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SPRAWOZDANIA Z POSIEDZEN
TOWARZYSTWA NAUKOWEGO WARSZAWSKIEGO

Wydziat 11l nauk matematyczno-fizycznych.

Posiedzenie

z dnia 9 maja 1935 r.

W. Sierpinski.

O rownowaznosci kilku wtasnosci zbioréw linjowych.

Komunikat przedstawiony na posiedzeniu w dniu 9 maja 1935 r.

W.Sierpinski.

Sur I'équivalence de quelques propriétés
des ensembles linéaires.

Note présentée dans la séance du 9 mai 1935.

I. Nous dirons qu'un ensemble linéaire E jouit de lapro-
priété S, s'il ne contient aucun sous-ensemble non dénombrable
de mesure nulle, et nous dirons qu'un ensemble linéaire E jouit
de la propriété P, resp. P1, si toute fonction mesurable d'une
variable réelle est sur E une fonction de Baire, resp. une fonc-
tion de classe 1.

En admettant que 27°= Xi j'ai démontré®) qu'il existe des
ensembles linéaires indénombrables jouissant de la propriété S.

Théoréme 1. Si = les propriétés S, P et P” sont
équivalentes.

Nous démontrerons d'abord, sans faire appel a I'hypothése
que la proposition (1) suivante:

(1) La propriété S entraine la propriété P].

Fund. Math. t. V, p. 184.
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En effet, soit E un ensemble linéaire jouissant de ia pro-
priété S et soit f{x) une fonction mesurable d'une variable réelle.
D'aprés le théoréme bien connu de Vitali il existe une
fonction » d'une variable réelle de classe 2 et un ensemble
linéaire N de mesure nulle, tels que f{x) = x) pour xC: E—N.
L'ensemble E jouissant de la propriété 5, l'ensemble EN est au
plus dénombrable: la fonction f{x) est donc égale & une fonc-
tion de classe 2 en tous les points de l'ensemble E, sauf en
les points de E formant un ensemble au plus dénombrable, et
il en résulte tout de suite que f{x) est sur E une fonction de
Baire (de classe  2). Or, comme I'a démontré M. E. Szpilrajn®),
si I'ensemble E jouit de la propriété 5, toute fonction de Baire
définie sur E est une fonction de classe sur E.

Nous avons ainsi démontré que toute fonction mesurable
f{x) d'une variable réelle est sur E une fonction de classe 1.
La proposition (1) est ainsi démontrée.

Admettons maintenant que et soit E un ensemble
linéaire jouissant de la propriété P. Je dis que E jouit également
de la propriété 5.

Admettons, en effet, que ce n'est pas le cas. 11 existe donc
un sous-ensemble N ae E qui est non dénombrable et de mesure
nulle. D'aprés I'ensemble Arest donc de puissance
2 et il existe fonctions (réelles) distinctes définies
sur N. La famille de toutes les fonctions de Baire définies sur
N étant de puissance 2% il en résulte qu'il existe une fonction
tij definie sur N qui n'est pas une fonction de Baire sur N.

Posons / AT) = (A pour xN et f{x) = O pour tous les
autres x réels. L'ensemble N étant de mesure nulle, la fonction
f{x) est presque partout nulle, donc mesurable. Or, elle n'est
pas une fonction de Baire sur E, puisqu'elle ne l'est pas sur le
sous-ensemble N de E. L'ensemble E ne jouit pas donc de la
propriété P, contrairement a I'hypothése.

Nous avons ainsi démontré que

(2) Si 270=Xl, la propriété P entraine la propriété S.

Or, évidemment:

(3) La propriété Pi entraine la propriété P.

1) Voir p. e. Fund. Math. t. IIl, p. 319.
2) Fund. Math. t. XV, p. 212—213. Cf. mon livre L'hypothése du
continu (Monografje Matematyczne t. 1V), Warszawa 1934, p. 91.
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Notre théoréeme | est une conséquence immédiate des pro-
positions (1), (2) et (3).

Il. On dit qu'un ensemble linéaire E jouit de la propriété
L s'il ne contient aucun ensemble non dénombrable non dense
M. N. Lusin a déduit de I'hypothése que I'existence
des ensembles linéaires non dénombrables jouissant de la pro-
priété L

Nous dirons que Il'ensemble E jouit de la propriété Q,
resp. Q2, si toute fonction d'une variable réelle qui jouit de la
propriété de Baire relativement a la droite (c'est-a-dire qui est
continue quand on néglige un ensemble de catégorie) est
sur E une fonction de Baire, resp. une fonction de classe " 2.

Théoréme Il Si 27°=Xi, les propriétés L, Q et Q2 sont
équivalentes.

Nous démontrerons d'abord, sans faire appel a I'hypothése
que 27°= Xl, la proposition suivante:

(4) La propriété L entraine la propriété Q~. A

Soit, en effet, E un ensemble jouissant de la propriété L
et soit f{x) une fonction d'une variable réelle qui jouit de la
propriété de Baire relativement a la droite. Il existe donc un
ensemble K de catégorie, tel que la fonction f(x) est con-
tinue sur le complémentaire do K (par rapport a la droite), donc
f{x) est continue sur I'ensemble E—K. Or, I'ensemble E jouis-
sant de la propriété L, l'ensemble EK est, comme on voit sans
peine, au plus dénombrable. La fonction f{x) est donc continue
sur E quand on néglige un ensemble au plus dénombrable.
C'est donc une fonction de classe 2 sur E L'ensemble E
jouit donc de la propriété Q, et la proposition (4) est démontrée.

Admettons maintenant que 2»= Xi et soit E un ensemble
linéaire jouissant dela propriété Q. Je dis qu'il jouit également
de la propriété L.

Admettons, en effet, que ce n'est pas le cas. Il existe
donc un sous-ensemble K de E qui est non dénombrable et non
dense. D'aprés il existe donc une fonction définie

sur K qui n'est pas une fonction de Baire sur K. Posons

Cf. mon livre cité, p. 37.
2) C. R. Paris t. 158, p. 1259; cf. Fund. Math. t. VI, p. 154—155.
3) Cf. Fund. Math. t. XV, p.212 et p. 285, ainsi que mon livre cité, p. 42.



I(A) = NA) pour xQK et f{x) = 0 pour tous lesautres x réels.
L'ensemble K étant non dense, il est manifeste que la fonction
f{x) jouit de la propriété de Baire relativement a la droite.
Or, elle n'est pas une fonction de Baire sur f, puisqu'elle ne
I'est pas sur /CCI E. L'ensemble E ne jouit pas donc dela
propriété Q, contrairement a I'hypothése.

Nous avons ainsi démontré que

(5) Si 270= Xl, la propriété Q entraine la propriété L.

Or, évidemment

(6) La propriété Q~ entraine la propriété Q.

Le théoréme Il est une conséquence immédiate des pro-
positions (4), (5) et (6).

E. Stamm.

Tomasza Bradwardiny ,,Tractatus de Continuo",
niewydany rekopis XIV w.

Przedstawit S. Dickstein dn. 9 maja 1935 r.

Przed paru laty natknatem sie w Miejskiej Bibljotece im.
Kopernika w Toruniu na niewydany rekopis T. Bradwardiny,
traktujacy o ciggtosci Rekopis ten opisat przed Kkilkudziesieciu
laty znany historyk matematyki M. Curtze”), podajgc zarazem
pare do$¢ beztadnych, miejscami mylnie odczytanych wyjatkow
z niego. Na wyjatkach tych opierali sie, w swych bardzo krétkich
zresztg opracowaniach stanowiska Bradwardiny w kwestji
ciggtosci, K. Lasswitz jeSli chodzi o atomistyke oraz
M. Cantor jesli chodzi o matematyke”).

1) Niechaj mi badzie wolno ztozy¢ na tem miejscu serdeczne podzie-
kowanie p. dyr. Z. Mocarskiemu za oddanie mi do dyspozycji tego
cennego rekopisu na dtuzszy czas i za cenne wskazéwki podczas mej pracy
w Bibl. Torunskiej, a zarazem i dyrekcji Miejskiej Bibl. w Erfurcie, za przy-
stanie mi do Polski, do mego uzytku, tamt. rekopisu Nr. CA 4® 385.

Analyse d. Handschnift R 402, Zs.f. Math. u. Pliys,, XlIl, lub
w osobnej odbitce, 1868.
3) Geschichte d. Atomistik, 1, 1890, p. 197n.
*) Vorl. ii. Gesch. d. Mathem., II.
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Po zbadaniu tresci rekopisu przyszedtem do przekonania,
ze posiada on niepospolite znaczenie nie tylko dlatego, ze Brad-
war di na byt najznakomitszym matematykiem angielskim XIV w.,
ale réwniez z tego wzgl«"du, iz jego traktat o ciagtosci wigze
sie Scisle z filozoficznemi, matematycznemi i przyrodniczemi
ideami wiekéw S$rednich, ideami, ktore wywarty decydujacy wplyw
na pozniejszy rozkwit matematyki, a co ciekawsze dla nas, wigze
sie z dzisiejszemi badaniami nad istotg nieskonczono$ci i conti-
nuum, co spostrzegt juz S. Dickstein”). Postanowitem wobec
tego wydac catkowity tekst traktatu. Poszukiwania w bibljotekach
zagranicznych nie mialy wielkiego efektu; odnalazt sie jednak
jeszcze jeden egzemplarz traktatu, bez nazwiska autora i bez
korica, a mianowicie w Bibljotece Miejskiej w Erfurcie®). Na
podstawie tych dwu rekopiséw sporzadzitem tekst krytyczny,
ktéry zamierzam niebawem ogtosi¢ drukiem.

Rekopis toruriski powstat prawdopodobnie ok. r. 1359, ma
format 20X14'5 cm, pisany jest na grubym papierze J*ardzo
skrécong, miejscami wprost nieczytelng brachygrafja. Strony maja
prawie stale po 42 wiersze. ,Tractatus de Continue" zajmuje
str. 153 — 192, w tem 187, 1S7\ 187" a wiec razem str. 41. —
Rekopis erfurcki pochodzi prawdopodobnie 2z drugiej potowy
XIV w., jest mniej staranny w stylizacji, ale pisany wyrazZniej.
Brak jednak w nim str. 154 wiersz 4 do 155 w. 31 i 187" w. 28
do 192 w. 15, czyli do konca, rekopisu torunskiego. Umieszczony
on jest od str. 17r. do 48r.

Za podstawe tekstu krytycznego obratem tekst toruniski jako
stanowczo poprawniejszy i petniejszy. Tekst erfurcki przepisywany
byt pdzniej i nie przez dobrego fachowca. Trzeba jednak zazna-
czyé, ze i tekst torunski wykazuje powazne braki.

Poczatkowo wahatem sie nieco co do autorstwa traktatu.
Curtze przyjmuje bez zastrzezen, ze autorem jest Bradwar-
dina, opierajac sie na koncowych stowach tekstu torunskiego:
»Explicit tractatus Bratwardini de continuo”. Nie kwestjonuja
autorstwa réwniez Lasswitz i Canto r. Pewne watpliwosci
miat Dr A. Birkenmajer, ktory byt tak taskawy i udzielit
mi wielu cennych, fachowych wskazéwek. Takze ks. prof. Mi-

Wielka Il. Eucykl. Pow., artykut ,,Bradwardina™.
6) Stadtbucherei Erfurt, Handschr. Nr. CA 40 385, p. 17 r — 48 r.
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chalski zwrocit mojg uwage na Icwestje autorstwa. Sprawa ta
byta zupetnie na miejscu, gdyz dziwnem musi sie wydawaé, iz
dzieto tak znakomitego uczonego jak Bradwardina nie tylko
nie zostato wydane drukiem, ale nawet zostato zapomniane. Juz
Savile, w wdaniu ,De causa Dei contra Pelagium"”, pisma
teologicznego Bradwardiny, wydanego w r. 1618, o naszym
traktacie nic nie mowi. Niema tez wzmianki o nim poézniej, o ile
mi wiadomo, az do czaséw Curtzego. Tekst erfurcki nie po-
twierdza koncowych stow tekstu torunskiego co do autorstwa,
gdyz brak tam konca, a na poczatku niema wzmianki o autorze.
Jednak wedlug mego zdania nie mozna watpi¢ o0 autorstwie
Bradwardiny, gdyz w tekScie autor powotuje sie na dzieto
»,De proportione velocitatum in motibus" "), ktore jak wiadomo,
jest dzietem Bradwardiny”?).

Tomasz Bradwardina (Bredwardin, Bradwar-
dinus) zwany tez ,doctor profundus" z powodu swych gtebokich
mysli w wyktadach uniwersyteckich, urodzit sie ok. r. 1290. Byt
on zdaje sie Franciszkaninem. W r. 1325 zajmuje stanowisko pro-
kuratora uniwersytetu oksfordzkiego. Tam wykiada w Collegium
Mertonense matematyke, filozofjei teologje. Zostaje p6zniej kan-
clerzem przy kosciele $w. Pawta w Londynie, oraz spowiednikiem
kréla Edwarda Ill. Bierze udziat w zyciu politycznem. W r. 1348
mianowany zostaje arcybiskupem Canterbury. Krol nie chce go
jednak zwolni¢ od siebie, tak, ze dopiero w r. 1349 w lipcu
odbyta sie konsekracja w Avignon. Jednak w pare tygodni péz-
niej Bradwardina pada ofiarg grasujagcej zarazy, 26 sierpnia.

Poza pismami teologicznemi, jest Bradwardina autorem
kilku dziet matematycznych pierwszorzednej wartosci. Oto ich
tytuty : Arithmetica speculativa Geometria speculativa De
proportione velocitatum in motibus

Celem traktatu o cigglosci jest zbadanie jej  struktury.
Mozliwe, ze Bradwardina zamierzal napisa¢ jeszcze, a moze
napisat, dalszg cze$¢, ktorej nie znamy. Wynikatoby to z kon-

7) Str. 164 w. 15, 172 w. 33, 181 w. 26 n, 186 w. 7 i 17, 1872 w. 1 n.
rkp. torunskiego; rekopis ten bedziemy oznaczali kréotko przez T.
Wyszto ono drukiem w Wenecji w r. 1505.
Paryz 1496 i pozniej.
10) Paryi 1495 i pozniej.
Wenecja 1505.
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cowych stéw traktatu: ,Sic igitur primus liber, qui est de com-
positione continui, quantum ad sua essentialia, finem capit. Amen.
Explicit tractatus Bratwardini de continuo" W kazdym razie
nasz rekopis stanowi dla siebie cato$¢, zakrojona na wiekszg
skale; rekopis toruriski obejmuje wprawdzie tylko 41 stron, ale
daje to ze wzgledu na skroty ok. 5 ark. druku duzej

Caly traktat trzymany jest w tonie krytycznym. Brad-
wardina polemizuje stale z pogladami wspdétczesnych i daw-
nych uczonych. Poglady na strukture ciggtosci przedstawione sa
w pewnym ustepie, zaznaczonym na marginesie uwagg: ,,Nota
quinque opiniones de compositione continui" Oto schemat
tych pogladéw w terminologji Bradwardiny :

ex partibus divisibilibus sine fine, non ex athomis.—
"Aristoteles, Averroes, Algazel i wiek-
sz0$¢ wspodtczesnych, miedzy nimi Bradwardina.

ex corporibus indivisibilibus. — Democritus.

Compositio
continui

-ex finitis indivisibilibus. — Pythagoras,
Plato, Waltherus Modemu s.

ex indivisi-
bilibus

immédiate coniunctis. — Henricus
Modernus.

ex punctis

ex infinitis in-
divisibilibus

ad invicem mediatis. — Lvncof.

Jak widzimy, wymienia Bradwardina ze wspdtczesnych
Walthera, Henryka i Lyncé6fa iz niemi tez najczesciej
polemizuje. Waltherus Modernus to prawdopodobnie
Walter Burleigh autor dzieta o ,latitudo formarum", ktéry
umart w r. 1337"); Curtze sadzi jednak, co wydaje mi sie
nieprawdopodobnem, ze chodzi tutaj o Waltera Evesham,
ktéry w r. 1316 zajmowat sie obserwacjami astronomicznemi
Henricus Modernus, to zapewne Henricus Goethaels
(Henricus Gandavensis, 1217—1295), zwany ,doctor so-

12) T p. 192, w. 14 n.
18 T p. 165, w. 29 — 39.
Por. Prantl, Gesd. d. Logik, I, 297. Cantor, Gesch. d.
Math., II.
15 L. c. p. 44 osobn. syd.



lemnis" prof, filozofji w Paryzu, autor komentarza do fizyki
i metafizyki Arystotelesa. Co do Lyncofa, to mozliwe,
iz chodzi tutaj o Roberta Grostheada, biskupa Lincolnu,
ktory studjowat w Oxfordzie i Paryzu, zajmowal sie filozofja,
astronomjg i lingwistykag. Umart w r. 1253. Jest on autorem
,Compendium sphaerae mundi" i ,,Commentarius in libros poste-
riores Aristotelis".

Swoje stanowisko wobec problematu ciggtosci precyzuje
Bradwardina pod koniec dzieta, w twierdzeniu 140"").
Wyraza sie on tam pieknie w nastepujgcy sposob : Ut igitur
alchymista post multos ignes aurea gaudet massa, victor quoque,
terminatis laboribus pluribus, gaudet de triumpho, sic et tu, post
tot scrutinia studiorum, carissimis amplecte affectibus sinceram,
que sequitur veritatem : Nullum continuum ex atljomis integrari,
unde sequitur et elicitur: Omne continuum ex infinitis  continuis
similis speciei cum illo componi... id est omnis linea componitur ex
infinitis lineis et omnis superficies ex superficiebus et ita de aliis".

Wspébtczesna wiedza matematyczna i przyrodnicza inaczej
zapatruje sie na ciggtos¢ wielkosci liczbowycli i przestrzeni,
a wiec matematyczng, inaczej na ciggtosc materji i energji, a wiec
fizyczng. Przestrzen wraz z czasem, wediug teorji Einsteina
i Minkowskiego, tworzy continuum, ktére zresztg jest w rézny
sposéb ujmowane. Klasyczne teorja G. Cantora uwaza con-
tinua matematyczne niejako za dane idee Platonskie, nie wy-
magajgce konstrukcji, lecz tylko opisu. Pokrewng jest aksjoma-
tyczna metoda Hilberta. Istniejgjednak takze teorje continuum
matematycznego, domagajgce sie konstrukcji, i te obracajg sie
w sferach podobnych, jak starozytnos$¢ i wieki $rednie, oczywiscie
na daleko wyzszym poziomie. H. W eyP®) rezygnuje z wnik-
niecia w istote centinuum, zadowalajgc sie konstrukcjg pewnego
rodzaju jego obrazu atomistycznego, wszedzie gestej mnogosci
punktéw. Odpowiada to stanowisku, ktére Bradwardina
zwalcza, polemizujac z Henrykiem Goethaelsem
i Robertem Grostheadem. Neointuicjonistyczna szkota

Por. Cantor 1 c.
T p. 1872, w. 27 i nast.,, 37 i nast.
D. Kontinuum, 1918.
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Brouwera natomiast uwaza continuum za skladajace sie
z czesci, ktore ze swe] strony sg rowniez continuami, a wiec
podzielnemi in infinitum. Pojedynczy okre$lony punkt jest na
tem stanowisku ciggiem zawartych w sobie interwatow. Widzimy,
ze teorja Brouwera w zasadzie zgadza sie zupeinie z teorja
Bradwardiny, streszczong w wyzej podanem zadaniu.

