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Thesis

Segregation of membrane components plays an important role in cellular life and
functioning. The primary aim of this thesis is to provide a deeper understanding of
the physical mechanisms responsible for the segregation of membranes components
in multicomponent biological membranes coupled with the membrane shape
transformations.

Diverse functions of cells strongly depend on the shape of the membrane surface
and its composition. The lateral distribution of the membrane components on fluid
lipid membrane may have a direct influence on cell shape transformations. One
of the possible explanations of this phenomenon is based on the hypothesis that
the non-homogeneous lateral distribution and segregation of membrane constituents
depends on the coupling between the geometry of membrane surface and the
non-homogeneous lateral distribution of membrane components. It is assumed that
each of the membrane constituents prefers to occupy a membrane region with a
membrane curvature comparable to its intrinsic curvature .

The suggested mechanism of non-homogeneous lateral distribution of membrane
components may be especially important in the process of formation and stabilization
of membrane tubular structures without application of an external pulling/pushing
force.

The main goals of this thesis were to check the following hypotheses:

1. the change of the membrane shape may cause the lateral redistribution and

segregation of membrane components,

2. the formation of membrane tubular structures might be strongly influenced
by intrinsic geometry of membrane constituents and their accumulation in a
membrane regions with favorable membrane curvature.

We developed a set of computer programs, which were used to minimize directly
the membrane free energy functional within the framework of two theoretical
descriptions of membrane elasticity: the spontaneous-curvature (SC) model and the
deviatoric elasticity (DE) model.

The results presented in this thesis show that the lateral redistribution of membrane
components may occur only for a certain range of the values of the model parameters

such as the vesicle size, vesicle relative volume, area of constituents and their intrinsic
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geometry, and elastic moduli of components. The change of vesicle shape may
induce the migration of membrane components to the regions with the favorable
local curvature that matches better the intrinsic curvatures of membrane components.
The lateral distribution of membrane components and the membrane curvature are
strongly coupled.

Another an important result of our work is the observation that elongation of the
vesicle, following the application of an external force, may lead to the formation of
the membrane tubular protrusions, occupied mainly by the component with large
spontaneous curvature. Thus, stretching the vesicle can be an effective mechanism
of segregation of the membrane components with different intrinsic curvatures.

We have shown that the lateral redistribution and accumulation of anisotropic
membrane components may lead to the formation of thin tubular protrusions without
the application of active (external) pulling force. It is important to note that, when
the membrane components are isotropic, the membrane cylindrical protrusions may

be created only due to application of active (external) force.

il
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CHAPTER

Membranes and their conformations

1.1 Biological membranes - brief introduction

Biological membranes play an essential role in cellular life and functioning. Membrane
encloses cell and intercellular organelles (e.g.  mitochondrion, vesicles, Golgi
apparatus) [1]. The compositional heterogeneity of biological membranes makes them
act as a specialized selective barrier, which separates the interior of the cell/organelle
from its exterior, and is responsible for membrane functionality. Membrane functions
are as diverse as transporting of nutrient, waste control, encapsulation of larger
particles or viruses (phagocitosis, endocitosis, budding) [2, 3], cell locomotion,
adhesion to other cells or surfaces (e.g adhesion of osteoblasts to titanium implant
surface [4]), connections with other cells [5], transmission of information, cell-to-cell
communication (e.g. myelin is a specialized biological membrane that wraps axon and
performs insulating functions [6]). Some basic characteristics of biological membranes
are described below.

From the structural point of view, biological membranes represent a class of soft
(structured) materials [7]. Biological membrane is a chemically complex self-assembled
aggregate, bilayer, built of two molecular monolayers or leaflets [8], in which lipids!,

the main building units of biological membrane, are oriented in such a way, that

ILipids belong to the class of molecules called amphiphiles (from the Greek: aup.¢ [amphis] — both,
peAwa [philia] - love) which are composed of two parts: hydrophilic polar head and one (e. g.
lysophosphatidylcholine ) or more (phosphatidylethanolamine (2 tails), monolysocardiolipin (3 tails),
cardiolipin (4 tails) or Di[3-deoxy-D-manno-octulosonyl]-lipid A (6 tails), which represents the class
TLR-4 Agonist, was recently found in bacteria and macrophage membranes [9-11]) hydrophobic carbon
chains (tails), see left-hand side of Fig. 1.2. However, the majority of lipids found in cellular membrane
have double chains.
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Figure 1.1: A schematic view of the cell membrane with main membrane components:
proteins, lipids, cholesterol and attached cytoskeleton.

their hydrophobic chains are situated inside the bilayer, tail-to-tail packing (lipid
chains create a hydrophobic core of the bilayer), when the hydrophilic polar heads are
oriented to the outside of bilayer and are in contact with the aqueous environment.
Biological membranes are asymmetric [12]. Each cellular monolayer is composed of
a heterogeneous collection of lipid and non-lipid molecular species, such as proteins,
cholesterol etc.? (see Fig.1.1), which can freely move (e.g. “flip-flop” (lipid
exchange between monolayers), rotating, diffusing) in the plane of bilayer due to the
thermal motion. The constant thermal motion of molecules within bilayer causes the
fluctuation of its shape around some mean value (see Ref. [14] and references within).

From the thermodynamical point of view, biological membranes may exist in

different phases and exhibit different phase transitions. Most of biological membranes

The unique feature - a combination of molecule parts with two opposite characteristics: hydrophobicity
and hydrophilicity was discovered by I. Langmuir (1905) during his studies of the phospholipid
monolayer on a water/air interface.). Those properties allows amphiphiles to spontaneous
self-assembly into different structures in aqueous solution. Such behavior is induced by a strong
water-mediated attraction between hydrophobic tails (the hydrophobic effect is responsible for the
aggregation of amphiphilic molecules in water).

Lipids are polymorphic i.e. they can create a variety of different kinds of self-assembled structures.
In aqueous environment amphiphilic molecules can aggregate into two basic architectures: micelles
(spherical and worm-like), Fig. 1.2 (2) and lamellar structures Fig. 1.2 (4) (the preferable structural
configuration depends on the concentration of lipids in solution), from which larger and more
geometrically complicated structures can be built (uni- or multi-lamellar vesicles, hexagonal and cubic
structures etc.). Some of the amphiphilic aggregates are shown in Fig. 1.3

’This representation is based on the fluid mosaic model for the cell membranes, introduced by S. J.
Singer and G. L. Nicolson in 1972 [13].
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Figure 1.2: Structure of a phospholipid (phosphatidylcholine).

are considered to be in the fluid phase’. The phase of membrane lipid bilayer
depends on the temperature. The main transition temperature T,,, depends on the
length of the hydrocarbon chains, the degree of saturation of lipid chains and
composition of particular membrane (e.g. the presence of sterol molecules in one- and
multi-component lipid bilayers influences its phase behavior [15,16]). In biological
membranes also different kinds of proteins are embedded in the membrane. Fluid
(liquid crystalline) phase, Ly or L,, is characterized by disorder of lipid chains, while in
gel phase, L, or Lg, the lipids chains become more ordered. For example, according
to the raft hypothesis [17], lipid rafts (an organized membrane domains) represent the
liquid-ordered phase.

From the scale point of view, the characteristic feature of biological membranes is
the difference between its thickness and size. The thickness of biological membranes,
determined by the length of the lipid chains, is thought to be crucial for lateral
segregation, concentration and conformation of membrane proteins (see Refs. [18-21]
and references within), which, in turn influence protein activation and functionality.
Again, lipid rafts (the diameter of raft domain is assumed to be around 50 nm
[22]) may serve as an example of local change in membrane organization (thickness)

and phase behavior. Membrane thickness may vary from 3 to 5 nm. However,

3Tt is assumed that, in the fluid phase membrane lipid bilayer behaves as an incomprehensible
isotropic fluid. The filaments of cytoskeleton attached to the inner surface of lipid bilayer exhibit shear
elasticity and cannot be considered as fluid.
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Figure 1.3: Schematic representation of aggregates made by amplilpilic molecules: (a)
multilamellar, (b) cubic, (c) hexagonal and (d) inverted hexagonal phases. On scheme
(ii) and (iii) the uni- and multi-lamellar vesicles are presented, (i) shows the monolayer
vesicle, which is formed on the surface between water and oil.

for closed membrane objects, such as e.g. vesicles*, whose dimensions are several
orders of magnitude larger than the membrane thickness, the latter is treated as
constant. Moreover, as we shall see in details in Chapter 2, such difference in orders
of magnitude allows to apply certain assumptions in the theoretical description of

membrane surfaces, which make the elastic continuum approach applicable.

1.2 Membrane morphology and component segregation

Membrane heterogeneity is believed to play a crucial role in a number of biological
processes such as membrane budding (exocitosis and endocitosis), adhesion, fusion
and fission, protein targeting, pore formation, signaling, surface pattering etc. These
processes are mostly accompanied by change of the membrane morphology, which
might be partially induced by migration and accumulation of membrane components and their

phase separation.

4The diameter of biological membrane vesicles in vivo [23] slightly vary in the range of 60 nm. In
contrast, the giant unilamellar vesicles (GUVs) may vary from tens nm to tens um (e.g. see Ref. [24]).
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1.3. Concept of nanodomains in lipid membranes

Both the composition and the functionality of particular membranes dictate their
morphology, thus spherical, ellipsoidal, tubular, toroidal, plane or more geometrically
complicated closed membrane structures such as, for example, the myelin-like
structures called “Myelin figures”” (see Refs. [25,26] and references within) or helical
ribbons can be preset in the cell.

The local composition of biological membranes might be changed during the
process of the phase separation or due to the (local) segregation of membrane
components induced by the change of the membrane curvature.

The curvature-induced phase segregation of two-component vesicles was
theoretically investigated by number of scientists. Lipowsky studied the
domain-induced budding of flat membranes and suggested possible influence of
coating proteins on the budding mechanism in the natural systems [27]. Later Seifert,
by applying the area-difference-elasticity model (ADE), has shown that initially mixed
components (one-phase regions) with different geometry can phase segregate due to
the transformation of vesicle shape induced by the temperature change [28]. The
analysis of the shape deformation of the open-shaped unilamellar planar membranes,
close-shaped cylindrical and spherical vesicles with two-phase region is given in
Ref. [29,30]. Julicher and Lipowsky investigated the continuous and discontinuous
shape transformations (budding) of vesicles that consist of two fluid domains that are
separated by a domain boundary in the framework of spontaneous curvature model
(SC) [31]. The importance of an orientation of anisotropic membrane inclusions which
induce spontaneous deviatoric bendings in lipid bilayer was shown by M. Fischer [32],
J. B. Fournier [33] and V. Kralj-Igli¢ [34].

1.3 Concept of nanodomains in lipid membranes

As was mentioned above, different functions of biological membranes may be
activated by the mechanisms responsible for the segregation of membrane components
induced by the change of the membrane curvature [35, 36]. The change of the
membrane curvature might be also induced by the geometry of the membrane
constituents.

The intrinsic architecture of a lipid bilayer is governed by its composition, where

>The “Myelin figures” are an infinite planar bilayr structures with a concentric or a whorl-like
shapes, which remind the myelin coating (Schwan cell) of nerve axon.

http://rcin.org.pl



Chapter 1. Membranes and their conformations

isotropic anisotropic

A

le ‘ ‘
\\\\ i '
(a) (b) (c) (d) (e)

Figure 1.4: Possible geometries of membrane nanodomain characterized by its
intrinsic principal radii Ri,, and R,,,, which are linked with the intrinsic spontaneous
curvatures by C;,, = 1/R;,, (i = 1,2). (a) Flat (Cy,, = Ca, = 0), and (b) spherical(
Cim = Cay # 0), nanodomains correspond to the rotationally symmetric membrane
components (isotropic), and set of (c) ellipsoidal (Ci,, # Coy, > 0) and (Chyy, # Cop, < 0),
(d) cylindrical (Cy,, # 0, Cy,, = 0), and (e) saddle-like (Ci,, > 0, Cyp, < 0) or (Cyy, > 0,
Cy, < 0) nanodomains corresponds to the non-rotationally symmetric membrane
components (anisotropic).

the key role plays the intrinsic shape of it’s basic building blocks, membrane
constituents, and the interactions between them. In multicomponent membranes some
molecules can form nanodomains.

Nanodomain can be understood as a large macromolecule, which is (laterally)
placed in the bilayer, or a bilayer small stable aggregations of cluster of molecules,
which are composed of: lipids of one kind; other non-lipid molecules of one kind;
mixture of different kinds of lipids; mixture of lipids and other molecules; or mixture
of different molecules.

