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Simula tio n of wall s hear stn•ss ( \\'SS) is of inlPrest in studies, wh ich attempt to 

idcnt i fy t lw Pff<·ct of a ll Prat ions in t hP g<•omPt r.\· and physical J>rOp<•rl ies of t hP 

circulation o n \\'SS a nd on the potential for dist'aM· de\·clopment . C'oniplllal ional 

flu id dynamics a nd finite ('{pment simulations an• coinp11tat ionall.v d<' In<Lnd ing, 

and onl y IIIodel a sma ll s<'Cl ion of the arterial systPm. An altPrnalive approach 

is th<• usc of a multi- branclH•d Inod<•l to prm·ide <>stimatPs of \ \ 'SS in diA"<•rent 

regions t hrougho ut the artNial tree. 

In tliP pn's<'nt paper the artPrial system was rPpn•spnted by a multi- branched 

mod<'l. \'elocit_v profiles occurring in fully d<•\elopPd pulsatile flow were obtaim•d 

using \\"onit'rsley"s th<·or~·. i\ lean and peak \\'SS WNP calculat<'d in different ar­

tPri<'s. Simn lations for agi ng and at herosclerosis W<'r<' also carrit•d out. 

Th<' ID mult i-branched mod<' I i:-. <'asy to implement and it is not computation­

ally dPmandi ng. It may IH' us<'d for detailed quantitati\·e anal~·si» of the \·elority 

profilPs ohtaim•d b~· a:-.»igning specific \·a lues to tlH' variou;, portions of the model 

of t lH• lmn1an arteria l tn'<'. It may thNPfon' llP a uspful tool to estimatc \ \ ' 'S 
in artNi<'s, a llowi ng t he pff<'rl of alteration of modPI param<•tprs on \\'SS to he 

inv<>st iga ted . 

l<ey words: Tmnsmisswn lmc .~yslcm1c nrculnlum. shear mic 
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1. Introduction 

It is now generally agreed that mechanical and hcmodynamic factors arc 

responsible for the development of ar teria l diseases. J t was demonstrated 

in a number of studies th a t atherosclerot ic plaque is ini tiated in regions of 

low or oscillating wall shear stress (WSS) [5, 14. 271. Simulation of WSS is 

of interest in studies which attempt to identify the effect of alterat ions in 

the geometry and physical properties of the circulation on WSS and ou the 

potential for disease development. Having bifurcations and curved vessels 

in a complex 3D arteria l system leads to complex flow patterns. in which 

there arc commonly secondary fl ow motions, and in some vessel!:; . such as the 

carot id , regions of flow recirculation. The usual approach that has been taken 

in flow simulation is the use of computational fluid dynamics (CFD) [24. 21. 

221 and finite element modelling (FE11) 1231. T hese methods can provide 

detailed 3D images showing the time varying WSS patterns in particular 

arteries. However, such simulations arc computationally demanding, and only 

model a small section of the arterial tree. 

In this study we used a multi-branched configuration proposed by Avolio 

Ill reflecting the layout of the human arterial tree. Validation studies of 

other models based on the same concept 120, 131 have demonstrated a good 
agreement with experiments and proved to be very robust. The model is an 

analogue of the uniform trausmission line iu electrical engineering, which is 

based on linear t heory. t hus allowing use of spectra l techn iques. 

We prc. cnt a simulat ion, which ena bles ns to explore the effects of various 

changes in model design , such a.<> the effect of a ltering characterist ics of the 

arteries and downstream resistance. and to simulate various pathological and 

phy ·iological conditions. The aim of this study is to obtain such profiles to 

sec whether they give physically realistic estimates of WSS at the different 

points of the system. 

2. :Method 

\NSS. by defini tion, is f.L('Vu + 'V ur), where IL is dynamic viscosity. and 

'Vu is the velocity gradient (T denotes transposition). For axial fiow. \t\ 'SS 

become· {L ~~ 17'=R' where R is the radius of the vessel, and w(r. t) is axial 
velocity being a function of radius r and t ime t. 

