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Estimation of the relations of: equivalence, tolerance
and preference on the basis of pairwise comparisons in
binary and multivalent form with random errors

Leszek Klukowski

Systems Research Institute Polish Academy of Sciences,
Newelska 6, 02-792 Warsaw
e-mail: Leszek Klukowski@ibspan.waw.pl

Abstract

The paper presents the estimators of three relations: equivalence,
tolerance and preference in a finite set on the basis of multiple pairwise
comparisons, disturbed by random errors; they have been developed by
the author. The estimators can rest on: binary (qualitative), multivalent
(quantitative) and combined comparisons. The estimates are obtained on
the basis of discrete programming tasks. The estimators require weak
assumptions about distributions of comparisons errors, especially allow
non-zero expected values. The estimators have good statistical properties,
in particular consistency. Precision of the estimators can be determined
also with the use of simulation methods. The estimates can be validated
in versatile way. The paper summarizes briefly the results obtained by the
author; the broader view is presented in Klukowski 201 1a.

Keywords: estimation of the relations, pairwise comparisons with ran-
dom errors, nearest adjoining order

1 Introduction

Estimation of the relations of equivalence, tolerance, or preference, on the basis
of multiple pairwise comparisons with random errors, is aimed at determination
of an actual structure of data. It also provides the properties of estimates. The
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properties comprise: consistency, distributions of errors, efficiency of
estimators, etc. They allow for the statistical validation of estimates - including
the assumptions concerning the comparison errors and existence of a relation.

The approach presented in the work rests on a statistical paradigm: to
determine the relation form, which minimizes the inconsistencies (differences)
with a sample - in the form of multiple pairwise comparisons. Such
comparisons can be obtained with the use of statistical tests, experts opinions or
other procedures, prone to generating random errors. The estimates are obtained
on the basis of optimization tasks. However, the approach enables also
extraction of some knowledge about relation type, which is (a priori) unknown.
The example is determination of the type of a relation - equivalence or
tolerance. Moreover, the entire estimation process: identification of relation
type, estimation and validation of estimates, can be computerized.

The approach presented here is an original contribution of the author to the
subject. The main components comprise: determination of weak assumptions
about distributions of comparison errors, definition of two types of estimators
and two types of data — qualitative and quantitative, properties of the estimators,
and validation of estimates. The assumptions allow for the extension of the
application sphere of pairwise techniques. The estimators considered have dif-
ferent efficiency and computational cost — the results of the work allow for
choosing the best approach. The estimators allow for combining of both types
of comparisons. The results of the work provide a comprehensive solution to an
important statistical problem.

The problems, which require estimation of relations of equivalence, toler-
ance, or preference, on the basis of pairwise comparisons with random errors,
appear in many disciplines of knowledge: economy, finance, medicine, etc.

The idea of estimators is based on the concept of the nearest adjoining or-
der (NAO — Slater, 1961, David, 1988): to minimize the inconsistencies with
the given set of comparisons. The estimators proposed are based on:

- minimization of the sum of inconsistencies between relation form and
(whole) set of comparisons or

- minimization of the sum of inconsistencies between relation form and the
medians from multiple comparisons of each pair.

The comparisons are assumed also in two basic forms:

- binary — expressing qualitative features of a pair, e.g. the direction of
preference, and

- multivalent — expressing quantitative features of a pair, e.g. the difference
of ranks of elements.

The errors of pairwise comparisons are realizations of some random varia-
bles. The assumptions about distributions of errors are weaker than those com-
monly used in the literature (David, 1988); they are satisfied in the case of each
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rational scientific investigation. The estimators can be applied also in the case
of unknown distributions of comparison errors.

The estimators have good statistical properties, obtained on the basis of: ¢
properties of random variables expressing differences between the actual rela-
tion form and pairwise comparisons, ¢ the probabilistic inequalities (Hoeffding
1963, Chebyshev), * properties of order statistics (David, 1970). The properties
guarantee convergence of estimates to actual relation form for the number of
independent comparisons of each pair approaching infinity. Thus, the estimators
are consistent. The analytical properties of the estimators has been comple-
mented with the use of a simulation survey (Klukowski 2011a Chap. 9,
Klukowski 2012a, b, Control and Cybernetics — to appear). It confirms their
high efficiency, for a finite number of comparisons, and allows for determina-
tion of parameters, especially number of comparisons, guaranteeing high preci-
sion of the estimates. The results of estimation can be verified with the use of
statistical tests. Thus, the results of the work fill the gap between the methods,
which require strong assumptions, and the methods based on heuristic rules, not
vested with formal properties.