Podobne poglady na istote ciggtosci spotykamy réwniez
u M. W. Drobischa, zwolennika Herbartowskiego realizmu
ok. potowy XIX w.Wedtug Drobischa jest w mnogosci
nieciggtej catos¢ uwarunkowana przez czesci, ktére sg rzeczywis-
temi jej sktadnikami, natomiast w continuum s czesci uwarun-
kowane catoscig. W tym ostatnim wypadku nie skiada sie cato$é
z czesci, lecz jest tylko podzielna, t. zn. ujmowana jako cos$,
co moze mie¢ czesci. ,Denn da jeder Teil einer stetigen Grosse
wieder eine solche sein muss, weil sonst das Ganze aus einer
Vielheit discreter Grossen bestehen und daher selbst eine discrete
Grosse sein wiirde, so folgt, da nun auch wieder diese Teile des
Ganzen, ais stetige, teilbar sein miissen, dass die Teilung hier
nie ein Ende erreichen kann, dass die stetige Grosse ais
unendlicbteilbar gedacht werden muss, und dass man bei dieser
ohne Ende fortgesetzten Teilung niemals auf Kkleinste, sondern
nur auf beliebig keine d. h. solche kommt, die kleiner sind, ais
jede noch so kleine gegebene Grosse, und deren Auzahl daher
grosser sein muss, ais jede auch noch so grosse gegebene Zahl...",
»,Nicht ais ein Seiendes, sondern ais ein Werdendes soli nun
das Unendlichkleine gedacht werden".

I u nas w Polsce interesowano sie dawniej problematem
ciggtosci. Pomingwszy komentatorébw Arystotelesa, spotykam
w XVII w. trzy nazwiska, ktére pozwole sobie wymieni¢. Marcin
Stonkowic, collega minor, ktéry umart w r. 1658, wydat wr. 1645
rozprawke p. t.: ,Quaestio utrum continuum, ut sit divisible in
infiuitum, debeat habere partes infinitas, et indivisibila tam ter-
minativa, quam continuativa, quae quidem indivisibilia sint entia
positiva, a partibus realiter distinca, nec ne?" Wedlug Ston-

ik) Z. Begr. d. intuitionistischen Mathem., Math. Ann., t. 93 n. i péz-
niejsze prace w Jahresber. d. deutschen Math. Ver., t. 33 i Journal Crellejro,
t. 154,

200 Synechologische Unters., Zs. f. Philos. u. philos. Kritik, 1854,
N. Folge, t. 25, p. 179 — 208, szczeg. 189 — 193.
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kowica, ktéry jest podobnie jak Bradwardina zwolennikiem
Arystotelesa, jest continuum ,divisible in infinitum non actu
sed potentia, seu non categorematice sed syncategorematice".
»In continuo sunt partes infinitae... in potentia..." ,,Cum in con-
tinui divisione in infinitum procedatur: ut non potest deveniri ad
partem non compositam seu non continuam: ita non possunt desig-
nari omnia puncta et omnes partes, que adaequate inter se distin-
guantur". Jozef Wisniowski, prof. teologji i geometrji w Kra-
kowie, byt uczniem Mikotaja Brozka. Umartz koncem XVII w.
Pisat rozprawy teologiczne, astronomiczne, kalendarze, oraz jest
autorem pracy ,Quaastio geometrica de quantitate continua,
wydanej w r. 1683. Wreszcie Pawet Jan Wojewddzki
(1640 — 1693) zajmowat sie filozofjg, byt doktorem teologji
uniwersytetu rowniez krakowskiego, i ogtosit m. i. rozprawe
»,Quaestio physica de continuo" w r. 1675.

Jesli chodzi o ciggtos¢ fizyczng, to juz od kilku wiekéw
zapatrywania Arystotelesa, a wiec w zasadzie i Bradwar-
diny zostaly porzucone, a teorja atomistyczna materji rozszerzona
jest w ostatnich czasach i na energje (teorja kwantéw).

Arystoteles nie uznawat rozdziatu ciggtosci matematycz-
nej od fizycznej, gdyz negowat istnienie pustej przestrzeni.
Wobec tego przenidst ciggtos¢ przestrzeni na materje. Na wprost
przeciwnym stanowisku pozostawali w wiekach $rednich od IX
do XIII w. zwolennicy arabskiej szkolty Motakhalleminow”"?)
przyjmujacy nietylko atomy przestrzeni, ale rowniez i czasu i ruchu.
Bradwardina jako zwolennik Arystotelesa atomistyki
wogole nie uznaje.

Dyspozycja traktatu Bradwardiny jest nastepujgca. Na
poczatku mamy 24 definicje pewnych ogélnych pojeé nastepnie
10 ,,suppositiones" a wreszcie 150 ,,conclusiones" w ktérych
Bradwardina zbija poglady swych przeciwnikéw i uzasadnia
swoje.

Continuum okresla Bradwardinajako ,quantum,
cuins partes ad invicem copulantur”. Jest to pierwsze zdanie

Por. Lasswitz, 1 c. szczeg. str. 146 n., oraz L. Mabille au,
Hist. de la philos, atom., 1895, p. 319 n.

2) T p. 153- 156.
2) T p. 156.

T p. 156 do konca.
%) T p. 153 w. 12.
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catego traktatu. Definicja ta jest ogélniejsza, anizeli Arystoteie-
sowska. Continuum dzieli Bradwardina na ,permanens"
(bryta, powierzchnia, linja) i ,successivum" (czas, ruch)

Dtuzej zatrzymuje sie nad dwoma rodzajami  nieskorczonosci,
ktére odroznia, nad ,infinitum cathetice" i ,infinitum syncathe-
tice" — L Infinitum cathetice... est quantum sine fine", albo
tez ,,magnum vel multum sine fine, seu non finitum" Jest to
wiec nieskonczono$¢, ktérg nazywamy aktualng, a ktorej teorje
matematyczng stworzyt w swej teorji mnogosci G. Cantor. —
»Infinitum syncathetice... est quantum finitum et finitum maius
isto, et finitum maius isto maiori, et sic sine fine ultimo termi-
nante et hoc est quantum et non tantum quin maius" albo tez
»magnun vel multum sine fine et hoc quantolibet finito maius
vel plura" Jest to wiec nieskonczono$¢ potencjalna,  polega-
jaca na moznosci tworzenia nieograniczonego szeregu wielkosci
coraz to wiekszych wzgl. mniejszych. — Tak nieskonczonos$é
katetyczna jak i synkatetyczna odnosza sie do wielkosci "fciagtych
jak i nieciggtych™?).

Nieskonczono$é synkatetyczna powsta¢ moze wedtug Brad-
wardiny w dwojaki sposéb ,,uno modo per privationem finis
intrinseci, alio modo per privationem intrinseci et extrinseci"
Granicg wewnetrzng za$, mowigc dzisiejszym jezykiem matema-
tycznym, bytaby dla Bradwardiny taka granica mnogosci,
ktéra jest jej elementem, podczas gdy granica zewnetrzna jest
granica, ale nie nalezy do danej mnogosci. Méwi Bradwardina
np., ze 2 jest granicg wewnetrzng szeregu liczb naturalnych, za$
1 zewnetrzng®"); w tych czasach bowiem nie uwazano zazwyczaj
jeszcze 1 za liczbe w Scistem znaczeniu. — Bardzo ciekawa jest
uwaga BFadwardiny, ze punkt jest granicg zewnetrzna wiel-

T p. 153 w. 12 n.
2 T p. 153 w. 14— 16.
28) T p. 153 w. 12 n, w. 18, w. 19.
2) T p. 153, w. 30 - 33.
30) T p. 154, w. 3 n.
3) T p. 153, w. 31 n.
32 T p. 154 w. 4 n.
P) T p. 154, w. 6 n
) T p. 155, w. 24 n
& T p. 154, w. 13 n
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kosci ciagtej nalezy to rozumie¢ w ten sposéb, ze punkt nie
jest elementem mnogosci interwatdow (np. odcinkoéw), z ktérych
kazdy nastepny jest zawarty w poprzednim. Pozostaje tutaj
Bradwardina w zgodzie ze swem zapatrywaniem na istote
ciggtosci; gdyby bowiem punkt byt w tym wypadku granica
wewnetrzng, to continuum sktadatoby sie z punktéw, a wiec
atoméw. — Bradwardina wystepuje przeciwko tym, Kktorzy
uznajg tylko nieskoiAczono$¢ Kkatetyczna, odrzucajac synkate-
tyczng™"). Ze stanowiska ciggtos$si i to ze stanowiska Bradwar-
diny, zajmuje nieskonczono$¢ synkatetyczna pierwsze miejsce.
Metody wyzszej analizy, ktore zaczely sie rozwija¢ w praktyce
dopiero od potowy XVII w. wigzag sie $cisle z tem pojeciem.
Wprawdzie juz Archimedes umiat zmiang kierunku operowac
jako wielkoscig, obliczajac diugosci linji krzywych i powierzchni,
jednak analiza wyzsza wymaga operowania jako wielkosScig zmiang
wogole, ktore stato sie faktem dopiero od XVII w. Zmiany tego
rodzaju tkwig w nieskonczono$ci synkatetycznej, a nie katetycznej.
Bradwardina definjuje te nieskofAczono$é za ciasno, uznajac
wyraznie tylko wzrost wielkoSci. Poza zasadnicza definicjg nie-
skonczonos$ci synkatetycznej, uznajaca tylko wzrost wielkosci,
istniejg jednak w traktacie miejsca, ktére wskazujg na to, iz
Bradwardinie nie obcem bylo analogiczne pojecie, oparte
na nieograniczonem zmniejszaniu sie, pojecie, ktére wyksztatcito
sie p6zniej w pojecie rozniczki. Juz sama zasadnicza teza, iz
continuum sktada sie ,ex infinitis continuis similis speciei” wy-
maga takiego pojecia. Nastepnie ttlumaczy Bradwardina stowa
»sine fine"™ w definicji nieskofAczonosci synkatetycznej w ten
spos6b: ,,... sine fine maximo vel plurimo et ultimo in augmendo,
non minimo nec paucissimo in minuendo™ Nie zdotat jednak
Bradwardina dojs¢ do wilasciwego pojecia rézniczki, gdyz
jakkolwiek uznaje nieskonczono$¢ synkatetyczng i w sensie
zmniejszania sie, nie rachuje nig. Rachunek taki powstat dopiero
przeszto 300 fat pozniej W tamtych czasach byt on jeszcze nie-
mozliwy, gdyz wymagat nietylko mys$lowej dedukcji, lecz réwniez
intenzywnej zewnetrznej obserwacji natury, ktérej wieki S$rednie
chetnie unikaty.

%) T p. 154, w. 14.
T p. 154, w. 28 n.
3 T p. 154, w. 11 n.



Nastepujgce po definicjach ,suppositiones”, w liczbie 10,
sq zatozeniami, ,,que per se patent omnibus"”, a na ktére Brad-
wardina powotuje sie w dalszych swych wywodach Ude-
rza jako ,suppositio” Twierdzenie ,,Omnes scientias veras esse,
ubi non supponitur, continuum ex indivisibilibus componi”
Oczywis$cie, ze nie jest to ,jasne samo przez sie", lecz moze
by¢ uwazane tylko za konkluzje catego traktatu.

Dalsza cze$¢ dzieta obejmuje 150 ,conclusiones”, w Kktd-
rych mamy wypowiedziane poglady Bradwardiny na istote
ciggtosci, oraz w ktorych Bradwardina stara sie obali¢ po-
glady przeciwne. We wszystkich ,conclusiones” rozpatrywane
sg przyktady z najrézniejszych dziedzin wiedzy, z matematyki,
fizyki, muzyki, a nawet nauk humanistycznych. — Zwr6cimy sie
najpierw do twierdzen negatywnych, w ktorych Bradwadina
wystepuje przeciwko pogladom przeciwnym swoim.

Jesliby istniaty czeSci niepodzielne (atomy), to musiatyby
one byé réwne Z jednej bowiem strony ,indivisibile" nie
moze by¢ podzielone (def. 7), a z drugiej ,,omne maius posse
dividi in equale et in differentiam, qua excedit (supp. 1). — Dwa
continua tegosamego rodzaju, ktore sktadatyby sie z réwnej ilosci
atoméw, musiatyby by¢ roéwne — W temsamem potozeniu
niepodzielnem nie moze sie znajdowaé wiecej atomoéw (nieprze-
nikliwosc) — Nastepnie, tak jak kilka punktow odcinka nie
moze by¢ réwnooddalonych od ktéregokolwiek z jego konhcow,
tak i kilka atomoéw continuum nie moze byé rdwnooddalonych
od ktéregokolwiek z jego kresow z tejsamej strony Wynika
z tego, ze w continuum nie moze kilka atoméw z tejsamej strony
znajdowaé sie bezposrednio przy jakim$ atomie tego continuum

W ,conclusio" 17 poruszona jest kwestja kata stycznosci
(angulus contigentiae), kata zawartego miedzy dwoma tukami kot
stycznych (angulus peripheriae), oraz trojkata stycznosci (triangu-
lus contingentiae), t. zn. trojkata, utworzonego przez styczng, tuk

39 T p. 156, w. 17 — 35.

W T p. 156, w. 23 n.

) T p. 156, w. 37, concl. 1.
T p. 156, w. 38 n., concl. 2.
T p. 157, w. 1, concl. 3.
T p. 157, w. 7— 24, concl. 4.
T p. 157, w. 25, conl. 5.
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kota i prostg przeciwlegta katowi stycznosci. Chodzi w tem
twierdzeniu o podziat tycli figur geometrycznycti zapomocg tuku
kola"*"). W czasacli tycli kat stycznosci zajmowat zywo umysty
matematykéw, z powodu roznosci miedzy nim a katem prostoli-
nijnym. Badania kata stycznosci wigza sie $ciSle z pojeciem nie-
skonczonosci (Euklides, Jordanus Nemorarius, Jo-
hannes Campanus, po Bradwardinie Cardano,
Peletier, Vieta).

Pewna ilo$¢ ,conclusiones”, rozrzuconych po catym trak-
tacie operuje pojeciem ,latitudo formarum”. Duns Scotus
na przetomie XIII w. poruszyt problemat formy. Forma w jego
znaczeniu to przedmiot zmienny. Poniewaz zmiana moze by¢
najlepiej zaobserwowana na wielkosciach, wiec w naturalny spo-
s6b powstaty przytem pojecia ,intensio" i,remissio”, t.zn. zwiek-
szania sie i zmniejszania. W tym sensie ujeli problemat Walter
Burleighii. W tym sensie méwi tez o formach Bradwar-
dina. Poniewaz formy sg wielkosciami, wiec umyst domaga sie
ich matematycznego ujecia. W jaki spos6b rozwingt sie ten
problemat mozemy $ledzi¢ u Ryszarda Suisse ta (XIV w.)
i Mikotaja Oresme'a (1323 — 1382). Suis set zajmuje
sie zagadnieniem ,latitudo formarum" w 1 i 2 rozdziale swej
ksigzki ,Calculator", ktéra wyszta drukiem dopiero w r. 1520.
Wystepujg u Suisseta wyzej wspomniane pojecia ,intensio"
i ,remissio”, a oprécz tego pojecie ,difformis". Suisset ilu-
struje swoje badania takze figurami geometrycznemi. Dalsze
rozwiniecie catego zagadnienia jest zastugg Oresme'a, tego
bezsprzecznie najznakomitszego matematyka XIV w. ,Tractatus
de Ilatitudinibus formarum" Oresme'a powstat ok. r. 1360.
W metodzie tej uderza nas przedewszystkiem idea geometrji ana-
litycznej i funkcji; brak jednak jeszcze strony algebraicznej, réw-
nan. Wystepuje natomiast strona geometryczna, linje. ,Latitudo”
to rzedna geometrji analitycznej, ,longitudo” odcieta. Réznica
Ay nastepujacych po sobie szerokosci nazywa sie ,gradus lati-
tudinis". Jezeli ,gradus latitudinis" rowna sie zeru, mamy ,,lati-
tudo uniformis”, w przeciwnym wypadku ,difformis”. Ta ostatnia
»Szerokosé" dzieli sie na rozne kategorje, ktéorym ze stanowiska

T p. 161, w. 13 n, concl. 17.
T p. 166, w. 3 n; 170, w. 26 n.; 173, w. 1 n,; 185 w. 7 n.
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geometrycznego odpowiadajg rézne linje proste i krzywe. Miarg
zmiennosci jest ,excessus graduum™, ktory moze by¢ stalty lub
zmienny. — Metoda ,latitudo formarum" byta uzywana az do
czasow Descartesa i nie ulega watpliwosci, iz wywarta ona
na niego niematy wptyw, jak i na pojecie funkcji w matematyce.
— Pisma Suisseta i Oresme'a nie byly znane Brad-
wardinie, gdyz powstaly pcézniej. ,Tractatus de Continuo"
musiat by¢ napisanym przed r. 1349, prawdopodobnie nie wiele
lat przed tg datg. Dzieto Suisseta odnieS¢ nalezy zapewne
do czasu po r. 1350, Oresme'a do roku mniejwiecej 1360.

Bradwardina nie zajmuje sie pojeciem ,latitudo" spe-
cjalnie, lecz stuzy mu ono przy krytycznem ocenianiu stanowisk
przeciwnych jego stanowisku. Odnosi Bradwardina pojecie
form do zjawisk temperatury i szybkosci jako zmiennych w czasie,
a nastepnie do zjawisk akustycznych, tonéw. Pojecia ,intensio"
i ,remissio” wystepuja w dowodach. Roéznych kategoryj form
ze wzgledu na zmiennos$¢, jakie spotykamy u O resme'a,
u Bradwardiny nie znajdujemy.