We used Womcrslcy's solution for full y developed pulsatile flow in a straight 

circular cylinder to obtain velocity profiles a. a funct ion of flow rate 1231 
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rather than pressure gradient [25]. If the inlet length for the k t h tube is no 

lcs · tha n 0.06RkRc, where Re= 2Rkv/v is Reynolds number, v being aver­

age How velocity, and v- kincmatic viscosity, the radial and circumferential 

components of velocity and pressure can be overlooked as negligible, pressure 

va ries linearly with axial po ition . and the axial velocity becomes a function 

oft and T only [6]. 

Given the flow ra te as the fun ction of t ime Q(t) . in the frequency domain 

we have th Fouricr representation 

N 

Q(t) = L B neinwt 

n =O 

where N is t he number of harmonics. En arc the coefficients of the Fouricr 

series and w is the circular frequency. 

Now we can find the Womerslcy velocity profiles: 

where Qn = Rk ~ is the vVomcrslcy number, Rk being the radiu of the 

k1h artery and v kinematic viscosity; J0 and 1 1 arc Besscl funct ions of the 

firs t kiud of order 0 and ] respectively. 

For the k t h vessel of t he system, the t ransfer function relates the distal 

pressure P dk to the proximal prcssmc Ppk as 

(2 .1) 

where lk is the length of the k'h vessel, r k is the reflection coefficient , and 

'Yk is t he propagat ion constant for the kth artery. The reflection coefficient i, 

expressed as 

(2.2) 

where Zrk is the terminal impedance and Zok is the characteristic impedance 

of the kth segment of the system, which is expressed as 

z _ PCok (1 _ F )- 1/2 uf>k/2 
Ok - R 2 ~1 2 lOk e 

1f k V L - CJ-
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\\'hcrc pis dmsity of blood. and tlte pulse \\'ii\'C' \·docit.\' for the k 1h tube is 

defi ned b.v the l\ !ocns--Ko r lc\\'eg <'<pmtion as 

where Ek is t he value of clas t ic n todtdus and hk is wall thickucss of t he k1h 

a rt etT. CT is the Poisson ratio. and t h<' \\'omc'rslc.\' functiou F 1 ok is dditwd by 

The phase dif!'erenu' o bet\\'een the applied forcc and the resulting displace-­

ment is expressed as o = Oo(l - r 2"'). \\·here On is an asymptotic valtte' . 

The propagatiou constant is cxprcsscd as 

/u) 

"fk =­
C()k 

aud the input impedance' oft he k 1
" scgn tent is cxprcsscd as 

( :2.:3) 

If the k 111 vessel is not a tcnnim1l one'. there an' 11 \'('ssels branching out 

of it. In this case'. 

I " 1 

Z . - I:z 1 k ,,, 
fi I 

(2. -1) 

\\' IH'rc Z;p is input impcdaucc oft ltc 1>'" \'<'ss<' I brandting out oft hC' k 111 vessel. 

\\ '<' ass 11 111<'d all the' terminal \'C'sscls of the branching structme to I><' 

termiuated in \\'indkcsscls \\'ith r<'sistanc·<' H~, and capacitatt<'<' (\. !Hi. 1:2. 1:~1-

Jf the' k1h \'Csscl is a l<' nninal on<'. 

Z,~,- = Zo~.- + - 1--
1
--. 

·11 k + iv.JC~.-
(Vi) 

Tcrminal impcdanc<'s of th<' peripheral branches arc obtaincd nsing Eq. (2.S) . 