The literature on pairwise comparisons with random errors concerns main-
ly ranking problems — classical results are presented in: David (1988), Bradley
(1976, 1984), Davidson (1976) (bibliography), Brunk (1960). The authors men-
tioned present and discuss a complete range of existing methods: assumptions,
estimators and their properties, tests for validation of results. In general, the
assumptions required by the methods impose significant restrictions on proba-
bilistic properties of comparisons; these assumptions constrain the application
sphere. In particular, the comparisons can assume only the binary form, indicat-
ing the direction of the preference; some methods do not allow ties (equivalent
elements). The basic methods are based on the linear model and the combinato-
rial models (David, 1988 Ch. 2, 4).

The literature concerning classification methods, based on pairs of ele-
ments is extremely extensive (see e.g. Gordon 1999, Hand 1986, Kaufman,
Rousseeuv 1990, Hastie, Tibshirani, Friedman 2002, Koronacki, Cwik 2005,
Hartigan 1975). However, it should be emphasized that existing approaches do
not cover entirely the problems presented in the work.

The paper consists with 6 sections. The second section presents main ideas
of estimation, in particular the form of estimators. The next section — presents
properties of estimators obtained by the author. In the forth section are dis-
cussed tests for validation of estimates - they verify assumptions required. The
next section discusses briefly optimization algorithms, which can be applied for
determining of estimates. Last section summarizes results of the author in the
area under consideration and shows problems for further researches.
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2 Estimation of the relations — main ideas

2.1 Definitions, notations and formulation of the estimation problems

The problem of estimation of relation on the basis of pairwise comparisons
can be stated as follows.
We are given a finite set of elements X = {x,, ..., x,,} (3<m<c0). There ex-

ists in the set X: the equivalence relation R (reflexive, transitive, symmetric),
or the tolerance relation R (reflexive, symmetric), or the preference relation
R% (alternative of the equivalence relation and strict preference relation). Each

relation generates some family of subsets ;(f[)*, ooy ;(ff)* (le{p,ert};n=2).

The equivalence relation generates the family ;(ge)*, ooy ;(ff)* having the fol-
lowing properties:

Uzy =X, @.1)
q=1

152)* m){l(:)* ={0}, (2.2)
where:

0 — the empty set,
XisX; € ;(5"’)* = x;,x; — équivalent elements, (2.3)
(x; Z(f)*) N(x; € ;(ig)*) = x;,x; —hon-equivalent elements for i#j,r#s.

(2.4)
The tolerance relation generates the family ;(Y)*, ves ZE,T)* with the property

(2.1),1i.e. O X f;)* =X, and the properties:
q=1

(0)* ()*
dr,s (r #s) suchthat y,” Ny~ #{0},
Xi»X; € ;((VT)* = x;,x,— equivalent elements, (2.5)
(i€ 27N (x;€ 277 = x;.x; —non-
equivalent elements for i # j and (x;,x,) & 27 A (2.6)

each subset ZY)* (1<r<n) includes an element y; such that x; ¢ ;(ET)* (s=r).

2.7
The preference relation generates the family ;A” A ;(51” * with the prop-

erties (2.1), (2.2) and the property:
(i€ 27N (x;€ P = x; is preferred to x; for r<s. (2.8)
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The relations defined by the conditions (2.1) - (2.8) can be expressed, al-
ternatively, by the wvalues (functions) 7'(x;,x;) ((xi,x,)eXxX;
te{p,e,t}, vel{b,u}; symbols b, u denote — respectively — the binary and
multivalent comparisons), defined as follows:

(e)*

0 if exists r such that (x;,x;) € y, (2.9)

Tgf)(xi,xj) :{

1 otherwise;

e the function 74 (x;, x ), describing the equivalence relation, assuming binary
values, expresses the fact if a pair (x;,x D) belongs to a common subset or not;

0if exists r,s (r =s not excluded) such that
T (enx) =1 Gxper” mp™, (2.10)