Dopiero po tem przygotowaniu przystepuje Bradwardina
do krytyki réznych pogladow na istote ciagtosci. Aby jego wy-
wody mialy znaczenie powszechne udowadnia nastepujgce twier-
dzenie:;"®) ,,Si  unum continuum ex indivisibilibus componitur
secundum aliqguem modum et quodlibet sic componi, et si unum
non componitur ex athomis nec ullum omnino". W pierwszym
rzedzie stara sie Bradwardina rozprawi¢ z pogladami, wedtug
ktérych ,,continuum componitur ex indivisibilibus immediate con-
iunctis"™).  Jest to stanowisko tak Pyt agor asa jak i Hen-
ryka Goethaelsa. Metoda, ktorej w tym celu uzywa, polega
na tem, iz przyjmuje dang teze za prawdziwg, i wycigga z niej
konsekwencje w zakresach réznych nauk. Dochodzi w ten spo-
s6b do wypowiedzi fatszywych. Dlatego tez jego ,conclusiones"
zaczynajg sie przewaznie od stéw ,si sic". ,,Rationes geometrice"
w naszym wypadku sa analogiczne do tych, ktoremi postugiwali
sie juz Arystoteles, Arabowie, a p6zniej scholastycy, np.
Duns Scotus. ,Si athoma in continuo immediata ponantur,
immediata puncta centro circuli et quadrati sive cuiuslibet corporis,
punctis circumferentie circuli et quadrati lateris atque superficiel

T p. 165, w. 26 n., concl. 31.
T p. 166, w. 42 n., concl. 35.
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corporis exteris equaliter correspondent »Equaliter corresponde-
re" to dzisiejsze odwzorowanie doskonate czyli jednojednoznaczne™.
Z powyzszego twierdzenia wynikajg dalsze podobne, miedzy niemi:
»o1 sic, inter quelibet duo indivisibilia continui cuiuscumque
infinita eius indivisibilia mediare", a wiec! ,Omne continuum
habere athoma infinita" wbrew poglgdom Pytagorasa,
Platona i Waltera Burleigha. Bradwardina nie
poprzestaje na konsekwencjach geometrycznych, ale wycigga
réwniez i przyrodnicze™), aby wykaza¢ nieprawdziwos¢ pogladéw
Pytagorasa i Henryka Goethaelsa. Konsekwencje te
dotycza przedewszystkiem ruchu i kulminujg w ogdlnej: ,,Si sic,
omnis motus et omnia agentia atque passa equari ad invicem,
excedere et excedi™). Na tej podstawie przychodzi Branwar-
dina do wniosku: ,Si sic, indivisibile dividetur" oraz ,,Si sic,
continuum ex athomis integrari" Jezeli teraz zestawimy po-
przednie ,,conclusiones"” i nasze zatozenie, to bedziemy uprawnieni
do wniosku: ,,Si sic, omne continuum componitur ex indivisibilibus
infinitis, et tamen ex finitis, et nec ex infinitis nec finitis, et
componitur ex athomis et non componitur ex illis" Zatem ,,in
nullo continuo athoma immédiate coniungi”

Zwraca sie teraz Bradwardina przeciwko poglagowi, ze
continuum sktada sie ze skonczonej ilosci atom6éw, a wiec prze-
ciwko pogladom Pytagorasa, Platona i Waltera Bur-
leigha. Krytyke przeprowadza w tym wypadku systematyczniej,
porusza najrézniejsze dziedziny wiedzy ludzkiej. Aby ulatwié
orjentacje, podaje nawet klasyfikacje nauk

Jezeli continuum skitada sie ze skonczonej ilosci atoméw, to
»sicud numerus athomorum unius continui ad numerum athomorum
alterius, ita illud compositum ad aliud se habere". Wynika z tego:
oI aliqguod continuum sit incommensurabile alteri et numerum

) T p. 166, w. 42 n., concl. 35.
“I) T p. 167, w. 19 n., concl. 37.
) T p. 168, w. 31 n.
T p. 168, w. 31 n, do p. 169, w. 32, concl. 43 do 47.
«) T p. 169, w. 33 n., concl. 48.
T p. 169, w. 39, concl. 49.
5) T p. 170, w. 42, concl. 53.
5/) T p. 171, w. 10 n., concl. 55.
» T p. 171, w. 28, concl. 56.
5) T p. 172, w. 4 do 17.



incommensurabilem numéro reperiri” a nastepnie ogo0lnie ,si
sic, athoma in continuo immédiate iunguntur”, oraz ,,omnia eon"
tinua habere athoma infinita et ex athomis non componi""?).
Juz wiec artymetyka doprowadza nas do sprzecznosci z zatozeniem.
Takze i muzyka wykazuje sprzecznosci: ,,Si sic, debilissimus
gradus soni se habet sicud unitas et ceteri, se sine medio con-
séquentes, ut sequens sériés numerorumBradwardina
przytacza jeszcze kilka innnych podobnych konsekwencyj
W toku wywodéw cytuje Boetiusa i Aristoxenosa. —
Z geometrji podaje twierdzenia, ktére sprzeczne sg ze stano-
wiskiem Pytagorasa i Waltera Burleigha, a ktére od-
powiadajg jego wiasnym przekonaniom Wykazujg one koniecz-
no$¢ przyjecia nieskofczonej ilosci czesci continuum. Pozatem
wycigga pewne konsekwencje, analogiczne do tych, w ktérych
lubowali sie scholastycy, zwalczajgcy atomistyke, Roger Baco,
Duns Scotus, a takze Algazel i Arystoteles, jak np.
o1 sic, periferiam circuli esse duplam dyametri” ,»S1 sic, an-
gulus contingentie dividetur per rectam" ,Si sic, aliquis trian-
gulus 3 angulos rectos habet, et linee equedistantes concurrunt”

,»Si sic, omnis quadrati dyameter sui lateri est equalis” 1 Sic,
aliquod quadratum est circulus" i t.d. Przytacza potem Brad-
wardina sporg ilo$¢ nieprawdziwych konsekwencyj z perspek-
tywy astronomji nauk przyrodniczych medycyny
metafizykigramatykilogiki*®), retoryki"), i etyki

60"

T p. 172, w. 1 n., concl. 57.
61) T p. 172, w. 36 n., concl. 58.
62 T p 173, w. 1 n., concl. 59.
63 T p. 173, w. 14 do p. 174, 34, concl. 60 do 65.
64 T p. 174, w. 35 n. do p. 175, w. 6, concl. 66 — 70.
65 T p. 175, w. 27 n., concl. 73.
66) T p. 176, w. 20, concl. 77.
60 T p. 177, w. 31 n., concl. 81.
68) T p. 178, w. 30, concl. 86
69) T p. 179, w. 5 concl. 87.
0 T p. 179, w. 31 n,, concl. 92.
T p 179, w. 34, concl. 93.
) T p. 181, w. 10 n. do p. 182, w. 27, concl. 98 —105.
) T p. 182, w. 20, concl. 106.
™ T p. 182, w. 32 n., concl. 108.
) T p. 183, w. 3 n., concl. 109.
76) T p. 183, w. 5, concl. 110.



Aby wykazaé, ze continuum nie moze sie sklada¢ z atomow,
musi Bradwardina udowodni¢ jeszcze, ze nie moze sie ono
sktada¢ z nieskonczonej ich ilosci; jest to stanowisko Henryka
Goethaelsa i Roberta Grostheada. Uskutecznia to
w podobny jak poprzednio sposob, tak co do metody i tresci
argumentéw, w conclusiones 114 — 136 Konsekwencje dotycza
zgeszczania i rozrzedzania materji, form i ich najmniejszego
stopnia, ruchu ciat i t. p.

Teraz, po Kkrytycznem omowieniu trzech najwazniejszych
stanowisk w sprawie struktury continuum, zbiera Bradwardina
swe wyniki w nastepujgcych trzech ogo6lnych tezach ,»Nullum
continuum  ex indivisibilibus infinitis componi. Hec conclusio
sequitur ex predictis et est contra illud, in quo summare Lyncof
et Henricus conveniunt”. ,,Si continuum componitur ex infinitis
indivisibilibus immediatis ad invicem, componitur ex finitis. Unde
manifestum est: Nullum continuum ex infinitis indivisibilibus im-
mediatis componi. Hec conclusio est specialiter contra conclu-
sionem Henrici..." 5/ continuum componitur ex infinitis indivi-
sibilibus mediatis, componitur ex immediatis. Unde :  Nullum
continuum ex indivisibilibus mediatis componitur. Hec conclusio
specialiter est contra conclusionem Lyncof".

Po tych tezach nastepuje, jako wynik, zebranie pogladow
autora w zdaniu, ktére przytoczyliSmy na poczatku.

Rzuémy jeszcze okiem na pewne pozytywne twierdzenia
traktatu.— Bradwardina wykazuje, ze kazdy odcinek mozna
podzieli¢ na wiele odcinkdw, a nawet na nieskonczong ich ilo$¢
Tosamo odnosi sie do katdw, trojkatow i powierzchni®”). Kilka
»conclusiones” odnosi sie do ruchu Udowadnia Bradwar-
dina ogdélne twierdzenie : "Quodcumque spatium finitum quo-
cumque tempore finito, posse uniformiter et continue pertransiri

7) T p. 183, w. 10, concl. 111.
T p. 183, w. 11, concl. 112, p. 184, w. 18, concl. 113.
79 T p. 184, w. 24 do p. w. 18.
«) T p. 1872, w. 15 do 26, concl. 137-139.
T p. 163, w. 5, corrol. concl. 20; p. 174, w. 35 n., concl. 66.
AN T p. 174, w. 38 n., concl. 67; w. 42. concl. 68; p. 175, w. 1 n., concl. 69.
@) T p. 163, w. 26 n. concl. 21; p. 164, w. 7 n. concl. 22 n.
N T p. 164, w. 27 n. corrol concl. 24.
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ktore jest dla niego dla zagadnienia ciggtosci niezbedne. Con-
clusio 26™) wyraza bezwgledno$¢ czasu.

Z zasadniczej tezy, ze zadne continuum nie sklada sie z ato-
méw i z wniosku, ze kazde continuum sktada sie z nieskonczonej
ilosci continuéw podobnego rodzaju wynika nieprawdziwo$¢ po-
glagdu Demokryta Bradwardina komentuje jednak
poglad Demokryta w nastepujagcy sposob: ,Non tamen est
veri simile, quod tantus philosophus posuit aliquod corpus indi-
visibile sicud in principio est definitum, sed forte per corpora
indivisibilia intellexit partes substantie indivisibiles et voluit
dicere, substantiam componi ex substantiis indivisibilibus..."

Ciekawym jest nastepujgcy ustep, ktéry wskazuje na to,
iz w wiekach S$rednich zajmowano sie powaznie pewnemi pod-
stawowemi zagadnieniami geometrji. Nawigzuje Bradwardina
do zarzutu Averroesa Ww jego komentarzu®). Averroes,
jako stronnik Arystotelesa uznaje continuum za podzielne
do nieskoniczonosci, ale ma za zte geometrji, iz ona ,hgc non
probat sed supponit, tamquam demonstratum in scientia naturali;
potest igitur sic inpugnare demonstrationes geometricas, prius
factas, dicendo, geometriam ubique supponere, continuum ex
indivisibihbus non componi, et illud demonstrari non posse".
Bradwardina uwaza jednak ten zarzut za niestuszny, gdyz
twierdzenia i dowody geometrji Euklidesa nie opierajg sie
na tem zatozeniu. Robi przytem trafng i wnikliwg uwage, ,quia
dato eius opposito quelibet demonstratio non minus procedit,
utpatet inductive scienti conclusiones geometricas demonstrare"
,Vverumtamen Euclides in geometria sua supponit, quod continuum
ex infinitis et immediatis athomis non componitur, sed hoc inter
suas suppositiones expresse non ponit"*®). — Znamienne s3
rowniez dalsze stowa Bradwardiny, z ktorych wynika, iz
pojecie niezaleznoSci wzgl. zaleznoSci twierdzen od pewnych
postulatow, ktore dzisiaj w szkole Hilberta tak jest respekto-
wane, nie byto mu obce™?). ,,Si falsigraphus dicat contrarium" —

T p. 164, w. 41 n.
«®) T p. 187", w. 39 n.

T p. 1872, w. 41 n

T p. 188, w. 1 n.
«@ T p. 188, w. 9 n,
0 T p. 188, w. 11 n.
9) T p. 188, w. 12 n.
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t. zn. twierdzit, iz system geometrji Euklidesa jest zalezny
od owego postulatu o strukturze continuum — ,et ponat aliqua
linea ex duabus punctis componi, Euclides non potest suam con-
clusionem primam demonstrare, quia super huius lineam non
posset triangulus equelaterus collocari, quia nullum angulum
haberet... Similiter, si dicat falsigraphus, continuum ex athomis
immediatis componi, 4  suam conclusionem et 8 non probat,
ambe enim per suppositionem probantur. Similiter in probatione
3®. — Iste autem conclusiones non demonstrantur per aliquas
conclusiones priores sed ex immediatis principiis ostenduntur;
per has autem conclusiones reliqgue demonstrantur, et ex hiis
tribus quasi tota geometria Euclidis deponet et in ipsa omnis
alia geometria fundatur". — Ale Bradwardina jest przeko-
nany, ze wszystkie te zarzuty nie sg na miejscu; ,,est enim geo-
metria sufficiens ostensive et per impossibile ex propriis principiis
demonstrare, nullum suum continuum ex indivisibilibus finitis
mediatis componi"®”) i podaje nawet droge, jak nalezatoby to
uskutecznié

Na koncu traktatu zajmuje sie Bradwardina jeszcze
kwestjg ,an indivisibilia continuorum sint realiter distincta, ut
ponuntur" kwestjag, ktéra zajmowata zywo umysty od czasow
Arystotelesa. Arystoteles nie przeczyt, iz w continuum
zawarte sg punkty; nie istniejg one tam jednak wediug niego
w rzeczywistosci, ,actu", lecz tylko ,potentia" Continuum
jest podzielne in infinitum, ale réwniez tylko potencjalnie. Zda-
nia scholastykow byty pod tym vzglcdem podzielone. Nawet
wiekszo$¢ byta za realnem istnieniem niepodzielnych punktéw
w continuum, ja< Tomasz z Aquinu, Duns Scotus,
ktérzy opierali sie na komentatorach Arystotelesa, The-
mistiusie, Simpliciusie i i. — Nominalisci natomiast stali
wiernie po stronie Arystotelesa. Spotykamy i poglady go-
dzgce oba obozy; Fonseca jest przekonany, ze tylko po-
wierzchnie ograniczajace bryty istniejg realnie, a nie punkty i linje.

w7 T p. 188, w. 22 n.
RB) T p. 183, w. 24 — 38.
T p. 188, w. 38 n.
9") Fhys. VI, 1, 231 b; Ill, 6, 207 b.
Comment, in Metaph. Arist., Il, c. 13, qu. 5.
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Nasz Stonkowic”') odréznia réwniez ,indvisibilia et continua-

tiva et terminativa". ,Indivisibilia continuativa quam terminativa
sunt entia positiva, ad praedicamentum quantitatis vel per se,
vel reductive pertinentia”. — Reaine istnienie punktéw w con-

tinuum, przyjmowane przez wielu scholastykéw, nie pocigga za
sobg jednak przekonania, iz continuum sktada sie z punktéw.
Pod tym wzgledem wielu zwolennikéw rzeczywistosci punktéw
stato na stanowisku Arystotelesa. Punkty nadajg continuum
to, co nazywamy ciagtosciag, ale nie nadajg mu wielkosci. Dlatego
nie mozna continuum ztozy¢ z punktéw.

Bradwardina stal na stanowisku Arystotelesa. Dla
niego rzeczywiste istnienie punkéw (atoméw) w continuum jest
niemozliwe®”). Continuum moze istnie¢ ,sine aliquo indivisibili
continuante et finitante" gdyz ,,continuum non continuari nec
finitart per talia sed se ipso”™). To twierdzenie konhczy caty
traktat. Bradwardina daje do niego nastepujgce objasnienie:
- quia prius ostendit qualiter continuum iam componit-ur, hic
vult ostendere, qualiter non continuatur nec finitur, et qualiter
continuatur et finitur". ,,Si continuum non continuatur nec finitur
per indivisibilia talia, et non contingit assiguare aliquod aliud,
per quod continuum terminetur vel finiatur et continuatur, igitur
continuatur et finitur se ipso". —

»Tractatus de Continuo" Bradwardiny posiada warto$é
przedewszystkiem z trojakiego wzgledu. Dla historji nauki jest
on szczegétowym przyczynkiem do zagadnienia ciagtosci i teorji
atomistycznej w wiekach $rednich i z tego stanowiska zastuguje
na doktadne zbadanie. Ze stanowiska historji nauki réwniez, jest
pozadanym przyczynkiem, o$wietlajagcym twoérczos¢ Bradwar-
diny. Wreszcie ze stanowiska wspotczesnej wiedzy Scistej jest
pewnego rodzaju ,memento”, ktére poucza nas, iz takze odlegte
czasy kryjag posrdd swych zdobyczy umystowych takie, ktore
stajg sie aktualne i dzisiaj.

L. c.

T p. 190, w. 31 n. concl. 145 - 148.
T p. 190, w. 25 n. concl. 144.

T p. 192, w. 7, corrol concl. 150.
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E. Stamm.

. Tractatus de Continuo"™ von Thomas Bradwardina,
eine Handschrift aus dem XIV Jahrhundert.

Mémoire présenté par M. S. Dickstein a la séance du 9 mai 1935.

Vor einigen Jahrzehnten hat M. Curtze auf eine Hand-
schrift (R4® 2)der Thorner Bibl. aufmerksam gemacht, in welcher
neben anderen Werken auch der ,Tractatus de Continue” von
Bradwardina (ca. 1290—1349) sich fand. Die Handschrift
stammt wahrscheinlich v.J. 1359. Ein anderes anonymes Exemp-
lar des Traktats (zweite Halfte d. XIV Jh.) befindet sich in
Erfurt (CA 4®385). AufGrund beider Handschriften stellte ich den
Text zusammen, welcher in kurzer Zeit wird verdffentlicht werden.
Der Traktat bildet einen wichtigen Beitrag zum Continuumproblem
im Mittelalter und weist sogar manche Berdhrungspunkte mit
modernen Untersuchungen iiber Continuum auf (Drobi sch,
Brouwer). Er ist zum gréssten Teii eine Kritik der mathe-
matischen und physikalischen Atomistik in Anlehnung an Ari-
stoteles, Averroes und Algazel gegen Pythagoras,
Plato, Democritus, Walther Burleigh (f 1337),
Heinrich Goethaels (Gandavensis, 1217—1295) und
Robert Grosthead (f 1253). Nach B. besteht kein Conti-
nuum aus Atomen (Indivisibilien), sondern setzt sich zusammen
aus unendlicher Anzahl von Continuen &hnlicher Art. Die Punkte
(Atome) existieren im Continuum nicht real, denn das Conti-
nuum kann ohne continuierende und finitierende Indivisibilien
bestehen; es besteht durch sich selbst. In der Kritik und Entwi-
ckelung des Problems befasst sich B. unter and. mit dem Prob-
lem des Unendlichen, welches er in kathetisches (aktuales) und
synkathetisches (potentielles) teilt. Dieser letzte Begriff steht
sehr nahe dem des Differentials der modernen Analysis. Das
ganze Werk ist ziemlich umfangreich, ca.5 Druckbogen, gross 8®.
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M. Kotaczkowska i T. Urbanski.

