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Preface

We study stability of minimal points and solutions to parametric (or
perturbed) vector optimization problems in the framework of real
topological vector spaces and, if necessary, normed spaces. Because
of particular importance of finite-dimensional problems, called mul-
ticriteria optimization problems, which model various real-life phe-
nomena, a special attention is paid to the finite-dimensional case.
Since one can hardly expect the sets of minimal points and solu-
tions to be singletons, set-valued mappings are natural tools for our
studies.

Vector optimization problems can be stated as follows. Let X be a
topological space and let Y be a topological vector space ordered by
a closed convex pointed cone K C Y . Vector optimization problem

K —min fo(z)
subject to x € Ay, (Po)

where f : X — Y is a mapping, and Ag C X is a subset of X, relies
on finding the set Min(fo, 40,K) = {y € fo(Ao) | fo(A)N(y—K) =
{y}} called the Pareto or minimal point set of (B,), and the
solution set S(fo, 40, K) = {z € Aq |fo(z) € Min(fy, Ap,K)}. We
often refer to problem (F,) as the original problem or unper-
turbed one. The space X is the argument space and Y is the
outcome space.

Let U be a topological space. We embed the problem (F) into
a family (P,) of vector optimization problems parametrised by a
parameter u € U ,

K —min f(u,z)
subject to z € A(u), (P.)

where f : U x X — Y is the parametrised objective function and
A : UZ3Y, is the feasible set multifunction, (F,) corresponds to a
parameter value %p. The performance multifunction M : UZ3Y,




is defined as M(u) = Min(f(u, ), A(u),K), and the solution mul-
tifunction § : UZ3Y, is given as S(u) = S(f(u,-), A(u),K), and
J:UXX oY, Aw)CX.

Our aim is to study continuity properties of M and S as functions
of the parameter . Continuous behaviour of solutions as functions
of parameters is of crucial importance in many aspects of the theory
of vector optimization as well as in applications(correct formulation
of the model and/or approximation) and numerical solution of the
problem in question.

We investigate continuity in the sense of Hausdorff and Hélder of the
multivalued mappings of minimal points M(u) and solutions S(u)
as functions of the parameter u under possibly weak assumptions.
We attempt to avoid as much as possible compactness assumptions
which are frequently over-used (see eg [83]).

It is a specific feature of vector optimization that the outcome space
is equipped with a partial order generated by a cone the properties
of which are important for stability analysis. In many spaces cones
of nonnegative elements have empty interiors and because of this we
derive stability results for cones with possibly empty interior. This
kind of results are specific for vector optimization and do not have
their counterpart in scalar optimization.

We introduce two new concepts: the notion of containment(with
some variants for cones with empty interiors),[16], and the notion of
strict minimality, {12].

The containment property (CP) , defined in topological vector spaces,
is introduced to study upper semicontinuities (in the sense of Haus-
dorff) of minimal points, [11, 16]. It is a variant of the domination
property (DP), which appears frequently in the context of stability
of solutions to parametric vector optimization problems. Although
it is not a commonly adopted view point, the domination prop-
erty may be accepted as a solution concept which generalizes the
standard concept of a solution to scalar optimization problem. In
consequence, the containment property (CP) may also be seen as a
solution concept in vector optimization. To investigate more deeply
this aspect we interpret the containment property as a generaliza-
tion of the concept of the set of ¢—local solutions appearing in the




context of Lipschitz continuity of solutions to scalar optimization
problems. Under mild assumptions the containment property im-
ply that the set weakly minimal points equals the set of minimal
points. This equality, in turn, is a typical ingradient of standard
finite-dimensional sufficient conditions for upper semicontinuity of
minimal points.

To study Hélder upper continuity of minimal points we define the
rate of containment of a set with respect to a cone, which is a real-
valued function of a scalar argument, see [14, 15]. The rate of growth
of this function influence decisively the rate of Holder continuity of
minimal points, [15].

Strictly minimal points are introduced to study lower semicontinu-
ities (lower Hausdorff, lower Hélder) of minimal points [20, 13]. The
definition of a strictly minimal point is given in topological vector
spaces and it is a generalization of the notion of a super eflicient
point in the sense of Borwein and Zhuang defined in normed spaces.
We discuss strict minimality in vector optimization by proving that
it is a vector counterpart of the concept of ¢— local solution to scalar
optimization problem.

Theory of vector optimization may be considered as an abstract
study of optimization problems with mappings taking values in the
outcome space equipped with a partial order structure. As such, it
contains many concepts and results which generalize and/or have
their counterparts in scalar optimization. The very definition of the
set of minimal points of vector optimization problem in the outcome
space may serve as an example here. This is a counterpart of the
optimal value of scalar optimization problem. Another example is
the concept of well-posed optimization problem. In subsequent de-
velopments we often compare our results and considerations with
the corresponding approaches in scalar optimization. For instance,
we define several classes of well-posed vector optimization problems
by generalizing the concept of scalar minimizing sequence and in
these classes we investigate continuity of solutions. For scalar op-
timization problems, the existing approaches and results on well-
posedness are extensively discussed in the monograph by Dontchev
and Zolezzi [33].




Convergence and rates of convergence of solutions to perturbed op-
timization problems is one of crucial topics of stability analysis in
optimization both from theoretical and numerical points of view.
For scalar optimization it was investigated by many authors see eg.,
[72], [32], [47], [78], [55], [81], [59], [60], [82], [2], and many oth-
ers. An exhaustive survey of current state of research is given in
the recent monograph by Bonnans and Shapiro {26]. In vector opti-
mization the results on Lipschitz continuity of solutions are not so
numerous, and concern some classes of problems, for linear case see
eg.,[28], [29], [30], for convex case see eg., [25], [31].