1 otherwise;

e the function Tgf)(xi,x j) , describing the tolerance relation, assuming binary
values, expresses the fact if a pair (x;,x;) belongs to any conjunction of subsets

(also to the same subset) or not; the condition (2.7) guarantees uniqueness of
the description;

79 (xix;) =#(Q: N Q)), 2.11)
where:

Q - the set of the form ) = {s| x;€ 27,

#(E) - the number of elements of the set = ;

e the function Tﬁf) (x;»x,) , describing the tolerance relation, assuming multiva-

lent values, expresses the number of subsets of conjunction including both ele-
ments; condition (2.7) guarantees the uniqueness of the description;

(p)*

roo0

0 if there exists r such that (x;,x;) € y
T (einx ) == 1if xi€ x%", x;€ 7P and r <s; (2.12)

1if xie;(g”)*,xje;(i”)*andr>s;

93



e the function Tg”) (x;»x,) » describing the preference relation, assuming binary
values, expresses the direction of preference in a pair or the equivalence of its
elements;

TP Gx)=dy < xie g7, x;€ 7", dy=r-s; (2.13)

e the function Tﬁf)(x,», x;) s describing the preference relation, assuming multi-
valent values, expresses the difference of ranks of elements y; and.

2.2 Assumptions about pairwise comparisons

The relation y\"", ..., 7" is to be determined (estimated) on the basis of N
(N=1) comparisons of each pair (x;,x;) € X x X; any comparison gf)?(x,», x;)
evaluates the actual value of T({)(xi,x_,-) and can be disturbed by a random er-

ror. The following assumptions concerning the comparison errors are made:
Al. The relation type, i.e.: equivalence or tolerance or preference, is known, the
number of subsets # - unknown.

A2. Any comparison g(fk) (xi>x;) (Leler,p}; velbu}; k=1,..,N), is
the evaluation of the value 7% (x;,x;) , disturbed by a random error. The prob-

abilities of errors g') (x;,x,) — T (x:»x;) have to satisfy the following assump-
tions:

P(gb (xtaxj) Tb)(xl’x]) OlTh/)(xl’x]) K%]))>1 5

(2.14)
(K'gf/) € {_13 O, 1}3 oe (0, A))a
gop(g (x”)Cj) T(/)(x”xj _rlT(()(XUXJ) Kl(u(y))>%
(k'3 €10, ...,£m}, r—zero or an integer number), (2.15)
gop(g(()(Xi:xj‘)_T,(Lf)(XDXj) =-r | T (xix) =D >0
(k') €10, ..., £ m}, r— zero or an integer number), (2.16)
P(g(()(XI’XJ) T( (x”)cj)_r)>P(g(()(xia.Xj)_Tfj)(xia.Xj):r+1 | (2 17)

T,(zf)(.x«'i:xj) Kﬂl])) (K(()E{O m}’ l">0),
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P(g') Ceix )= T8 Geinxe ) = 1) 2 P84 Grinx ) = T4 Gxiox ) =7 =1 |

Q) _ ) (2.18)
T// (xiJXj)_Kyij) (K/_zije{o’"wm}z r<0)9

A3.The comparisons g/ (xi,x,) (£ €fe,z, p}; v etb, i} (xix)eXxX;

k =1,..., N) are independent random variables.

The assumption A3 makes it possible to determine the distributions of es-
timation errors of estimators proposed in this work. However, determination of
the exact distributions of the (multidimensional) errors, in an analytic way, is
complicated and in practice unrealizable. The main properties of the estimators,
especially their consistency, are valid without the assumption.

The assumption A3 can be relaxed in the following way: the comparisons
g\ (xivxy) and ) (xroxs) (#k;sr#i,j;s#i,)), ie including different ele-
ments, have to be independent.

In the case of the preference relation including equivalent elements, the
condition (2.14) can be relaxed to the form (2.15) — (2.16).

The assumptions A2 — A3 reflect the following properties of distributions
of comparisons errors:

e the probability of correct comparison is greater than of the incorrect one -
in the case of binary comparisons (inequality (2.14));

e zero is the median of each distribution of comparison error (inequalities
(2.14) - (2.16));

e zero is the mode of each distribution of comparison error (inequalities
(2.14) — (2.18));

o the set of all comparisons comprises the realizations of independent ran-
dom variables;

e the expected value of any comparison error can differ from zero.