Macromolecules, like proteins, are much larger than lipid molecules, and may form
complexes with a large number of lipids. Such a complex can be considered as a
membrane component with much larger size then the area of single lipid molecule.
Some macromolecules, bound to the membrane surface, may induce the change of
bilayer curvature. Such process shows the coupling between local curvature of the
bilayer and the local concentration of the mecromolecules [37].

Nanodomains can be characterized by different shape geometry with rotational
(isotropic nanodomains (Cy,, = C5,)), and non-rotational symmetry (anisotropic
nanodomains (C',, # Cay,)), (Fig. 1.4) [38].
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1.4. Possible mechanisms of segregation of membrane components

1.4 Possible mechanisms of segregation of membrane

components

The heterogeneous biological membranes may be in the first approximation considered
as two dimensional (2D) liquids [39]. The membrane components can be mixed or
phase separated [40, 41]. When attraction between components of the same kind
is significantly stronger than the interaction between components of different kind,
then the energy gain associated with separation of the components competes with the
entropy loss. Atlow enough temperature and low mobility of membrane components
the entropy plays a less important role and phase separation takes place. In the case
of comparable intermolecular interactions between the components of different kinds
or high temperature no thermodynamic phase separation occurs. Still, segregation
of the components of the membrane forming a closed vesicle might occur if one
component is characterized by large and the other one by small spontaneous curvature.
The energy cost due to the difference between local and spontaneous membrane
curvature contributes to the bending energy of the membrane described within
Helfrich theory [42]. When the component with large intrinsic curvature occupies
regions characterized by relative large local curvature and the other component with
the small intrinsic curvature occupies regions characterized by relative small local
curvature, the elastic energy decreases compared to the case of homogeneously mixed
components.

Segregation of the membrane components induced by coupling between the
shape of the vesicle and the lateral concentration was predicted based on the above
considerations in several works [35,40,43-49]. On theoretical grounds the question
of shape-induced segregation of the components on the vesicle membrane was
investigated in Refs. [28,50]. An axisymmetric vesicle composed of two types of lipids,
with different local concentration in outer and inner monolayer was studied in Ref. [28]
in the modified area-difference-elasticity model. In the model it was assumed that
the local concentration difference between outer and inner monolayer, ¢(s), induces
local spontaneous curvature of the bilayer at the position parmeterized by s (where s
is an arclength) due to different molecular architectures of the two components. In
addition, the combined effect of intermolecular interactions and entropy of mixing

was included according to the Landau theory of the demixing transition. Namely,

9
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Chapter 1. Membranes and their conformations

the term proportional to ¢?(s) integrated over the surface of the vesicle, with positive
proportionality constant in the one-phase region, was added to the elastic energy.
The Landau theory is valid close to the critical point, where the order parameter ¢
is small, therefore the model studied in Ref. [28] is valid only in the weak segregation
limit. Indeed, for reasonable model parameters the variation in composition associated
with budding (dividing the vesicle into low- and high-curvature parts) was found to
be 1% and 10% for the vesicles with radius R = 1um and 100nm respectively. The
above results indicate that in the case of two types of lipids the curvature-composition

coupling is not an effective mechanism of segregation of the components.

1.5 The goals of the thesis

This work is devoted to understanding the mechanisms responsible for segregation
of membrane components, which in turn, influences the shape transformations and
functionality of biological membrane systems.

The segregation of components and nanodoamins in multicomponent membranes
can arise under certain conditions. One possibility is that membrane components,
which are characterized by different spontaneous (intrinsic) curvatures and neutral
intermolecular interactions, might affect the membrane curvature, trying to fit it to
their own curvature by the partial or full accumulation in the favorable membrane
region(s) , as a consequence the membrane changes its shape [35]. The other possibility
is that the membrane components accumulate in the membrane regions with the
curvature comparable to their own intrinsic curvature but do not significantly change
the membrane shape, i.e. the membrane geometry remains more or less fixed [43].

The structural complexity of biological membranes makes their investigation
highly difficult, therefore it is convenient to use the simplified model membrane system,
which might be described theoretically.

In this thesis, two different theoretical descriptions (spontaneous-curvature model
and deviatoric-elasticity model) of the biological membranes are used for the numerical
investigation of processes governing the shape transformations of membranes
surface coupled to membrane component lateral redistribution and segregation.
Two-component model membrane system, which forms closed hollow wvesicles with
spherical topology, is considered for the sake of simplicity.

The main goals of the thesis are:
10

http://rcin.org.pl



1.6. Organization of the thesis

e Further verification of the hypothesis, that the change of the membrane shape
may cause segregation of membrane components.

e Further verification of the hypothesis, that the formation of membrane tubular
structures might be driven by the intrinsic geometry of membrane constituents
and the application of external force is not necessary.

We hope that the results of the proposed thesis will be helpful in better

understanding the mechanisms of lateral redistribution and segregation of membrane

components in biological membranes.

1.6 Organization of the thesis

Chapter 2 is devoted to a theoretical description of the spontaneous curvature model
and the deviatoric elasticity model of biological and model lipid bilayer membranes.

In Chapter 3 the mathematical representation of axially symmetric vesicle surface
and the corresponding expression for the membrane free energy for two-component
membrane vesicles are introduced. The approximate functions for the local
concentration of the membrane components are presented.

In Chapter 4 the numerical investigations of lateral redistribution and segregation
of membrane components in two-component vesicle membrane using the spontaneous
curvature model is given. It is assumed that membrane components are isotropic and
characterized by different spontaneous curvatures.

In Chapter 5 the studies concerning the formation of tubular membrane structures
induced by the accumulation of the anisotropic membrane component in the
membrane region with large curvature (vesicle neck or protrusion) are presented. It
is assumed that membrane is composed of the mixture of isotropic and anisotropic
components or only anisotropic components, which are characterized by different
intrinsic deviatoric curvatures. The calculations were performed using the deviatoric
elasticity model.

In Chapter 6 the obtained results of the thesis are summarized and the main

conclusions are presented.

11
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CHAPTER 2

Theoretical models of biological

membranes

The difficulty in explanation of the variety of shapes observed in the red blood cells
(RBCs), such as discocyte (biconcave structure), stomatocyte or ehinocyte, and the
unusual behavior of RBC’s membrane have attracted great scientific interest since the
end of XIX century, when Hamburger (1895) described the reversible shape change of
RBC from a biconcave disc into a crenated sphere.

Since that time thousands of papers dedicated to the experimental, theoretical and
numerical investigations of mechanisms governing the morphological changes of RBC
membrane and other bilayer membrane systems have been published. Nevertheless,
the biological membranes still remain one of the most intriguing systems created by
nature and the phenomena and mechanisms, which are observed in such systems, are
still puzzling the scientists involved in these investigations.

This Chapter presents two theoretical models describing the mechanics of fluid-like
lipid membranes considering the intrinsic geometry of membrane constituents, which
might be characterized by rotational (isotropic) and non-rotational (anisotropic)
symmetry. In Secs. 2.1 and 2.2, the spontaneous curvature (SC) and the more general

deviatoric elasticity (DE) models are described.

2.1 Spontaneous-curvature model

The shape transformations of biological membranes (mechanics) has been intensively

studied for more than four decades. Nevertheless, due to high complexity in the

12
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2.1. Spontaneous-curvature model

composition of biological membranes, the most studies in this field are restricted to
simplified, so-called, model membrane systems, which represent lipid bilayer, consisting
of one or more components and tend to mimic real biological membrane systems.
Such simple systems allow to focus on basic physical aspects concerning biological
membranes [51], and may serve as the material for artificial cells [52]. However, one
should understand how big the difference between biological membranes and model
membrane systems is.

One of the important roles in mechanics of membrane shape transformation plays
membrane curvature (for brief review see [53] and references within).

The connection between membrane curvature and its “bending resistance” in RBCs
was first emphasized by Rand and Burton (1964), who examined experimentally the
unusual behavior of RBCs and determined the resistance to deformation of the red
cell membrane [54]. In 1966 Fung discussed the general relation between bending
resistance and membrane tensions and pointed out the importance of bending in
stability of the biconcave shape of red cells when they are stressed [55].

One of the successful attempts of theoretical explanation of membrane shapes
observed in RBCs was made by Canham in 1970 [56], who proposed the theory of
the stable RBC shapes based on minimization of membrane bending energy. He has
shown that the biconcave shape of the red blood cell (RBC) can be described by the

D 1 1
= — — 4+ —)d 2.1
v 2/<R%+R%> 5 @1

where R, and R, are the principal curvatures of the membrane mid surface at a given

bending energy

point, D is the bending rigidity, £ it the Young’s modulus, h is the membrane thickness,
v is the Poisson’s ratio, and dS is an infinitesimal surface area element. However, this
theory gives only an approximate solution.

In 1973 W. Helfrich [42] formulated a theory of the elasticity of lipid bilayer,
based on the assumption of unrestricted internal fluidity of membrane, which implies
vanishing shear modulus. Thus, the membrane is treated as a two-dimensional fluid.
Such consideration of the lipid bilayer requires the examination of stretching, tilt, and
curvature, the three kinds of strains affecting the membrane elasticity. The change
of the membrane thickness, h, is not taken into consideration. It is assumed that
the membrane is homogeneous over the entire surface. Such assumption allows to

consider the membrane as a two-dimensional surface embedded into 3D Euclidean

13
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Chapter 2. Theoretical models of biological membranes

middle surface

Figure 2.1: Simplified schematic sketch of an element of membrane with a surface area
Aa, membrane thickness h, which tends to be infinitesimally thin, » — £/, and the
principal radii of curvature, Ry and R;.

space and to describe it within a continuous-mechanical approach (Fig. 2.1).
The membrane local bending energy was written as [42]

FbSC = g/(cl + CQ - 00)2 dsS + /?L/ClC2d57 (22)

where k and & are the bending moduli, ¢} and C; are the membrane principal
curvatures, which characterized geometrical surface (vesicle surface, S) at each point,
Cy is the spontaneous curvature of membrane (with dimensionality of the principle
curvature), dS is the infinitesimal membrane area element. For closed surfaces with
fixed topology last term on the right-hand side of Eq. (2.2) is constant according to
the Gauss-Bonnet theorem, see App. A.2). The spontaneous curvature Cy denotes an
intrinsic asymmetry’ of membrane bilayer showing that in relaxed state membrane is
curved (not flat).

In 1974 E. A. Evans [57] studied a possible mechanism for crenation of red blood
cells for connected and unconnected bilayers. He came to the conclusion that for
connected bilayer the bending resistance is a function of a local curvature of the
bilayer and its free energy is a sum of the chemically induced moment free energy
and the bending resistance. The last term, D/2(1/R; + 1/R,)?, takes similar form of
one proposed by Canham and Helfrich (D is the bending rigidity constant).

The theoretical description of biological membrane proposed by Canham, Helfrich

and Evans is called the spontaneous curvature model (SC). The SC model was successful

For example, the membrane asymmetry might be induced by the difference in composition of inner
and outer monolayers or by attaching the macromolecule to the bilayer.
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in explaining shapes of RBCs?.

2.2 Deviatoric Elasticity model

The problem of tubular structures in the biological membranes has attracted a great
interest since the end (late 70’s) of the XXth century, since they play an important role in
intracellular [1,59] and ”outer-cellular” processes, such as intercellular communication
[60-62] or material transportation. It seems to be closely connected with the studies of
multicomponent biomembrane systems.

The first theoretical attempts to explain the formation of tubular structures that
have been found in the membrane solid state (tubes and helical ribbons) were made
independently by Helfrich and de Genes (1987). In 1988, Helfrich inspired by
experimental data, put forward the suggestion that the solid bilayers have to be
anisotropic to be able to form tubular and ribbon-ike structures [63]. Further theoretical
investigations were made by Fisher (1992) [64]. In his work the author, following
Evans and Skalak [65], considered the spontaneous curvature as the superposition
of the isotropic and deviatoric contributions. The deviatoric contribution or deviator
of the local curvature, was denoted as antisymmetric part of expression for Gaussian
curvature, ((C} — Cs)/2)°.

2 2
F.CyCy = F { (%) - (%) } | 2.3)

Fisher also pointed that for a non zero deviatoric contribution the total spontaneous
curvature of the molecules (intrinsic spontaneous curvature) must be anisotropic, i.e.
the molecules must not have rotational symmetry as it is in the isotropic case, when
the deviatoric contribution is equal zero.

In 1996 Kralj-Igli¢ et al. proposed a deviatoric elasticity model (DE), where the
anisotropic properties of membrane constituents are taken into account [34]. The brief

introduction to DE model is given in Section 2.2.1.