Badania rentgenograficzne skrobi nitrowanej.

Przedstawit St.J. Thugutt dn. 9 maja 1935 r.

Badania nad skrobig nitrowang, zainicjowane przez jednego
z autorOw pracy niniejszej doprowadzity do ogdlnego rozwia-
zania szeregu zagadnien, majacych charakter technologiczny,

a dotyczacych warunkdéw otrzymywania i whasnosci tej substancji
wybuchowej.

W dalszym ciggu badan nad skrobig nitrowang rozpoczeto
prace bardziej teoretyczne, zmierzajace Ku wyjasnieniu budowy
azotonu skrobi. Badania te rozpoczeto od doswiadczeA rentge-
nograficznych. Pierwsze préby wtym Kkierunku podaje komunikat
niniejszy.

Rentgenogramy wykonane byly w Zaktadzie Mineralogji
i Petrcgrafji Uniwersytetu Warszawskiego metodg Debye'a
i Scherrera promieniami miedzi X= 1,54 A®) z zastosowa-
niem filtru niklowego. Fig. 1 podaje rentgenogram skrobi Kkarto-
flanej wysuszonej na powietrzu. Widoczne sg tu liczne pierScienie

interferencyjne, zauwazone juzprzez autoréw dawniej badajgcych
te substancje

Po znitrowaniu do zawartoSci 12,63” mieszankg nitrujaca,
utworzong z kwasu azotowego i siarkowego i po doktadnem wy-
gotowaniu azotonu skrobi i wysuszeniu na powietrzu otrzymano
obraz widoczny na fig. 2.

Zmiana obrazu przy przejSciu 6d skrobi pierwszej dojej
azotanu (od fig. 1 do fig.2) jest bardzo widoczna : polega ona

1) J. Hackel i T. Urbanski. Roczniki Chem. 12, 1932, 276.
13, 1933, 221. Przemyst Chem. 18, 1934, 398. Wiadomosci Techn. Artyler.
Nr. 18, 1932, 38. Z. ges. Schiess-Sprengstoffw. 28, 1933, 306, 350, 378.
29, 1934, 14, 16, 30, 1935, 98.

2 np. Samec i Kat z. Z. Pliysik. Chem. (A), 163, 1933, 291.

J. R. Katz i Derksen. Physik. Chem. (A), 165, 1933, 288.
167, 1933, 129.

J. R. Katz i van lItallie. Z. Physik. Chem. (A), 166, 1933, 27.

J. R. Katz. Rec.trav. Chim. 53, 1934, 555.

J. R. Katz i Weidinger. Rec.trav. Chim. 53, 1934, 949.
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na zmniejszeniu sie liczby pierscieni oraz mniej wyraznym ich
zarysie. Charakterystyczne jest znikniecie zupetne drobnych piers-
cieni o duzej srednicy (stabo widocznych na fig. 1) i ukazanie
sie szerokiego zamglonego pola (halo), tak charakterystycznego
dla ciat bezpostaciowych.

Zestawiajagc oba obrazy, mozna sadzi¢, ze zastgpienie (cze-
Sciowe) grup — OH skrobi grupami — ONO” zwigzane jest
z pewnem uwstecznieniem regularnosci budowy.

Fig. 1. Fig. 2.

Fig. 3. Fig. 4.

Wywotane to jest prawdopodobnie w pierwszym rzedzie
pecznieniem, ktoremu ulegajg gateczki skrobi w czasie nitrowania.

Pecznienie jest trwale i nie znika w czasie gotowania w wodzie.

Zgadza sie to z zauwazong w skrobi nitrowanej utratg
wiasnosci optycznych, przedewszystkiem dwojtomnosci, tak cha-
rakterystycznej dla skrobi. (Skrobia nitrowana daje w Swietle
spolaryzowanem pod mikroskopem obraz jednolity, niezmieniajacy
sie przy obrocie stolika).
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Fig. 3 wyobraza skrobie rozpuszczalng, ktora wskutek za-
biegu chemicznego zatracita swa posta¢ morfologiczng i, jak wida¢
z rentgenogramu, réwniez i posta¢ krystaliczng, dajac typowy
rentgenogram ciata bezpostaciowego. Po znitrowaniu do zawar-
tosci 12,40" Ny otrzymujemy natomiast obraz uwidoczniony na
fig. 4, w ktdrym wyraznie wystepuje pierScien interferencyjny,
Swiadczacy o tem, ze w tym przypadku wprowadzenie grup —
ONO2 przeksztatca substancje bezpostaciowg w uktad bardziej
skoordynowany.

Jest rzecza niezmiernie ciekawa, ze $rednica pierscienia wi-
docznego na fig.4 zgadza sie zupetnie ze Srednica pierscienia
fig. 2. Réznica polega jedynie na rozmaitem natezeniu obu pierscieni.

Swiadczytoby to otem, ze ustréj wewnetrzny domniemanych
krastalitdw skrobi znitrowanej otrzymanych zaréwno ze skrobi
naturalnej jakiz przygotowanej specjalnie, rozpuszczalnej ibez-
postaciowej, jest w obu przypadkach bardzo do siebie zblizony.

Na zakonczenie autorzy korzystajg zesposobnosci, aty zto-
zy¢ wyrazy podziekowania p. Prof. St. J. Thugullowi za
umozliwienie wykonania tej pracy.

Zaktad Technologji Materjatéw Wybuchowych
Politechniki Warszawskiej
I

Zaktad Mineralogji i Petrografji
Uniwersytetu Warszawskiego.

M. Kotaczkowska i T. Urbanski.

Etude réntgenographique des nitrates d'amidon.
Mémoire présenté par M. St.J. Thugutt a la séance du 9 mai 1935.
Résumé.

Les auteurs ont essayé d'obtenir les spectrogrammes par
les rayons X des nitrates d'amidon en les comparant avec des
spectrogrammes obtenus pour la fécule de pommes de terre
(fig. 1) et I'amidon soluble (fig. 3).

Ces deux especes d'amidon ont montré aprés leur nitration
une ressemblance considérable: la nitrofécule de pommes de
terre (fig. 2) et le nitroamidon de I'amidon soluble (fig. 4)



donnent le méme anneau principal d'interférence qui semble
d'ailleurs indiquer le fait suivant.

L'amidon naturel a une structure microcristalline plus nette
que le méme amidon aprés l'introduction des groupe — ONO,,
mais par contre, Il'amidon amorphe (soluble) recoit aprés cette
introduction une structure plus réguliere.

A. Ltaszkiewicz.

Cylindryczne zdjecia Lauego.
Przedstawit St.J. Thugutt dn. 9 maja 1935 r.

Uber die Zylinder-Laueaufnahmen.

Mémoire présenté par M. St. J. Thugutt a la séance du9 mai 1935.

S. Przytecki i H. Rafatowska.

Badania nad wigzaniem biatek z wielocukrami Cz. V.
Przedstawit S. Przytecki dn.9 maja 1935 r.

Recherches sur les complexes des protéines avec
les polysaccharides.

Mémoire présenté par M. S. Przylacki a la séance du 9 mai 1935.



Posiedzenie
z dnia 29 maja 1935 r.

J. Gillis.

O mierzalnych linjowo ptaskich zbiorach punktéw.
Przedstawit S. Saks dn. 29 maja 1935 r.

Streszczenie.

W pracy tej autor zajmuje sie, z punktu widzenia teorji
miary linjowej zbioréw, rzutami zbioru mierzalnego linjowo na
prosta o Kierunku zmiennym. Rozwazania te, poprzedzone sg
systematycznym wykiadem podstawowych wynikéw teorji miary
linjowej, i wigzag sie z dwiema poprzedniemi pracami autora
(Fundom. Math., t. 22 (1934), pp. 57—69; Proc. Cambr. Philos.
Soc., t. 30 (1934), pp. 47—54).

J. Gillis.

On linearly measurable plane sets of points.

Mémoire présenté par M. S. Saks a la séance du 29 mai 1935.

INTRODUCTION.

The general problem out of which arose this paper and
two papers already published was the investigation of the
orthogonal projections of irregular linearly measurable plane sets
of points. The fundamental geometrical properties of linearly

,,On linearly measurable plane sets of points of upper density V2.
Fund. Math. XXIl (1934) pp.57—69, and ,,On the projection of irregular
linearly measurable plane sets of points, Proc. Cambr. Phil. Soc. XXX (1934),
pp. 47—54. 1 shall refer to these papers as {F. M.) and (C. P.) respectively.



measurable plane sets have been investigated by Besicovitch

and those of his theorems which are relevant to my purpose
have been quoted”) without proof. A study of the problem of
the projections of such sets leads to what appears to be a fun-
damental difference of structure between general irregular linearly

measurable plane sets and those of upper density the latter

having a remarkable and simple structure®). Accordingly it is
with the latter that 1 have been mainly concerned, starting from
an unproved expression of opinion") that such sets have pro-
jection of zero measure”) on almost all directions. Further inve-
stigation, although still far from providing a full justification of
this opinion, has not in any way tended to weaken it.

I have proved') the following theorem:

Theorem. Given a linearly measurable plane set A of
upper density ~ , ™M con write A= G-\-R, wlere

(i = and
(i) Corresponding to eacl) point x of G tlyere is a set

of directions P{x), of measure greater tlpan or equal to " t

{t)e measure of the set of all directions being taken as 2tt)
such that, if 0 is any direction belonging to P{x) t"en

It is my intention in this paper to show that, if A is further
restricted to have positive lower density at almost all of its
points, then the theorem can be sharpened in that we may
replace lim inf* by lim sup". This will be proved by com-
bining the original theorem with the following theorem.

2) On the fundamental geometrical properties of linearly measurable
plane sets of points, Math. Annalen 98 (1927), 422—464.
See (F, M.) pp. 58—59 for this statement and for the definition of
the technical terms used there and in this paper.
See (F. M) p. 62. 5 See (F. M) p. 59.
") 1 shall say simply ,zero"™ and ,positive projection”™ for projection
of zero and positive measure respectively.
7 (F. M) pp. 59-69.
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Theorem. If A is a linearly measurable plane set witi)
positive lower density at almost all of its points, t'en A= A' A",
wijere

i) LA'=0
and (i) If as A", tben

exists for almost all 0.

The proof of this theorem involves the use of two funda-
mental theorems both of which are similar to theorems of Schauder
for the case of the two-dimensional Gross measure of sets in
three dimensions. In Section VI | sketch a further deduction
from this theorem.

Theorem (A). If A is a linearly measurable set of points

in tbe plane xOy and LA<ioc>y tl)en we can write
wl)ere
(1) the projection of B on Ox t's measure zero,
(2) no ordinate (x = constant) meets any H” in more tl)an

one point, and
(3) B, Hi, li2, are all linearly  measurable, and

Theorem (B). If A is as in Theorem (/4) and bas lower
density at almost all of its points greater tljan, or equal to, a
fixed positive number, then, at almost all points a of A,

exists.

In the case of Theorem (B) the proof, except for the almost
trivial ,,Covering Theorem" of Section Ill, closely follows that
of Schauder. In the case of Theorem (A) the proof is on similar
lines to Schauder's but | believe that | have managed to intro-
duce some simplifications. Theorem 3 of Section | is an imitation
of a similar theorem of Lusin for analytic sets; an exact reference
is given in a footnote to the theorem. The deduction of my main
theorem from theorems (A) and (B) is, so far as | know, original.

Schauder, The theory of surface measure, Fund. Math., VIII (1926),
pp. 1- 48.



1. | need the following lemma which is due to Sierpinski®).

Lemma 1. If A is a linearly measurable plane set, tfjen
tbere exists a U5, H(say), containing A and of the same
linear  measure.

There are two cases:

@) = In this case take for H the whole plane
and the lemma is satisfied.
(b) Take a sequence {e"} of positive num-

bers which tend decreasingly to zero. By the definition of linear
measure we have, for any positive [j,

By the definition of L"A we can find a sequence {i"""} of
open convex areas such that each point of A is interior to at
least one of the (A:=I, 2, ...) and

and

Let

h, is an open set defined for each n. Let

ly is a Gg which contains A, since each h” contains A.
Given m, we can find n so that

By (2), (3). (4), (5) and (6)

Sur la densité linéaire des ensembles plans, Fund. Math. IX
(1927), pp. 172-185.
| use the notation of Besicovitch, loc. cit.



Since m is arbitary and H is clearly measurable, we deduce
that

But, since H contains A,

From (7) and (8) we get Lti—X, and the lemma is proved.

Lemma 2. If A is any plane set of points and E its
projection on tlje axis of x, tljen m* EAL* A

This lemma follows immediately from the definitions of
outer linear measure of plane sets and outer Lebesgue measure
of linear sets and from the obvious fact that the projection of
a convex area cannot be greater than its diameter.

Lemma 3. |If E,, be the set of points of Ox eacb of wbicb
bas tbe property tbat tbe ordinate tbrougb it contains at least

n points of A, tben m”“E,<~ L*A. (Gross Lemma)

Suppose that A is contained in the square 0<;Ar,y<lI.

f AMoe , let X @M0)= greatest number such that the ordi-
nate x = x(i contains at least n points at mutual distances greater
than or equal to X (atg) *

Let set of MO for which

Clearly,

Hence, given any positive number e, we can find k* such
that, if only k> ko, m* m* E,, —s.
Now divide the wunit square into ko equal strips WA,

If then the line x = Xo contains points of A in at
least n different strips. Let = subset of corresponding
to points in Then

This lemma was proved by Gross for surface measure. See Gross,
Ober das Flachenmass von Punktmengen, Monatshefte fiir Mathematik und
Physik (1918), p. 174. The proof given here is a reproduction of Gross' proof.
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[To see this we note that, for any linear sets,

and hence, by finite induction,

where K. BAA... BM, summed over
and
Hence, by (9) and Lemma
b
, since, for "=4= A, the sets AyC"Wf" and d'® con-

tained in distinct strips; i. e. L*A* n.(m*E*"—¢e) and hence
(since s is arbitrary).

Cor. J Z* < oo, tben E™ bos measure zero.
1 now prove two theorems

Theorem 1. If A is a linearly measurable plane set with
finite linear measure and E is its projection on OXx, tlen E is
measurable  {L).

Construct H as in Lemma 1. Since HZ) A and LH= LA
we see that

and, a fortiori, the projection of — A has measure zero. Now
projection of H— projection of that of {H—A). (10)

Since H is the intersection of open sets its projection is
measurable (L). Hence, by (10), the projection of A is measu-
rable (L).

2. Theorem 2. If A is a linearly measurable set of fi-
nite linear measure, then we can write A= Q + R where

(i) Q, R are both measurable and Q x R = 0.

(if) the projection of Q on Ox bas measure zero,

(i) if @O, 0) is a point of tbe projection of R on Ok,
tben theve are at most a finite number of values of y sucb
that (jfo»  y)"A,

By Corollary of Lemma 3 m = 0.

These (and their proof) are similar to theorems of Schauder,
loc. cit.



Hence we can find a linear Borel set Q* such that
and

Now consider the set of points {x, y) where x runs
through Q* and y through all real values. This set, B (say), is
a plane Borel set. Put = Q A— Q=R

Then (i) is clearly satisfied. Since the projection of Q is
contained in Q*, (ii) is satisfied.

To see (iii) suppose that (Mo has an infinite number
of solutions iny. Then XqzE~CIQ* and is not, therefore, in
the projection oi R. Q. E. D.

3. Definition. A point (xqg, yo) is called an inferior point
of A if {xo, yo) belongs to A and if ttere is no point @O >vy)
of A suel? thai y"Cyo'

Theorem 3. If A is measurable tben tlje set of infe-
rior points of A, G (say), is also measurable™). A

To begin with we construct, as in Lemma 1, a Borel set,
B (say) such that BJA and L{B—A) = Q.

Let (j* be the set of inferior points of B.

Take any denumerable set of real numbers {} which is
everywhere dense in the set of all real numbers. Let denote
the line y —/",,, and let B" denote the set of points of B below
or on

Then B~ is again a Borel set. Now let C,, denote the set of
points contained in all the ordinates through the points of
and let © denote the set of points of B X Q which lie above

Then 0= "~ 0, is clearly measurable and is contained in B.
n=|
Also it is evident that G*= B — 0 and is therefore measurable.
But G*— GCB — A and hence L*{G* — G)= 0, whence
G is also measurable.

4. We can now prove theorem (/4).

Starting with A, make the dissection A= Q-\-R, as in
Theorem 2 of I, 2.

| shall sometimes (as here) write ,,measurable’” for ,linearly
measurable in the plane".

Cf. Lusin, Les Ensembles Analytiques (Paris, 1930), pp. 281—282.
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Now consider the measurable set R. No ordinate x —
constant contains more than a finite number of points of R.
Let til be the set of inferior points of R. Since H" is measu-
rable, so is R — til.

Let H2 be the set of inferior points of R —tiy. We can
carry on indefinitely, letting ti,, be the set of inferior points of

the measurable sets ,

It is clear from the properties of R that this process
exhausts it, i. e.

and each li® is uniform with respect to OA.
Now put B= Q and the theorem (4) is proved.

1. | now introduce two functions defined as follows™"):
If a is any point and c{a, r) the circle with centre a and
radius r, then

and
[Projection on 0 of Alicia, r)],

where 0 denotes the angle between the given direction and Ox.
I shall also write

The following theorem will be of use.
Theorem. |If then <i>(a, r), r) are bot/}
(i) continuous on ftfje rigtft in r, for fixed a,

and (i) upper semi-continuous in a for fixed r.
If we are given a sequence {r,} such that tends from
the right to r, then

For the methods of this section, cf. Schauder, loc. cit.



(11)
Again by Lemma 2 of I,

(12)
From (12) and (11) we see that

(13)

This completes (i).
To see (ii) suppose that A”™ is the set of points™ where

We have to show that Aj, is closed. Suppose that a is a
limiting point of A” and that the sequence of points {a,} of
A" tends to a.

Let 1, denote the distance aa, Then \, tends to zero
with I/n. Clearly

Therefore, since

and so, by (14),

Let n tend to infinity and apply (11). We see that

By (15) asA”, i. e. A™is a closed set. Hence ~(a, TQis
upper semi-continuous in a for fixed r. The proof for W is similar.

