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Preface

We study stability of minimal points and solutions to parametric (or
perturbed) vector optimization problems in the framework of real
topological vector spaces and, if necessary, normed spaces. Because
of particular importance of finite-dimensional problems, called mul-
ticriteria optimization problems, which model various real-life phe-
nomena, a special attention is paid to the finite-dimensional case.
Since one can hardly expect the sets of minimal points and solu-
tions to be singletons, set-valued mappings are natural tools for our
studies.

Vector optimization problems can be stated as follows. Let X be a
topological space and let Y be a topological vector space ordered by
a closed convex pointed cone K C Y . Vector optimization problem

K — min fo(z)
subject to x € A, (Po)

where f : X — Y is a mapping, and Ag C X is a subset of X, relies
on finding the set Min(fo, 40,K) = {y € fo(4o) | fo(A)N(y—K) =
{y}} called the Pareto or minimal point set of (F,), and the
solution set S(fy, A, K) = {r € Ao |fo(z) € Min(fo, Ap,K)}. We
often refer to problem (F,) as the original problem or unper-
turbed one. The space X is the argument space and Y is the
outcome space.

Let U be a topological space. We embed the problem (F) into
a family (P,) of vector optimization problems parametrised by a
parameter u € U,

K —min f(u,z)
subject to z € A(u), (P.)

where f : U x X — Y is the parametrised objective function and
A : UZZY, is the feasible set multifunction, (F,) corresponds to a
parameter value %p. The performance multifunction M : UZ3Y,




is defined as M(u) = Min(f(u, ), A(u),K), and the solution mul-
tifunction S : UZ3Y, is given as S(u) = S(f(u,-), A(u),K), and
J:UxX->Y,A(u)CX.

Our aim is to study continuity properties of M and S as functions
of the parameter ». Continuous belhaviour of solutions as functions
of parameters is of crucial importance in many aspects of the theory
of vector optimization as well as in applications(correct formulation
of the model and/or approximation) and numerical solution of the
problem in question.

We investigate continuity in the sense of Hausdorff and Hélder of the
multivalued mappings of minimal points M(u) and solutions S(u)
as functions of the parameter u under possibly weak assumptions.
We attempt to avoid as much as possible compactness assumptions
which are frequently over-used (see eg [83]).

It is a specific feature of vector optimization that the outcome space
is equipped with a partial order generated by a cone the properties
of which are important for stability analysis. In many spaces cones
of nonnegative elements have empty interiors and because of this we
derive stability results for cones with possibly empty interior. This
kind of results are specific for vector optimization and do not have
their counterpart in scalar optimization.

We introduce two new concepts: the notion of containment(with
some variants for cones with empty interiors),[16], and the notion of
strict minimality, {12].

The containment property (CP) , defined in topological vector spaces,
is introduced to study upper semicontinuities (in the sense of Haus-
dorff) of minimal points, {11, 16]. It is a variant of the domination
property (DP), which appears frequently in the context of stability
of solutions to parametric vector optimization problems. Although
it is not a commonly adopted view point, the domination prop-
erty may be accepted as a solution concept which generalizes the
standard concept of a solution to scalar optimization problem. In
consequence, the containment property (CP) may also be seen as a
solution concept in vector optimization. To investigate more deeply
this aspect we interpret the containment property as a generaliza-
tion of the concept of the set of ¢—local solutions appearing in the




context of Lipschitz continuity of solutions to scalar optimization
problems. Under mild assumptions the containment property im-
ply that the set weakly minimal points equals the set of minimal
points. This equality, in turn, is a typical ingradient of standard
finite-dimensional sufficient conditions for upper semicontinuity of
minimal points.

To study Hélder upper continuity of minimal points we define the
rate of containment of a set with respect to a cone, which is a real-
valued function of a scalar argument, see [14, 15]. The rate of growth
of this function influence decisively the rate of Holder continuity of
minimal points, [15].

Strictly minimal points are introduced to study lower semicontinu-
ities (lower Hausdorff, lower Hélder) of minimal points |20, 13]. The
definition of a strictly minimal point is given in topological vector
spaces and it is a generalization of the notion of a super eflicient
point in the sense of Borwein and Zhuang defined in normed spaces.
We discuss strict minimality in vector optimization by proving that
it is a vector counterpart of the concept of ¢— local solution to scalar
optimization problem.

Theory of vector optimization may be considered as an abstract
study of optimization problems with mappings taking values in the
outcome space equipped with a partial order structure. As such, it
contains many concepts and results which generalize and/or have
their counterparts in scalar optimization. The very definition of the
set of minimal points of vector optimization problem in the outcome
space may serve as an example here. This is a counterpart of the
optimal value of scalar optimization problem. Another example is
the concept of well-posed optimization problem. In subsequent de-
velopments we often compare our results and considerations with
the corresponding approaches in scalar optimization. For instance,
we define several classes of well-posed vector optimization problems
by generalizing the concept of scalar minimizing sequence and in
these classes we investigate continuity of solutions. For scalar op-
timization problems, the existing approaches and results on well-
posedness are extensively discussed in the monograph by Dontchev
and Zolezzi [33].




Convergence and rates of convergence of solutions to perturbed op-
timization problems is one of crucial topics of stability analysis in
optimization both from theoretical and numerical points of view.
For scalar optimization it was investigated by many authors see eg.,
[72], [32], [47], [78], [55], [81], [59], [60], [82], [2], and many oth-
ers. An exhaustive survey of current state of research is given in
the recent monograph by Bonnans and Shapiro {26]. In vector opti-
mization the results on Lipschitz continuity of solutions are not so
numerous, and concern some classes of problems, for linear case see
eg.,[28], [29], [30], for convex case see eg., [25], [31].