2 In 1976 H.J. Deuling et W. Helfrich obtained a catalogue of large variety of rotationally symmetric
shapes of vesicles (made of closed fluid membranes) [58]. This work served as a verification of proposed
earlier theoretical model of membrane elasticity, SC model. Shapes (for one-component membrane)
were calculated as a function of enclosed volume, membrane area and spontaneous curvature. By taking
the area as a constant, S = const, the authors emphasized that the only parameter controlling the shapes
of the vesicles is the curvature of membrane.
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Chapter 2. Theoretical models of biological membranes

w=0 w#0

Figure 2.2: Schematic sketch of a rotating membrane element with area ay. w is the
angle of rotation of membrane element.

2.2.1 Formalism of DE

Consider a small plate-like membrane element (e.g. inclusion or nanodomain) with
area a (Fig. 2.2). The elastic energy of such element is the energy of the mismatch
between the actual local curvature of the membrane and the intrinsic (spontaneous)
curvature of the nanodomain .

According to [66,67], the mismatch tensor is defined as M = R C . R'—C ,where

the tensor C describes the actual local membrane curvature, tensor C,, describes the

intrinsic curvature of the inclusion, and the rotational matrix takes the form

cosw —slnw
_ (2.4)

sinw cosw

where w is the angle of rotation of the membrane element (please note, that all
orientations of a single membrane element do not have the same energy), see Fig. 2.2.

The curvature tensors are defined as

Cy 0 Cim O
c=| 1| =] . (2.5)
0 CQ 0 CZm
The elastic energy of the membrane element per unit area w should be a scalar
quantity. Therefore each term in the expression for w must also be a scalar [68],

i.e. invariant with respect to all transformations of the local coordinate system. The

expression for w is approximated by an expansion in powers of all independent
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2.2. Deviatoric Elasticity model

invariants of the mismatch tensor M up to the second order in the components of M.
K 2
W= po + - (TrM)* + Ky DetM, (2.6)

where 1 is the minimal possible value of w, while K; and K, are constants. For the
sake of simplicity we take py = 0.

Finally, the elastic energy per membrane element is
w = (2K; + K3)(H — H,,)? — Ky(D? — 2D D,, cos(2w) + D2), (2.7)

where H = (C, + (C3)/2 and H,, = (Cip, + Caop)/2 are the mean and the intrinsic
mean curvatures, respectively, whereas D = |C; — C5|/2 and D,, = |Ci,, — Cap|/2 are
the curvature deviator and the intrinsic curvature deviator, respectively. Derivations for

Eq. (2.7) are given in Appendix B.

2.2.2 Limiting case of deviatoric elasticity model

The Eq. (2.7), considered in Section 2.2.1, represents a general form of bending energy for
membrane element, which takes into account anisotropy of components. For isotropic
membrane components the intrinsic principal curvatures are equal Cy,,, = Cop, = Cpy,
and therefore D,, = 0 and H,, = C,, (see Appendix C).

K 2K, + K.
Wiim = { [7141&12 - (—1%) 4HH,, + -- ] - Kgclcz} +(2K, + K)H2, (2.8)

Hel frich form

~

where H,, = (K1Cy)/(2K; + K»).
The expression (2.8) can be rewritten in the form of SC model

(K7 — K»)

2 2.9
2K; + K Co. (&3)

K
Wiim = {—2—1(H — 00)2 =+ Kgclcz} —

where term [(K? — K3)/(2K: + K)]|C? does not depend on H (is constant) and can be
omitted. The spontaneous curvature is Cy = H,,,(2K; + K»)/ K.
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CHAPTER 3

Mathematical description of vesicle

surface in the case of rotational

symmetry

3.1 Parameterization of vesicle shape

In this Thesis we consider only axisymmetric vesicles!, thus the vesicle surface is a
surface of revolution, which assumes rotational symmetry about the z-axis (the angle
of rotation is in the range 0 < ¥ < 2m). To describe vesicle surface with rotational
symmetry, it is enough to write parameterization only for a plane curve (profile) of
the vesicle, which is characterized by an arclength s and an angle of the tangent to the
profile with the plane perpendicular to the axis of rotation z, (s), see Fig. 3.1.

The infinitesimal height dz(s) and the elementary radius dr(s) are
dz(s) = sinf(s)ds, dr(s) = cosf(s)ds.

and therefore the parametric equations of the vesicle profile are

S

z(s) = /sin 6(s")ds', (3.1)
0
r(s) = /cos (s")ds'. (3.2)
0
for the simplicity of calculations
18
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3.2. The expressions for principal curvatures C; and C,

Z
PV
s=L,
» \e(s) 3/ |dz
r(s)
z(s) r
S
s=0 r

Figure 3.1: Schematic representation of a vesicle profile with a curve element, ds. r(s)
and z(s) are the coordinates of point M, VU is the angle of rotation, (s) is the angle
between the tangent to the profile with the plane perpendicular to the axis of rotation,
z,and Ly is the length of the profile.

The boundary conditions necessary for the parameterization of a closed shape [69]
6(0)=0, O(Ls)=m 1r(0)=0, r(Ls) =0. (3.3)

The function 6(s) is expanded in a Fourier series [69]:

90 l . nm
0(s) = L_SS + ;an sin (L_SS> : (3.4)
where 0, = 7 when the shape of the vesicle without up-down symmetry is

parameterized, L, is the length of the shape profile, NV is the number of the Fourier

modes and a,, are the Fourier amplitudes.

3.2 The expressions for principal curvatures C; and C,

In the 3D Euclidean space, the vector describing the points on a surface of revolution is
written as R = {rcos v, rsini, 2} 2. In case, when the profile is parameterized by 6(s),

it takes the form
R = {r(6(s)) cos v, r(6(s)) sin®, 2(6(s)) } (3.5)
where the angle of rotation ) and the arclength s are coordinates on the surface.

The recipe of calculation of the principal curvatures C; and () is presented below.

2For the simplicity of description from now on in some cases we will write z, r, 6 instead of z(s),
% P

r(s), 0(s).
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Chapter 3. Mathematical description of vesicle surface in the case of rotational

symmetry
1. The metric tensor g;; is calculated as [70]:
Lz oz (10 o
J5= | or R oR oR 0o 2 |’ ‘
9s oy o Oy
where

OR/0s = {cos b cos, cos @ sin 1), sin 0} (3.7)
OR/0Y = {—rsini, rcostp, 0} (3.8)

2. The unit normal n, defined as n = (OR/0s x dR/0vY)/+/det(g;;), is
n = {—cos sinf, —sin sin b, cos} (3.9)

3. A supporting matrix Y takes form

O°R 9’R
Y=| 9 000 | (3.10)

92R 9°R
0Yds o

4. The coefficients of the second fundamental form, L,;, are defined as follows

5. The curvature tensor H;; is then
@0
Hij=gy 'Ly={ " _ | (3.12)
0 T
Finally, the principal curvatures for a given parameterization are
do(s) sin(6(s))
= = = = —" 3.13
C1 = Ci(s) ds Cy = Cs(s) r(s) ( )

3.3 Calculation of bending energy

The general expression for bending energy Fj, for the profile parameterized with the

function 6(s) is given by the following formula

F, = Fy0(s)] = /dw/H(s)r(s)ds, (3.14)

where ¢ is the angle of rotation as shown on Fig.3.1, H(s) is the Hamiltonian,

which corresponds to the appropriate form for each theoretical model.
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3.4. Calculation of membrane free energy

For instance, for one-component case of SC model it will take the form
H(s) = (k/2)(C1(s) + Ca(s) — Cy)>.

The surface area and the volume of the vesicle are calculated as

Ls
S = 27r/r(s)ds, (3.15)
Ls
V= 7r/r2(s) sin 0(s)ds, (3.16)

0

respectively.

Due to the insertion of the Eq. (3.4) into Egs. (3.1), (3.2) and (3.14), the functional
minimization can be replaced by the minimization of the function of many variables.
The functional (3.14) becomes the function of the amplitudes a; and the length of the
shape profile L,. In numerical minimization the shape profile is expanded into an
appropriate Fourier series and the resulting functional is minimized with respect to

the coefficients in the Fourier expansion, Eq. 3.4.

3.4 Calculation of membrane free energy

To study multicomponent membrane systems, we propose a model with the entropy
having the form of the entropy of mixing that is not limited to a weak segregation limit.
The surface area of nanodomains is taken into account as a model parameter, and the
elastic energy depends on the spontaneous curvature that is, in turn, related to the
concentration of the macromolecules.

This work is an attempt to answer the question, if the nanodomains can be
segregated by the morphological transformations of the vesicle shape®.

The mechanisms of the shape transformations for vesicles with fixed membrane
area, considered in this work, might be induced

e by the change of the reduced volume * of the vesicle,

e due to the application of the external force,

3The axially symmetrical vesicles are studied within the framework of spontaneous-curvature (SC)
and deviatoric elasticity (DE) models.

“The dimensionless reduced volume v = V/Vj, is defined as the ratio of the volume inside the
investigated vesicle, V, to the volume of the sphere with the same surface area as the surface of the
investigated vesicle, Vy = (4/3)7 R}, where Ry = \/S/4r is the radius of the sphere. Ry is used to
set up the length scale, and the values of the curvatures are reported in 1/R units. In addition, the
dimensionless spontaneous curvature ¢y is defined as ¢y = Cy Ry.
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symmetry

\_J |

=

Figure 3.2: Schematic illustration of surface preferable curvatures for components
A (light gray) and B (dark gray) (1/R” and 1/R’) according to their own intrinsic
curvatures (C4 = 1/R* and CP = 1/R5). BRI (j = A, B, 1,1) are the principal radii.

e by the change of membrane component concentration (in two-component

vesicles),

e by the change of the intrinsic shape of components

We find that lateral separation of the membrane components depends strongly
on the surface area of nanodomains. The increasing of the area of the complex
(nanodomain) induces stronger segregation of components.

We consider the membrane as a surface composed of fixed total number of
nanodomains. Single nanodomain surface area is a;, while nanodomain radii of
curvature are R and R? as schematically shown on Fig. 3.2. The molecular packing
and the stretching energy of the membrane is not taken into account.

In our studies we investigate two-component axially symmetric closed bilayer
vesicles, where the intrinsic shapes of membrane components (nanodomains) A and
B are characterized by spontaneous curvatures C§' and C, mean intrinsic curvatures
H#, H? , intrinsic curvature deviators D, DP and bending rigidities x* and x«”. The
total relative concentration is ¢4 + ¢p = 1, where ¢, and ¢p are concentrations of
components A and B, respectively. We denote the concentration of component A as ¢
and the concentration of component B as (1 — ¢).

In all performed calculations, the equilibrium shapes correspond to the minimum
of the membrane total energy at constant values of the membrane surface area S and

the vesicle volume V/, which can be written in the generalized form

Ftot = Fb+Fmix> (317)
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3.5. The function describing the local concentration of components.

where the expression for the bending energy F;, is given by Eq. 3.14.

The free energy associated with the entropy of mixing is given by
kgT
Foie = = [ [#In @+ (1 = 6) In(1 — ¢)]ds, (3.18)
0

where T'is temperature, kg is the Boltzmann constant and ¢ is the concentration of the
component A. The integral is taken over the whole surface of the vesicle membrane, S.
The relative importance of the two terms in Eq. 3.17 depends crucially on the value
of the area of single nanodomain ay. The role of the entropy of mixing increases with
the decreasing of the nanodomain area, since the number of nanodomains is increased.

The functional for membrane total energy F,,; is minimized with the constraints on

e total concentration of components ¢, = 1/5 f odS,

e surface area S and

e volume of the vesicle V.
We do not solve Euler-Lagrange equations but numerically minimize the functional as
described in Ref. [41,69,71]. As a result of the minimization, we obtain the function 6(s)
which determines the shape of the vesicle (see Fig. 3.1), and the function ¢(s) which

determines the concentration profile.

3.5 The function describing the local concentration of

components.

The local (relative) concentration of membrane components is described by two different

functions, ¢'(s) and ¢”(s), which schematically are shown in Fig.3.3,

#(5) = 58011~ tanh € (5 — 50))] + 01, 3.19)
#(s) = 526 tanh (€ (s — 50)) —tanh (€ (s — 50 — Aso))] 4 6f',  (3:20)

where s is the profile arclength, s, is the position of the boundary between the region
rich in component A and the region rich in component B, ¢ is the slope of the
concentration profile at sy, As is a distance between inflection points of two hyperbolic
tangents.

The functions are constructed in such a way that allows the formation of one or two
regions on the membrane surface with the different local concentrations of component

A, ¢t and ¢y The concentration difference is denoted as A¢ = ¢4 — ¢l
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(b)

A O

I

®*

Figure 3.3: A schematic illustration of the correspondence between the concentration
functions given by Eq. (3.19) and Eq. (3.20) and the distribution of component A on
the surface of a vesicle. ¢{ and ¢4 denote the regions rich and pure in component
A respectively. The colour of the vesicle surface reflects the values of the local
concentration of component A according to the colourmap: the blue (red) colour
denotes the local concentration of component B (A), which is equal unity, and the red
(blue) colour denotes the local concentration of component A (B), which is equal zero.