The assumptions about comparisons errors are not restricted. Especially,
the errors can have non-zero expected values; the probabilities of errorless re-
sults have to satisfy the mode and median condition. These features guarantee
broad spectrum of applications and protects against incorrect results.

2.3 The form of estimators

The main idea of the estimators proposed, i.e. minimization of differences be-
tween the relation and the pairwise comparisons, refers to a well-known princi-
ple. However, in the case under consideration, it does not indicate analytical
properties, because it is not associated with minimization of the likelihood func-
tion (which requires distributions of comparison errors) or the sum of error
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squares. In our case, the properties of the estimators have been obtained on the
basis of differences between the properties of the errorless estimate (actual form
of the relation) and the estimates different from the errorless one. The properties
have been proven by the author on the basis of the well-known probabilistic
inequalities (see Hoeffding, 1963, Chebyshev - for variance), properties of or-
der statistics (David, 1970), and convergence of variances of related random
variables. The theoretical properties have been verified through the simulation
experiment.
Two forms of estimators are examined.

The estimate based on the total sum of differences, denoted Z(ﬂ) v ;25,”)

(or Tu“ ) Geso ;) <i,j>€R,),results from the minimization problem:

(r 3 e Crix ) =1 (e x b (2.19)

Z{f)”?l;}/l)eﬂw <i,j>€Ry k=1
where:
FY - the feasible set, i.e. the family of all relations #\",..., #'” of /- th type
in the set X,
19 (xi5x ;) - the function describing any relation { 751 ey Z( )} of 7 -th type,
R, -the set of the form R, ={<i,j> |1Sl,]£m;j>l}

(symbol gfj{) (xi»x;) 1s used for both random variables and realizations).

In the case of the preference relation and binary comparisons the following
transformation is also applied:

0 if g(é)(Xi,X‘):tz()/)(XiaX').
0(g") Geiox ) — 19 (xinx))) = * ! ! (2.192)
Lif g% (xix)) # 657 Griox)-

The criterion function with the use of the transformation (2.19a), expresses
the number of differences between the comparisons and the function

T (xi5x ;). It is simpler from the computational point of view, because the
variables (g} (x;»x,)— 5" (x;»x,)) assume binary values (zero or one), while
the difference guk) (x;>x ,)—zu (xi»x ,)| assumes values from the set
{0, £1, £ 2}. The properties of both approaches are similar (Klukowski, 1990b).

The estimate based on medians, denoted ;ﬁ“,..., ;Z(r“ (or fgﬁ)(xi, x;) ), 18
obtained on the basis of the following minimization problem:
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min 4 gy ) =1 G ) (2.20)

A s Xy €Fx <I,]J>€Rp
where:
“'”g)(x,, x;) -the sample median (a middle value) in the set

4 !
{801 (x5 )s s G}

The estimate, resulting from the criterion (2.19) or (2.19a) will be denoted

with symbols ;2(“,..., ;Z(r“ or (equivalently) f,(j)(Xian) while the estimate

resulting from the criterion (2.20) - with symbols Z(/) . Zy) or fff')(x,»,x DR

In the case of the preference relation and medians from comparisons, the
following transformation is also applied:

,me f g(/ me)(xi’x'):tl()ﬁ)(xhx‘);
H(g(/ )(x;,x_,-) —tﬁf)(x;,x_/)) (¢,me) ' ) ’ (2.20a)
1i fg (Xian);th' (xi’xj)a

instead of the difference |g

_tu (xnx/)|

The transformation (2.20a) leads to sum up the number of inconsistencies
between the comparisons and the relation form, while the difference

((m‘)(x,, x) =1 (xiox ,)| takes also into account the opposite direction of

preference in a comparison. The optimization based on transformation (2.20a)
is simpler to solve; and both approaches have similar efficiency (see Klukow-
ski, 1990b).

It is clear that the number of estimates, resulting from the criterion func-
tions (2.19), (2.19a), (2.20), (2.20a) can exceed one; the unique estimate can be
determined in a random way or as a result of validation. Multiple estimates can
appear also in other methods (see David 1988, Ch. 2). The minimal values of
the respective functions are equal zero.