TIJ<'t l tlH'ir inpu t impedances a re worked out with Eq. (2.3). \\'hcrewr branch­

ing take's p lace. Eq. (2. 1) is used to work out the tcnnina l impedatH·e of 

t he' u pst ream wsscl once in put itupcdatH·cs of all t hC' do\\'nst n'Hm vessels 
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HrC known. \\.orking hnckwards towards the origin of Lhc system. tlic input 

imped ance of ever:-.: sub-system is obtained. T he terminal impedance of the 

upstream vessel is taken a~ the input impedance to the downst ream st tb­

s.vslt'Jll of the vessels and the reflection coefficients a rc worked out using 

Eq. (:2 .2) . Eqtt ntion (2. 1) gives the t ransfer functions t he complex numbers 

with moduli givi ng lite amount of a ntplification or attenuation of a particular 

freque ncy travclccl a long the vessel and phase giving the time lag. This gives 

us pressure waves and. as input impedances arc known. flow waves in every 

artcrv arc also obtained. 

2.1. Anatomical Data 

Vascular dimensions and elast ic constants were t aken from [11. except 

for the ttpper limbs. It was pointed out in [13] that use of the data given 

in [1 j produced a relatively slow average pulse wave velocity. so corrected 

data for the upper limbs were introduced in that work a nd were used in our 

utO<lcl a lso . The values for resistance R a nd compliance C of the windkesscls 

reprcseuting clistal terminations were taken from [lGj. T he fl ow waveform a t 

t he aortic root. which wa!:l taken as the input signal to the model, is shown 

in Fig. 1. 
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FJ<a RE 1. Flow rat<' at th<' aortic root input signal t o the mod<' l 
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In order to b0 able' to co111pare the re~mlts for the h0althy artnies before 

going 011 to s i111ula ting d isC'asC', t he fo llow ing parameters were taken as in [1[: 
wall viscoclas tic ity c/Jo was taken as ]5° , blood visco ·ity J1 = 0.004 Pas. blood 

density p = 1050 kg m:3. and Poisson ra tio CJ = 0.5. 

2.2. Simulations 

As a demonstration of the model'· capability, the following physiological 

a nd clinical conditions have been simulated : age-related changes in the clastic 

properties of the arteria l wall and focal at herosclerosis. 

The stiffness of arteria l s0gm0nL is known to incrC'asc with advancing age 

[1 5, ll]. Regiona l differences i11 distensibility were noted by many researchers 

j.!. 17[. with distensibility l)('ing less in abdolllinal aorta than in thoracic 

aorta. In the syst0mic a rteries pulse wav0 vdocity shows a g reater increase 

with age in the aor ta than in periphe ral artcriC's [2, 10[ , so we doubled the 

stiffness of the aorta and used factor 1.5 for all the ot her arteries to simulate 

agmg. 

In simula tion of focal at herosclerosis the kngt h of stenosis was somewhat 

a rbitrarily taken as 0. 7 Clll in the middle of the femoral artery ( 12.7 cm lo ng) . 

The decrease of the vessel diameter was taken a,-; Oo/c (scwre stenosis). The 

plaque was tak011 to be 10 t imcs s tiffe r than healthy arteria l wal l. Flow rate 

and \\'SS were calculated for both healthy and stenosed a r t0ry at t h0 s it cs 

A aud B shown in Fig. 2 . 

._____j 
A B Flow 

Flct ·ltE 2. :\ lod<'l of lh<' slC'nosc·d art<'ry. Flow ratr aiJ(i \\'SS wc'r<' C'stiuwted at 

tlw points t\ a nd B. 

3. Results 

During the simulations Oo\\. rate a nd \\'SS ha\·e beeu est imated for some 

major a rt Nie:-,: brachial. c·arot id, radiaL thoracic aort a. abdominal aort a, 

common iliac. femoral, poplit0al and tibial artery. Peak and average \ VSS 

predicted from om model a rc shown in Table l. 
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T ,\IILE 1. Peak and average flow lml si and \VSS !Pal in the Hrteries. 

i\ rtc ry Peak Flow ~lean Flow Peak WSS !\ lean \\'SS 

Brachial 10.83 5.32 3.75 1.52 

C'OIIIIIIOII carot id 10.76 6.51·1 1.45 0.65 

Radi al 3.0 1.618 4.01 2 02 

Thomcic aorta 172.4 2G.l2 3.G 0. 14 

Abdominal aorta 75.18 13.86 4.69 03 
Common il iac 23.98 G.05 1.74 0.22 

Fcn1oral 9.20 2.53 4.16 0.93 

Popli tea l 7.91 2.54 5 .69 l.(j 

3 .1. Aging 

T he effects of non-uniform increase of arterial stiffness on blood flow rate 

a nd WSS i11 common carotid artery arc shown in Fig. 3. 