2. Definition. A function f{a) of the point a is measu-
rable on the linearly measurable plane set A if, for every P, the
set of points of A where is linearly measurable. In this
way we can define the idea of the ,Lebesgue-Carathéodory
Integral” on such a set and it is clear that its fundamental



properties will be completely analogous to those of the Lebesgue
Integral on measurable linear sets. The integral of the function

[(a) over the set A will (if it exists) be written

As in the case of integrals on Lebesgue sets a bounded measu-
rable function is summable.
Now it follows immediately from the theorem of the last

paragraph that, if

(i) continuous on the right in r, for fixed a, and
(i) a measurable function of a for fixed r.

Now put
and

F*{a) and Fa“ia) may be called respectively, ,,upper and lower
coefficients of  foreshortening".

Since, bv Lemma 2, (I, 1), W{a, rX”~>(a, r), we see that

Hence, if we can show that F* and

Fa: are measurable it will follow that they are summable. | pro-
ceed to prove the following theorem.

Theorem. F*{a) and F"ia) are measurable (and b”nce
summable) if only LA is finite

Let Pi, P »e.+ be a denumerable set of real numbers,
everywhere dense in (0, r).

Let U(a, r)= upper bound of
And V(a, r)= upper bound of
Clearly

Now let a be any positive number less than V{a, r) and
choose a' so that a’Ca' <C Via, r). By the definition of V, we can
find To in (0, r) such that /(a, ro)> a' and, since '/(a, p) is
continuous on the right in p, we can find an interval (ro, "0 +
throughout which x > p) .

Actually this theorem could have been taken as proved by the
general theory of measure. The proof given is that now standard for similar
theorems, cf. the well known books of Hobson, Hahn, Caratheodory, etc.



But the sequence {p} must have members in this interval,
whence U{a, r) a and, since a is arbitrary.

By (16) and (17)

Now take any sequence {r"} of positive numbers tending to
zero. Then F*(f7)= lim 1/(a, rJ, since  (and hence V) is con-
tinuous on the right in r and so F*(a) = lim (/(a, r*), by (18).

But V{a, r) is, for each k, a measurable function of a
(since is so) and hence F**{a) is measurable.

The proof for (a) is similar.

Sets of positive lower density. n

Definition. A family F of circles is said to cover a plane
set of points, A, if each point of A is the centre of a set of
circles of F with artbitrarily small radius.

I shall prove the following theorem.

Covering theorem If A is a bounded measurable plane
set wl)ose lower density is, at almost every point of itself,
greater t\)an a positive number So, t"en out of every covering
family of circles, we can extract a sequence {/C,} sucl) ttfat

and " /Cj. contains almost all points of A.

i

This theorem will follow at once from the following lemma
of Sierpinski

Lemma. If A is a bounded plane set and F a covering
family of circles, t\)en tbere exists a sequence of circles {K.} of
F sucb that K. X &= 0 (// /==j) and sucb that, if R* denotes

A set which satisfies all the conditions of the Covering Theorem
will be referred to, in future, as a dense set.
Sierpinski, op. cit.,, pp. 176—177.



the circle concentric  with  and witt) tljree times tbe radius
of K., then

We can restrict F to those of its members whose centres
are at points of A and whose radii are <!1. Let Mx be the
upper bound of the diameters of the circles of F. Then there

exists a circle " of F such that

Consequently, for any K of F,

Define now, by induction, /C2, /C3, ... such that
@) 0 fory~l. 2, ... n—1, and
(b) for every circle K oi F such that

we have <

If (a) can be satisfied, then we can satisfy (b) by taking

M7 as the upper bound of the diameters of those K for which
and proceeding as for n= 1.

If (a) were impossible for a particular n but possible for
(/7—1), then the closed set /CiH h'An-i would have points
in common with every circle K oi F and would therefore contain A .
The lemma would then be satisfied.

Let us suppose then that the sequence /CM /Cj, ..., .
is infinite, and that the point p o{ A \s not contained in the
closed set IC-j (- . Then we can find a circle "™ with
centre p such that

If (20) were true for all j, then, by (b).

But since the sequence {/C} is non-overlapping and A and

are bounded, we have

(22)
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From the contradiction between (22) and (21) we see that
there must exist s (>-n) such that,

but

From (23) and (b) we have

By (25) and (24) we see that contains the centre of

i. e. p, whence

To revert to the theorem.

If a is a point of A then we restrict those circles of f
which are concentric with a to be so small that

() if c{a, r) is any one of the ,permitted” circles of f,
then the mean density of in c(a, r) is greater than * S » and

(i) the mean density of in c(a, 3r) is less than 2.

(i) and (ii) are both possible at almost all points of A.
From this restricted family F, extract {/C) as in Sierpinski's
Lemma.

LA |60.2r, 1
Then = and this is true for

each /; i.e. the set {/C} contains a portion of A of total measure

Hence we can find a finite set K~ K, of non-
overlapping circles containing a portion of A of measure

(say). We can now use the familiar argument of
Vitali's Theorem and the result follows.

Vitali, Sui gruppi di punti e sulle funzione di variabli reali
Atti della R. Acadetnia delle Scienze di Torino, XLIII, p. 229.



1. Theorem If A is adense linearly measurable plane
set and A" a measurable subset of A, t'en, at almost all points
of Ai, F*{a) is tl)e same whether calculated witl} respect to
A or to Ai. [The same is, of course true of (D)5

For, with an obvious notation,

at almost all points of A~

While, if the lower density of A (and hence also that of
Ai (p. p.) by the Theorem of Permanence of Densities) has the
positive lower bound Q>

for all sufficiently small r; i. e.

whence the theorem.

Cor. If A is a dense linearly measurable plane set and Ai
a measurable subset of A with zero projection on O”, then,
almost everywhere in Ai, F*(a) (calculated with respect to A)
is zero.

2. Theorem. If A is measurable and dense and bas finite
linear measure, and Ai is a measurable subset of A uniform

witb respect to x, tben "F™ {a)ds = * F*(a) ds ==m (Ei) wbere
A A,

Ei is tbe projection of Ai on Ox, and are calcu-

lated with respect to A .

20) It is evident from the proof of this theorem that
except at a set of A™ included in the set of those

points a of Ai where D* {a, A — Ai)>0. This latter set has linear measure
zero, and is independent of 0. The same is true of
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Lemma. Jf at every point of a measurable subset A" of
then tl)e measure of tl)e projection of
LA, respectively].
Suppose that, for every point a oi A", F*(a)> a. Then,
given £> 0, we can, with each point of A2 as centre draw a
sequence of circles {c{a, r,)} such that

and

Since A2 is a measurable subset of A we can find a denu-
merable sequence K7, K2, ... of these circles such that
0]
(i)
/

By (i) and the uniformity of A2 we see that measure of

projection of A2 m [projection of A2 X ~J

by (ii); and s is arbitrary.
Therefore the measure of the projection of
Similarly for the case of
We proceed with the theorem. If B is any plane set,
I denote by w(6) the exterior measure of the projection of B on O x.
Now 0 < (a)< 1 and F*(a) is measurable.
Choose a positive integer n and let be the set of points

of Ai where

Then
Hence (

But, by the lemma and the definition of A”p, we have

and hence
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Now F*(a) is summable on each A* and hence, by the
mean value theorem,

and hence

From (29) and (30) we get

Hence [projection of Ai on O*].

Similarly

3. Theorem (B). If A bas tbe same properties as in
tbe preceding theorem, then, at almost all points a of A,

(say).
For, by Theorem

are measurable and each h” is uniform with respect to AT
Also a)(B) = 0.

Hence, by the theorem of
For each r, we have by the preceding theorem, (

and we know that

Hence F*{a) = F*a) almost everywhere in each H"
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V.

1. Lemma 1. E is a measurable linear set contained in
the interval 0<;a <1. P is a (Lebesgue) measurable plane set,
contained in tlje square O”X, sucl? tbat

(i) tbe projection of P on Ox coincides witb E, and

(if) for eacb yfi of the interval (0, 1) the intersection Ey" of
P witb We line y—yo is a translation tbrougb a distance y*
in tbe direction Oy of a subset of E such that mEy=mE.

Then, for almost all Xqof E, tbe line x = Xo meets P in
a set of measure 1.

Let Q be the plane set obtained by drawing through each
point of E an ordinate of length 1. Let

Then by Fubini's Theorem and (ii)

Let f(x0) = m [Intersection of R with the ordinate

Then mE=m2R= o f(x)dx, again by Fubini's Theorem.
E

But /(a:)<1, and hence f{x) = I, except possibly on a
null subset of E, q. e. d.

Lemme 2. E is a measurable linear set contained in the
interval O0<™Ar<!l, P is a plane set (not necessarily = measurable)
contained in tbe square O”, sucb tbat

(i) tbe projection of P on Ox coincides witb E, and

(ii) for eacb Yo of the interval (0, 1) tbe intersection Ey”" of
P with the line y—yo is a translation tbrough a distance yo in
tbe direction Oy of a subset of E sucb tbat m* Ey*= m{E).

Then, for almost all x0 of E, the line x=Xgq meets P in
a set of exterior measure 1.

This lemma follows easily from Lemma 1; we merely replace
each non-measurable set by its ,,massgleiche Hiiile". The argu-
ment is quite trivial.

Theorem. 5 is a set in tbe tbfee-dimensional space Oxy z.
Tbe projection of S on Oxy is the linearly measurable plane
set A. We suppose the following conditions  satisfied:
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(1) No straight Une z=0, x= constant t)as more tf*an

one point in common with A .
(2) At almost all points a of A, liminfy{a, r,0)> > 0.

(3) 5 is contained in tf)e cube

4 If and denotes tt)e intersection of S
witl) tbe plane tben (and, in particular,
exists).

Then we can write A= B* C, wbere

(1) LB="0 and

(2) If ais a point of C then the parallel to Oz tbrougb
a meets 5 in a set of exterior measure 1.

Proof. Let P be the projection of 5 on the plane Oxz
and let E be that of A on Ox. Then it is clear that P and E
satisfy the conditions of Lemma 2.

Hence, by the lemma, E=H-" K, where

(1) mH= Q and

(2) if Ais a point of /C, the intersection of P and the
line through x parallel to O A has exterior Lebesgue measure 1.

Let B be the subset of A which projects into M and
C= A —B. By hypothesis (1), the sets B and C are uniquely
defined. By (2), = If a is a point of C and x its projection
on Ox, then it follows that the parallel to Ox through a meets
5 in a set of exterior Lebegue measure 1, g. e. d.

2. Now | have already shown that, if /T is a dense line-

arly measurable plane set, then where

(a) B has zero projection on Ox,

(b) no ordinate x = constant meets any ti* in more than
one point,

(c) at almost all points of A,

Let subset of at which and

subset of at which
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For each n, has zero projection on 0 X, and so

therefore has HA"N.
n

We may thus regard as included in B. Arrange
n

in a simple sequence {B"Y}.

Then 4 = B+ X1 A

(@) B has zero projection on O , and

(b) for each n, B™ satisfies conditions (1) and (2) of
the theorem.

Consider any fixed Bj* and call it Let 5 consist of the

points {x, y, z) obtained thus:
(1) {x, y) runs through H.

(2) corresponding to each (A: y) of h we take the points
(A:, v, Z) such that lim/(ARY, I, 2 n2) exists.

Then H and 5 satisfy conditions (1) —(4) imposed, in the
theorem, on A and 5 respectively; and hence we can write
where
(&D) = and
(2) if a Gn, then lim/(a, r, 0) exists, except for a set
of 0 of interior measure zero. (But, for each a the set of 0, for

which this limit exists, is clearly measurable, and hence ,interior
measure” may be replaced by ,measure").

Let
(1) B has zero projection on Ox,
2 LF=0
(3) If as G, lim7 (<2 r, 0) exists for almost all W.
r->0
1 write B-f and G= Thus = BYY) where
Q) if then lim /~{a, r, 0) exists for almost all 0, and

(2) A™ has zero projection on OX.

If the set has zero projection on all directions then
Iimrs/%)X{a, r, 0) is zero for all 0 at almost all points of

See 1V, a, Lemma, and footnote
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If not, suppose that the directions from 0 to 27 are well
ordered:i.e. ©i, O'\. see ooee

Suppose that ©i coincides with Ox and let be the first of
the series on which has positive projection. Then we get
A1)~ (2)M5(2) as before, and o< LAWK

We can continue this process. It follows from the last
result that it must come to an end after a denumerable number

00

of applications; i. e. fin) + = B+ (say) where
(1) if aeB, lim/(o, r, ©) exists for almost all and
(2) A has zero projection on all directions.
By (2), has the property proved for B, except, pos-

sibly, for a subset of linear measure zero, and hence, finally,
(say), where
(1) LA"= 0 and

(2) if as A", then Vim/ (a, r, ©) exists for almost all 0.

This proves the theorem for dense sets. To extend it to
the case of a general linearly measurable set with positive lower
density | remark that such a set is the sum of a denumerable
infinity of dense measurable sets, and the theorem, being true
for each of these, will also be true for their sum. That concludes
the theorem.

3. | combine this theorem with that proved in {F. M.) to
give the following theorem :

Theorem. If A is a linearly measurable plane set of points

of upper density ~ and witl) positive lower density then we

can write A = G-\-R  wbere

Q) = and

(i) if azG, then we can find a set of directions P{a)
filling at least a quarter of tbe plane sucb that if 0 2P(<7),
limsupy(a, r, ©= 0.

An easy deduction from this theorem may be stated thus:

22) This appeal to the axiom of choice is not actually necessary; but

it would be futile deliberately to avoid using it here, since it is in any case
essential to any adequate development of point-set theory.



Theorem. If we are given a set A as in tfje previous

theorem and a positive number e, tl)en we can write

and find a sequence {P,,} of sets of directions suci) tl)at
(i) eacb A,, is linearly measurable
(i) eacb P, fills at least a quarter of tbe plane, and
(iii) if OeP, then m [projection of A on @]<:e.M,,.

VI.

1. Now let A be any linearly measurable plane set with
finite linear measure. At each point a of i4 we erect an ordinate
perpendicular to the plane of A and mark on it the (Lebesgue)

measurable set E”. Let A" denote the intersection of ~ E~ with
aCiA
the plane parallel to that of A and distant x from it. I assert that

is equal to the two-dimensional measure of
measurable.

I shall not write out the proof of this assertion. It follows
obvious lines similar to those used in the proof of the lemmas
and theorems of Section V. We begin witb the special case where
each EM is a linear interval, in which case we can use the
arguments indicated. The general case can then be deduced as
in the usual proof of Fubini's Theorem

2. IF a is a point of A and O is a direction such that

then O will be called a zero direction of A at a. If 0 isa zero
direction of A at every point of a subset B o{ A, then 0 will
be called a zero direction of A at tbe set B. It is clear that

under such circumstances, B will have zero projection on 0.

This last integral is in the sense defined in II, 2.
24) Cf. Saks, Théorie de I'Intégrale (Warsaw, 1933) pp. 70-74.
~  This follows by the theorem of IV, 2.
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3. Now let A he a dense linearly measurable plane set
of upper density At each point a oi A draw an ordinate

perpendicular to the plane of A and of length 2 %. Let E* denote
the set of directions in (0, 2tz) which are zero directions of A
at a. Then E” is clearly measurable and we can apply VI, 1.
We get

by what has gone before.

Let M(ol) denote the measure of the set of x for which

Then

Hence the measure of the set of x for which
is greater than or equal to

we suppose

We deduce the following theorem.
Theorem. If A is a dense linearly measurable plane set

of upper density ~ and ais any real number less tban ~ , then

tbere exists a set of directions Q of measure

on each © of wbicb a subset A{)of A of linear measure
bas projection of zero Lebesgue  measure.



Henri Malchair.

O funkcjach podharmonicznych.
Przedstawit S. Saks dn. 29 maja 1935 r.

Streszczenie.

Autor rozwaza ciag {f,.{x, y)} funkcyj podharmonicznych,
zbiezny jednostajnie w otoczeniu kazdego punktu obszaru % do
pewnej funkcji f{x, y). Zaktadajac, iz kazda z funkcyj y)
posiada najmniejsza funkcj e harmoniczng zwyzna-
jaca, autor rozwaza cigg tych funkcyj zwyznajacych, pokazujac
m. in. iz cigg ten jest zbiezny w obszarze % do najmniejszej
funkcji harmonicznej zwyznajgcej dla funkcji f(x, y).

Henri Malchair.

Sur les fonctions sousharmoniques.

Mémoire présenté par M. S. Saks a la séance du 29 mai 1935.

1. Soit MX, y) une fonction sousharmonique sur un
domaine D. Considérons undomaine D'de Dirichlet”), borné
et complétement intérieur a D; soit

une suite de fonctions continues dans D ettelles que

Soit y) [n—1, 2, ...] la fonction harmonique
sur D' et égale a y) sur la frontiére de ce domaine.
M. Frédéric Riesz démontre que la fonction
existe, qu'elle est sousharmonique sur D', qu'elle

Nous considérons dans ce travail les fonctions sousharmoniques
généralisées. Ces fonctions ne sont plus nécessairement continues dans le
domaine considéré; elles peuvent étre seulement semi-continues supérieure-
ment, mais avec la condition de ne pasdevenir ,trés infinies".

C'est-a-dire que le probléme de Dirichlet admette une solution
pour toute distribution continue sur la frontiére du domaine D'.

Sur les fonctions sousharmoniques et leur rapport a la théorie du
potentiel (Acta Mathematica, t. 48, 1926).



est in dépendante de la suite (1) et qu'en tout point de D/
on a ,y¥) N MU, y); cette fonction P(A;, y) est la meilleure
majorante harmonique de la fonction ~ @T, y) pour le domaine D'

2. Si une fonction sousharmonique sur un domaine D admet
une majorante  harmonique sur ce domaine, c'est-a-dire une

fonction harmonique partout au moins égale, il en existe une
inférieure ou égale a toutes; c'est la plus petite majorante “ar-
monique

3. Soit

une suite de fonctions sousharmoniques sur un domaine D con-
vergent uniformément en tout point intérieur & D vers la fonction
cette fonction /(AT, y) est par conséquent sousharmo-

nique sur D.
Nous supposons que les plus petites majorantes harmoniques
pour le domaine D des fonctions de la suite (2) existent; soit

la suite de ces fonctions.

Théoréme 1. La plus petite majorante hoirmonique  M-"jy)
de la fonction limite f{x,y) pour le domaine D existe.

En effet, puisque la suite (2) est uniformément convergente,
nous avons /AT, y) A, y)-f-£ en tout point de D et
pour n” N. 11 résulte que nous pouvons égatement ecrire

pour n® N; en particulier

pour tout point de D, puisque nous avons  {x, y) " {x, y)
[n®2]. Or la fonction “MAr, y)-|-e est évidemment harmonique
sur D; [I'inégalité (4) montre que cette fonction est une majo-
rante harmonique pour la fonction f{x, y) en tout point du
domaine D. Par conséquent [® 2], le théoréme est démontré.