The assumptions A1 — A3 allow for inference about distributions of errors
of estimates. Let us discuss first the estimator based on of the criterion (2.19).
For each relation type one can determine a finite set including all possible reali-
zations of comparisons

g G ) (Leder.ploe by k=1,.., N; <i, j>€R,)
and the probability of each realization. The use of the criterion (2.19) deter-
mines: the estimate, its probability and estimation error. The error has the form:

{fi)(Xian)_Tg)(Xian); <i,j>€R,}, i.e. it is a multidimensional random
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variable. The analysis of such error is, in fact, unrealizable and it is suggested to
replace it with one-dimension error:

A= X ]A"(Ué)(xi,xj)—Tg)(xf,xj)|- (2.21)

<i,]>€Rp

The estimate with the error Aff) =0 is the errorless estimate. The probabil-

ity of such error can be determined in the analytic way — as a sum of probabili-
ties of all realizations of comparisons indicating the errorless estimate. It is
clear that its value (probability) depends on the number of comparisons N and
the variance of comparison errors; increase of N decreases the probability of
such error and decreases the variance of the estimator. The probabilities of er-
rors different from zero can be determined in a similar way; all possible errors
and their probabilities determine the distribution function of the estimation er-
ror. Determination of the probability function in the analytic manner is compli-
cated and involves huge computational cost - even for moderate m. Therefore,
simulation approach has to be used for this purpose. Simulation study provides
complementary (to analytic results) knowledge about efficiency of estimators,
especially useful in applications.
Similar considerations apply for the criteria (2.19a), (2.20), (2.20a).

3 Properties of estimators

The analytical properties of the estimators, established by the author, have
mainly asymptotic character, i.e. they apply to the case N — oo . The properties
guarantee the basic feature of the estimators - consistency. It is clear that error-
less estimates can be also obtained for finite N, with probability close to one,
because the number of variants (in optimization problems) is huge, but finite. In
general, precision of estimates depends not only on A, but also on distributions
of comparison errors and some features of the form of relation, e.g. the number
of subsets # and the number of elements in each subset. The precision level is
also not the same for both estimators considered. Simulation survey (Klukowski
2011a, 2012a, b) gives indications about the necessary number of N for given
distributions of comparison errors.

The analytical properties of the estimators are based on properties of ran-
dom variables expressing differences between pairwise comparisons and the

relation form (expressed by 7 (x;,x,) ). It has been demonstrated in the papers

of the author that the variables corresponding to the actual relation form have
different properties than the variables corresponding to any other relation. The
following results have been obtained:
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(i) the expected values of the random variables expressing differences between
comparisons and the relation form, corresponding to actual relation form
(see e.g. (2.25) below), are lower than the expected values of variables cor-
responding to any other relation;

(i1) the variances of the variables expressing differences between comparisons
and the relation form, both - actual and different than actual, divided by the
number of comparisons N in the case of sum of differences, converge to ze-
ro for N > w0}

(iii) the probability of the event that the random variable (expressing differ-
ences) corresponding to actual relation assumes a value lower than the vari-
able corresponding to a relation other than actual converges to one for
N — o0 ; the speed of convergence guarantees good efficiency of the esti-
mates.

Properties (i) - (iii) provide the basis for construction of estimators; these
properties have been complemented with some additional features and a simula-
tion study. An important result of the simulation survey consists in the fact that
efficiency of the estimator based on the sum of inconsistencies is higher than of
the median estimator; the latter estimator is, though, simpler from computation-
al point of view and more robust with respect to outliers.

Let us illustrate these considerations by the simplest case, i.e. equivalence
relation and the estimator resulting from the criterion (2.20). The differences

between any comparison ggf;?(xf, x;) and the value T (xi»x ;) assume the
form:

0if g\ (rivx)) =T Grinx)i T (xinxj) = 0;

(. N bk isAj b isAj/s b irAj ’
U (xi>x;) R © o 0 (2.22)

U(‘ gbk (xi’xj)in (xi,xj)5 T}; (xi,xj)_ )

0 if g5 Crinx))= T8 Ceinx ) T (xiox ) =1

(e)( . N\ — bk >Aj b isAj)s b irXj >
Vi (xisx;) T (2.23)

lf‘ gbk (XNX_/);&TI) (x,,x_,), Tb (x,:x])— .