In our work we use the following color code to show the distribution of the
components on the vesicle surface. The color of the vesicle surface reflects the local
concentration values according to a given colormap. In particular, the blue (red) colour
denotes the local concentration of component B (A), which is equal unity, and the red
(blue) colour denotes the local concentration of component A (B), which is equal zero.
Green colour denotes the total mixing of components A and B. The illustration of the
local concentration profiles and the vesicles shapes are shown in Fig. 3.3. In Fig. 3.3,
possible shapes of the local concentration functions are presented: (a) for both models

of the concentration functions ¢’ and ¢”, (b) only for ¢".
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CHAPTER 4

Predictions of spontaneous curvature

model

4.1 One-component membrane system

Multicomponent membranes with a uniform distribution of membrane constituents
can be treated as one-component membrane systems, characterized by some effective
spontaneous curvature. Therefore, the analysis of the shape transformations of
one-component closed vesicles with spherical topology can be considered as a first
step in present studies.

Since the multicomponent membrane system is reduced to single-component
one, the membrane free energy (see Section 3.4) becomes F,, = F,. Moreover,
this assumption is equivalent to setting the local concentration function to constant
(see Section 3.5) and, as a consequence, the membrane spontaneous curvature Cy(¢) =
Cy = constant.

According to definition and notation of the bending energy given in Sections 2.1

and 3.3, the Hamiltonian for one-component membrane takes the form
K
H(s) = 5(01(5) + Ca(s) — Co)*. (4.1)

The results of minimization of the membrane free energy functional (Eq. (3.14))
with the Hamiltonian given by Eq. (4.1) and zero spontaneous curvature C, = 0
agrees very well with the phase diagram previously obtained by Seifert et al. [72]. Fig.
4.1 show three classes of vesicle shapes: stomatocyte, oblate and prolate obtained for

spontaneous curvature Cy = 0.
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Figure 4.1: Bending energy of one-component closed vesicles for C; = 0 as a function
of reduced volume v consists of three branches, which corresponds to stomatocyte
(blue), prolate (black) and oblate (red) vesicle shapes. Vesicle profiles for each branch
are shown for given reduced volume v. Energy is given in units F' = Fj,;/(87k).

The results presented in Ref. [72] were performed for small values of spontaneous
curvature, 0 < Cy < 3. We extended the calculation done by Seifert et al. to higher
values of the spontaneous curvature in order to use them as a reference point for the
studies of two component vesicles.

In this work we focus on vesicles with prolate shapes. The interest in such
studies was stimulated by two reasons. Firstly, they are the most common shapes
experimentally observed in both artificial and cellular membrane vesicles. Secondly,
the oblate and stomatocyte vesicles are usually characterized by larger bending energy
than the prolate one, is the spontaneous curvature is larger then zero, Cy > 0. The
prolate vesicles characterized by the lowest bending energy correspond to the stable
state.

One of the examples of performed calculations is depicted in Fig. 4.2, which shows

the bending energy as a function of the reduced volume and the corresponding classes
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Figure 4.2: Bending energy for one-component closed axisymmetric vesicles with
spontaneous curvature C;, = 4 as a function of reduced volume, v. Characteristic
vesicle shapes for the given value of v (number below the vesicle shape) with five (A),
four (B), three (C), two (D) and one (E) beads are shown for different parts of bending
energy plot. The shapes within the gray frame corresponds to local minima on the
bending energy. Energy is given in units F' = F},;/(87k).

of shapes for the one component vesicles characterized by the spontaneous curvatures
Cy = 4. It is clearly seen in Fig. 4.2 that the vesicle shapes with the spontaneous
curvature Cy = 4 are more structured than the vesicle shapes in Fig. 4.1 calculated
for Cy = 0. Therefore, one may expect that the process of separation of components
due to the geometry of the vesicles can be studied effectively for the components

characterized by the spontaneous curvature significantly larger then C; = 4.

4.2 Two-component membrane system

Redistribution of components on the surface of the biological multicomponent
membranes is possible not only with the change of the temperature, but also with

the change of the surface geometry of membrane. It is important to note that there
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is a feedback between the change of membrane geometry and the distribution of
components on the membrane surface, i.e. the distribution of components influences
locally the surface geometry, but also the geometry of the surface may induce the
component migration to the region with favorable curvature.

It is assumed, that the model membrane is composed of isotropic components A
and B, characterized by spontaneous curvatures C;' and CP. The free energy functional
is given by Fy,, = Fy, + F},.;,, where F}, is described by the Helfrich Hamiltonian:

H(s) = %H@(S))(Q(S) + Ca(s) — Co(6(s)))” (4.2)
and F,;, is given by Eq. 3.18. k(¢(s)) and Cy(¢(s)) are the local bending rigidity and
local spontaneous curvature, respectively, which depends linearly on the concentration
of component A

Cole(s)) = (C5' — Cg)g(s) + Cy - (4.3)

and
r(é(s) = (" = £%)o(s) + k7. (4.4)
The concentration function takes the form given by the Egs. 3.19 or 3.20.

The bending energy functional with Cy(¢) was first introduced in work [71], where
only stiff membrane was studied, e.g. x > kpTR?/ay, where R is the radius of
investigated vesicle. Here we focus on a stiff as well as on a flexible membrane,
k ~ kpTR?/ay, for which the entropy contribution cannot be neglected. ¢4, ¢5, &,

and s are calculated in the minimization process [73].

421 Results

The calculations were performed for ¢,,, = 0.5, and for different values of the reduced
volume. The spontaneous curvatures in most cases were C3' = 8 and CF = 0, and for
a comparison also Cj' = 2,4, 6 were considered. The values of the elastic constants in
most cases were k4 = kB = 30kgT. We have also considered x* = 2x%, k4 = 8x°
and % = 8k4 to determine the effect of a difference between the elastic constants of
the two components. The most important factors determining the equilibrium shape
of the vesicle are v and C§'. The minimization of the functional gives nonuniform
distribution of the components, except for a few distinct cases where the distribution is
uniform. For the configurations where the functional has the minimum for the uniform

distribution we obtain the shape of the vesicles with up-down symmetry. The shape of
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the vesicles with uniform distribution of components can be described as a sphere or
beads of similar size connected by narrow passages.

The vesicles with nonuniform distribution of components do not have up-down
symmetry. They are composed of a large, approximately spherical part, connected with
a protrusion formed of small beads or of a cylindrical shape. For the reduced volume
close to v = 1 the formation of long protrusions is prohibited by the volume constraint.
When the reduced volume is smaller than v = 0.95, the vesicle is deformed and a
spherical bud is formed. For decreasing v the length of the protrusion increases. The
curvature of the membrane in the protrusion is larger than the local curvature in the
remaining spherical part. Such shape asymmetry favors separation of the components.
The concentration in the protrusion depends on v, on the parameter k5T R?/kag, and
on the way the shape deformation is induced.

Detailed results are presented in the following subsections.

4.2.2 Separation of components on a stiff membrane.

We first describe results obtained for a very stiff membrane, where the entropy
of mixing can be neglected. With neglected entropy of mixing we determine the
configurations of vesicles with minimized elastic energy. These results show the limits
of the shape-induced segregation of the membrane components, and are analogous to
the analysis of the ground state in statistical-mechanical description of ordering. Once
the relation between the shape of the vesicle and the segregation of the components is
established, we will be able to identify the effect of entropy on both the segregation and
the shape of the vesicle. Fig. 4.3 shows comparison of the free energy for nonuniform
distribution of components (solid curves) with the free energy calculated with the
constraint of uniform distribution (dashed curves) when the bending rigidity is the

same for both components.
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Figure 4.3: The free energy as a function of the reduced volume v. The dashed lines
show the free energy obtained for constant spontaneous curvature Cy = 4 (uniform
distribution of components) for the following configurations: (i) a sphere, (ii) two, (iii)
three, (iv) four, and (v) five beads respectively. The solid curves show the free energy
for (a) partially budded configurations and configurations with: (b) one, (c) two, (d)
three, (e) four, (f) five small beads, and for tubular shapes (g). The total concentration
is ¢1r = 0.5, C5t = 8, C8 = 0, k* = kP. Configurations corresponding to the lowest
value of the free energy for given v are thermodynamically stable, the remaining ones
are metastable.
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Figure 4.4: Shapes transformations of two-component vesicles corresponding to
brunches of free energy function, presented on Fig. 4.3. The configurations with
protrusions consisting of one (a) bead, two (b), three (c), four (d) and five (e) beads
and of tubular shapes (g) are shown.
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Each curve shows the free energy for a given configuration of the vesicle within
the range of the reduced volume for which a stable or metastable solution is found.
Outside that reduced volume range no stable solution for a given configuration has
been obtained. These curves have a few common parts which mark the configurations
where the minimum of the functional is obtained for uniformly mixed components.

In a similar way the free energy was analysed with the entropy contribution
included. The shape transformations induced by the change of the reduced volume
v are shown in Fig. 4.4.

The concentration of the component with larger spontaneous curvature in the
bud is much higher than in the remaining spherical part of the vesicle, where the
components are almost equally mixed.

The configurations with the spherical bud are stable (metastable) for the reduced
volume 0.88 < v < 0.96 (0.7 < v < 0.88). The first vesicle on the left (b,c,d,e) in Fig. 4.4
represents the uniform distribution of the components for the configuration with two
beads. The following vesicles represent the change of the shape and distribution of
the components with increasing reduced volume. The increase of the reduced volume
with given number of beads leads to demixing. The size of the upper bead rich in
the component A is coupled to the concentration in that bead. This can be easily
understood since the spontaneous curvature depends on concentration. The larger is
the concentration ¢ of the component with C3' = 8, the larger spontaneous curvature
Co(¢) is induced, and the smaller is the size of the bead.

In Fig. 4.4 the configurations with protrusions consisting of one bead, two , three ,

four and five beads and of tubular shapes (g) are shown. The shapes with protrusions

7 4
k | i.

Vv

Figure 4.5: Budding of two-component vesicle induced by the change of the reduced
volume v. From the right to the left vesicle v = 0.94,0.95,0.955,0.96,0.97,0.975,0.99
respectively. The arrow indicates the direction of decreasing of v. The total

concentration is ¢y = 0.5, C§' =8, C8 =0, k* = k5.

Y
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4.2. Two-component membrane system

Figure 4.6: Concentration of component A in the spherical part of the vesicle (dashed
curves) and in the protrusion (solid curves) as a function of the reduced volume v for
different shapes of vesicles for (a) configurations without the beads, and configurations
with: (b) one, (c) two, (d) three, (e) four, (f) five small beads. The total concentration is
bror = 0.5, C{ =8, CP =0, k* = KP.

consisting of two or four beads are similar to the shapes of three-bead protrusions,
with one less or one more bead respectively. When the reduced volume v decreases, the
number of beads in the protrusion increases until v < 0.4 where tubular shapes become
stable. For small values of the reduced volume the vesicle is occupied by almost totally
mixed components, except for a small region at the pole of the vesicle, where the
concentration of the component characterized by large spontaneous curvature is high
(see Fig. 4.4).

The calculated two-bead shapes might be linked with the process of budding of the
vesicle induced by the decreasing of reduced volume (see Fig. 4.5).

In Fig. 4.6, the curve (a) shows the concentration in the partial bud, and the curves
(b, ¢, d, e, f) represent the concentration in the protrusions composed of one, two,
three, four, and five small beads respectively (solid curves) and in the remaining part
of the vesicle (dashed curves). In several cases the protrusion is occupied mainly by

the component with large spontaneous curvature. The largest concentration difference
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can be obtained for the configurations with five small beads, when the protrusion
is occupied almost exclusively by the component with C5' = 8. In most cases the
component A is mixed with the component B in the spherical part of the vesicle,
because the surface area of the protrusion is too small, and some amount of the
component A is left even when its concentration in the protrusion is close to ¢ = 1.
We have also investigated the separation for smaller values of the spontaneous
curvature C3! = 2,4,6 and CZ = 0. For C' = 2,4 and C? = 0 no configuration with
protrusions or buds is stable. For smaller values of the reduced volume configurations
with pear-like shapes with nonuniform distribution of components are stable. The
uniform distribution of components was observed only for the reduced volume v = 1.
For C§' = 6 and C¥ = 0 we have found the configurations with the protrusions
composed of only one or two small beads. For such configurations the components
can be mixed and demixed by changing the reduced volume. It is possible to obtain
almost complete separation of components for appropriate choice of the spontaneous
curvatures. For 064 = 4.5, Cé-t’ = 3.5, ¢1 = 0.5, and v = 0.6 the components are
separated between the protrusion composed of two beads (where the concentration of
component A is close to ¢ = 1) and the rest of the vesicle (where the concentration of
component A is close to ¢ = 0). For the configurations with three small beads such
complete separation is obtained for v = 0.55. In the next subsections we study how the
above best segregation of the components induced by optimization of the shape of the

vesicle is influenced by the entropy of mixing.