The organization of the material is as follows. In Chapter 2 we
investigate upper Hausdorff continuity of the multivalued mapping
M, M(u) = Min(['(u)|K) assigning to a given parameter value u
from a topological space U the set of minimal points of the set
I'(u) C Y with respect to cone X C Y, where for any subset A
of a topological vector space Y the set of minimal points is defined
as Min(AIK) = {y€e A| An(y—K) = {y}},and ' : UZY,
is a given multivalued mapping. The main tool which allows us to
obtain the general result is the containment property (CP). Some
infinite-dimensional examples are discussed. A special attention is
paid to the containment property (CP) in finite-dimensional case,
when Y = R™.

In Chapter 3 we discuss upper Holder continuity of the minimal
point multivalued mapping M . To this aim we introduce the rate
of containment § which is a one-variable nondecreasing function,
defined for a given set A and the order generating cone K. The
assumption of sufficiently fast growth rate of this function appears
to be the crucial assumption for all upper Holder stability results of
Chapter 3.

In Chapter 4 we apply the results obtained in Chapters 2 and 3
to derive conditions for upper Hausdorff and upper Hélder stability
of minimal points to parametric vector optimization problems by
taking I'(u) = f(u, A(u)). Moreover, we introduce the concept of
®— strong solutions to vector optimization problem (F;), which is
a generalization of the concept of a ¢—local minimizer to scalar
optimization problem, the latter being introduced by Attouch and




Wets [6].

In Chapter 5 we investigate the lower continuity and lower Hélder
continuity of the minimal point multivalued mapping M . To this
aim we introduce the notion of strict minimality mentioned above
and the rate of strict minimality. In Section 5.5 we apply the results
obtained in Chapter 5 to parametric vector optimization problems
and we derive sufficient conditions for lower and lower Hélder conti-
nuity of Pareto point multivalued mapping M. An important tool
here is the notion of ®— strict solution to vector optimization prob-
lem introduced in Section 6.1. This notion can be interpreted as
another possible generalization of the concept of ¢—local minimizer.

In Chapter 6 we propose several definitions of a well-posed vector
optimization problem. All these definitions are based on properties
of e—solutions to vector optimization problems. For well-posed vec-
tor optimization problems we prove upper Hausdorff continuity of
solution multivalued mapping S, S(u) = S(f(», ), A(u),K).




Lower continuity of minimal points with respect
to perturbations of the set.

The questions of lower semicontinuity of minimal points arise in
investigation of some other problems, for instance, in vector varia-
tional inequalities, duality theory etc. The results obtained can be
directly applied to stability of vector optimization problems.

In infinite-dimensional spaces, lower semicontinuity of minimal
points was investigated by several authors, eg., by Attouch and Riahi
[4], Penot and Sterna-Karwat [?], present author [?] and others, and
in finite-dimensional spaces, by Gorokhovik and Rachkowski [38],
Tanino, Nakayama, Sawaragi [83].

In finite-dimensional spaces, the key requirement which allows to
prove lower semicontinuity of minimal points under perturbations is
the density of properly minimal points in the set of minimal points
(see eg [38]). The same remains true in any topological vector space
with the notion of proper minimality suitably defined. In Section
5.2 we introduce the notion of strictly minimal points (Definition
5.2.1). In normed spaces, strict minimality generalizes the notion
of super efficiency (see [27]). In Section 5.3 we give our main result
(Theorem 5.3.1), where the key requirement is the density of strictly
minimal points in Min(A|K). Conditions ensuring this property are
given in [?],[?].

5.1 Strong proper minimality

Let A be a subset of Y. The domination property (DP) holds for
Aif A C Min(AK) + K. If a cone Ky C Y is not pointed, then
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ap € Min(A|Ko) means that (A — ap) N (—Kp) C K.

A point ay € A is strongly properly minimal, (see also [?]), ap €
SPMin(A|K), if there exists a closed convex cone Ky, Ky # Y,
intkCop # 0@, K\ {0} C intKp, such that for each 0—neighbourhood
W there exists a 0—neighbourhood O

(K\W)+0 C Ky, (24)

and ag € MZTL(A"C()) .
Cone K has a base O if © is convex, 0 & cl©, where cl(-) stands
for the closure, and K = cone(6). For any 0—neighbourhood V, we

put
Ka(V) = cone(© + V).

Proposition 5.1.1 Let K be a closed conver cone with a base ©,
and let Ko be a closed conver cone Ko #Y , intKo #0, K\ {0} C
mtKy . If Ko satisfies 24, then

Ka(V) C Ko (25)
for some 0—neighbourhood V .

Proof. Since 0 ¢ cl©, there exists a 0—neighbourhood W such
that ©NW = 0. By 24, there exists a 0—neighbourhood O
such that © + O C Ky, or K4(O) = cone(© + O) C Ky .

O

Proposition 5.1.2 Let K be a closed conver cone with a topolog-
ically bounded base ©. For any 0—neighbourhood V , cone Ky4(V')
satisfies condition 24, ie., for each 0—neighbourhood W there exists
a 0—neighbourhood O such that

K\ W)+ 0 C Kqg(V). (26)

Proof. lLet W be a 0—neighbourhood. Since © is topologically
bounded, there exists A > 0 such that \@ C W ,for 0 < A < X,
and for z € KX\W , we have z = \.0, , where A\, > A. Moreover,
there exists a 0—neighbourhood O such that O C AV . Hence

_ )
240 C A + AV = Xs(0z + 1=V) C cone(© + V).
T
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(H]
In Proposition 5.1.2, the boundedness of © is important as shows
the example below.

Example 5.1.1 Let Y = £*°, and K = £ . The functional f(z) =
30, & has the property that f(z) > 0 forx € K\ {0}. Hence, the
get

0={zek|fz)=1)
is a base of K. © is unbounded since the sequence {zx} C O,

o =00 2% ,0.)

k—th position

i3 unbounded and the condition 26 is not satisfied. To see this let us
take a sequence {yx} CK\W, W = {z € £*° sup, |z,] < 1}, and
{qk} ] where

1

U= sz, and g — (0, ...,0, )0) '")‘

-

k—th posilion

Now, yx + qx & cone(® + V), for any 0—neighbourhood V' smaller
than V = {z € £*° | sup, |z.| <1}, since

1 1
=Yt Qe = LTt G = E[z" +m),

where p; = (0,...,0, L ,0,...). The main drawback here is

k—1h position
the fact that y. has the representation yr = A0 with {Ax} tending
to zerv.