The sum of differences assumes, for any k (1< k < N), the form:

Y U ix)+ X VY (xixp)s (2.24)
<i,j>el'" <i,j>eJ "
where:

79" - the set of pairs {<i,j > | T8 (xi,x;) =0},
J©" - the set of pairs {<i,j> | T (xiox;) =1}
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The total sum of the differences between the relation form and the compar-
isons is equal:

57;}*_ Z( Z Ubk (xl’xj)+ Z ka (XHXJ)) (225)
k=1 <i j>el®” <i,j>eJ'

Under the assumptions Al, A2, A3, the expected values of the variables
U (xix))s Vi (xiox;) satisfy the inequalities: E(UY (xinx;) <3,
EW)" (xi,x;)) <6 . Therefore, the expected value of the variable )" satis-
fies the inequality E(7$Q") Swé . Assumptions A1 — A3 allow for deter-

mining the variance Var(W$Y)") ; its value is finite and satisfies the inequality

Var(w')") <20 5(1-6) .

Obviously:
EGWi) <526, (2.26)
lim Var(+w)=0. (2.27)
N—>o

Let us consider any relation 7\?,..., 7 different than »\", ..., 7" this

means that there exist pairs (x;,x;), such that 7 N(g (xisx,) # T )(x,, x;) . Define

the random variables {; bk)( XisX ;)5 V pys ( xi»x ;) » corresponding to the such values

N(e
(XNX/)
~(e) 0 if gﬁ,?(xi,xj)=f§f)(xi,xj)‘ Ng,e)(xnx_,-)=0;
Upe (xirx;) = 0 . (2.28)
U(‘ gbk (XHXJ);éT}, (XHXJ) Ts (xi:x_j):oz
0if &90Cix)=T"Cinx ) TCix) =1
~(e) bk \Xis X j Ths XisXj)s Ths XisXj i
Vie Geisx ) =9 0 o (2.29)
1if gbk(xi,xj)in (Xi,Xj);Tb (xf,xj)zl‘

The expected values E({7 22) (xi-x,)), E(V b;) (xi»x;)) assume the form:
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E4 (einx ) = 0% P(gyy) (xiox ) =0 | 7§ (xinx ) =D+

(2.30)
15 P(g3) (xinx ) =1 | 5 (xix)) =) 216,
EWS (xinx ) = 0x P(gy) (xix,) =0 | T (x;,x,) = 0) + 231
Ix P(ge) Geinx ) =1 | T4 (xiox ) = 0) 215,
and:
E( i) = z< TE@R Cox )+ ZEF (xix)) > 2570 (2.32)
J

The formulae (2.26)—-(2.32) indicate that the expected value E(5; W(p " ),

corresponding to the actual relation ;( s oo Zﬁf) is lower than the expected

value E(+ W(p )}, corresponding to any other relation ;71” y oo ;(ip ). The vari-

ances of both wvariables converge to zero for N —o. The variables
U (xisx;)s Vi (x;»x;) assume values equal to g\ (xi»x;) —Tg,g)(x;,x_/)|,

used in the criterion function (2.19). Moreover, it can be also shown (see
Klukowski, 1994), that:

PR <) = 1-exp{-2N(L - 5)%}. (2.33)
~(p)

The above facts indicate that the estimator 7!, ..., 7'”’, minimizing the

number of inconsistencies with comparisons, guarantees the errorless estimate
for N — . The inequality (2.33) shows that the errorless estimate can be ob-
tained with the probability close to one for finite N. Moreover, the inequality
indicates the influence of 6 and N on the precision of the estimator. The dis-
tribution of an error of the estimator, for given parameters, has to be evaluated
with the use of simulation approach.

The properties of the median estimator are based on the fact that the ran-

dom variables —ZU(e)*(x;, x;) and + ZV(")*(xi, x;) converge, with probabil-
ity one, to a 11m1t equal or lower than 5 for N — oo. Therefore, the median

(e ") (xiox ;) converges to the actual value 74" (x;,x;). As a result, minimiza-
tion of (2.20) guarantees that the estimate Z(g) wes ;(;1 converges to

;(fe)*, . ;(ﬁf) Moreover, it can be shown (see Klukowski, 1994) that:

101



POV < i) > 1= 2exp{(-2N (L - 8)% . 2.34)

Inequality (2.34) gives some evaluation of precision and speed of conver-
gence of the median estimator; the evaluation of error of the estimator has been
obtained with the use of simulation approach (see Klukowski 2011a, Chap. 9).