4.2.3 The effect of entropy of mixing on the separation of
components.

In this section we study how the segregation of the components resulting from the
minimization of the elastic energy is influenced by the entropy of mixing. We shall
consider two cases: (i) the elastic constants of both components are the same, and
(ii) the elastic constants are different. In the latter case the stiffer component can be
associated either with the larger or with the smaller spontaneous curvature.

The entropy of mixing substantially suppresses the segregation of the components
due to curvature of the vesicle surface. Obviously, the role of the entropy depends on
the parameter k5T R?/kag which at room temperature and for a given lipid depends

on the size of the nanodomain - i.e. on the kind of the macromolecules and also on the
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Figure 4.7: Concentration of component A in the spherical part of the vesicle (dashed
curves) and in the protrusion (solid curves) as a function of the reduced volume v for
the different shapes of vesicles for configurations with: (a) one, (b) two, (c) three beads.
The total concentration is ¢;,; = 0.5, C5t = 8, C8 =0, k* = kP = 30k, T , ag = 100nm?
and R = 250nm. The vesicle shapes represent minimized configurations with the best
separation of the components (for the largest v for a given family of shapes), totally
mixed (for the smallest v for a given family of shapes) , and intermediate.

size of the vesicle. Experimentally relevant cases concern R of order of 100nm — 1um
and ag of order of 100nm?. We find that the components may still segregate due to
the curvature of the membrane when the domain formed by one of the components
is of the order of 100nm? , the radius of the vesicle is of the order of 250nm, and the
bending rigidity is x = 30k,T". For the above parameters the configurations with the
number of small beads greater than three are no longer stable. In Fig. 4.7 we present
the curves which show the concentration of component A in the spherical part and
in the protrusion composed of small beads as a function of the reduced volume v for
three different configurations. Let us compare Figs.4.7 and 4.6 to analyse the effect
of entropy on the segregation of the components. The first difference between Figs.
4.7 and 4.6 concerns the relation between the length of the protrusion and the best
segregation of the components. From Fig.4.7 it follows that the excess concentration of

component A in the protrusion decreases when the length of the protrusion increases
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Figure 4.8: Concentration of component A in the spherical part of the vesicle (dashed
curves) and in the protrusion (solid curves) as a function of the reduced volume v for
configurations with one bead for different sizes of nanodomains: (b) ap = 400nm?,
(c) ap = 200nm?, (d) ap = 100nm?, (€) ag = 50nm?, (f) ap = 25nm?, (g) ap = 12nm?.
The curve (a) refers to the calculations with neglected entropy of mixing. The total
concentration is ¢y, = 0.5, C{' =8, C8 =0, k* = kP = 30k, T, and R = 250nm.

- the best segregation is obtained in the case of a single bud, i.e. when the reduced
volume is large. This is quite opposite to the previously studied case - in the absence
of entropy the best segregation of component A in the protrusion was obtained for five
beads, i.e. for much smaller v. Whereas in the absence of entropy the configurations
with a protrusion consisting of a given number of beads are stable for a large range
of v that increases with increasing number of beads (see Fig.4.6), in the presence of
entropy the range of v for which given configuration is stable decreases for increasing
number of beads, and is much smaller than in the absence of entropy (see Fig.4.7).
The size asymmetry between the beads in the protrusion and in the spherical part of
the vesicle increases with v for a given number of beads (see Fig. 4.4). The increase
of the size asymmetry is accompanied by the segregation of the components - these
two effects influence each other. In the very stiff membrane (Fig. 4.6) for each number
of beads in the protrusion there exists a range of reduced volumes - the largest v for

which a given number of beads is stable - for which the concentration in the protrusion
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is ¢ ~ 1. For the largest v corresponding in the absence of entropy to the stability of a
given number of beads the shapes with the same number of beads are unstable in the
presence of entropy. This can be easily seen by comparing the curve (d) in Fig.4.6 with
the curve (c) in Fig. 4.7. Thus, the effect of entropy is to reduce segregation, and as a
consequence the stability of long protrusions with very small beads that were formed
in the presence of segregation. Since the segregation increases with increasing v for
fixed number of beads, and range of v corresponding to a single bead is larger than in
the case of two and three beads, the best segregation of the components is obtained for
a single bead.

We have also examined the influence of the nanodomain size on the separation
of components. The calculations were performed for a single bead, i.e. for the best
segregation. The calculations for a vesicle with the radius R = 250nm and a few sizes
of nanodomains with surface area larger and smaller then ay = 100nm? are presented
on Fig. 4.8. Even for very small nanodomain size ay = 12nm? the components separate,
although very weakly. The difference of concentration is approximately 10% in the
optimal case, where the bead sizes differ the most. It is interesting to note that even
very weak separation of components may stabilize configurations with small beads. In
all cases it was possible to obtain stable configurations with the reduced volume up to
v =0.95.

We have also examined the system where the components have different bending
rigidity. Fig. 4.9 shows the plots of the concentration of component A in the spherical
part of the vesicle and in the protrusion composed of small beads for bending rigidity
kB =30k, T, k" = 8kP (the left side) and * = 30k, T, kP = 8k (the right side). In both
cases the dependence of the concentration in the protrusion and the spherical part of
the vesicle on v is similar as in the case of equal elastic constants of the components,
but higher bending rigidity of one component enhances the separation, as can be
seen by comparing Figs. 4.9 and 4.7. In the case of a single bead (large v) the small
bead is composed of nearly pure A component when the membrane with attached

macromolecule is stiffer (Fig.4.9A).
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Figure 4.9: Concentration of component A in the spherical part of the vesicle (dashed
curves) and in the protrusion (solid curves) as a function of the reduced volume v
for the different shapes of vesicles for configurations with: (a) one, (b) two, (c) three
beads:(A) k4 = 8xB, kB = 30k,T , (B) k* = 30k, T, k¥ = 8x*. The total concentration is
brot = 0.5, C§ =8, CP =0, ap = 100nm? and R = 250nm. The vesicle shapes represent
minimized configurations with the best separation of components (for the largest v for
a given family of shapes), totally mixed (for the smallest v for a given family of shapes),
and intermediate.
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Figure 4.10: Schematic representation of a vesicle profile with a growing microtubule
inside. d; is the length of the microtubule in comparison with the length of the
membrane protrusion dj before “pulling”. d; is the length of the membrane protrusion
pulled out by microtubule, which is equal to the length of microtubule.

4.2.4 Separation of components induced by elongation of the vesicle

For the sake of simplicity let us focus on the case when the application of external force
is understood as a presence of stiff microtubule inside the vesicle, see Fig. 4.10. It is

assumed that microtubule is rigid and located inside a vesicle along its axis of rotation.

The minimization of Eq. 4.2 is performed with additional constraint on the
distance between the ends of the vesicle, which corresponds to a given length of the
microtubule. It is assumed that the growth of a microtubule is slower than the shape
relaxation of the vesicle.

The change of the vesicle volume is not the only or the most convenient way to
change the shape of the vesicle. In experiments it might be easier to change vesicle
shape by elongating it [74,75]. A vesicle may be elongated from outside by pulling the
membrane by laser tweezers or from inside by growing microtubules [76]. The external
force applied to the poles of the vesicle can keep them at fixed separation, without
changing the area of the membrane. In mechanical equilibrium the external force is
compensated by the elastic force resulting from deformation of the vesicle shape. Such
systems are modeled in our analysis by imposing a constraint on a distance between
the poles of a vesicle [77], in addition to the constraints of fixed area and volume.
When a vesicle is elongated, a cylindrical protrusion is formed at its nearly spherical
surface, see Fig. 4.11. Thus, the vesicle is composed of two parts with different mean

curvatures. Such difference of the mean curvatures may be the driving force for
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Figure 4.11: The shapes of vesicles with lateral segregation induced by elongation:
(A) k4 = 2xP kB = 30k,T , (B) k* = 8xP kP = 30k, T. The total concentration is
Gror = 0.5, C§ =8, CE =0, ap = 100nm? and R = 250nm. The height of the vesicle
H =3.1,4.5,5.3,5.7,6.3,6.9 in R units. The reduced volume v = 0.705.

segregation of the components with different spontaneous curvatures.

Note that in the previously studied example the segregation and shape
transformations influenced each other as a result of the competition between the elastic
energy and the entropy of mixing. When the segregation was suppressed by the
entropy, then the long protrusions could not be formed. In this case the external force
that keeps the poles of the vesicle at the prescribed distance induces the formation of
the protrusion that favors the segregation of the components. The entropy of mixing
and the elastic energy can influence the shape of the vesicle without the change of the
distance between the poles.

In Fig. 4.11 we present the results of the calculations performed for two systems,
where the components differ by the spontaneous curvature and the bending rigidity.
The component with larger spontaneous curvature is characterized by the bending
rigidity two (Fig. 4.11A) and eight (Fig. 4.11B) times larger than the component
characterized by smaller spontaneous curvature. Fig. 4.11 shows shapes of vesicles

minimized for a few values of the distance between the poles. In the first configuration
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the components are completely mixed, ¢ = 0.5 at every point of the surface and no
external force is applied to the poles of the vesicle. The next configurations show
elongated vesicles minimized with the constraint of a fixed distance between the
poles. Increasing the bending rigidity of the component characterized by larger
spontaneous curvature enhances the separation. It is interesting to note that the
length of the cylindrical protrusion is correlated with the concentration of components
in the protrusion. Longer protrusions have higher concentration of the component
characterized by the larger spontaneous curvature. Longer protrusions are also
thinner, therefore the mean curvature of the cylindrical protrusion is larger. Thus, the
difference of the curvature between longer cylindrical protrusion and the spherical
part of the vesicle is larger which creates the driving force for curvature driven
segregation of components [78]. The process described above should be reversible,
when the distance between the poles of the vesicle is no longer constrained the vesicle

should return to its original state where the components are totally mixed.

4.2.5 Conclusions

It has been shown that the separation of membrane components in a bilayer vesicles
can be induced by the change of the vesicle shape in a similar way as it is usually
done by the change of temperature [79]. The separation of membrane components
may occur, however, only for a certain range of parameter values, e.g. the size of the
vesicle, area occupied by the macromolecules attached to one of the components in
the outer monolayer, spontaneous curvatures, and elastic moduli of the components.
Elongation of a vesicle or changing its volume induces the change of a vesicle shape in
such a way that in thermodynamic equilibrium the component characterized by large
spontaneous curvature accumulates in the region with large local curvature, and thus
is separated from the other component. The separation, however, is incomplete and
occurs only for rather narrow range of the reduced volume. In future experiments
the reduced volume should be carefully tuned to observe the lateral separation of
membrane components. In biological systems the volume of the cell vesicle can be
altered when the osmotic pressure is changed. When the volume is changed, the
components start to migrate to regions with local curvature that matches better their

spontaneous curvature, and simultaneously with the migration (and hence the change
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of the local concentration) the local curvature is changed. This mechanism is effective
only for large macromolecules in the membrane, with linear extension 2 0.01R. The
area of the bead with high concentration of A component is rather small, but it can
be enlarged at the cost of weaker segregation (Fig. 4.4), still much more effective than
found for two types of lipids [80].

Important result of our work is the observation that elongation of a vesicle may
lead to formation of tubular protrusions occupied mainly by a component with larger
spontaneous curvature. For long protrusions stretching a vesicle can be an efficient
segregation mechanism of the component with significantly larger curvature, provided
that the area occupied by the attached molecules inducing the large curvature is

sufficiently large.
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CHAPTER 5

Predictions of deviatoric elasticity

model

This Chapter is devoted to the question of the formation and stabilization of the tubular
membrane structures (protrusions and connecting (nano)tubes) caused by the presence
of anisotropic membrane constituents coupled with their lateral (re)distribution in the
membrane.

Intrinsic curvature mechanism (i.e. the intrinsic shapes of membrane components)
of component segregation may be especially important in the process of formation of
membrane tubular structures (Fig. 5.1). It was shown in a number of theoretical and
experimental studies, that generation and stability of the membrane tubular structures
in the cellular and artificial multicomponet membrane systems in the absence of any
intercellular rigid structures, e.¢. microtubules, or external pulling forces, such as
optical tweezers or motor proteins (kinesin, dynamin) is possible and can be explained
by the accumulation of anisotropic membrane components in the tube region [81-84]. In
the case, when the external pulling/pushing force is present the accumulation of
membrane components in the favorable curvature regions facilitates the tube growing
process and stabilizes its final equilibrium shape.