Wi th advancing age, t he re fl ec ted wave arrives earlier during ejection 

and the a n1pliLude of the reflected wave increases causing a decrease in mean 

volulllc flow and mean vVSS in common carotid artery. \Vhen aor tic stiffuess 

was cloublecl a nd factor 1.5 was used for a ll the other arteries, we noted 6% 
dC'CTC'a~>c iu mean volume flow a nd lllean \\"SS. High frequency oscillations 

becollle s lightly damped due to the non-uniform increase of art erial stifl'ness. 
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3.2. Focal Atherosclerosis 

FlmY rat cs and \\"SS in the st <'llosed fe111oral <Uter_Y an• show11 011 Fig . .:1 

by the solid lines just before the stenosis (sit e A on Fig. 2) and h.v the brok<'n 

lin<'S illlllJediaU•Iy aft<•r it at t h<' sit<' f3. 

On Fig. fl. th<' flow rat0 and \\"SS in the healthy femoral artery nrc shown. 

Solid and broken lines show flow mtes and \\'SS at tlJC scun <· points along 

t l1e artery. It eau be S<'CII that in the case of the stcuoscd art er~· phase shift 

is tlluch tnorc' pronounc<'d and the flow wan· is at tcnuatcd. 

Femoral Artery 
Femoral Artery 

J 
lOO ~ --~ 

I \ I \ J 2501 

I I 
I 

I I I 

I 
I I 

I ~ ?OOI 
I . I 

I I 

•·· I 

1'. ; I \ 
I I (f> \ 

\ f"'' / 
I 

I 
I 

1 \ I 
I ~ \ 

I \ •oof 

\ 
-r 

\ / . ; sol 

O• 01 .;, OB 09 oo~~0-1 . •• 0 03 04 os 06 07 02 03 04 05 o• 07 08 
Card•ar Cyde Card<.K:Cyc:e 

F1< ;1 tu·· l. Flow rat<• and \\"SS in st<•nos<•d f<•tnoral artn.\· at the points.\ (solid 

lin<') and B (broken line) shown on fip,un· :2. 

Femoral Artery Femot"al A.rtt>ry 

"[ 10 

I \ 
4> 

1\ 
I ~ 

e I I \ 

6 ~ 
I •. 3 l \ I !'-. 

\ j 2 l \ I· ' 4f ) ' J I \ ' \ ~· ' ' 2"- , I ,. .... -----~ ~ ...... / \ /~-I• 
----i 

0 f 

2> 

\ 
\' 

f 
1 

FJC:t HF .). Floll" rate and \\ 'SS in ht•althy f<•moral arterv at th<• points:\ (solid 

litH' ) ancl 13 (broken lin<•) shown on fip,un• "2 . 



http://rcin.org.pl

ESTI1\IATIO:--r OF W ALL SIIE.\R STRESS ... 497 

4. Discussion 

This st ucly i nvcsl igatcs l he e H.ccts of arterial proper! ies <en cl their inl er­

action with flow wave propagation in the human arterial tree. A distribu ted 

model represents the layout of the larger arteries iu the systemic circulatio n. 

\\'iudkesscls represent the luwped or effective properties of the terminations 

making it possible to account for the effects of altered arterial lone and the 

capacitauce of the small arterioles. Iu our work the velocity profiles occurring 

iu fullv developed pulsat ile flow in the model of the systemic a rterial circnla­

t ion lc-"Lking account of presence of mu ltiple reflection sites due to branching 

ami tapering were used [20[. so physically realistic estimates can be expect eel. 