Théoréeme II. La fonction t>(A;y) est la limite de la suite
(3) en tout point du domaine D ; la convergence est uniforme.

M. Marcel Bre 1 ot: Etude des fonctions sousharmoniques au voisi-
nage d'un point.



En effet, en tout point de D, nous avons

pour
et par suite
pour
La fonction ®st une majorante harmonique pour les

fonctions /,, (Ax, y) [n> Ni]. Donc, nous avons

pour
La démonstration du théoreme | montre que
pour

Si nous prenons N2 a la fois supérieur k N et N* nous pou-
vons donc écrive

pour

en tout point du domaine D. La suite (3) converge 'unifor-
mément dans D vers la fonction

4. Considérons une suite de domaines de Dirichlet Di,
£2 »eee>D” ... emboités, completement intérieurs au domaine
D et tendant vers ce domaine. Soit

(%)
la suite des meilleures majorantes harmoniques pour le domaine
des fonctions de la suite (2).

Nous avons démontré que la suite (5) converge unifor-
mement vers la meilleure majorante harmonique y) pour
le domaine = 2, ...] de la fonction fix, y).

De plus, il est évident que l'on a

(6)
et que

()
M. Marcel Brelot montre”) que la suite (6) tend vers <>A; YY)
et que la suite (7) a pour limite la fonction y).

Sur les fonctions sousharmoniques (Mémoires de la Société Royale
des Sciences de Liege, année 1935).
2) Loc. cit., page 18.
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Le tableau suivant résume toutes ces propriétés :

(convery. unif.)

(idem)

(idem)

(idem).
Considérons alors la suite

(8)

A partir d'un certain indice, en tout point intérieur au do-
maine Dy les termes de la suite (8) sont supérieurs a *,,(x, y) — s.

En effet, la convergence étant uniforme, nous avons en un
point quelconque de D

(9)

En consultant le tableau ci-dessus, on voit facilement que tous
les termes qui se trauvent en dessous de la m® ligne et a droite
de la N~ colonne sont également supérieurs a —s.
Les termes de la suite (8) se rangent dans cette catégorie a
partir d'un certain indice; la propriété est démontrée.

En un point quelconque A de D, on a

Et par l'inegalité (9), nous pouvons écrire qu'au point A
(10)

D'autre part, une infinité de termes de la suite (8)

ne peuvent, au point A, étre supérieurs a 'H”»y) -« En effet
dans le cas contraire, les fonctions



seraient, au point A, supérieures & (A,y)+ £; ce qui est im-
possible puisque la suite (3) converge vers (CAT,y) [théoréme II].

De cette derniere propriété et de la relation (10), il résulte
que la suite (8) converge en chaque point du domaine D vers
la fonction »y)e

On démontrerait de la méme fecon que toutes les fonctions
du tableau ci-dessus situées sur une méme parallele a la diago-
nale portant les fonctions de la suite (8), forment également une
suite convergeant en tout point du domaine D vers la fonction

~hy).
Nous pouvons énoncer le théoréme suivant:
Théoreme lll.  Soit

une suite uniformément  convergente de fonctions sousharmoni-
ques sur un domaine D et tendant vers la fonction f{x, y);
soit de plus Z>i, D?, . . , .. une suite de domaines de
Diricblet, emboités, complétement intérieurs au domaine D et
tendant vers ce domaine.  Si y) est la meilleure  majo-
rante harmonique de la fonction f,,(x, y) pour le domaine D"
[m=1\ 2, ...], la suite A,y) M=1, 2, ...] converge en
tout point du domaine D vers la plus petite majorante  harmo-
nigue de la fonction f{x, y) pour ce domaine®).

Remarque. Toutes les fonctions du tableau ne sont d'abord
définies qu'en tout point intérieur d'un des domaines auquel
elles correspondent. Pour définir ces fonctions en un point inté-
rieur & D mais extérieur a ce domaine correspondant, il suffit,
par exemple, de les égaler toutes a une méme constante. Cela
ne change absolument rien aux démonstrations précédentes.

5. Supposons maintenant que la suite (2) ne soit plus
uniformément convergente, mais non croissante en tout point
intérieur au domaine D', la limite f {x, y) est encore sousharmo-
nique sur D

Conservons les mémes hypothéses, c'est-a-dire que nous
admettons que les fonctions de la suite (3) existent effectivement.

L'existence des meilleures majorantes harmoniques et des plus
petites majorantes harmoniques étant admise par hypothese.

En admettant évidemment que la fonction f{x,y) ne devient pas
trés infinie™.
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1®) La suite (3) est non croissante en tout point de D.
En effet, par hypothése,
Comme y)>fjx,y), il vient y). La
définition des plus petites majorantes harmoniques entraine

2") La plus petite majorante  harmonique de la fonction
fix yy) pour le domaine D existe.

En effet, il existe une majorante harmonique de f(x, y)
puisque, en tout point de D, on a f(x,y)"f,,{x,y) quel que
soit n. Donc f{x,y)*"jr{xfy) dans les mémes conditions

St. J. Thugutt.

O pewnych reakcjach kaolinu i haloizytu.
Komunikat zgtoszony dn, 29 maja 1935 r.

Sur certaines réactions du kaolin et de I'halloysite.

Mémoire présenté a la séance du 29 mai 1935.

Patrz Archiwum Mineralogiczne Tow. Nauk. Warsz. (Archi-
ves de Minéralogie de la Société des Sciences et des Lettres
de Varsovie). T. XI, 1935. Str. 122—133.

St. J. Thugutt.

O produktach hydrolizy natrolitu.
Komunikat zgtoszony dn. 29 maja 1935 r.

Sur les produits hydrolitiques de la natrolite.

Mémoire présenté a la séance du 29 mai 1935.

Patrz Archiwum Mineralogiczne Tow. Nauk. Warsz. (Archi-
ves de Minéralogie de la Société des Sciences et des Lettres
de Varsovie). T. XI, 1935. Str. 134—140.
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B, Niklewski.
Badania nad agregacjg zelatyny.

Przedstawit St. Przytecki dn. 29 maja 1935 r.

Recherches sur l'agregation de la gélatine.

Mémoire présenté par M. St. Przytecki a la séance du 29 mai 1935.

E. Hoferdwna.

Badania nad witasnosciami biatek.
Przedstawit St. Przytecki dn. 29 maja 1935 r.

Recherches sur les propriétés des protéines.

Mémoire présenté par M. St. Przytacki a la séance du 29 mai 1935.



Posiedzenie

z dnia 19 czerwca 1935 r.

S. Mazurkiewicz.

O twierdzeniu Rouché.

Komunikat przedstawiony na posiedzeniu w dniu 19 czerwca 1935 r.

Sur le théoréeme de Rouché.

Présenté dans la séance du 19 Juin 1935.

Voici une démonstration extrémment simple du théoréme
classique de Rouché: /(z),'f(z) étant deux fonctions "olo-
morpbes dans un domaine borné B, continues sur la frontiere
C de B et satisfaisant a l'inégalité:  1/(z) i > I'f(z) | pour z"C,
les deux fonctions f{z) et f{z) {z) ontle méme nombre de
zéros dans B.

Désignons par n(/), + respectivement les nombres
de zéros de f{z) et f{2)-{-2) dans B. En se servant d'un
raisonnement géométrique bien connu, on peut determiner un
domaine Bi de frontiere Ci, tel que:

€

(2) Bi contient tous les zéros de
situés dans B.

3)

(4) CI est la somme d'un nombre fini de polygones sim-
ples, fermés sans points communs deux a deux.
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Soit Xréel et O™ X~ 1. Considérons la fonction

le sens d'intégration sur CI étant

fixé de maniere habituelle. On a: /(z) + ~?U) 0 pour
donc p(X) est continue et égale aux nombre de zéros de
situés dans Bie Donc p(X) est constante et

Mais d'aprées (2): p(0)= n(/); p(l)= n(/-ftp), donc

H. Milicer-Gruzewska.

O pewnej funkcji empirycznej i jej uogdlnieniu.
Przedstawit S. Mazurkiewicz na posiedzeniu w dniu 19 czerwca 1935 r.

Streszczenie.

Praca dotyczy zagadnien zwigzanych z wielko$cig btedu
prawdopodobnego jaki powstaje przy aproksymowaniu funkcji
skonczonej liczby momentéw apriorycznych zapomocga takiej sa-
mej funkcji i takich samych momentéw empirycznych.

H. Milicer-Gruzewska.

An empirical curve and its generalisation.

Mémoire présenté par M. S. Mazurkiewicz a la séance du 19 juin 1935.

Introduction. The sample is selected from the uni-
verse Q. mi, /fi2>eee mean some moments of the sample
(i. e. the empirical moments), and Mi,, ... M~” the analo-
gical moments of the universe (i. e. the apriorical moments).
The last ones are generally unknown; the formers approximate
the laters with certain precisions

Tshuprow. ,,Onthe mathematical expectation of the moments
of frequency distributions™. Biometrika v. XII p. I, 11, a. Ill, 1V, 1918 y.
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The Tshuprow's results with the application of the
Tshebyshew's inequality permit to calculate the mathema-
tical expectation of every function of a finite number of empi-
rical moments, providely regular enough in the neighbourhood
of their apriorical moments. This mathematical expectation may

be calculated with the precision of 0 if N means the space

of the sample. The question of this approximation seems to be
of great practical importance, and touches the very often met
statistical tests, in which the result of the partial investigation
of the universe is given as a precised function of a finite number
of some empirical moments®). The function f in the empirical
point (mi, mYy e+e m” is the empirical value of its unknown

value in the apriorical point {Mi, M*, ... A/J. Of course it is
possible to treat /(mi, ... m”), as an approximation of f{Mi,
. M), only if:

1

Therefore, in all statistical tests of the just described form,
the condition (1) should be investigated. 1 met with the same
problem when looking for a measure of the size of the self-
sufficing country farm. | define it as the root of an empirical
function (the curve of the self-sufficing of country farms). The
form of this curve was adapted according to the results of the
meritorical analysis of the question and the transformation of the
empirical material with the third mean. The coefficient of the
curve were fixed by the method of last squares. The investigated
root (the size of the self-sufficing country farms) was found as
an enough regular function of some moments of the selected
quantities, and as such striked in the just explained case.

Really 1 met the analogical situation in many statistical
tests. 1 prove the general theorem about the accomplishment
of the formula (1) in order to avoid to repeat it in any parti-
cular case. | use analogical method to those as in my article

1 const, for every N.

-) The range of these moments may even be negative.
E [/V]— means the mathematical expectations of K.
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intit. ,, The probable value of the weighted average” 8§ 1 of this
article is devoted to the proof of the general theorem; § 2 —
gives the precision of the question of the self-sufficing of the
country farm; the § 3 — the resolution of this problem.

§ 1. Denotiations.

1. The universe consists of variables: x1, X2, .. or the
pairs: X1 yi; X2, y2i sees
2. The sample w consists of variables: xi, X2, " - Xj* or

the pairs: x, y; X2, y2f eee Xj* y™ , selected independently
and at random from the universe of variables, or of its pairs
respectively.

3. The moments of the universe are: respect.:

where p® respectively p.jj are probabilities

of selecting the quantity Xj respect, the pair: Xj,yj ; k and /
are negative or positive integers.

respect, m™, xf ¥'j pl.j, where res-
i.J

pectively p-ij denotes empirical frequencies of the variable x./, or
the pair x%j in the sample.

5 f{m) or , ... mj respect. e ML)
a precised function / of precised moments in an empirical point:

resp. , ... M) — the value of the same function in
the apriorical point:
6. According to Tshuprow's denotiation we put:

M)

Isent this article last year to the editor's office of the Annals
Mathematical Statistics Association in Michigan U. S. A.
2) In other words p,/ or pjjj denote the frequency of the variable Xj
respect., the pair Xj, yj in the universe ii.



Theorem 1. The relative constant error of the approxima-
tion of the unknown value f{M) through the f{m) is of order
0 denoting the space of the sample i. e.:

) i
I. the empirical moments : , ... mif?  respectively

. mY) are: 1) of finite number, 2) are horned, for

all possible samples w.

Il. the function / is borned for all possible samples.

Ill. the respective apriorical moments M, and the value
/(M) are finite and different from zero.

IV. the function f(m) is representable by Taylor's serie
in the neighbourhood of the apriorical moments.

Theorem Il. If the suppositions of the theorem | are sa-

tisfied then: E e. i. the relative mean square

error of the approximation of the unknown value FIM) through

is of order

\ !

Remark 1. The suppositions that the moments M, and the
value F{M) are different from zero are essential only when
looking for the relative errors. Their 'may be omitted in the
investigations upon simple errors.

The proof of the theorem Il is omitted, since it does not
differ from the proof of the theorem I. We prove the theorem |
for the case of elements characterised by two variables: AT, .Y,
since this is the case of the investigated root.

We make still following denotiations :

6. dw — means the set of samples, for each of them the
empirical moments belong to such neighbourhood of the respec-
tive apriorical moments, that the condition 1V is satisfied, e. i. that :

()

where are positive and small enough that the function
is developable by Taylor's serie if only (2)
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takes place. We may suppose that the quantities a‘ are so
small that this serie converges uniformely and absolutely.

6'. (J—dw) — means the set of samples for which all
conditions (2) are not satisfied.

, and mean the mathematical
]
expectations of the calculated respect, on the sets dw
and
It is of course:
3
8. The probability that e is y is written as follows:
Lemme I. If the suppositions of the theorem 1 are~fulfilled
we have :
(4)
Proof of the lemme 1 Let us be:
)
(6) , Where denotes the sum of

quantities y, for which all conditions (2) are not fulfilled; then :
@) where is the sum

of quantities W\ for which the moment m™ do not satisfied
the condition (2), then satisfied the condition :
(8)

Let us put:

(7")



We may write :

9)
as / is a function of moments m"*, and if

if it is known that

We have then from the condition I, and the expressions
8). (n(9):
(10)
since
But:
(107
From (7), (10) and (10" follows:
(11)

where k», k, A, [/ are finite.
In order to prove the lemme we prove that:

(12)
We have :

(13)
According to Tshebyshew's inequality it may be written

(14)
where

(15)



but
(16)

The quantities a“ are positive, and in finite number.

Hence and from tiie expressions (14), (15) and (16) follows
the expression (12).

According to (3) and the lemme | we shall have

17
Now we shall prove that:
(18)
According to the supposition IV it is:
(19)
where means the n—tl) differential polynom in
the point: The serie (19) (acc. to 6)

converges uniformely and absolutely, since the inequality (2)
are fulfilled. Let be K the number of moments of the deve-
lopment (19). It is:
(20)

The n—tl) term of the sum (20), for n"K contains C*
elements in which the quantities: A~ are only in the first grade.

These elements may be written as follows:
(21)
as it follows from the lemme I.

See. Tshuprow ,Gruadbegriffe u. Grudprobleme d. Korrela-

tioDslehre™.
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It results from the Tshuprow's article (cited in the intro-

ductions) that the latest sum is

Now observe that all elements from the sum (20), that are not
of the form just discuted, are less than the elements of the form:

(22) where :

but:
(23)

where is the probability of the equality :

2

, under the supposition that = V but:

(24)

(25)

where

Denote with / the serie of the absolute values of terms of
the serie / in the point: , ... aM). 1t results from this,
the eq. (20) to (25) and the fact that it is a",==0:
(26)

The theorem is then proved.
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§ 2. The universe constitutes a country farms which areas
are included between 2 ha and 50 ha. | treat these areas as
measured with precision to 100 m'. Each farm may be characte-
rized by two quantities: its area and the surplus of the expe-
ditures for hirelings upon the extra incomes of the farmer.
1 look for the line of regression of these surpluses (y) in regar-
ding to the areas (AT) 1 name this line (F) the curve of selfsuf-
ficiency of the country farms, and its root the selfsufficient area
of the farms in the country. | know only a part of farms of the
country, and treat them as a sample e. i. | take those farms as
selected independently and at random from the universe of the
farms. The smoothing of the empirical data with the third moving
average, as well as the meritorical analysis of the question
lead to look for the function F that accomplishes the following
conditions :

l.

changes from positive values

in to negative ones, or: F(x)""O0.

| take as the explored function the simplest of she func-
tions that accomplish es those five conditions, and fix its coeffi-
cients with the method of last squares.

Put:

it ought be

The simplest functions (x) are of the form:

)

where —=ra>*0 then:

(©)

It results from the cond. I, that the first of the form (3) is

inadmissible. It may then only be:



3)

from where :

It results from the sup. V that the first of the form (3') is also
inadmissible. It may be put then:

(®)
where according to sup. I, Il, 111 it ought be:

(6)
Now put :

U]

and :

Then from the sup. IV results:
(67
We shall prove that, according to sup. V, it ought be:

(6")
Really:

(8)

In the neighbourhood of zero 0, since

(ac. t. (6)).

Then the cond. V is accomplished, if the numerator of the
expression (8) has a simple positive root. This numerator has
simple roots, since it is:

because :

and acc. to (6"):
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But: then it ought be:

this proves (6")
Recapitulating (6), (6") and (6") we shall have :

If the coefficents a, b, g, g" fixed with the method of last
squares do not fulfill the cond. T, then we cannot with this
sample define the function F{x)

The conditions in the plane of X are of the form: 1"

» and the function F{X) = F\X) is
of the form. (7).

§ 3. Let be: = y.), /=1, 2, ... N the sample

w. Suppose that.the line of regression of y*in is the function:
defined with the equal. (5), (7) and conditions V
and ir of the § 2.

We define the coefficients of the function Fi (X)  with the

methods of last squares. The sum

is minimum if:

(6] where :

We also could put:
and look for the real coefficient o', b, g and g-".
2) Or F{x) — it leads to the analogical values.



The conditions (1) may be written as follows:

(1

or with the denotiation :

(2)

d")

)

(20

I results from (1") and from the denotiations (2'):

®)
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and :

3)

We look for a approximate root of the equality (3
We take this root b as a fixed one, and the last three
coefficients of the function Fi{X) as the solutions of the three
first of the equations (1), (I') or 1"), and find the most intersting
of them (G') from the equalities (a) and (3).
It is easy to prove that the function ff', treated as a function
of empirical moments :
accomplishes the conditions I, I, 1l and IV of the § 1.
Really :
I. The empirical moments:
— — s e v en (then in finite number) 2) it results
from the empirical data that they are borned.
1.
H »
are different from
zero (this result from the matter of facts, or for the three first
moments ought be supposed).
IV. The function f{M")=g' is representable by Taylor's
serie in the neighbourhood of the apriorial moments. Really:

(4)

(5)

N See appendix 1.



p, qi P, Qt R are the apriorical values of p\ P\ Q) R
respect. But P', Q', R' are polynoms of the emoirical moments,

then dP' P, dQ'/Q, dR'jR are polynoms of
Hence and from equ, (4) (5) and (5" results that the serie

of converges uniformely and absolutely, provided the

quantities : , are small enough.