Corollary 5.1 Let K be a closed conver cone with a topologically
bounded base © in a locally conver space Y and let A be a subset of
Y . The following conditions are equivalent:

(i) a € SPMin(AIK),
(ii) a € Min(A|clK4(V)), where V is a conver 0—neighbourhood.



Proof. (i7) — (i). If a € Min(A|clK4(V)), then by Propo-
sition 5.1.2, clK4(V) satisfies condition 24, and hence a €
SPMin(A|K).
(1) — (ii) Let a € SPMin(AlK). Then a € Min(A|Ko),
where Ko satisfies 24. By Proposition 5.1.1, there exists a
0—neighbourhood V such that 25 holds, and hence a € Min(A|clq(V)) .

O
Let us note that in any locally convex space, for all sufficiently small
neighbourhoods V', K4(V) are pointed, which may not be the case
for clXCq(V).

5.2 Strict minimality.

Let A C Y be a subset of a real Hausdorff topological vector space
Y, and let X be a closed convex pointed cone.

Definition 5.2.1 An element ay € A is strictly minimal (see also
[?]), denoted by ay € SMin(A|K), if for any 0—neighbourhood W
there exists a 0—neighbourfiood O such that

[(A\ (a0 + W) + 0] [ao — K] = 0. (27)
Equivalently
(A—a)N[O-K]CcW. (28)
Each strictly minimal point is clearly minimal. Moreover, the
following proposition holds.
Proposition 5.2.1 For any subset A of Y we have
SPMin(A|K) C SMin(A|K)

Proof. Let ap € SPMin(A|K) and W be any 0—neighbourhood.
By 24, there exists a 0—neighbourhood O such that [K\ W]+
O C Kp. Let W; be a 0—neighbourhood such that W; + W; C
W . By O; we denote a 0—neighbourhood such that [X\ W;] +
O, CKy.
We claim that [(A\ (e + W))+ O, n Wi Nfag — K] = 0.
Otherwise, it would be (a — ay) + ¢ = —k, for some a € A\
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(ap+W), g€ WiNO,, and k € K. We would have k € L\ W,
since otherwise a — a9 € W. But then, by 24, it would be
—~k — q = a — ag € —Kyp, which is a contradiction with the
minimality of ap with respect to Xy. This proves that ay €
SMin(A|K).

(W

A characterisation of strict minimality via section mapping S :
Y —Y,S(y)=An(z—K),is given in Th.2 and Corollaries 1 and
2 of {7].

Proposition 5.2.2 If K is normal, then 0 € SMin(K|K).

Proof. Since K is normal, for each 0—neighbourhood W, there
exists a 0—neighbourhood O such that [0+ K|N[0-K]C W,
and thus CN|[0O~K]CW.

O
The following proposition gives a characterisation of strict mini-
mality in terms of nets.

Proposition 5.2.3 Let ACY be a subset of the space Y and ag €
Min(A|K). The following are equivalent:

(i) ag € SMin(A|K),

(it) for any nets {z4}, {ya} such that {z,} C A, ys € zo + K,
and Y, — ao , it must be T, — ap.

Proof. Suppose on the contrary that there exist two nets {4}, {¥a}
such that {z,} C A, Yo — @0, Ta <k Ya, and z, does not tend
to ag . This means that there exists a 0—neighbourhood W such
that for a certain subnet {z5} C {z,} we have 75 —ao & W.
On the other hand, ys = 24 + ¢g, for some ¢g € K, or

Ig—G =Yp— Gy —Cg.

Since {yg} tends to ay, for each 0—neighbourhood V we have
ys—ao €V for g 2 .
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Hence, {zp,} forms a submnet of {7z} and zg, — ay € [A —
ap] N [V — K], but zg, — ag § W, which contradicts the strict

minimality of aq.

Suppose now that ag & SMin(A|K) . There exists a 0—neighbourhood
W such that for each 0—neighbourhood V one canfind z, € A,

gy € V, ¢y € K such that

Ty — Qo = Gy — Cy,

where g, tends to zero and z, — ag € W . Moreover, z, + ¢, =
gy + o, i€, T, <yg Yy = Qv + a9, and {y,} tends to ag but {z,}
does not. This contradicts (7).

O
By Propositions 5.2.2, 5.2.3 and Proposition 1.3 of [?] we get the
following corollary.

Corollary 5.2 K i3 normal if and only if 0 € SMin(K|K).

Example 5.2.1 1. Let Y = {£%, and K = {3 be a natural order-
ing cone, K= {z = (z,) €£° | 2, 20 n€ N}. Let

A={z €l | |r]lo <1}

We have zg = (—1,—1...,—1,...) € Min(A|K) and zo € SMin(A|K).
To see the latter we need to show that for every e > () there ex-
ists & > 0 such that for ally € (A — xo) N (Q — K), where
Q = {q € £° | |lqlle < 6}, we have ||yl < €. Indeed, let
y=o—x9 =qg—Fk, wherex € A, q € Q, k € K. Since
lzo + ¢ — k||o < 1 we have k™ < ¢" for alln € N, and conse-
quently

lg" — k" < g™ + k" < 2¢7,
which means that it is enough to take 6 =¢/2.

2. As previously, let Y = £, and let K = {3 be a natural ordering
cone. Letl

A={zet*| f(z) =0}

where f is a continuous linear functional, f(x) =322, 7. The
set A is a subspace and Min(A|K) = A. But SMin(A|K) = 0.
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First we show that 0 ¢ SMin(A|K). Consider the sequence
{zx} C A defined as

1 —gk-1
Ty = (E’O: -0, T 30,::4) ¢
k—th pasition

We have z, = g — ¢x, where
1 2k—~1
aQ = (E:O: ---) Ck = (0! "'!01 T 101 '") e,

N’
k—th position

1

and |lgello = 1, llotllo = Z— > 1. According to Propo-
‘gition 5.2.3, 0 ¢ SMin(A|K). To see that for any a € A,
a € SMin(A|K), consider the sequence {2} C A, z =z, +a.
Now, it is enough to observe that z, — a = g, — ¢y, and to apply
Proposition 5.2.9.