Local geomet ry i::; known to be the ma in factor determining 'ASS patterns 

in l he a rteries [7[. However. such local differences do not explain the difference 

in \YSS between relalivel.v st raight segments in different parts of the arterial 

tree. The nwclel described in this work can be used to obtain estimates of flow 

rate and \\'SS in such segments. as it is reasonable to assume fully developed 

flow there. 

Our estimates for vVSS arc different to the lt1('1:\SUJ'Clllell lS of wall shear 

rate reported by \ Vu et al. [26[. who suggested a nou-unifonu distribution 

of \ VSS throughout the arterial system and found that superf-icial femoral 

arLcry had the lowest lllean and peak WSS (sec Table 2). 

TABLE 2 . .\!<>an \\'SS !Pal in the arteries (Jl = 0.001 Pas). 

Artc•r_y \\'SS IIWHMtred \\'SS predicted using 

by \\'udal. lhl' data h.Y \\'u et al. 

Brachial 0. ID ± 0.2~ O . ..J2 

Common c-arotid O.tl:3 ± 0.1 ;) 1.0 l:l 
F<'IIIOral o.:n ± 0.1 ~ (UOG 

This eau be cxpla iuccl once the clifi'crcncc between lhc diameters of the 

arl<'ries in om !llodd and their work is taken into accou nt. \\'hen the mean 

diameters reported in [2G[ were used in om model. good agreement was found 

bel wceu the si1nu lal ion and l he mea~urenH'nts: l he ,·aluc"' for \\'SS in com­

mon carotid artery were found to be within 20o/c of each other. for mean 

\\'SS in femoral artery they were found to be ,,·ithin 7% of each other . and 

for rnean \\'SS in brachial a rt ery they \\·ere found lobe within 14% of each 

ot her( no ot her parameters had been changed). This sho\\'s that Aow and clia-
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meter changes have significant influence on vVSS values. which is consistent 

wit h t he find ings of Box et al. [3J. 

It is well known tha t ar teries adapt to long-term inc reases or decreases in 

WSS. so if the flow ra te is a ltered from its physiologic state for a long period , 

the art erial di ameter changes to recover the physiologic range of shear in the 

range 1 2 Pa [28. 9. 8J. In our work remodelling of the artery walls was not 

t aken into account . Our model predicts non-uniform distribu t ion of WSS in 

the arteria l tree. However, we cannot definitely state whether it i. the case 

or simply a result of using the model parameters. which arc incorrect. l\ Iore 

work is required to validate t he model parameters . 

Limita tions of our model clue to its linearity were extensively discussed 

earlier [1, 13. 18]. It was reported tha t uonlinearit ies preseut in the arterial 

system were in l he order of 5 10% wit hin physiological range of frequencies 

and pressures in the arterial system [1 9]. Jn this study we did not a ttempt 

to account for non-linear effects becau e fn lly developed fl ow was assumed 

t o take place in the points of interest. 

The method used in our study can be employed to estima te WSS and 

oscillatory shear index [26] in order to determine which arteries arc prone to 

disease in two ways: 

1. Getting the velocity profiles as a function of flow ra te rather t ban pres­

sure gradient has an advantage: the flow waveforms recorded during 

conventiona l ul t rasound diagnostics may be used as the input signa l to 

estima te WSS at the points where the measurements arc taken. 

2. \\' hen tile How wave form from a particular a rt ery is not avai I able (or 

practically difficult to obtain), it can be synthesized wit h the a id of the 

model. 

5. Conclusion 

The 1D mul t i-branched model is easy to implement and it is not com­

putationa lly cl cmancling. In this work we u 'eel it to carry out a detailed 

quant itative analysis of the velocity profi les obtained by assiguing specific 

values to the various dista l portions of the mult i-branched model of the hu­

man arterial tree. It has been shown that they have given physically realist ic 

estimate, of 'ASS at the different points of the system. It may therefore be 

a useful tool to estimate vVSS in a rteries. allowing the effect of alterat ion of 

model parameters on WSS to be invest igated. 
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