The results presented in Klukowski (1994) include some additional ine-
qualities and evaluations, especially for the case of single comparison for each
pair. They are not repeated in this work, which concentrates on multiple com-
parisons. Moreover, simulation experiment covers and completes some of these
results.

The above considerations are valid also in the case of the tolerance and
preference relations, estimated with the use of binary comparisons.

The case of multivalent comparisons, can be analyzed in a similar way. Howev-
er, the considerations are more complicated from the analytical point of view —
the details are presented in Klukowski 2011a, Chap. 6.

4 Validation of estimates

The estimators of relations are based on the assumptions A1-A3. The crucial
assumption Al states that the relations exist and their type is known, the as-
sumptions A2 and A3 establish the properties of pairwise comparisons. These
assumptions can be verified with the use of statistical tests; the positive result of
verification validates the estimate obtained.

The first step of validation is to verify the assumptions about comparison
errors. The assumptions A2 and A3 can be verified with the use of the well-
known tests for independence, randomness, unimodality, and values of mode
and median (see Daniel, 1990, Sheskin, 1997, Siegel and Castellan, 1988, Do-
manski, 1990, Hollander, Wolfe, 1973, Randles, Wolfe, 1979, Sachs, 1978).
Such hypotheses can be tested on the basis of comparisons:

gfﬁ(xi,x_/), ERRE) gg\;()(?i:x_j) (U € {buu}v < la] >€ R le {e’T’p})
or differences:

gk Goix) =Ty o)) s €3 Goiox) =T Geixy) (K =1, N3
with the details given in (Klukowski 2011a, Chap. 10, Klukowski 201 1c).

The assumption of independence of the whole set of comparisons is diffi-
cult to verify; it seems more reliable to verify the assumption about independ-
ence of comparisons of individual pairs.

Verification of existence of a relation has to be done after the positive re-
sults of tests verifying the assumptions A2, A3 and has to be based on the esti-
mates of the relation. Typical hypotheses verify the fact that the estimate is
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valid, i.e. the relation exists, under alternatives about the equivalency of all
elements of the set X or randomness of comparisons or other data structure.
Another basis for the verification is constituted by the optimal values of the
functions (2.19), (2.19a) or (2.20), (2.20a); large values indicate significant
differences with comparisons and suggest rejection of estimates. Critical values
of such tests have to be obtained on the basis of simulations.

Some other features of estimates of relations can be used as the basis for
verification, like, e.g., positive correlation of ranks of individual elements ob-
tained on the basis of sequential subsets of comparisons:

g0 Gix )y o gl inx)) (Lefe,t,ph, velb,u},<i,j>€R,).

The tests for verification of relation type, i.e. equivalence or tolerance, and the

weak or strong form of the preference relation have also been developed by the
author (see Klukowski 2011a, Chap. 10).

5 Solving of optimization problems

Minimization of the functions (2.19), (2.20) is, in general, not an easy problem,
because of the dimensions of the feasible set. Currently, the algorithms are
available only for ranking problems based on binary single comparisons (see
David, 1988, Chapt. 2, Hansen P., et al 1994); they refer to the dynamic pro-
gramming or branch-and-bound algorithms, some of them can be used for
known 7 . The algorithms are efficient for the moderate number of elements m.
In the case of large m, the problems can be also solved with the use of heuristic
algorithms: genetic (Falkenauer, 1998), artificial neural networks, random
search (Ripley, 2006), swarm intelligence (Abraham and Grosan, 2006), etc.

In the case of multivalent comparisons the exact algorithms are not availa-
ble now. The problems with moderate number of elements m, i.e. 3—12, can be
solved with the use of complete enumeration. Problems with higher number of
elements can be solved using heuristic algorithms, mentioned above.

It is obvious that the estimators based on multivalent comparisons require
more computations than those based on binary comparisons. However, speed of
computers increases quickly and computational problems will disappear in a
near future.

