Axiomatic Me t.b.od with Special Reference to Geometry 
and Physics, Proc. Int. Sy~posium, Univ~rsity of Oali-
1'ornia, Be.rkeley, December 26, 195? - January 4, 1958, 
North-Hol~and, Amsterdam 1959, pp. 266 - 281. 

48. P.Pa.rzyna, Fundamental problems in viscoplasticity, 
Advances in Applied Mechanics, vol. 9 1966. 

49. c.-O.Wang and R.M.Bowen, On the thermodynamics of non­
linear materials with quasi-elastic response, Arch. 

Rat. Mec.b. .. .Anal.J gg, (1966), 79 - 99. 
so. M.E.Gurtin, Thermodynamics and the possibility o~ 

spatial interaction in elastic materials, Arch. Rat. 

Me oh. Anal., 19 (1965), 339 - 352. 
51. A.C.P.ipkin and R.S.Rivlin, Mechanics of rate-indepen-

dent materials, ZAMP, ~ (1965), 313 - 32?. 
52. l..E.Green, Hypo-elasticity and plasticity, ;r. Rat. 

11eoh • .Anal., 2. l19.56) ~ ?25 - 734-; Proc. Royal Soo. 

http://rcin.org.pl



London, §!..! (19.56), 46 - 59. 
53, P.J:>e.rzyne..,. On thermodynamics of tb.e rB;te · type material, 

Bulletin de L~ Aoademie Polon. Scien.~ Ser. eoien. 

tech.., 1! (1966 ) . ~9? - 40?. 
54 . .P.Perzyna, On tnermod;ro.amics of elestie-viscoplastic 

·matsrial, Bul~etin de t' Acad~~e Polon. Scien., Ser. 
scien. tech.' ··:!!· (1·966), 4-09 - 416 e 

55. K.liohenem.ser and ·w.Prager, 'tlber die Ansatze _der ltecha-

nik isottope.r Konti,nuE.., z.mL, 12 (1932.L 216 - 226. 

,50. P.Perzyna~ TLe constitutive •quations tor rate e;ensi­

tive plastic materials, Q.ue:rt. Appl. lath., g,Q, l1963), 
321 - 332. 

5?. P.Per;yna., The oonsti tutiTe equation~ for work-h.a.rden­

ing and re.te sensi tiYe pl.astio I:laterie.ls:, P!·oo. Vibr. 

Probl. 1 ~ (1963), 281 - 29C. 
,58. P.Perzyna.~ On .~b.& constitutive equations for work 

hardening and rate sensitive ]Jlestic materials. Bull. 

Acad~ Polon. SeieXtoes, Ser. scien. tech., ,g l1964), 
199 - 206. 

59. P.Perzyna and T .. Wierzbioki, On t.f!Jmpe.ra.ture dependent 
and strain sensitive plaatio :materials, Bull. Ac.ad. 

PolaL.. Sciences, Se.r. scl.sn. tech .. , jg_ l1964) , 225 -

232. 
50. P.Perzyna and W.Wojno, On the constitutive eque.ticns 

ot el&Stio/'tiscoplastio materials a.t finite strain, 

Arch. Mech... Stos., ~ l19u6), 85 - 100. 

61. W. Wo3no, On thermod..vnamios of elastic/viscoplaatic 

materials, Thesis, Institute of Basic Technical 

Research, Polish Aoademy of Sciences, 195?. 

http://rcin.org.pl



-2S-

Streaozaie 

Oelem obeone3 prac7 ~eet ciJekUeja \eftlOCb'namicww~ 
metody )eciDoozesneco \raktowania zjaniBk nolocic&lV'oh: 
i. plast1c~eyoh oru koDBtNkoja \umodyD.amic:ne~ ieori.i 
DiellDioW.toh maten-al0w'· lepkopl$Styc;ll7oh, kt6ra •oz. b76 
uty.ta . do. opieu zaobewania: 81' btali pod obc~~eni811i d.7• 
Jlallliczny.mi. 

_'I piemrsze3 os-aci_ prac7 przeqskutowano trzy zoezne 
pod•l eoia . te~amiczi. 40 oarodka ci~eco. l'ykazano, 
~· te~cae pocls'i&WJ l•pkoplas't7cano6ci mog, byd 
zbudowane w l'~ch. koncepoji maie1"ial6w z pami.IICi\. lieli• 

niowy mate·riaL z pamito~- jest · . zde~iniow8l17 za pomQc, 
u.kladu .r6wna!1 konst:ytu~cb., w kt6ry11 p•wn• tunkoje sta­
nu .takie )ak tensor naprttenia, enercia we1l04trzx..a, stru­
mien ciepla 1t4. Stl okreBlone pnez tunkcjon&.q zalaZD8 ocl 

tunkoji, kt6ra reprezentuje historit lokalnel konticur.ao~i . 
matertal.nel o.z,steo~. J"ak:o ftzultat jednoczesneco ~d­
nieuia sp,rotystycb, lepkioJ:L 1 p4styoZl2;}'oh w):aeoiwoaci ma­

terialu opia tlinkoji aktualneao etcu wprowadu· bistorit 
lokalne3 tontictu"aoji mat•rialne~ . OZ'lsteozld. l ako :tuD.kolt 
czasu i 41-o&i. 

Zostaq zanal i zowane oc.ramczenia j akie naklada dru• 

. &i• prawo termodynemi.Jd. oraz zasada obiektywno8c1. 
W dru&1•1 cz~eoi pracr przeqskutowano pewne szcze• 

golne przypadki· r6wna6 konstytutywD7o~ MitdZJ 1nnym1 zo­
stal zbad&Q7 mate~al lepkoplas~JC%n7 t7pu prtdko$oiowego 
1 material wrazliWJ na Prtdko86 odksztuoeDia;. 
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