5.8 Main results

Let Y be a real Hausdorff topological vector space andletI' : U — Y
be a multivalued mapping defined on a topological space U. By
M we denote the multivalued mapping, M : U — Y, M(u) =
Min(T'()|K) .

Theorem 5.3.1 Let K be a closed convez pointed cone in Y , and
up € domI’. Assume that

Min(I'(uo)|K) C cSMin(T'(u)|K)) (29)

and (DP) holds for all T'(u) in a certain neighbourhood Uy of ugy. If
' is K—lLc. and u.H.c. at ug, then M is Lc. at (ug).
Proof.

Let us note first that since I'(ug) # @ and I' is K~l.c. at up,
it must be I'(z) # @ in some neighbourhood U of up, and, by
(DP), Min(T'(w)|K) # 0, foru e UNUj.

Take any yp € Min({I'(u)|K). We show that M is l.c. at
(vo,u0). Let W be a O—neighbourhood, and let W;, W, be
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0—neighbourhoods such that W;+W; C W and Wo+W, c W,
By (29), there exists y; € SMin(I'(u)|K), ¥, € yo + W2. By
strict minimality of y;, there exists a 0—neighbourhood O such
that

[(T(uo) \ (31 + W2)) + O]N (31 — K) = 0.

Therefore,

[(T(uo) \ (31 + W2)) + 01N (4 + 01 — K) =0, (30)
for any 0—neighbourhood O; such that O; + O, C O.
On the other hand,
T(uo) + 01 NWa C [(F(uo) \ (1 + W2)) + O1 NWal U (y1 + Wrh).
There exists a neighbourhood U; of ug such that for all u € U;

C [(C(uo) \ (g1 + W2)) + O, N Wl U (y + W1).

Moreover, there exists a neighbourhood Us of uq such that for
u € U,
(1 + O NWy —K)NT(u) # 8,

i.e., for each u € U, there exists yu, % € ['(uw) N (y1 + O1 N
W, — K), and consequently

Vw—KCyu+O0:NW,-K.
Now, by 30,
(u — K)N[(T(uo) \ (11 + W2)) + O1 N W3] = 0.
By 31, for u € U1 N U;
(yu —K)NT(W) Cpn + Wi Cyo+ W,

By (DP), for each u € UNUNU, there exists n, € Min(I'(u)|K) =
M{(u) such that

M € (Yo —K)NT (W) Cyo + W,

which completes the proof.
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O
Note that in the proof we use KX—lower continuity of I" only in
the vicinity of o .
In view of Proposition 5.2.1, by Theorem 5.3.1, we can formulate
the following result which generalizes Theorem 3.1 of [?].

Theorem 5.8.2 Let K be a closed convex pointed cone in Y , uy €
domD'. If

Min(I'(u0)|K) C clSPMin(I'(u)|K), (32)
I'isu.Hec. and K—lc. at up, and (DP) holds for.all T'(u) in some
neighbourhood of ug , then M is l.c. at ug.

Sufficient conditions for lower continuity of minimal points can
also be given by assuming that 0 is a strictly minimal point of KC,
which, by Corollary 5.2, amounts to saying that X is normal. We
have the following result.

Theorem 5.8.8 Let K be a closed conver normal cone in Y. As-
sume that ['(up) is closed, eIMin(T'(u)|K) is compact, and (DP)
holds for all I'(u) in a certain neighbourhood Uy of ug .

IfT isK—Llc. and u.H.c. at ug, then M is l.c. at ug.

Proof. Let y € Min(I'(1)|K). We start by showing that, under
our assumptions, for any 0—neighbourhood W there exists a
0—neighbourhood V such that

[((Min(I(u)lK) + K) \ (4o + W) + V] N (3o — K] = 0. (33)

To see this, suppose on the contrary that there exists some W
such that, for any 0—neighbourhood V', we have

yo*k-u=ﬂv+k:;+QU‘_‘zu+q'u:

where ky k: €EK,n € M‘iﬂ(r(tlo)lt), 2y = QD+ktly Eyp+W,
and the net ¢, tends to 0. Since clMin(I'(1)|KX) is compact,
the net {7, |v € V} contains a converging subnet. Without
loss of generality we may assume that the net itself converges
to a certain 7 € I'(ug) . Consequently,

Yo —7 = limk, + k!, (34)
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and, since K is closed, yp — 7 € K which implies that y5 = 7.
By 34, limk, + k! = 0, and, since K is normal, by Proposition
1.3 p.62 of [?], {k,} and {k,} both tend to zero. By taking any
0—neighbourhood W such that W; + W, C W | one can find a
0—neighbourhood Vj such that for all V' C Vj we have n,+ k) C
n+ Wi+ W) Cyo+ W, contradictory to the assumption that
7y + ki & yo + W . This proves 33.

Let W, be a 0—neighbourhood such that W, + W; ¢ W.
By 33, there exists a O0—neighbourhood V] such that for any
O0—neighbourhood V,, Vo + V, C Vi, we have

[((Min(T(u0)[K) +K) \ (0 + W1)) + Vo] N [(30 + V2) — K] = 0.
On the other hand, since (D P) holds for I'(uo) ,

D(o)+VaWy C [((Min(T(uo)K) + K) \ (30 + W1)) + Va AW U (3o + W).
There exists a neighbourhood U of ug such that,

I'(u) C [(Min(T(u0)|K) + K) \ (30 + W1)) + VanWijU (zio +)W) :
35
for u € U;. Moreover, there exists a neighbourhood U, of vy

such that
(o + VaNWy —K)NT(u) £0,

for u € U;. Hence, for u € U, there exists y, € I'(u) N (yo +
‘/2 N W1 - K;) N and

Yu — K Cyo+VonW; - K,
Since, y, € Vo N W, C V,, by 33, ,
(yu — K) N {[((Min(T(uo)|KC) +K) \ (3o + W1)) + Va1 W] = 0.