As it was mentioned in Section 2.2, that the concept of anisotropy of membrane
constituents is crucial for understanding the mechanisms inducing the formation of

tubular membrane structures observed in both cellular and artificial biomembrane

45
http://rcin.org.pl



Chapter 5. Predictions of deviatoric elasticity model
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Figure 5.1: Mechanisms of formation of membrane tubular structures. The formation
of tubular structure with application of external pulling force, e.g. (a) pulling
membrane from outside by micropipette, (b) pulling membrane from inside by
elements of cell cytoskeleton. The examples of formation of tubular structure without
application of external pulling force is shown in scheme (c).

systems!.

According to the spontaneous curvature model (see Section 2.1) of membrane
elasticity, long membrane protrusions cannot be fully stabilized by membrane
components with rotational symmetry (isotropic) without application of some
additional external force. Theoretically this process can be investigated within the
framework of the deviatoric elasticity model (see Section 2.2), the generalized form of
SC model, where the membrane components are considered as anisotropic, whereas in
the limiting case (see Subsection 2.2.2) components can be isotropic as it is assumed in

SC model), i.e. do not have a rotational symmetry.

Tt was experimentally observed that adding a dimeric cationic amphiphiphile molecules to the
erythrocyte suspension results in a release of a stable tubular structures from the erythrocyte membrane,
[85].

Another experimental example is related to the stability of tubular membrane protrusions. Fibroblast
cells treated with cytochalasin B produce long membrane protrusions with rod-like microtubules inside.
Whereas, the same treatment of cells with reduced content of cholesterol in the membrane results in
thinner and smoother tubular membrane protrusions without the microtubules inside [86].
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force

5.1 Two-component membrane system without the

application of external pulling force

It is assumed, that the model membrane is composed of components A and B
which can be either isotropic or anisotropic and are characterized by intrinsic principal

curvatures ('

Ims

Ci. (i=A,B). The free energy functional is composed of the
(anisotropic) bending energy F; and the free energy associated with the entropy of
mixing F,,;,, given by Eq. (3.18), Fyor = Fy + Fiz-

As it is clearly seen from Eq. (2.7) the elastic energy per nanodomain directly
depends on its orientation, therefore, for the simplest case (w = 0), used in the present

implementation, the membrane bending energy takes the form [66]:

F, = / #(6) [(H = Hp(6))* + (D — Du(@))’] dS. 5.1)

Note, that a membrane component is considered as isotropic when its intrinsic
deviatoric curvature is zero, D, = 0 (C},, = C%,). The properties of anisotropic
membrane components are defined by setting D! # 0, In particular case
corresponding the cylindrical shape of membrane nanodomain (see Fig. 1.4 (d)),
intrinsic devatoric and mean curvatures are set equal, D! = H} .

For simplicity we assume linear dependence of bending rigidity x~, nanodomain
intrinsic mean curvature H,, and deviator D,, on relative concentration of the

component A, ¢ :

K(9) = (k" = k")p + K7 (5.2)
Din($) = (Djy = D)o+ Dy (54)
where k4 and x” are bending rigidities of components A and B, respectively. The

ansatz for the local relative concentration of the component A, ¢ = ¢(s), is given by of
Eq. (3.20).

5.1.1 Results

Here the special attention is devoted to the stability and growth of tubular membrane

structures with thin tubular protrusions, with and without the small spherical vesicles
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Figure 5.2: The shapes of the vesicle composed of both isotropic (iso+iso), mixed
(iso+aniso) and both anisotropic (aniso+aniso) components for vesicle shapes for
different concentration, ¢, of anisotropic component for v = 0.8, ¢ = 0.02, H;: = 8.0,
HB = 4.2, k4 = 4kB (kB = 30kpT).

at their free tips, induced by accumulation of anisotropic membrane components in
tubular membrane regions without the application of the external force [87-89].

The results have shown that cylindrical protrusions are formed when at least one of
the membrane component is characterized by rather high anisotropy.

Fig. 5.2 shows the shape transformation of the vesicle induced by the change of
intrinsic geometry of one of the membrane constituents. For the case, when both
components are isotropic, the vesicle is composed of small spherical beads connected
by narrow passages 2. The change of the intrinsic geometry of one of the components
by setting the value of the intrinsic deviatoric curvature different form zero, D7 # 0,
results in a shape change of the vesicle and the formation of tubular structure (Fig. 5.2
). Note, that the shape of the vesicle became elongated when both components are
anisotropic (D2 # 0, DB # 0). Similar shapes are observed for vesicles with both
isotropic components when the external pulling/pushing force is applied.

So far, the formation of thin cylindrical protrusions attached to larger spherical vesicle has
not been shown in the models in which the anisotropy of the components is not taken into
account. It was observed [87], that tubular membrane structures might be formed
even for a very small amount of an anisortopic component present in the membrane,
however, again, the latter has to be characterized by rather high intrinsic curvature.

Such behavior is demonstrated in Fig. 5.3, where the concentration of anisotropic

ZRoughly speaking, such results may be referred to those obtained by using the SC model.
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5.1. Two-component membrane system without the application of external pulling
force

component is varied from ¢ = 0.01 to ¢ = 0.055. Furthermore, as it is clearly seen
from Fig. 5.3, the length and the radius of membrane protrusion strongly depend on
the concentration of anisotropic membrane component. The anisotropic membrane
component is located mainly in the tubular part, which has a very small surface area
compared to the rest of the vesicle area. The total membrane component separation was
observed for ¢ = 0.02. At this concentration almost all anisotropic component was
accumulated in the neck of the vesicle®.
The calculations presented in Fig. 5.3 were performed for constant reduced volume
v = 0.8. For such a reduced volume we observe the shapes without up-down
symmetry, but for smaller values of the reduced volume the shapes with up-down
symmetry are stable, as presented in Fig. 5.4. Moreover, the smaller the volume the
more mixed are the components, and the cylindrical protrusions are no longer stable.
The total mixing was observed for small concentration of anisotropic component,
¢ = 2%, which for small reduced volume, v > 0.65, results in pearl-like shapes
with up-down symmetry. The increase of the concentration of anisotropic component
stabilizes longer and wider tubular structures.
The anisotropy of one of the membrane components is not however a sufficient
condition for formation of the tubular membrane structures. We have also observed

that cylindrical protrusions may be induced by changing the properties of the isotropic

*Note, that the possibility of accumulation of membrane components in a small area region might be
one of the important mechanisms of activation of some important biological membrane functions like
for example vesicle fusion and fission.

u&&

¢ 0.01 002 0.04 0.055

Figure 5.3: The calculated vesicle shapes for different concentration, ¢, of anisotropic
membrane component, and for H? = 4.2, v = 08, H} = D} = 8.0, k* = 4kP.
kB = 30kgT. The inset (a) shows the configuration with almost total segregation of
membrane components for ¢ = 0.02. The anisotropic component is accumulated in the
neck area.
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Chapter 5. Predictions of deviatoric elasticity model
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Figure 5.4: The calculated vesicle shapes for different values of the reduced volume, v,
and for (a) ¢ = 0.02, HZ = 3.0 (left), HZ = 4.2 (right), H2 = D} = 8.0, s* = 4x® and
(b) ¢ = 0.055, HE = 3.0 (left), HZ = 4.2 (right), H2 = D} = 8.0, s = 4k®. kP = 30kpT.

component. Itis demonstrated in Fig. 5.5 that when the intrinsic mean curvature of the
isotropic membrane component is increased (for fixed reduced volume) the cylindrical
membrane protrusions are formed and their length increases with the increase of the
intrinsic mean curvature of the anisotropic component.

In the membrane systems, in which the cylindrical membrane tubes are created
when the macromolecules (e.g. BAR domain proteins) are adsorbed at the membrane
surface, the radius of the tubule is determined by the intrinsic curvature of the
macromolecule, i.e. considering the membrane element containing macromolecule(s)
as a nanodomain characterized by proper intrinsic curvature, the tube radius is
determined by the intrinsic curvature of nanodomain. In Fig. 5.6 we show that there is
a strict relation between the intrinsic curvature of the anisotropic component,D,ﬁ‘l, and
the radius of the tube.

For smaller values of D/} < 5.5 the cylindrical tube is not observed. For D2 > 9.45
a tubular protrusion begins to form. The decreasing of the tube radius is coupled to
the accumulation of the anisotropic component in small membrane area, indicated by
arrows in the lower panel of Fig. 5.6. At D;} = 9.45 there is a transition transition

to the well developed cylindrical tubule. Apart from the values of D;} in the vicinity
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5.1. Two-component membrane system without the application of external pulling

000béee

0006664

Figure 5.5: The vesicle shapes for different Values of the mean curvature of isotropic
component HZ, and for v = 0.8, ¢ = 0.055, k* = 4k (kP = 30kzT). The mean
curvatures of anisotropic component are: (a) H;: DA =6.0 and (b) HA = D4 =8.0.

H,

of the transition value, we can see that for the well developed cylindrical membrane
tubes (for D} > 10) the radius of the tubular structure decreases linearly with
increasing D72. Thus, the results of our theoretical calculations are in qualitative
agreement with the experimental predictions showing that the membrane tubular
protrusions induced by the membrane bound anisotropic molecules (such as highly
anisotropic BAR domain-containing proteins ) with larger intrinsic curvature radius
(corresponding to smaller D:) generally have larger diameters than do those formed
by the molecules characterized by smaller intrinsic curvature radius (i.e. larger D2}).
Figs. 5.7 and 5.8 present the shape transformations and redistribution of
anisotropic membrane component on the vesicle surface induced by the change of its
intrinsic geometry (ellipsoidal nanodomain shape), and change of reduced volume,

respectively.

5.1.2 Conclusions

We have shown that accumulation of anisotropic components may lead to formation of
thin tubular membrane protrusions. The anisotropy of the membrane components is a
necessary condition for creation of the stable tubular protrusions in the absence of the
external force. When all membrane components are isotropic the stable cylindrical

structures may be created only when external force is applied [5, 43, 90-94]. The

51
http://rcin.org.pl



Chapter 5. Predictions of deviatoric elasticity model
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Figure 5.6: The change of the radius of the tubular region of a vesicle as a function of
the intrinsic curvature of anisotropic component D¢, for v = 0.8, ¢ = 0.04, HE = 4.2,
DB =0, H} = D2, k4 = 4k® (kP = 30kpT). The arrows in the lower panel indicates
the position on the surface of the vesicle where the radius for the tube was determined.

diameter of the membrane tubular protrusions depends on the intrinsic curvatures
of anisotropic components. When the membrane is composed of isotropic components
only the stable protrusions which are induced without application of external force
are composed of a series of connected beads (Fig. 5.9). The tubular protrusions for

relatively high reduced volume of the vesicle are not possible in this case.
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5.1. Two-component membrane system without the application of external pulling
force
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Figure 5.7: The shapes of the vesicles for different values of the curvature deviator.
The shapes are calculated for the following values of intrinsic curvature deviator of
component A, D: 0.45, 0.55, 0.65, 0.8, 1.15, 1.30, 1.55, 1.75, 2.00, 2.50, 3.00, 3.45. The
calculations were performed for the following parameters v = 0.64, ¢;,; = 0.5, HA =8,
HE =0,DB =0, k = 30ksT.

ll&ééééeeo

Figure  5.8: The  vesicle shapes for calculated for  different
values of the reduced volume (form left to right) v =
0.690, 0.750, 0.810, 0.870, 0.910, 0.920, 0.950, 0.980, 0.990, 1.000. The calculations
were performed for ¢,,., = 0.35, HA =8, HZ =4, D} =0.95, D2 =0, k = 30kpT.
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Chapter 5. Predictions of deviatoric elasticity model

Ldboe
tobbébe

Figure 5.9: Comparison of the calculated membrane protrusion formed in
the vesicles with the membrane composed of two isotropic components
(upper panel) and mixture of isotropic and anisotropic membrane components
(lower panel). The values of reduced volume for the first and the second
row are v = 0.540, 0.680, 0.725, 0.805, 0.875, 0.920, 0.950 and v =
0.540, 0.680, 0.720, 0.800, 0.870, 0.880, 0.920, 0.960 respectively. The parameters use
in the calculations are ¢,,,, = 0.5, HA =8, HZ =0, DA = 0.95, DE = 0.
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5.2. Two-component membrane system with the application of external pulling force
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Figure 5.10: Schematic representation of a microtubule growing inside the cylindrical
membrane protrusion of the vesicle with two-component membrane. d; is the length
of the microtubule, d is the length of the membrane protrusion before the application
of “pushing” force. d, is the length of the membrane protrusion pushing out by
microtubule, which is equal to the length of microtubule outside the membrane
surface.