Since the conditions of the theorems 1and 11 of the § 1
are satiesfied it may be put:

(6)

For the approximation of the uknown root g (for a constant
b — however) trough its empirical value g' the condition (1)
of the introduction is fulfilled. This approximation is then legitimate.
Appendix 1.

The approximate value b' of the unknown root of the
equation :
1
may be found as follows.

It can be written :

)

and put
also :

(4)

()
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(6)
It was for the samples in question :

(7)

It results from the conditions |I' of § 2 that it should be :

then :

If we find a quantity b' for which the conditions (9) are
satisfied, and for which R' is small enough, the conditions (8)
will be also satisfied, and it is very likely that <> (6") will be
Small (acc. to to equ. (3) and inequ. (7) and (9)).

Since the expressions and {ig are independent of 6, we
calculate for different values of b the quantities p”lj»nj, [N
So' only, and we find the respective values of Rl and Q' from equ. (4).

Only when the just mentioned value b' is find, it is worth
while to calculate the expression (& {b"), in order to verify if it
is really small enough. Thus we avoid the calculation of < {b)
for certain values of b.

It results from the appendix 2 that for large values of b
the conditions (8) are not satisfied. They can be true only for
a finite number of integer values of b. Generally the quantity
g becomes very quickly positive, and if g'(0) is negative it is
easy to find the volue of b'

In my investigations concerning fifteen samples”) it happened
only twice that the straight line of regression could not be
applied, and g'(0) was positive. These samples were very scar-
sely populated, indeed.

Appendix 2.
It is easy to prove that

Ekonomista, Warszawa r. 1936, t. I.
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if the line F(x) is not a straight one. If it is so the expres-
sions a, p' and ' are independent of b (this is obvious).

We put:

()

We have then

According to these and to formula (6) of the appendix 1
it is sufficient to prove that

if the regres-
sion is not linear), since it results from

the expression (4) that

()

The expressions (4) are proved by developing
and in Maclaurain's series in b.



Appendix 3.
We put:

D
It is for the regression line (F(x)) in question:

)

Marja Kotaczkowska.

Structura sodalitu.
Przedstawit St.J. Thugutt dn. 19 czerwca 1935.

La structure de la sodalite.
Mémoire présenté par M. St. J. Thugutt a la seance du 19 juin 1935.

Patrz Archiwum Mineralogiczne Tow. Nauk. Warsz. (Archi-
ves de Minéralogie de la Société des Sciences et des Lettres
de Varsovie). T. XI, 1935.Str. 151—174.

St. J. Thugutt.
O rozpuszczalnosci leucytu w wodzie przekroplonej.

Komunikat zgtoszony dn. 19 czerwca 1935 r.

Sur la solubilité de la leucite dans l'eau distillée.

Mémoire présenté a la séance du 19 juin 1935.
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Wihadystaw Gorczynski.

O wartosciach Srednich zachmurzenia nieba
na wybrzezach srédziemnomorskich.
(z 2 figurami w tekscie)
Komunikat zgtoszony na posiedzeniu w dniu 19 czerwca 1935 r.
Streszczenie.

W czeSci pierwszej podane sa cechy ogdélne klimatu typu
§rodziemnomorskiego i wskazane jest istnienie, poza potudniem
Europy, jeszcze 4 innych podobnych dziedzin, a mianowicie na
wybrzezach zachodnich Ameryki Péinocnej (Kalifornja) i Ame-
ryki Potudniowej (wybrzeza $rodkowe Chile), a takze w Afryce
Potudniowej (okolice Cape Town) i wreszcie w Australji Potu-
dniowo - Zachodniej. Odnos$ne warto$ci zachmurzen w postaci
$rednich miesiecznych i rocznych dla tych pieciu rodzajéow Ri-
wjery znajdujemy w Tab. 1. W Tab. 11 znajdujemy takiez wartosci
dla obszarow miedzyzwrotnikowych, pustynnych i monsunéw
wschodnio - azjatyckich; z poréwnania tych danych ze stacjami
Europy Pétnocnej wynika, ze stopief pokrycia nieba jest niemnigj
silny koto rdéwnika jak na nizinach Polski. Nie przeszkadza to
jednak istnieniu zasadniczych réznic obu tych dziedzin klima-
tycznych, z ktérych pierwszg charakteryzuje monotonia wysokich
temperatur i parnej atmosfery, a drugg wybitny rytm sezonowy
od péipogodnego lata do chmurnej i dzdzystej zimy, przerywa-
nej sporadycznie wystepowaniem dni mroznych.

Klimat Riwjery charakteryzuje upalne tato bez deszczow,
oraz niezbyt ciepta, ale stoneczna zima, przerywana krotkotrwa-
temi zazwyczaj deszczami.

Na wybrzezach Europy Potudniowej (por.Fig.1l z mapg
okolic $rédziemnomorskich oraz Fig.2 z dodaniem Afryki Pot-
nocnej i znajdujacych sie tam punktéw obserwacyjnych) rozréz-
nia¢ nalezy trzy rodzaje Riwjery, a mianowicie zachodnig (ibe-
ryjska), srodkowa (francusko-wtoskg) oraz wschodnig (dalmatynska
i greckg). W tabelach liczbowych (Tab. I, Tab.IV i Tab. V)
podane sa wartoSci zachmurzen S$rednich dla réznych okolic
§rodziemnomorskich od zachodu na wschdd. Wynika stad, ze
klimat stoneczny plaz i wysp jugostowianskich (Dubrovnik, Hvar,
Split i t.d.) nie ustepuje prawie Riwjerze francuskiej; najbardziej
za$ ustonecznione w zimie i w lecie sg wybrzeza hiszpanskie
w okolicy Malagi, Almeria i Alicante.



97 -

Witadystaw Gorczynski.

Mean degrees of cloudiness along the Mediterranean
coasts.
Mémoire présenté dans la séance du 19 juin1935.

The amount of clouds or mean cloudiness estimated in tenths
of visible sky or as percentage from O (perfectly cloudless) till
100 (totally covered sky),represents a very important meteoro-
logical element. It is essential for all studies concerning the solar
climatic conditions of various regions of the earth, but especially
for the sunny mediterranean coasts.

Some small isles in the channel or some parts of adjacent
western coasts of France enjoy, during winter months, nearly the
same mild temperatures like those we find between Marseille,
Séte or Perpignan. But, if the air temperature does not differ
too much between both maritime places, the cloudiness andthe
number of rainy days are very different. Instead of a mean clou-
diness of 4—5 (40till 50%) in December and only 60 — 75
rainy days at the Riviera, we find 150 — 180 days with ram as
annual total and often nearly 8 (807)as mean cloudiness in the
Channel Isles.

The Mediterranean chmate has a special seasonal rhythm
and is distinguished by its hot rainless summer, its relatively
cool winter with rain (sometimes heavy but not very frequent)
and — above all — by its bright skies and abundant sunshine
not only in summer but also in winter. This sunny and mild
climate, dry enough in winter season, is restricted to the imme-
diate littoral, generally not exceeding a width of about 25 Kkilo-
meters; the local peculiarities of the Riviera climate depend lar-
gely on the protection of the surrounding mountains from the
cold and violent north winds.

The Mediterranean type of climate is to be found not only
in old Mediterranean lands themselves, but its main features are
repeated in four other continents, namely North — and South
America, Africa and Australia.

As shown in Tab. I, there are five regions in different
parts of the world that enjoy the Mediterranean type of climate.
In spite of usual limitation of the name , Riviera" to the sunny
spot around Nice, we distinguish, in the South of Europe, at
least three principal portions of the Mediterranean coasts with
especially good solar climate.
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TABLE I. The Mediterranean (Riviera) type
of climate in different continents.
Mean monthly and annual cloudiness (percentage values).
Months: I 1l I IV V VI VII VIII IX X XI Xl Year
A) Mediterranean Riviera.

Eastern Riviera (means for 3 Yugoslavian stations: Hvar,
Split and Dubrovnik on Dalmatian shores and isles)

49 46 47 46 38 31 19 18* 29 46 49 51 40
Central Riviera (means for San Remo, Monaco and Nice)
40 43 48 48 44 39 28 26* 36 42 50 44 41
Western Riviera (means for Malaga, Cartagena and Alicante)
38 36 43 37 30 19 12* 15 30 36 38 35 31

B) Californian Riviera.
Northern part (San Francisco and 2 other stations)

51 49 49 45 43 37 37 39 35% 39 45 46 43
Soutljern part (Los Angeles and San Diego)

37 40 44 43 49 38 35 32 25* 31 31 34 37

C) South American Riviera (Santiago, Central Chile)
Months: VII VIII IX X Xl XIl | I m v VvV VI Year
56 52 53 47 37 23 18 17 24 36 54 58 40

D) South African Riviera (district round Cape

Town)
4955 59 47 36 44 21* 33 39 45 59 56 45

E) West-Australian Riviera (Perth in South-West
corner)
55 59 53 41 47 36* 37 40 40 47 53 55 47

Note. Some additional Riviera — portions may be established,
especially in mediterranean lands; we note namely: certain Greek isles and
coasts, some coasts and parts of Minor Asia, the sunny district round
Naples and adjacent isles, East coast of Sicily, Catalonian coast (with
Barcelona and Sitges as representative place), some North - African places,
Portuguese coasts and islands and so on. We cannot enter here in further
details concerningf this question
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TABLE Il. Monthly and annual means of cloudiness
(in percentage) for some regions of the earth.

Month: I 0V Vo VEVIVIEIX X X X Year
Tte equatorial belt of great cloudiness (period: 1931/34)

Lagos (Nigeria) . . . .40*57 74 79 82 92 93 93 89 86 73 54 76
Singapore 75 63*68 69 67 70 71 69 74 80 81 75 72
Suva (Fidji) 64* 70 69 69 74 68 68 71 74 71 70 66 70

Semidesertic  lands (after ,Meteorol. Atlas of Egypt",
Cairo, 1931). Anglo - Egyptian Sudan (South and Central) and
Egypt (period: 1931/30)

South 1521 30 41 46 50 55 54 49 45 29 17 38
Central 4 7 8 12 24 34 45 46 38 24 9 5 21
Upper 1310 9 8 8 2 22 2 4 6 11 6
Middle 36 33 29 27 19 7* 9 11 11 18 27 36 22
Lower 46 41 37 31 24 15*15* 17 18 26 36 34 29

Regions in Far East, witb sunny but cold winter

Werchojanslc (East Siberia) 35 2733 46 56 60 72 70 64 62 33 30 49
Harbin (Mandchui-ia). . .27 43 49 57 60 66 54 57 42 41 35 25* 46
Peiping (China) . . . .35 29 37 45 43 44 55 52 39 38 30 21* 39

Some european lowlands (for comparison). Period: 1931/34

London 16 11 66 14 11 6A 63* 70 63*71 84 77 71
Warsaw 81 81 67 62 57 62 66 60 56* 69 75 77 68
Moscow 88 78 74 78 65 67 64 68 71 87 93 86 77

It is not the geographical latitude that controls the distri-
bution of clouds over the earth. This may be seen from the fact
that the equatorial (see Table Il) or, better, all regions between
the tropics do not count among the most favoured in comparison
with other regions. The most cloudless skies and therefore the
greatest sunshine duration are characteristic for desertic regions;
the next place belongs to the Mediterranean coasts and also to
the similar ones situated in California, Central Chile, Cape ter-
ritory and SW-Australia. In these regions the influence of the
general atmospheric circulation, jointly with the efficient protec-
tion by surrounding mountains, assure a sufficiently clear sky. If
the winter season is not only clear enough but in the same time
has a mild temperature, the necessary conditions are given for
a proper Riviera climate.
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The peninsulas of Southern Europe, from Portugal to Gre-
ece with Italy in the centre, have a mean annual cloudiness near
507, except some mountainous parts and also the atlantic coasts
of Spain.

The districts situated in certain distance from the Mediter-
ranean Sea, like Avignon, Toulouse etc., are sensibly more clo-
udy than the coasts. Sometimes this increase of cloudiness is
very pronounced and rapid, as may be seen from following
examples of Dalmatian shores and some localities situated in the
interior of Yugoslavia.

Isle of Hvar and the harbour of Split:

Mean cloudiness of January 507, July 25%, Year 45%. Some
adjacent places in the interior (Cetinje, Mostar, Knin etc.):

January about 607, July about 307", Year about 55"

In Zagreb we find for the period 1931/1934: Jan. 86~ July
44t Year 657

Cetinje (Montenegro) is distant of about 20 and Mostar or
Knin of about 50 km from the Adriatic Sea. The increase of
cloudiness is sensible throughout the whole year; it becomes
still greater with advance to the interior of the cloudy land
masses of Central Europe. Not only the amount of clouds but
also the air temperature is considerably influenced by the dis-
tance from the sea. This may be seen, easily from the following
data (reduced after Vail ot to the period 1876/1916), to which
we have added the Yugoslavian stations with somewhat different
numbers ot years:

Mean monthly and annual air temperature

Jan. July Year
Nice (sea shore) 90.8 230 1579
Nice-Cimiez 8"3 22M 1576
Nice - Mount Gros 6n7  22M 1379
Hvar (Lesina) 8«4 2407 16"
Mostar 505 25"4 IS~
Marseille (Cap) ™9 23«3 15«l
Marseille-Observatory 60.7 2271 1401
Montpellier 501 2277 13n4
Avignon 40.1 2401  130.7

Lyon 10.7 2001 1008
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It results clearly from these data that already a feeble dif-
ference in the distance of the shores or a change of altitude
and situation (as we see for Nice - Cimiez situated on the hills
surrounding the Bay des Anges) causes an important decrease
of the air temperature. This decrease is still more considerable
(especially in winter) for the Observatory of Nice - Mount Gros
elevated at 340 meters above the sea-level.

On the other hand the air temperature of the Mediterranean
coasts is greatly influenced by the efficient protection of surround-
ing mountains. In winter the northern Atlantic or Baltic coasts
are liable to suffer from strong cold winds drawn from the interior
of Europe. For the mediterranean shores a good mountain shelter
on the north has a capital importance; the mild winter tempe-
ratures between Saint Raphaél, Cannes, Nice, Monaco, San Remo
and Alassio are due chiefly to the protection by the Maritime
Alps. Where this shelter fails (as shows the comparison between
Marseille, Avignon and Lyon), the decrease of winter temperatures
is very rapid. The flat lands round the mouth of the Rhone
are not only considerably cooler in winter (not in summer), but
are also often afflicted by violent blasts of the mistral.

Though the sunniness is the chief and most important
characteristic of the mediterranean climate, the name of a Riviera
climate can be properly given only to such sea-shores where
the brightness of the sky and the brilliance of the sunlight is
correlated with certain favourable temperature conditions. As
a provisory limit may be adopted ®®C (45® F) as mean air tem-
perature for winter months (December, January and February),
calculated for a sufficiently long period not less than 10 years.

Under such climatic conditions the sunny spots of Western
(Iberian), Central (Franco - Italian) and Eastern (Dalmatian and
Greek) Riviera represents a remarkable health and pleasure
resort for winter. The bright sunshine with mild temperature,
fresh and well ventilated air without violent wind, and the rela-
tively high dryness of the low atmospheric layers in the medi-
terranean shores during winter season, delight and dazzle — as
Kendrew says — all newcomers from the gloomy north.
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Fig. 1. Meteorological stations in the Mediterranean regions.
NB. The numbers indicate the stations given separately (see the Index); the hypsometric curves are drawn in four intervals:

0 — 500, 500 — 1000, 1000 — 2000 and more than 2000 meters above the sea

level.
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Principal Riviera portions in the South-European coasts.

The mean clo jdiness is considerable in the European Con-
tinent; it surpasses easily 7070 in many places of North - West
and North - Europe. Great even in summer months, the sky is
particularly covered in the winter season (frequently more than

Fig. 2. Meteorological stations in the French Sahara and the Iberian
peninsula.

80°/0 from November to March), The only sunny spots in this
g-ray and rainy, damp and cool season in Europe represent the
South - European coasts. The mean amount of clouds in winter
is here only of 40 —50®/0, a little more in Greece and less in
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Explanation

to Fig. 1.

stations

which numbers are given in the map (see Fig. 1) of the Mediterranean regions.

Number

oo

o
o™

00

00

01
01
01"
o1
o1

02
02’
02"

03
03"
03"
03"

04
04*

05
05’
05"

06
06’
06"

07
07’
o7
o7

08
08’

09
09°
09"

Station

San Remo
Monaco
Nice—Mass.
Antibes

Reims

Larnaca (Cyprus)

Mirafiori
Rochefort
Beograd
Vienne
Tanger

Veliko Gradiste
Biarritz
Milano

Bordeaux
Trento
Petrovaradin
Rabat

Brod na Savi
Casablanca

Trieste
Cherbourg
Zagreb

Genova
Ljubljana
Clermont-Ferrand

Firenze
Dijon
Banjaluka
Agadir

Livorno
Koviljaca

Sarajevo
Paris
Ancona

North

430 44"
43044
43042
430 44"
49015'
34030°

450 01'
45055
44048’
480 15'
35047

44045*
43029'
450 28'

440 50°
460 04’
450 15
340 00*

45009'
330 35

45039'
49038"
45049'

44024"
460 03’
45047

43048"
47016
44048"
300 27*

43032’
440 31'

43052*
480 52
43037

Greenw.

E 070 16’
E 070 16'
E 070 15'
W040 05
E 330

E 070 39

E 200 28’
E 160 22'
W05051"

E 21031’
W01034"
E 09015

E 11008
E 190 52
WO060 50

E 18001
W070 39°

E 13046'
W01039’
E 15059°

E 090 02*
E 14030’
E 030 09’
E 110 12
E 050 06'
E

17012'
W09 33"

E 100 18
E 19010°

E 180 26"
E 020 8
E 13030

H metersl

10
52

5
10
83

240
4
138
202
69

83
29
110

48
312
131

64

93
50

25
18
163

408
306
328

38
221
155

32

19
125

637
32
3

Number

10

11
11'
11"

12
12*
12"

13
13

14
14’
14"

15
15

16
16'
16"
16"

17
17

18
18
18"

19
19

20
20"
20"
20"

21
21
21"
21

Station

LEyon 070
Roma

Brest

Nis

Nimes
Frankfurt a/M
Skbplje 000
Napoli

Marrakech

Brindisi
KosovskaMitrovica
Munchen

asgnar2’
Pljevlja

Kumbor
Perpignan
Messina
Tadla

Mostar
Palermo

Split
Catania
Rennes

Rab
Taranto

Conegliano
Venezia
Praha
Sofia

Parma
Toulouse
Varna
Melilla

North

450 44'

41052*
480 20°
430 21

430 51°
500 08'
41059'

400 59’
310 39*

40039'
42053'
480 15'

390 15'
430 21"

420 26'
420 44’
380 12*
320 37

43018"
380 07"

43031’
37028'
480 07

44046’
400 29

45055'
45026"
500 04’
420 46'

44049’
430 33'
43» 11'
35017°

Greenw.