By 35, and by (DP), for u € Uy N U; NU,, there exists 7, €
Min(T'(u)|K) such that

M € (Yo —K)NT(w) C (3o + W). (36)
This completes the proof.

91




5.4 Lower semicontinuity of minimal points in normed
spaces

Let Y be a real linear normed space with the closed unit ball B.
We start with the following proposition.

Definition 5.4.1 ([48],[49]) We say that cone K C Y allows plas-
tering if there exists another closed convez pointed cone Ky such
that for each k € C

k + b|k||B C Ko,

where b > 0 is independent of k .

Proposition 5.4.1 The following are eguivalent:

(i) there exists a closed convex pointed cone Ky satisfying condi-
tion (24),

(i) K allows plastering Kq,

(zi7) KC has a bounded base.

Proof. (i) «++ (i1). If IC allows plastering Xy, then for any € > 0
and k € K, ||k|| > €, we have k + beB C Kp and K, satisfies
condition (24).

Suppose now that Ky satisfies condition (24). There exists
b > 0 such that for kg € K, ||ko]] 2 1, we have

ko +bB C K,. (37)

Take any k € K. By 37, ko+bB C Kg, where kg = k/|k]| € K.
Consequently, k + b||k||B € Ko, which means that K allows
plastering Kg .

(i) — (ii%). Suppose that cone K allows plastering /Cp . This
means that there exists a linear continuous functional f € K
which is strictly uniformly positive on X, ie.,

f(z) 2 bljz|| for z€K.

The set © = {z € K| f(z) = 1} is clearly bounded closed and
convex, 0 &€ O, and K = cone(8).

(¢48) — (35). For the proof of this part see Krasnoselskii [48)].
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A point ag € A is said to be super efficient [27], ag € SE(A|K),
if there exists a number M such that
cl(cone(A —ap))N(B—-K)C MB.
Proposition 5.4.2 For any subset A of Y we have
SE(AIKX) C SMin(A|K).
Proof. Suppose on the contrary that ag € SMin(A|KX). By 28,
there exists g9 > 0 such that for each n
[(A—ao)\&B|N[i/nB - K] #0,

and one can choose a, € A, lla, — ag|]| = =9, such that a, —
ap = 1/n(b, — k») . Consequently, n(a, — ag) = b, — k,, and
|7(an — ao)|| — +o00, which means that ag & SE(A|K).

Theorem 5.4.1 Suppose that K has a bounded base ©. Then
SPMin(A|IK) = SE(AIK).

Proof. If ap € SPMin(A|K), then, by Proposition 5.1.1, there
exists € > 0 such that

(A — a0) N (=Ka(e)) = {0},

where, as previously, K4(¢) = cone(© + £B). Thus, cone(A —
ap) N (B — ©) = §. Now, by the same arguments as those
used in the proof of Proposition 3.4[27], we conclude that ag €
SE(AIK).

Suppose now that a9 & SPMin(A|KX). By Proposition 5.1.1,
for any e > 0

(A — ap) N [—cone(© +eB)| #0.

Equivalently, cone(A — ap) N (=6 + £B) # 0. By the same
arguments as those used in the proof of Theorem 4.1 [39], ap &
SE(A|K), which completes the proof.
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In view of the above results, in normed spaces we have the following
variant of Theorem 5.3.2.

Theorem 5.4.2 Let Y be a real linear normed space and X C Y a
closed conver pointed cone inY . Let ug € domI’. Suppose that

Min(T'(u0)|K) C cl(SE(T(w0)IK)), (38)

and (DP) holds for all I'(u) in a certain neighbourhood Uy of ug . If
I is K—le at (yo,u) and u.H.c. at uo, then M is l.c. at (yo,uo).

Proof. By Proposition 5.4.2, each super efficient point is strictly
minimal, and by Theorem 5.3.1, the assertion follows.

Let K be a Bishop-Phelps cone, i.e.,
Ka={y€Y|f(y) 2 ellyllllfll},

where f is a linear continuous functional on ¥ and 0 < @ < 1. This
i8 a closed convex pointed cone. If it is nontrivial, then X, has a
bounded base 6
0 ={zek|f(z)=1}.
The following characterisation holds.

Proposition 5.4.3 LetY be a real linear normed space, A a nonempty
subset of Y and ao € Min(A|K,). If there ezisis f < a such that
ap € Min(A|KCg), then ap € SPMin(A|K,).

Proof. By Proposition 5.4.1, cone Ky satisfies condition 24 . More-
over, for z € K, ||z]| = €, we have

fle+o) = f(2)+£(0) 2 e fIl- Iz}l + £ (o)
> allz+ o - |fil = @l 7]} - fjol = 171 -l
> |- iz + ollle — &bl
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To have a — {etillel - # we choose

£—[lol

(a - P)e

o e,
ol < 3o 1 =5
O

From Proposition 5.4.3 it follows that K, allows plastering Kg,
B <a,wthb=(a—-03)/(2a+1-7).

For Bishop-Phelps cones, the following well-known result [67],
gives sufficient conditions for the domination property to hold.

Theorem 5.4.3 LetY be a Banach space and A a nonempty closed
subset of Y. If inf f(A) > —o0, then for any a € A there ezists
ag € A such that ag € a — K, and ay 18 minimal.

By Theorem 5.4.3 and Proposition 5.4.3 we obtain the following
stability result.

Theorem 5.4.4 Let Y be a Banach space and I'(ug) # 0. Assume
that there exists a neighbourhood Uy of ug such that all the sets I'(u)
are closed and infyer) f(y) > —o0,
If
Min(I(u)|Ka) C el |J Min(I'(uo)|Ks)), (39)
A<
I' is K—l.c. and u.H.c. at uy, then M is lL.c. at uy.