5.2 Two-component membrane system with the

application of external pulling force

As it was shown in Section 5.1, the accumulation of anisotropic membrane component
in two-component membranes composed of at least one anisotropic component, may
lead to the formation of the cylindrical protrusions without the application of external
pulling/pushing force. In the case of the membranes composed of the two isotropic
components cylindrical protrusions can only be obtained with the application of an
external puling/pushing force (see Subsection 4.2.4). The intriguing question arises:
what is the influence of the combination of component anisotropy and application of external
pulling/pushing force on the component separation process in multicomponent membranes?*
This section is devoted to answer this question.

In this section, the behavior of the vesicles with the membrane composed of both
isotropic and anisotropic components when external force is applied is investigated.
The corresponding system is schematically shown in Fig. 5.10. The results obtained for
such systems may shed some light on the phenomena related to the cell and vesicle
shape transformations and segregation of membrane components, since biological

membranes are usually built of many anisotropic components.

“The experimental investiagtions on the Lubrol rafts have shown their accumulation in tubular
membrane protrusions (for example, see Ref. [95] and references within).
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Chapter 5. Predictions of deviatoric elasticity model

Lateral segregation of membrane constituents may be induced by coupling
between the local curvature of membrane surface and the local concentration of
membrane components, characterized by their intrinsic shape, and thus by an intrinsic
spontaneous curvature. It is assumed that membrane constituents prefer to occupy the
membrane region with a membrane curvature comparable to the intrinsic curvature of
the component [35]. The physical aspects of formation of membrane tubular structures
are presented in the review [96].

We have studied three different mechanisms of lateral redistribution and
segregation of the membrane components induced by:

(i) the elongation of the vesicle, which corresponds to the growth of the microtubule
inside the vesicle,

(ii) the change of the reduced volume of the vesicle with fixed length, which
corresponds to the case, when the microtubule inside the vesicle has fixed pole
to pole distance and the volume of the vesicle is changed,

(iii) the change of the intrinsic shape of membrane constituents of the vesicle with

pole to pole distance.

5.3 Results

(i) Two-component vesicle with membrane components characterized by large
intrinsic curvature of anisotropic membrane component of cylindrical shape,( H2 =
D), large bending rigidity, x4, and small intrinsic curvature of isotropic membrane
component of spherical geometry, (HZ # 0, DZ = () and small bending rigidity x? is
elongated in the direction of its axis of symmetry.

Here we present the results where the entropy of mixing is not taken into account.
The fixed parameters are: reduced volume v = 0.6, concentration of anisotropic
component ¢, = 0.15, mean intrinsic curvature of isotropic component HEL = 1, mean
intrinsic curvature of anisotropic component H = 8, deviatoric intrinsic curvature of
isotropic component DZ = 0, deviatoric intrinsic curvature of anisotropic component
D2 = 8, bending rigidity of isotropic component k? = 30kpT, and bending rigidity
of anisotropic component x* = 8x5. The reduced distance between the poles of the
vesicle (d) changes within the range of 6.2 < d < 8.6. Initially the vertical length of the
vesicle with tubular protrusion which is induced by anisotropic membrane component

(h = 6.25) is longer than the length of the microtubule inside the vesicle (d = 5.1), see
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5.3. Results
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Figure 5.11: The dependence of the membrane energy as a function of the length
of microtubule inside the vesicle. (a) A schematic view of the vesicle with tubular
protrusion and growing microtubule inside. (b) Change of the vesicle shape and the
concentration of the anisotropic component within the tube induced by the growth of
microtubule. The calculation were performed for the following parameters v = 0.6,
Gror = 0.15, HB =1, DB =0, HA =8, DA =8, k" = 8x7 and kP = 30kpT.

Fig. 5.11. The entropy of mixing of membrane components is not considered as already
mentioned above.

(ii) Fig. 5.12, similarly to Fig. 5.11, shows the vesicle shape transformation and
the corresponding lateral redistribution and segregation of membrane components.
Fig. 5.12 represents the different mechanism of segregation caused by the change of
the reduced volume of the vesicle including microtubule inside. Again, initially the
vertical length of the vesicle( together with the tubular protrusion) is longer then the
length of the microtubule (d), h = 6.25. The entropy of mixing is not taken into
account. By increasing the reduced volume, the radius of tube is changed in such a way
(decreases) that the membrane component with high intrinsic curvature (anisotropic

component) is accumulated in the protrusion. As the consequence, the radius of the
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Figure 5.12: The shapes of vesicles calculated for different values of the reduced
volume v. The microtubule of the length d = 5 is present inside the vesicle. The
calculation were performed for the following parameters ¢;,; = 0.15, HZ =1, D =0,
HA =8, DA =8, k! = 8x” and kP = 30kpT.

tubular protrusion is decreased. Figs. 5.12 and 5.13 show the change of the tube radius
and the concentration as a function of increasing reduced volume.

The change of the vesicle shape with the microtubule inside the vesicle induced by
the change of the reduced volume is depicted also in Fig. 5.14. We have also performed
similar calculations with the entropy of mixing taken into account. The change of
the slope on the curves for both the local concentration of anisotropic membrane
component and the tube radius at v = 0.75 (lower panel in Fig. 5.14), is due to the fact,

that at this point the length of the vesicle becomes equal to the length of microtubule

¢Ioc1 Mube T T T
0.6 .

0.8 Mtube
0.4+ -

0.6 :
0.2} . o
o I

0.2 d<h T d<h ;
-1 -0.2r L
0 . ! . ! L . 1 . 1 L
0.6 0.7 0.8 0.9 0.6 0.7 0.8 0.9

Vv Vv

Figure 5.13: Change of the tube radius and concentration of anisotropic membrane
component in the tube as a function of reduced volume. The calculation were
performed for the same parameters as previously on Fig. 5.12.
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Figure 5.14: The shapes of the vesicles calculated for different values of the reduced
volume v, when the microtubule of the length d = 4.5 is present inside the vesicle. The
entropy of mixing is taken into account. Lower panel shows the change of the tube
radius and concentration of anisotropic component in the tube region with the change
of reduced volume. The calculation were performed for the following parameters
dror = 0.15, HB =1, DB = 0, HA = 8, DA =8, k4 = 8kPB, kP = 30kpT.

(h = d) inside the vesicle. For v > 0.75 the pole to pole distance remains fixed and equal
to the length of a microtubule. The increase of the reduced volume induces the change
in the local membrane curvature (the curvature of membrane protrusion increases).
This causes the accumulation of membrane component with higher intrinsic curvature
in this region.

In Fig. 5.15 we compare the dependence of the local curvature of the tubular
protrusion for different values of the reduced volume in two cases where the entropy
of mixing present and absent in the calculations. Red points denote the tube curvature
which is nearly equal to the curvature of anisotropic membrane component. The

reduced volume is v = 0.82 which corresponds to the value of the local concentration
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Figure 5.15: The curvature of the vesicle tubular protrusion as a function of reduced
volume v. (A) corresponds to the case when entropy of mixing is present. (B)
panel shows curvature plot without the taking into account the entropy of mixing.
Red points denote the tube curvature nearly equal to the curvature of anisotropic
component and the corresponding values of reduced volume for each case. The
calculation were performed for the following model parameters ¢, = 0.15, HZ =1,
DB =0, HA =8, DA =8, k* = 8k5.

Goc = 0.45 (b = d =~ 4.5). For the case, where the entropy of mixing is not taken
into account, v = 0.68 which corresponds to ¢, = 047 (h = 6.13, d = 5.0).
The anisotropic membrane component is fully accumulated in the region of tubular
protrusion, however even if the local curvature of the tubular protrusion is close to
the intrinsic curvature of membrane constituents, there is still a significant amount of
isotropic component present in it. The reason might be a relatively large difference in
curvatures and the shape of membrane components (HZ = 1, D} = 0 (nearly flat) vs.
H2 =8,D2 = 8 (cylindrical with high curvature)).

It will be interesting to examine: what will be the influence of mictorubule growth on
the component segregation? We chose the vesicle with small value of the deviatoric
curvature D2 = 1.5 and large reduced volume v = 0.94 (see first configuration
from the left-hand side in Fig. 5.17). Fig. 5.16 shows the shape transformation and
the segregation of membrane components caused by the microtubule growing inside
the vesicle. The elongation of the vesicles induces the segregation of the membrane
component. Note that the anisotropic component is accumulated at the tip of the
cylindrical protrusion.

(iii) The segregation of components in two-component membrane system might be
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Figure 5.16: (a) Shapes of the vesicles calculated for different length of the microtubule
d. (b) Zoomed region of membrane, where the accumulation of anisotropic membrane
component appears. The model parameters used in the calculations are v = 0.94, ¢;r =
0.15, H® =1, H2 =8, DB =0, D4 = 1.5, s* = 8x® and x” = 30kpT.

the result of the change of intrinsic shape of one or both membrane components. Fig.
5.17a shows the shape transformation and the segregation of membrane components
induced by the change of intrinsic shape of anisotropic membrane component, D4,
Microtubule inside the vesicle with a relatively large reduced volume v = 0.93 has
a fixed length, which is equal to the pole to pole distance (h = d), and thus does
not influence the membrane component segregation. In this case the formation of
the membrane tubular protrusion is induced only by anisotropic properties of a
component. The geometry changes from ellipsoidal (H;} # D # 0) to cylindrical
(HZ = D2). As in previous case, the anisotropic membrane component accumulates

in the tip of the tube, and for small value of the deviatoric curvature (D2 = 1.5) its

(a) (b)
: i I“ l” 1.5
A
Dm 1.5 4.0 7.0 8.0
8.0

Figure 5.17: Shapes of the vesicles calculated for different values of deviatoric
curvature D7 (a). Panel (b) shows the limiting shapes of vesicle profiles for D/} = 1.5
and 8.0, respectively. The parameters used in the calculations are v = 0.93, ¢;,; = 0.15,
HB =1, HA =8, DB = 0,d = 3.15, k4 = 8xP and K5 = 30ksT.
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Chapter 5. Predictions of deviatoric elasticity model

local concentration in the tip of the tubular protrusion (creating locally curved region
of membrane, with the curvature comparable to the intrinsic curvature of anisotropic
component, see Fig. 5.17b) reaches ¢;,. ~ 100%.The anisotropic membrane component
(with the increasing of its deviatoric intrinsic curvature) starts changing locally the
membrane curvature inducing the formation of membrane region suitable for the
growth of membrane tubular protrusion. For D2 = 8.0 the local concentration of

anisotropic component on the tip of the vesicle is ¢;,. = 0.64.

5.3.1 Conclusions

Segregation of the membrane components in two-component membrane vesicles,
where one of the components is anisotropic with large intrinsic curvature might
be induced by the growth of the microtubule inside the vesicle. Growth of the
microtubule regulates the radius of the membrane tubular protrusion, and thus,
influences the migration of the anisotropic membrane components to the region of

membrane, where the local curvature is large.
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CHAPTER 6

Summary and conclusions

We have theoretically investigated the lateral redistribution and segregation of
membrane components in vesicles with two-component model membrane. The
distribution of the membrane components was shown to be coupled to the shape
transformation of the vesicles. Our studies based on two theoretical models: the
spontaneous curvature model and the dieviatoric elasticity model. We mainly focused on
the explanation of experimentally observed phenomena occurring in biological and
model multicomponent membrane systems.

The main results presented in this Thesis can be summarized as follows:

e studies of component segregation of two-component membrane vesicles within
the framework of spontaneous curvature model indicate that in the case of absence of
external pulling/pushing force, with the change of membrane shape the membrane
components start to migrate to regions with local curvature that matches
better their intrinsic (spontaneous) curvature, and simultaneously with the
migration (and hence the change of the local concentration) the local membrane
curvature is changed. Therefore, the vesicles with membrane components,
whose spontaneous (intrinsic) curvature significantly differs from each other, are
susceptible for separation of components when the shape of the vesicle might be
considered as one composed of parts with different local curvatures.

In the case of the presence of external pulling/pushing force, for similar assumptions
regarding the spontaneous (intrinsic) curvature of the membrane components,
the elongation of a vesicle may lead to formation of tubular protrusions occupied

mainly by the component with larger spontaneous curvature (Fig. 6.1b).
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Figure 6.1: Similarities in vesicle shapes obtained without (a) and with (b) application
of external force. For change of intrinsic geometry of component from spherical
(isotropic) to ellipsoidal (anisotropic) corresponds the change of component deviator
from D2 = 0.0to D2 #£ 0.0 (DB = 0.5, 2.6).

e the investigation of segregation of components in two-component vesicles
within the framework of deviatoric elasticity model indicate that, again, in the
case of absence of external pulling/pushing force, the accumulation of anisotropic
components may lead to the formation of thin stable tubular membrane
protrusions (Fig. 6.1a). When membrane vesicle consist of only anisotropic
components, the vesicle shape becomes similar to the shape obtained by the
elongation of vesicle made of both isotropic component.