It seems that computers based on new quantum technology will allow for
solving the problems without significant restrictions on the number of elements
m.
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6 Conclusions - achievements of the work and further re-
searches

The work here contained constitutes the synthesis of main results of the author
concerning estimation of three relations — equivalence, tolerance, and prefer-
ence — on the basis of pairwise comparisons with random errors (see Klukowski
in Literature). The problems of that type occur often in applications and have
been investigated in statistical literature. Therefore, it appears reasonable to
devote to them an entire individual work.

The following new results, presented here, should be emphasized.
1°. Two types of data have been taken into account: binary and multivalent.
Binary data reflect qualitative features of the compared pairs of elements, i.e.
equivalence or direction of preference in a pair, while multivalent data — quanti-
tative features, i.e. the number of subsets including both elements (tolerance
relation) or distance between elements - in the form of difference of ranks
(preference relation).
2°. The assumptions concerning the comparison errors are weaker than those
commonly used in the literature, especially:
a) expected values of comparison errors can differ from zero,
b) distributions of comparison errors may be unknown,
¢) comparisons including the same element can be correlated.
Therefore, the algorithms proposed can be used in the cases, when the existing
algorithms are not applicable (can produce incorrect results).
3°. Two estimators have been examined; the first one is based on the sum of
differences between the relation form and the comparison data, the second is
based on differences between the relation form and the median from compari-
sons of each pair. The estimators have a simple intuitive form, i.e. optimization
tasks, and analytical properties guaranteeing good efficiency, especially in the
case of multiple comparisons of each pair. The properties indicate, in particular,
that the efficiency of the first estimator is better, but involves higher cost of
computations. The median estimator requires a lower amount of computations
in the case of application of optimization algorithms, and is more robust (ro-
bustness is important property in the case of multivalent comparisons).
4°_ The analytical properties of the estimators have been complemented with the
results of simulation study. This allows for determining of parameters, especial-
ly the number of comparisons N, guaranteeing the required precision of esti-
mates; a definite value of N provides for the frequency of errorless result close
to one or equal one. The simulation approach allows for evaluation of the dis-
tribution of frequencies of errorless solution also in the case of unknown distri-
butions of comparison errors. Such distributions are replaced by some boundary
distributions — the quasi-uniform distributions, proposed by the author. The
simulation study indicates an excellent efficiency of multivalent estimators —
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the original concept of the author; the errorless estimate can be obtained for
moderate N and the probability of errorless comparison lower than Y.

5°. The properties of estimates can be thoroughly validated; validation compris-
es the fact of existence of the relation and the assumptions as to the comparison
errors. The assumptions can be verified with the use of known tests and the
methods proposed by the author. The establishment of existence of relation can
also be based on simulation approach. It is possible, as well, to choose the rela-
tion type — equivalence or tolerance, and the type of the preference relation —
strict or weak. Therefore, the approach has the features of data mining tech-
niques.

6°. The precision of the estimators, examined in the simulation study (Chapter
9, Klukowski, 2011a, Klukowski — to appear), are based on measures proposed
in the work: « frequency of the errorless estimate, * average absolute, one-
dimensional error, and e distribution of the average absolute, one-dimensional
error. The one-dimensional error is the sum of components of the multi-
dimensional error. It is an adequate measure of difference between the estimate
and the relation; however, multi-dimensional error can also be subject to analy-
sis, especially in graphical form.

7°. The approach proposed allows for combining of comparisons obtained from
different sources, e.g. statistical tests, experts, neural networks. It is also possi-
ble to combine binary and multivalent data and to apply two-stage estimators,
based, in the first stage, on binary comparisons, and in the second stage — on
multivalent comparisons, obtained in the first stage.

8°. The estimates are obtained on the basis results from optimization tasks.
They can be solved with the use of complete enumeration of the feasible set or
the heuristic algorithms. The first approach requires fast processors, which are
available currently. Heuristic algorithms can be based on random search, genet-
ic algorithms, swarm intelligence, or hierarchical agglomeration algorithms.

9°. The approach presented will be developed in the following directions: statis-
tical learning, estimation of more complex structures of data (e.g. hierarchical),
multidimensional (multi-criteria) pairwise comparisons, etc. An important field
is also constituted by application of the estimators and tests developed.
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