Proof. Follows from Theorem 5.4.3, Theorem 5.4.3, and Theo-
rem 5.3.2. 0

Theorem 5.4.4 can be viewed as a variant of the stability result
proved by Attouch and Riahi [4].

Conditions 29 of Theorem 5.3.1, 32 of Theorem 5.3.2 and 38 of
Theorem 5.4.2 are density type requirements. Density property has
been investigated on different levels of generality and for different
notions of proper minimality (e.g., [27], [?], [?], [44]). Here we use
the result of Borwein and Zhuang {27].

We say that a subset A of Y is K-lower bounded if there is a
constant M > 0 such that

ACMB+K,
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A subset A is —lower bounded if either it is topologically bounded,
i.e., A C MB for some positive constant M > 0, or there exists an
element m such that a—m €KX foralia € A.

Theorem 5.4.5 (Borwein, Zhuang [27]) LetY be a Banach space,
K an ordering cone and A a nonempty subset of Y . Assume that
has a closed and bounded base ©. If either of the following condi-
tions is satisfied, then SE(A|K) is norm-dense in the nonempty set
Min(A|KC):

(i) A is weakly compact;

(ii) A is weakly closed and K—lower bounded while © is weakly
compact.

For convex sets condition (1) can be rewritten in the form

(i)’ A is convex and closed and K—lower bounded while © is
weakly compact.

In view of this result we can rewrite Theorem 5.4.2 in the follow-
ing form.

Theorem 5.4.6 Let Y be a Banach space. Suppose that K posseses
o weakly compact base, I'(ug) is closed and convezr, Min(T'(uo)|K)
is bounded, and (DP) holds for all T'(u) in a certain neighbourhood
of ug .

IfT isK—Llec. and u.H.c. at uy, then M is l.c. at uy.

Proof. It is enough to observe that if Min(I'(u)|K) is topo-
logically bounded and (DP) holds for I'(ug), then I'(ug) is
K—~bounded. Thus, by Theorem 5.4.5, Min(I'(u)|C) C cl(SE(I'(u)|X)).
Now, the assertion follows from Theorem 5.4.2.

]

Theorem 5.4.7 Let Y be a Banach space. Suppose that K has a
bounded base and all the sets I'(u) in a certain neighbourhood Uy of
ug are weakly compact. IfT" ts w.H.c. and K—lc. at uy, then M is
le atup.
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5.5 Modulus of minimality.

Definition 5.5.1 ([12],{20}) (Strict minimality) We say that z €
Min(A|K) is strictly minimal point, z € SM(A|K), if for each
e > 0 there exists § > 0 such that

[A\ Bz,9)] 0 [(z + 6B(0, 1)) - K] = 0.

Definition 5.5.2 (Modulus of minimality) The modulus of min-
tmality of A, SMin(A|K) # 0, is the function m : R, — R,
defined as
m(e) = zESln(fAIKI) v(e, x) (40)
where v : Ry x SM(A|K) — R,., is the modulus of minimality of
z € SMin(A|K) defined as
vie,x) = sup 6 (41)
6:
(A\ B(z,¢))
N[z +6B(0,1) — K] =0.

Equivalently,
[(A\ B(z,e)) +6B(0,)]njz - K] =0. (42)

5.6 Lower Hélder continuity of minimal points

Theorem 5.6.1 LetY be a normed space and let K C'Y be a closed
convex pointed cone. Assume that ' : U — Y is a set-valued map-
ping defined on a normed space U . If

(i) M(uo) C cl(SM(up)), and for anye > 0, for all z € SM(up),
m(e) > 0 and

[(F(uo) \ (z + € B)) +me) - B|N (s — K) =0,
(ii) DP holds for all T'(u) in some neighbourhood U; of ug,

(iii) T ¢s Hausdor{ff continuous at ug , te., for each e > 0 there exists
a neighbourhood Uy of uy such that

P(w) C D(ug) +€- B,
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and
P(u) c T(u) +e- B,

forue Uy,

then M is lower Hausdor[f semicontinuous at uq, ie., for eache > 0
M(w) C M(u) +¢- B,
fOT u € U] N U2 .

Proof. Let us take any € > 0, and y € M (). By (i), there exists
y1 € SM(up) , such that y; € y+ ;¢ - B, and

(Do) \ (1 + 52~ B) +m(ze) - B s~ K) = 0.

Hence

[(P(uo)\ @i + 56 B)) + 5m(56)- BN (s + 5m{z)- B—K) = 0.

(13)
I. Consider first the case , where m(e) < %E. By the upper
Hausdorff semicontinuity of I', for u € Uy,

I'(u) C T(uo) + 3m(3e) - B
C [(T(uo) \ (31 + 3¢ - B)) + gm(3¢) - BlU[yn + (3m(3¢) + 3¢) - B,
(44)
and by the lower Hausdorfl semicontinuity of I', for u € U,
there exists ¥, € I'(u) such that

1 1
Y2 €% +'2'm(§s) - B,

and, )
yg——ICCy1+%m(§s)-B—IC.
By (43),
(12— K) N [(T(w) \ (w1 + 2e - BY) + Sm(Ee)- B] = 0.
2 2 2

Now, by (44), for v € U, ,

(r2—K)NT(uw) Cy + (%m(%s) - -;-E) -B.
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Since (DP) holds for I'(u), for u € U; N U, there exists n, €
M (u) such that

1 1 1
7 C (2 —K)NT(uw) Cyy + (Qm(?‘) 4 55) - B,

and since m(e) < ¢,

3
n2€y1+ZE-BCy+e-B.

This means that for v € U, N U,
M(uw) C M(u) +e-B,

which completes the proof in the case I.