In the case when presence of external pulling/pushing force is applied the tubular
protrusions occupied by the component with larger intrinsic deviatoric curvature
are formed.

We also derived the general expression for function of the local relative concentration for

two-component model membrane (Appendix D).
The most important general conclusions are as follows:

e The separation of membrane component in multicomponent membranes
depends on the ratio between the vesicle size and the area of the membrane

components (nanodomains), and the intrinsic shapes of membrane components.
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e The shape transformation of multicomponent biological membranes may
induce the lateral redistribution and segregation of the membrane components.
However, the change of the local concentration of membrane components
influences the local curvature of the membrane region as well.

To conclude, this thesis contributes to the current knowledge about the
lateral redistribution and segregation of the membrane components in cells and
multicomponent model lipid membranes. Understanding the mechanism of lateral
segregation of membrane components may have aa important impact in development
of material sciences. Lipid vesicles seem to be promising candidates for specialized
functional biocompatible materials, which may be tuned and used, for example, for
target drug delivery (cancer treatment) [97], biosensing applications [98] or preparation

of artificial cells.
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APPENDIX A

Basics of differential geometry of

surfaces

A.1 Surface and principal curvatures

A two-dimensional surface embedded in three-dimensional Euclidean space is

mathematically defined by

r= (z(u,v),y(u,v), z(u,v)) (A1)

where v and v are coordinates on the surface. For any point of the surface one can

define two tangent vectors

_or  (Ox Oy Oz

T o T <3u’0u’8u)’ (A.2)
_Or  (0x Oy 0z

T e (31}’81}’87))’ (A.3)

which, in general, are not unit nor orthogonal vectors. They defined a tangent plane in
this point of a surface.
The normal vector, which is perpendicular to tangent plane is

r, X 1,

(A.4)

- [t, X 1|
The normal plane is the plane, which contains normal vector n. The intersection of the
normal plane and the surface define a curve with curvature 1/R, where R is the radius
of curvature of this curve in the point P. The expression for curvature is

1 Ldu® + 2Mdudv + Ndv®
R Edu®+ 2Fdudv + Gdv®’

(A.5)
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Appendix A. Basics of differential geometry of surfaces
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Figure A.1: Surface, characterized by principal radii R; and R, and its element,
characterized by intrinsic principal radii Ry, and Ray,.

where ¥ =r, -1, F=r,-v,,G=1,-1r,,L=n-r,, FE=n-r,and £ =n-r,,.
Principal curvatures of the surface, C; = 1/R; and Cy; = 1/R,, are defined by two
orthogonal normal planes, see Fig. A.1.

These curvatures are the extrema of all possible curvatures. The mean value of C; and
Cy
1
H = 5(01 + Cs) (A.6)

is called the mean curvature, while their product
K =0,y (A7)

is called the Gaussian curvature.

A.2 Gauss-Bonnet theorem

In general, the Gauss-Bonnet theorem states that sum of the integrals of the Gaussian

curvature, K, of a compact Riemannian manifold M, and geodesic curvature, k,, along
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A.2. Gauss-Bonnet theorem

its boundary,0M, and sum of the jump angles of this boundary,a; , is proportional to

the Euler characteristic,x (M) , of the manifold.

[ aas
M

When the manifold M is a closed regular surface, the expression above becomes

/ kyds + Z a; =2mx(M). (A.8)

oM

/ KdA = 2y (M). (A9)

The Euler characteristic x is a topological invariant, it only changes with the change
of the topology of the surface. For continuous deformations it remains constant. For a

regular surface, it takes form
X =2(N —g), (A.10)

where N is the number of objects, and g is the genus of the surface, i.e. the number of
handles or holes. For instance, the Euler characteristic for the sphere is x(sphere) = 2,
a one-handle torus y(1-torus) = 0 and a two-handle torus x(2-torus) = —2 (see Fig.
A2).

Figure A.2: Euler characteristics for a torus and a sphere.
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APPENDIX B

Derivations for Eq. (2.7)

The mismatch tensor, its trace, squared trace and determinant are give as follows:

Im w m SIn“ w — C 1m Sin w w — Chy sinw w

Cim c08% w + Chp, sin? C C'im sin w cos Com s cos

= J
Cimsinw cosw — Comsinw cosw — Chm sin? w + Cop cos? w — Cy

TrM = Cim + Com — C1 — C, (B.1)
(TeM)* = 4(H — H,)", (B.2)
DetM = (H? —2HH,, + H?) — D* + 2DD,, cos 2w — D?,. (B.3)

Finally, we get the expression for the elastic energy per membrane element (Eq. (2.7)):

K
W= po+ 71 (TrM)? + K, DetM =
K
= o + 714(1{ — H,)’ + Ky {(H — H,)* — D>+ 2DD,, cos 2w — D2} =
= po + (2K, + Ky)(H — H,,)* — Ky(D?* — 2DD,, cos 2w + D?). (B.4)
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APPENDIX C

Limiting case for DE model

C.1 General energy equation for nanodomain
E; = day [(2K, + Ko)(H — H,,)? — Ko(D? — 2DD,, cos 2w + D2)] (C.1)

where w is the angle of rotation of nanodomain, da, is area of small plate like
nanidomain.

For fully oriented nanodomain cos2w = 1 (w = 0 or w = 7) and Eq. (2.7) becomes
E; = day [(2K, + Ko)(H — H,)? — Ko(D — Dy)?] . (C.2)
If K1 = _K2 = K, than

E; = daoK [(H — Hp)? + (D — D) . (C.3)

C.2 Limit for Helfrich energy

The Eq. (C.1) represent a general form for membrane free energy, which takes into
account anisotropy of components. If we assume that membrane components are
istropic only, then their intrinsic principal curvatures are equal Cy,, = Cy,, = C,,
thus D,, = 0and H,, = C,,.
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Appendix C. Limiting case for DE model

C.2.1 Partial case

Let us consider only part of Eq. (C.3) K[(H — H,,)*+ (D — D,,)?], with this assumption
and D? = H? — C,C, it becomes

!
w

[(H *+ D% =
[H? —2HH,, + H}, + H* — C1C] =
[2H? —2HH,, + H}, — C1Cy] =

R R R

ml»—t N =

2
(4H* —4HH,, + H.)) + % - 0102] =

|
[

Finally we get the equation similar to the Helfrich free energy [99]:

H2
(2H — H,,)* + - 0102} . (C.4)

2

w =K / [%(2}1 — H,)? - 0102] + K%dA. (C.5)
Term with H? is constant for the constant area, therefore we omit it. If we assume that
k=K and k, = - K,
W = % / (2H — H,,)’dA + k, / C1CordA = (C.6)
= % / (2H — Cy,) dA + k, / C,CodA (C.7)
it means that k. = -k, .

C.2.2 General case

In general we start from [66]:

(2K, + Ky)(H — H,,)> — K,D? =

= (2K, + Ky)(H? —2HH,, + H2) — Ky H? + K3C,Cy =

=2K,(H* —2HH,, + H2) + Ky(H* = 2HH,, + H2) — KoH? + K700y =

= K,(2H* — 4HH,, + 2H?) + %(QHQ —4HH,, +2H2) — KoH? + K700y =
= K,(4H* —4HH,, + H2) — K|2H* + K H? +

K K. K
22 (4H? — AHH,, + H2) — 22 2H? + 22 H2 — KyH? + Ky C1Cy =
K, 2 2 Ky 2
2K, + K.
— K%) (2H — H,,)* + Hi] + KyC Cy — 2(K + Ko)H?. (C.8)
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C.2. Limit for Helfrich energy

Let us write Eq. (C.8) in Helfrich form [42]:

2K, + K. 2K, + K.
(ﬁ) (2H — H,)* + <¥) Hy + KoCrCp — 2(Ky + Ko)HP =

2 2
2K, + K. Ki+ K 2K, + K.
:{CJg_%_<J%—%Mﬂ—(—%}iymmﬁ@K+KMﬁ+&Q@=
K 2K, + K.
= { [71411[2 — (%) AHH,, + -- } + K20102} +(2K, + KQ)HTQW (C.9)

~
Helfrich form

To find H,, we have to answer the following question. What should be H,, in the

second term to give (K;/2)4HCy?

2K, + Ky K,
— 2\ H, ==k
()=

K,Cy

H, =—12_
2K, + K

Add and subtract (K;/2)CZ into Eq. (C.9).

K
{3HMF—MH%+%)+mQG%+ (C.10)
K, 2K,
+<2K1 -+ Kg) (m + Co) — 700 = (Cll)
Kl 2 (K12 B KQ) 2
RNy K. S s ¥ § .
{ 5 ( Co)” + 20102} ok T I, 0 (C.12)
The constant term (K7 — K3) /(2K + K5)|C3 does not depend on H and can be omitted.
Finally,
2K, + K.
Q:L%%ﬁmp (C.13)
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APPENDIX D

General expression for function of the

local relative concentration of
component A for two-component model

membrane

The energy of membrane is taken in form Eq. (C.3)
Brem = K / [(H - H,,)*+ (D — D,,)*] dA. (D.1)
We assume that H,,, and D,,, are linearly dependent from the concentration function ¢:
H(9) = (Hy, — Hp)é + Hp, (D.2)
Dyu(¢) = (D — Dp)¢ + Dy (D.3)
The energy of entropy of mixing is
Eentr = kT / (pIn g + (1 — @) In(1 — )] dA, (D.4)

where n; is constant parameter with dimension of 1/(R)?. The limitationis 0 < ¢ < 1.

The total energy of membrane is Eiyy = Epem + Eentr. Eq. (D.1) can be written as

follows:
Epemwn =K / (H?+2HH,, + H},) + (D* +2DD,, + D2)] dA = (D.5)
= K/ [H? + D*+ B(8 — 2H) + B(B — 2D)+ (D.6)
+2¢(a(B — H) + a(B — D)) + ¢*(a® + &%) | dA, (D.7)
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where H2 — HE = o, H? = 3, DA — DE = aand D2 = 3.
Euler equation gives 0FE},;/0¢ = 0. The additional condition is | ¢dA = ¢y

aE1t0t ¢
99 —¢
For the sake of simplicity denote = (2K/n.kT)[a(3 — H) + a(B — D) + (A\/2K)),
¢ = (—2K/n.kT)(a?* + a?).

+A=0. (D8

=2K[(a(B — H) + a(B — D)) + ¢(a® + a*)] — nkT In :

We get
_n+§¢+m1f¢:0. (D.9)
We can rewrite the Eq. (D.9) as
lnliﬁ(bjtnf:n (D.10)
The solution is:
ln — —i— Ine*® =17 (D.11)
( ) n (D.12)
—fgu+£@—wﬂ (D.13)
£+ (1+eMp—e"=0 (D.14)
A = (1+e")? + 4e" (D.15)
o= T ) VTP (D.16)

We expand the square root according to v1+z = 1+ /2 + 2?/8 + ... up to the third
term and choose a positive sign in Eq. D.16. The negative sign gives a non-physical

solution (concentration cannot be negative).

 —(14em)  (1+em) 1 4gen 1 42np%e* ]
0= 3 i 26 1+2a+f® 8u+eﬂ]“ (D-17)
e £en
T 1lten (14 en)3 -
el

gen
]_—|—@77 <1—m)
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Appendix D. General expression for function of the local relative concentration of
component A for two-component model membrane

If we consider a case, when there is no interactions between components (inclusions),

§ =0, weget
In 1 iﬁ 5 =n (D.18)
¢ _
ﬂ = 677 (D19)
e
o= T o (D.20)

Thus the Eq. (D.9) and has solutions (D.20) and (D.17) where

= an:T [(Hfﬁ — H)(Hy = H) + (Dy, = D7) (Dy; = D) + %} . (D21)
<= _nzsz (4~ HE' + (D4 - DE|  (D22)
and in terms of curvatures
K A B B A B B A
n= {(qm — CB ) CE, —Cy) + (CA, — CB)(CE, - Cy) + %] . (D23
= _anT (o (e CQBm)2] (D.24)

Substituting 1 into Eq. (D.17) we get

pront [(Hi—HE)(HP ~H)+(Dj,~DJ)(DF~D)+ 5 |

¢ = (D.25)

| 4 enchr [(HA-HE)(HE—H)+(Df~DE)(DE-D)+ 5|

Eq. (D.25) is the general form for the function of concentration for two-component

membrane.
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