H metersj

E 040 537'199

E

12034’

50

WO040 46' 10
E 21052" 198

E
E

040 24'
080 36"

61
106

E 210 289240

E

140 17

W080 or

E
E
E
E
E

E
E
E

E

170 51°
200 53'
110 33"

090 04'
190 22*

180 36"

020 52°
150 33'

17053*

E 130 19'

E
E

WO010 43’

mmm mmmm mm

160 26*
150 04'

140 47°
17013'

120 20°
120 23*
140 26'
230 12

10017
OP 23'
270 53"

V020 59*

95
460

39
525
520

2
769

5
45
54

505

53
4

128
4
46

342
22

75
4
254
555

52
163
5
40



Number

2 2 "
23
24
2
24"
25

30"
<1l
3

3 illl
32
3
32"

41™

Station

Zara
Tours
Tetuan

Larache

Sete
Kosice
Foggia

Pau
Ajaccio

Le Havre
Athénes
Tripoli

Marseille
Salonique
Oran-la-Senia
Bengasi

Metz
Rhodi
Alger-Agha

Montelimar
Corfou

Biskra
Touggourt
Zante
Koln
Ouargla

La Cannée (Creéte)

Calamate
Colomb-Béchar

Gibraltar
Ankara

Edirne
Calafrana
Budapest
Laghouat

— 105

x £ 3 .
North Greenw. E E Station
T z
4007 E 15014 8 42 Angouléme
47027' £ 000 42" 97 42' 1zmir
3 WOS0 24' 85
43 Istambul
35013 06 6 28 San Sebastian
430 24' "1 ' Bergerac
480 42-E03041 Zgg 51 La Courtine
41026 1033 8 21 Gijen
430 22 19 50 WO@QQOM'
4155 E 08045 8 53 Madrid
490 29' J '
3059 58918252’, 8 54 Sevilla
32054' E 130 13 55 Almeria
4026'E 00 12 12 56 Alicante
A040'E 2058 71 56' Istres
35038’ 87 56"WO0BQ3Kkow
3006'E 2004 25
57 Cazaux
4005 E 060 08' 193 57 Mahoén
33026 E 21052 91
3032 4 58w Barceldd
58' Lwéw— Sknitéw
4035 E 04043 75
037"E 19055 5 59 Valencia
3000 E 060 59' 138 60 Zaragoza
Cap Corse
3014 E 06018 76 60" Haifa
3047 E 2053 6 61 Santander
50059 E 08053 48 61 Zakopane
310 54-E 060 10" 146 61'" Pertusato
Tunis
33030' E 24002° 14 61™ Gaza
37002 E 2005 9 62 Coruna
3P40" W00 10768 62' Bizerte
36006 WO 21'17 63 Bourgos
39058 E 320 48' 861
64 Valladolid
4P40' E 2038 8 64 Médenine
3041'E 14031' 71
47031' e 19001" 10 65 Badajoz
33038 E 02051' 750 65' Gafsa

17
370 22

X

North Greenw.

H metersj

45040 E 000 13 134
BR027E 2015 35

41002'e 28047' 129

43019/ WD 00'23
44051 € 00030 33

1 S5

420 14' W08043' -

400 24' \W03041' 667
0e000" 7
3051 WO20 28'65
330 21 35
43025' E 04057' 25
500 05' E 19059 220

1
440 32' \WoPO8' 24
43

39053 E 04016
42

430 23'E 020 10
4048 E 23056' 331

3028 WO 23 18

410 39'W000 %7
43001' E 0021 127
3048 E 34059 10

4028 0047 66
49017 E 19057 846
4p 22
36051
31030" E 34027

43023 \W08022'
370 14' E 09049

42020 WO 42860

4P 38' \W04044' 690
33020 E 10

35
25
2

B2 & 00" 515



Number

66

67

68
69
69'
69"
71
72
73
75
75"
75"
79
81

81’
81"

Station

Cordoba
Malaga

Los Alcazares

San Fernando
La Coubre
Gabés

Kébili
Guadalajara
Granada

Odessa
Bucuresti
Cap Bon

Cernauti

Porto
Zurich
Helwan

North

37053"

36044

370 44'

36° 28’
450 41'
330 53"
330 40
400 38"
37009

460 26"
440 25'
37000

480 17"

410 08'
470 23"
29052'

— 106 -

X
Greenw.

H meters

WO04047" 123
60

3

31

6

E 10006" 5
E 090 10" 55
WO030 10895
683

E :50046" 64
E 26006" 82
E 11010" 393
E SSSI' 245
MCBMO' 25

E 08033' 493
E 31020" 116

Number

90"

93
94

Station

Coimbra
Alexandria

C\RInstanta

Lisboa
W00051"

San Vincent

g

(5]

North Greenw. E

T
400 12 140
310 12: E %23 32
040440 11' E %5, 4
380 44/ 227
370 01" 48

POft Said 060 310 16' E 320182" 4
w 010 14

Faro
Suez

Tancos

\\]/éi{*é1 Real

Vendas Novas

Asylt
Feodosia

Beyrouth
Novorossiisk

Alexandrette

37001' WO70 55'57
2056" E 32033" 3

390 28" W0S0 245
37011' V08025, 4
030440 30" E 34011%%° 7
38041 wmnit 159
27011' E 31013 55
45002' E 35023' 8
33054' E 35032 8
44044/ E 37049' 37

36030" E 36011 2

The Mediterranean coasts in North-

the south coasts of Spain.
Africa are not more privileged in this regard, as may be seen
in Table Ill and Table IV. In order to get more abundant
sunshine in winter, it is by no means sufficient to cross the
Mediterranean  Sea between Marseille and Oran, Alger or
Tunis. It would be necessary to cross also the Atlas Moun-
tains and to go to the sunny oasis of the Sahara desert; or,
still better, to descend the Nile River till Upper Egypt (see
Table IlI). As concerns the cloudiness of French Sahara, we
give here a small abstract of data, kindly supplied for 1933 by
Mr. L. Petitjean, inspector of meteorological stations in
French North - Africa.
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Mean cloudiness in percentages

Jan. July Year
Alger 73 35 52
Biskra 60 6 39
Touggourt 28 3 27
Ouargla 28 2 28
In Salah 23 3 28
Adrar 20 16 23
Timimoun 13 4 16
Tamanrasset 57 32 52

The geographical situation of these stations may be seen
in Fig. 2; we note that the station of Tamanrasset is situated
in the Hoggar—Mountains in the middle of Sahara desert
(latitude 22M5'N).

We see that even at Biskra, the first Saharan oasis, the
winter sky is not always clear, but the more remoted stations
like Ouargla or, better, the places in Upper Egypt have very
few clouds even during winter months.

Notwithstanding this clear sky and abundant sunshine, these
remoted African places can, by no means, be counted to the
mediterranean type of climate. Even during winter season, the
relatively hot, perfectly clear and very dry days in Sahara are fre-
quently interrupted by violent sandstorms; they obstruct the
visible horizon and make very uncomfortable the life conditions
during these days. Also the enormous differences between the
air temperature during day and night with sudden transition after
sunrise and sunset are not favourable for European inhabitants
and even for the natives.

The Tables Ill, IV and V give mean monthly and annual
percentages of cloudiness, from 0 for sky without any cloud till
100 for totally covered sky. The mean values were calculated
for various periods, mostly for 20 or even more years. An addi-
tional table (Table 1V) gives supplementary values of mean
cloudiness for exactly the same period (from 1931 till 1934) at
18 mediterranean stations. The comparison between the Table 111
and Table IV indicates that aperiodic variations from year to
year are frequently great enough, especially for winter months.
In order to save space we cannot enter here in details concerning
the problem of these aperiodic changes. This interesting question
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will be discussed in an another paper; we note only that the
mean cloudiness during four years (1931/1934) was somewhat
greater, especially in winter, in comparison with mean values for
periods of 20 or more years

TABLE 1. Mean monthly and annual percentages
of cloudiness along the mediterranean coasts.
Months: I IV o VoVE VIEVIE X X XI XI Year
Stations (number of years with observations).
A) Eastern Riviera.

Athens (26) . . . 55* 5/ 53 48 40 26 11* 12 22 41 57 59 40
Corfu (10) . . . . 56 57 53 52 48 26 9% 13 24 46 52 59 41
Dubrovnik (15) . . 50 44 51 50 38 29 16* 16* 27 50 53 55 40
Hvar (45) ... . 49 45 45 42 34 28 14* 17 27 47 50 54 38
Vis (Lissa) (15) . . 48 40 44 45 37 31 18* 20 29 44 45 48 37
Split (22) .. . . 49 50 46 46 42 37 28 24* 32 45 48 51 42
B) Central Riviera.
Alassio (12) . . . 42 44 44 46 46 40 29 27* 30 44 51 42 41
Porto-Maur. (18) . . 43 45 45 48 46 40 27* 27 35 45 50 44 41
San Remo (18) . . . 39 44 44 47 46 38 28 26* 34 49 50 41 41
Monaco (7) . . . . 40 42 49 48 41 38 29* 29* 41 38 46 45 41
Nice, sea shore (9) . 41* 45 52 49 45 41 27 23* 33 40 54 46 4
Nice, Mount Gros (29) 45* 46 50 52 51 44 31* 31 40 52 50 47 45

C) Western Riviera.
Barcelona (35) with Gracia 43* 45 47 50 45 36 33* 35 45 45 47 45 43

Valencia (35) . . . 37 37 36* 38 36 26 23~ 27 34 36 39 36 34
Alicante (35) . . . 37 35% 39 36 34 25 17* 20 32 38 38 37 32
Cartagena (9) . . . 37 34* 42 32 23 15 12* 13 30 36 37 32 29
Malaga (23) . . . . 39 38* 47 42 32 16 8 13 28 35 39 39 31

Mediterranean <coasts of North Africa and
of Minor Asia

Oran (13) .. .. 45 40 43 41 39 35 33 32* 39 41 44 44 40
Alger (16) . . . . 55 55 56 47 46 39 26* 27 43 46 56 56 46
Tunis (7) 59 61 61 49 46 36 19 15% 44 47 54 60 46
Bengasi (15) ... 43 34 30 25 29 13 8 r 13 21 31 41 25

Alexandria (egypt) (40) 44 39 34 24 22 12* 13 15 17 21 35 42 27
Haifa (9) (Palestine) 52 47 46 37 32 26 27 27 22* 26 45 50 36
Beirouth (32) (Syria) 57 55 49 43 32 16* 16* 18 19 27 44 54 36

South Coast Of Crimean peninsu:a (Black Sea).

Simferopol (7) . . . 58 65 56 48 38 37 25 19* 34 48 58 58 45
lalta (14) 61 66 56 50 46 35 26 22 32 44 56 60 46
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TABLE IV. Mean cloudiness (percentages from O for
sky without any cloud till 100 for totally covered sky) for 18
stations on mediterranean coasts.

NB. Mean values established for exactly the same period from 1931
till 1934,

Months: I 1 1 IV V VI VIV IX X Xl XllYear
Kumbor. . . . 54 50% 66 64 49 33 22 19* 34 50 62 60 47
Divulie . . . . 50 49* 63 55 45 39 26 22* 38 50 59 58 46
Hvar 51 50* 62 54 44 39 25 23* 39 49 59 60 46
Split 50 48* 63 53 45 37 23 19* 38 47 58 58 45
Senj 56 53* 55 57 47 41 32 29* 41 51 61 64 49
Rab 57 50* 66 61 54 47 31 29* 43 51 60 63 51
Cirkvenica . . 53 49* 64 65 60 49 36 34* 48 57 64 62 53
Venezia. . . . 50 48* 60 61 55 50 33 33* 43 45 60 61 50
Tripoli . . . . 58 51* 54 47 47 35 19 8% 29 50 62 55 43
Tunis o 59 58 62 43 39 35 15* 18 39 52 56 57 44
Alger . . . . 66 58* 65 55 47 44 32% 35 45 51 62 66 52
Oran 53* 55 64 50 45 38 30* 33 46 47 62 56 48
Monaco . . . . 38* 42 52 48 43 38 32 28* 41 39 50 48 42
Nice (sea shores) 47 44* 58 51 43 41 25 23* 34 43 54 50 42
Valencia (Spain) 36 39 46 41 35 35 21* 27 42 36 48 49 38
Gibraltar . . . 49* 52 56 46 45 33 45 31* 43 51 55 51 46
Malta S 67 65 65 50 46 36 19 17* 33 52 70 67 49
Athens . . . . 66 62 65 52 52 36 17 13* 24 44 64 62 47

TABLE V. Mean mont |y and annual values of
cloudiness in percentages, along the Italianl coasts (with
some Atlantic isles and coasts).

Adriatic coasts.

Abbazia . (30) 45 45 51 49 42 39 28 25 35 53 49 52 43
Pola. . . . (30) 51 49 48 47 44 40 30 27* 37 51 52 56 44
Trieste . . . (30) 55 54 57 58 54 52 39 35% 43 57 57 60 52
Venezia . (20) 62 59 62 59 59 54 47 41* 50 63 65 67 57
Ancona. . . (20) /6 69 63 60 59 51 49 37* 50 65 74 75 60
Bari . . . . (20) 60 58 53 49 42 38 17* 20 32 48 58 61 45

Gallipoli . . (20) 51 52 47 47 39 28 14* 14* 30 45 49 58 39
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Months: I m 1v v VI viivil IX X Xl xirYear
Me diterranean cDads with ;Malta
Malta . . . (42) 54 51 49 45 39 26 13* 16 31 48 52 57 40
Siracusa . (200 60 60 56 56 49 34 18* 22 42 57 60 64 48
Catania. . . (20) 52 53 50 49 39 28 14 16 34 50 54 56 41
Messina. . . (20) 61 60 54 52 43 30 28 21* 34 49 56 64 46
Palermo . . (20) 62 63 55 53 46 32 15* 16 34 52 56 65 46
Trapani . . (200 71 69 61 59 50 33 16* 18 38 58 65 71 41
Reggio s
di Calabria (20) 60 59 53 50 41 27 15¢ 17 28 49 58 64 43
Porto d'Ischia (20) 52 53 51 47 42 32 18* 18~ 30 47 43 54 41
Napoli . . . (20) 48 50 50 49 42 32 19 16* 28 43 49 52 40
Livorno. . . (20) 55 53 56 53 52 45 31 29* 41 62 55 59 48
Spezia . . . (20) 44 46 48 47 46 34 20* 29 34 46 45 55 40
Chiavari . . (20) 48 46 49 49 48 40 30 29* 36 50 49 52 44
Genova. . . (20) 54 50* 55 57 58 53 40 38* 44 5/ 55 53 51
Atlantic coasts (south of Spain and Portugal).
Gibraltar . . (41) 50 49 50 43 38 26 22* 26 40 47 5l 49 41
Lagos . . . (19) 49 48 47 48 41 26 13 15 31 36 46 49 37
Lisboa . . . (50) 52 51 50 51 44 34 22 20* 36 48 52 53 43
Porto . . . (40) 55 56 55 55 52 47 35 34* 46 52 56 56 50
Isles (Madeira, Acores and Canaries).
Funchal. . . 55 55 56 55 55 53 48 40* 48 57 59 56 53
Angra d. H. . 68 67 67 62 62 58 54 52* 57 62 65 69 62
Las Palmas . 51 52 53 53 50 53 57 50 39* 47 54 49 51
Coasts of Morocco.
Mogador . . (17) 28 32 31 28 27 22 17 16* 23 31 34 28 26
Casablanca . (7) 38 40 44 44 39 35 35 33* 33 35 40 45 38
Tanger . (7) 39% 52 44 39 35 29 12* 16 28 40 42 43 35

Note. The number given in parenthesis after the stations name,
indicate the whole number of years used for the calculation of mean per-
centages of cloudiness. The most part of stations has a per'od of 20 years
(from 1891 till 1910); the respective mean values are given in the work
of F. Eredia ,,Nebulosita in Italia", published in 1915 at Rome.

We give finally some general characteristic features of the
distribution of cloudiness along the Mediterranean coasts.

1) Inthe Western Riviera especially favourable con-
ditions, from solar climatic point of view, are to be found
between Malaga, Almeria and Alicante. Here belong further the
south - western Atlantic coasts of the Iberian peninsula and also
the Catalonian part, with Barcelona and Sitges as representative
place. The Portuguese coasts in the south part and in the



lovely district round Lisbon and even up to Porto have also
a remarkable solar climate but very little known till now as
concerns the actinometric data.

The coast of North Africa (from Spanisch Morocco to Tunis
and Tripoli) is more clouded during winter than the favorized
South -east coast of Spain. Only on some coasts and places
of Minor Asia and especially in Egypt, where the climatic con-
ditions are however already more or less desertic, it is possible
to find similar or even more clear skies in winter than in the
sunny corner between Malaga, Almeria and Alicante.

2) To the Central Riviera we count above all the coast
between St. Raphaél - Cannes - Nice - Menton and Bordighera - San
Remo - Porto Maurizio - Alassio. Some other coasts of the sunny
land of Italy and of the large Mediterranean isles (Corsica,
Sardinia and Sicily) show also, at least in certain portions of
their littoral, characteristic features of the privileged climate of
the Riviera. Unfortunately scarcely anything is known about
actinometric conditions of Corsica and Sardinia. In Sicily, there
are two parts, different enough from actinometric point of view.
Though the air temperature is very mild in winter on SiciHan
coasts, the sky is cloudy between Trapani - Palermo and Messina.
But the east coast of Sicily, near to Catania, has already less
cloudy sky especially in early spring. Some other parts of
Western coasts of Italy (f. i. round of Bay of Naples) enjoy
also a good solar climate in winter, similar to the sunny spot
between Bordighera - San Remo - Alassio.

3) To the Eastern Riviera belongs the central part
of Yugoslavian coast and also small Dalmatian isles on the east
part of Adriatic Sea. As may be seen from Table 111 and IV,
the lovely places like Dubrovnik (Ragusa), Hvar (Lesina) or
Split (Spalato) have a remarkable solar climate and can be counted
among the most favoured of the whole Mediterranean littoral.

The natural prolongation of the Eastern Riviera is formed
by the Greek coasts and isles with some parts of Minor Asia
and especially Syria and Palestine.

In order to save space, we must postpone to subsequent
papers the further details concerning the solar climate of the
Mediterranean lands.
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