Consider now the case II, where m(e) > ie. By the upper
Hausdorff semicontinuity of I', for w € Us,

I'(u) C I'(uo) + 3¢ - B
C [(T(uo) \ (y + 3¢+ B)) + ge - BlU[ys + (3¢ + 3¢) - BI,
(45)
and by the lower Hausdorff semicontimuity of I', there exists
y2 € I'(u), u € Uy, such that

1 1
Y2 €Y + §m(§e) -B.
In consequence
1 1
y2—KCy+;m(ze)- B-K,
2 2
and by (43),
1 1 1
(42— ) 0 [(Dluo) \ (v + 5= - B)) + gmle) - B = 0.

Since Im(ie) > le the latter implies that
1

(2= ) N [(C() \ (1 + 5 B) + 3

5 €-Bl=0.
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Now, by (45),
5
(32 —K)NT(w) Cyr+ge- B.

Since (DP) holds for I'(u), u € Uy, there exists 7, € M(u),
u € U; N U, such that

T €l —K)NTw) Cy + e B,
and .
ngey-k—s—e-BCere-B.
This means that for u € U; N U,
M(u) C M(u)+¢e-B,
which completes the proof.

O

Theorem 5.6.2 Let Y be a normed space and let K C Y be a closed
convex pointed cone. Assume that' : U — 'Y is a set-valued map-
ping defined on a normed space U . If

(i) M(u) C c(SM(u)), for any u € U, and for anye > 0, for all
z € SM(u), m(e) = infyey, m(e,u) > 0, where m(-,u) is the
modulus of minimality of the set T'(u), and

(T \ (z+€-B))+m(e) BN (2~ K) =0,
(ii) DP holds for T'(up)

(ii1) T 4s Hausdor(f continuous at ug, ie., for each e > 0 there erists
a neighbourhood Uy of ug such that

I'(u) C T'(uw) +€- B,

and
Iw) c T(u)+¢- B,

foru e Us,,
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then M is upper Hausdor(f semicontinuous at ug, ie., for eache > 0
there ezists a neighbourhood Uz of ug such that

M(u) C M(up) +€- B,
fOT‘UEU;;.

Proof. Let us take any € > 0, and y(u) € M(u),uv € UyNU;. By
(i), there exists y,(u) € SM(u), such that 3, (u) €y, + 3¢+ B,
and

() \ () + 3 - B) + mlze) - B0 () — K) = 0.
Hence

[\ @) 5o B))+ 5ml6) BIn(an )+ 5m(ze)-B—K) = 0.

(46)
Consider first the case where m(e) < z¢. By the lower Haus-
dorff semicontinuity of T', for u € Uy,

T(up) C T(u) + im(3e)- B
C [(T(u) \ (31(w) + 36 - B)) + 3m(3e) - B]U [n(w) +((%m(%€) +3¢) - B],
47)
and by the upper Hausdorfl semicontinuity of I", there exists
y2(uo) € T'(up) such that
1 1
ya(uo) € y1(u) + '2""1(55) - B,
for any u € U, , and,
1 1
y2(uo) — K C y(u) + §m(§6) -B-K.
By (46),
’ 1 1 1
(y2(uo) — K) 0 [(T(w) \ (ya(u) + 5 - B)) + 5m(ze) - B] = 0.
Now, by (47), for v € U, N Uy,
1 1 |
(y2(uo) — K) NT(uo) C 31 (w) + (5m(5e) +5¢) - B.

101




Since (DP) holds for T'(up), for u € Uy N Uy, there exists
n2(uy) € M(wy) such that

o) C (vale) — K) NDluo) € 3a(u) + (3m(50) +52) - B,

and since m(¢) < 3¢,

3
n2(to) € y1(u) + i BCy(u)+e-B.
This means that for u € U; N,
M(u) C M(uw) +€e-B,

which completes the proof in the case 1.

Consider now the case II, where m(e) > Ze. By the lower
Hausdorff semicontinuity of I', for u € Uy,

I'(up) CT'(u) + 3¢+ B

C [(P@) \ (gs () + 3¢ B)) + ke Bl U fusw) + (2 + 3¢) - B],

(48)

and by the upper Hausdorff semicontinuity of I', there exists
y2(up) € ['(up) , u € Uy, such that

(o) € 31(u) + 5m(ze) - B.

In consequence

Y2(uo) — K C 11(u) + %m(%e) B-K,
and by (46),
(va(uo) ~ K) 0 [(C()\ @(w) + 5 B) + 5m(ze) - B] = 0.
Since m(3€) > 3¢ the latter implies that

(o) ~ K) 1 () \ (1 () + 3¢ B)) + 5o B] = .
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Now, by (48),

(y2(ug) — K) NT(ug) C 31 (u) + -g-e-B.

Since (DP) holds for I'(ug) , there exists 7;(ug) € M(up), such
that

n2(uo) € (y2(uo) — K) N T'(uo) C 3 (u) + gf - B,
and .
n2(wo) € y(u) + ge BC y(u) + - B.
This means that for u € U; N U,
M(u) C M(ug) +€- B,

which completes the proof.

O

Theorem 5.6.3 Let Y be a normed space and let K C Y be a closed
convez pointed cone. Assume thatT' : U — Y i3 a set-valued map-
ping defined on a normed space U . If

(i) M(u) C cl(SM(u)), in some neighbourhood U, of ug and for

any € > 0, for all z € SM(u), m(e) = infyey, m(e,u) > 0,
where m(+,u) is the modulus of minimality of I'(u),

[(T(w)\ (2 +¢-B)) +mfe) - BN (2 - K) =0,

where m(e) > 2ke, where k > 0,

(ii) DP holds for all T'(u) in some neighbourhood Uy of uqg,

(iii) T is locally Lipschitz at ug, te.,

P(w) C P(ug) + Liluy — uof| - B

for uy, ug in a neighbourhood Uy of uy,
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then M 1is locally Lipschitz at ug, ie., for each uy, us € Uy N,
2
M(uy) C M(ue) + (1 + E)L - B.
Proof. Let Uy, U € U(] ﬂUl nUg. Let Yy € M(ul). By (i), there

exists y; € SM (uy), such that y; € y+ § L{ju; — uy|| - B.. Since
[ € SM(ul) )

(P )\ Dl —al-B) 4L =) BIn(n—K) = 0,
and hence

1 1 1 1 1
[P\t Lllws —uall-B)+gmi Lin —uall)- BIn(ya + 5 ml - Ljun —wall)- B-K) =
(49)
By local Lipschitz continuity of I,

P(’Uq) C F(ul) + L]]u1 — 'U,Q” - B
C [(P(un) \ (9 + 5 Lllws = wall - B)) + Lijuy — well - BJU fn + (1 + ) Lllur -
(50)
and since y; € I'(, ), there exists y, € I'(uy) such that

Y2 €y + Lijuy — uol| - B,

and, since L|lu; — uol| < tm(3L{juy — o)),

1 1
yg“‘K C y1+L||u1-ug||-B—lC C y1+§m(EL||u1-—u2||)B-lC.
By (49),

1 1 1
(yz—’C)ﬂ[F(Ul)\(yl+EL||U1*“2"'B)+§m(ELllu1“U2|l)‘B] =0,
and since L||lu; — us|| < %m(-};L”ul - ugl|),

1
(y2 —K)N (1) \ (1 + ELHUI —ug|| - B) + Ljjuy —up|| - B] = 0.
Now, by (50),

- 1
(ya —K)NT(ue) Cyr +(1 + E)Lllul —ugl| - B.
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Since (D P) holds for I'(uz), there exists 1, € M(ug) such that
1 2
M2 C (y2—-K)NT(uz) C yri+(1+ 1) Lijwr—ugl]-B C y+(1+ ) Lljus ~ua}
This means that for uy,us € Uy NU;
2
M(uy) C M(u2) + (1 + E)L”ul - ug||)- B,

which completes the proof.

O

Theorem 5.6.4 Let Y be a normed space and let K C Y be a closed
convez pointed cone. Assume that T : U — Y is a set-valued map-
ping defined on a normed space U . If

(i) M(uo) C cl(SM(uo)),
[(T(wo) \ (z+¢- B)) +m(e)- BIN(z - K) =0,

where m(e) is the modulus of minimality of T'(ug) , m(e) > ke,
k>0,

(ii) DP holds for all T'(u) in some neighbourhood Uy of uo,
(iii) T is upper and lower Lipschitz at uy, ie.,
I'(u) C T'(ug) + Lilu—wl| - B
1

for u in a neighbourhood U of uy
then M is lower Lipschitz at vy, te., for u € UyNU,
2
M (o) C M(w) + (1 + ) Lllu — ).
Proof. Let u € UyNU;. Let y € M(up). By (i), there exists
y1 € SM(ug), such that y1 € y+ $L|lu — u|| - B. Since y; €
SM(uo),

(P o)\ 1+ Llfu—sl-B)-+m( ¢ Llju—ual)- B —K) = 0,
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and hence

IPa)\ (31 3 Ells =ual-BY+ 5m(G Ll =l B3+ m( Ll ]} B—K) =

(51)

By the upper Lipschitz continuity of I',

['(u) € I'(uo) + Llju — uof - B
C [(T(uo) \ (1 + g Lllu — woll - B)) + Ll — woll - BJU g + (3 + DLlu — uo]
(52)
and since y; € I'(ug), by the lower Lipschitz continuity, there
exists y, € I'(u) such that

1
y2 € 41 + 5Lllu —wll - B,
and, since LLlJu — o]l < Im(ELlju — o)),
1 1 1
yo—K C y1+§L]ju~—uo||-B——lC C y1+§m(EL]]u—u0||)-B—-IC.
By (51),
1 1 1
(o K)o\ (s 41 Lltu—uo]]- B4 —m( - Llfu=uo]))-B] = 0,
and since Llju — ug|| < m(;L|lu — uel|),
1
(y2 = K) O [C(u0) \ (g1 + L Lllw—uol| - B) + Ljju — uol| - B] = 0.
Now, by (52),
1
Since (DP) holds for I'(u) , there exists 72 € M(u) such that
| 2
2 C (2= K)N(w) Cya+(1+ ) Llju—w||-B C y+(14-7) Lllu—uo]) -

This means that for u € Uy N U,
k+2

M(ug) C M(u) + B

L]U—u()” 'B,

which completes the proof.
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5.7 Lower continuity of minimal points in vector optimiza-
tion

Definition 5.7.1 The solution zo € S(f,A,K) i3 called p—strict
if there is no x € S(f, A,K), x # xo, such that

f(zo)—f(z) € ¢(llzo—=)- B+, or f(z)—f(zo)—d(l|zo—=|)-B € K,
where ¢ : R, — R, i3 a nondecreasing admissible function.

Proposition 5.7.1 Let K C Y be a closed conver cone in a normed
space Y, and intkC # Q. Let f : X — Y be a Lipschitz mapping
defined on a normed space X , and let A C X be a subset of X . If
zo € S(f, A, K) is ¢p—strict, then f(zo) is a strictly minimal element

of f(A).

Proof. Suppose that zy € S(f, A,K) is ¢p—strong. Because of the
symmetry of balls in Y, there is no z € A, x # x4, such that

f(@) = (o) + ¢l — s} - B K.

Since ||f(z) — f(sz)]] < Ljlz — s:|| and ¢ is nondecreasing

oL f(z) = F(s2)]) < S(l|z = sz]]) and

f(I)-f(mo)+¢(%|If($)~f($o)||)'B C f(@)=f(zo)+o(||z—s]|)-B C =K.

Take € > 0 and put W = {f(z) | [[f(z) — f(zo)|| < Le}. For
any any £ € A\ W we have ||f(z) — f(zo)|| > Le. Since ¢ is
nondecreasing, ¢(||f(z) — f(zo)||) > ¢(Le), and hence, there is
nozr € A\W, z # zy, such that

F(@)~F (@) +8(e)-B C ()~ F(sa) (7 I F(x)~F(s:))B € ~K,
which means that
[f(A)=WIn[¢(e)- B~K] =0,

ie., f(zp) is strictly minimal.
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