The organization of the material is as follows. In Chapter 2 we
investigate upper Hausdorff continuity of the multivalued mapping
M, M(u) = Min(['(u)|K) assigning to a given parameter value u
from a topological space U the set of minimal points of the set
I'(u) C Y with respect to cone X C Y, where for any subset A
of a topological vector space Y the set of minimal points is defined
as Min(AIK) = {y€e A| An(y—K) = {y}},and ' : UZY,
is a given multivalued mapping. The main tool which allows us to
obtain the general result is the containment property (C'P). Some
infinite-dimensional examples are discussed. A special attention is
paid to the containment property (CP) in finite-dimensional case,
when Y = R™.

In Chapter 3 we discuss upper Holder continuity of the minimal
point multivalued mapping M . To this aim we introduce the rate
of containment § which is a one-variable nondecreasing function,
defined for a given set A and the order generating cone K. The
assumption of sufficiently fast growth rate of this function appears
to be the crucial assumption for all upper Holder stability results of
Chapter 3.

In Chapter 4 we apply the results obtained in Chapters 2 and 3
to derive conditions for upper Hausdorff and upper Hélder stability
of minimal points to parametric vector optimization problems by
taking I'(u) = f(u, A(u)). Moreover, we introduce the concept of
®— strong solutions to vector optimization problem (F;), which is
a generalization of the concept of a ¢—local minimizer to scalar
optimization problem, the latter being introduced by Attouch and




Wets [6].

In Chapter 5 we investigate the lower continuity and lower Hélder
continuity of the minimal point multivalued mapping M . To this
aim we introduce the notion of strict minimality mentioned above
and the rate of strict minimality. In Section 5.5 we apply the results
obtained in Chapter 5 to parametric vector optimization problems
and we derive sufficient conditions for lower and lower Hélder conti-
nuity of Pareto point multivalued mapping M. An important tool
here is the notion of ®— strict solution to vector optimization prob-
lem introduced in Section 6.1. This notion can be interpreted as
another possible generalization of the concept of ¢—local minimizer.

In Chapter 6 we propose several definitions of a well-posed vector
optimization problem. All these definitions are based on properties
of e—solutions to vector optimization problems. For well-posed vec-
tor optimization problems we prove upper Hausdorff continuity of
solution multivalued mapping S, S(u) = S(f(x, ), A(u),K).




Upper Hausdorff continuity of minimal points with
respect to perturbations of the set

In this chapter we study upper Hausdorff continuity of the set-valued
mapping M : UZRY , called the minimal point multifunction,

M(u) = Min(C@)IK),

where [' : U3 Y is a given set-valued mapping. Let us note that in
parametric vector optimization problems of the form

K — min f(u, )
subject to z € A(u)

the performance multifunction M : UZ}Y, is given by
M(u) = Min(f(u,-), A(u), K) = Min(f(u, A(u))|K).

Hence, M(u) = M(u), with I'(u) = f(u, A(w)). The motivation for
studying upper Hausdorff continuity of Pareto point multivalued
mapping M is that this type of continuity is a standard ingredient

of stability results of solutions multivalued mapping & . This aspect
will be discussed in detail in chapter 7.

In the present chapter we derive sufficient conditions for upper Haus-
dorff continuity of the minimal point multivalued mapping M cor-
responding to a given multivalued mapping I'. The main Theorems
of this chapter are Theorems 2.2.1, 2.4.1, and 2.4.2. In Chapter 4,
by applying these theorems to the mapping I'(u) = f(u, A(u)) we
derive sufficient conditions for upper continuity of Pareto point mul-
tivalued mapping M. The main tool for our results of this chapter
is the containment property defined below.
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2.1 Containment property

Let A C Y be a subset of a Hausdorff topological vector space Y,
and let X C Y be a closed convex pointed cone in Y. For any
0—neighbourhood W, denote

AW) = A\ (Min(A|C) + W).

Definition 2.1.1 ([11]) (Containment property) We say that
the containment property (CP) holds for A if for every 0—neighbourhood
W there ezists a 0—neighbourhood O such that

A(W) + O C Min(AJK) + K. (1)

Note that a 0—neighbourhood O satisfying (1) is chosen indepen-
dently of y € A(W). If A# @ and (CP) holds, Min(A|X) # 0.
Recall that the domination property (DP) holds for A if A C
Min(A|KX) + K. In general, neither (C'P) implies (DP) nor con-
versely. Even for compact sets (CP) may not hold. To see this,
consider in R? the set A = {(y1,92) | 0 <y <1 0< yp < 1}. For
the cone K = R2 = {(y1,%2) | 11 2 0 y, > 0}, (CP) does not hold.
Here Min(A}K) # WMin(A4|K).

However, we have the following proposition.
Proposition 2.1.1 If (CP) holds for A, then A C cIMin(A|K)+K .

Proof. Let r € A. If £ € cIMin{A|K), the inclusion holds. If
z & clMin(A|K), by (CP), there exists a 0—neighbouhood O such
that z + O C Min(A|K) + K which yields the result.

O
Proposition 2.1.2 Let intK # @ and let ACY be a subset of Y .
If (CP) holds for A, then WMin{A|K) C cIMin(A|K).

Proof. On the contrary, suppose that there is y € WMin(A4|K) \
cIMin(A|X). Hence, (y — intC)N A =0, and

(y — intK) N (Min(4|K) + K) = 0. (%)
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Since y & clMin(A|K), and Y is Hausdorff, by (CP), there exists
0—neighbourhood O in Y such that

y+ 0 C Min(A|K) + K,
and consequently (y — intXC) N (Min(A|K) + K) # @, contradictory
to (*).
O

By Theorem 1.1 of [57},p.136, WMin(A|K) is closed whenever A
is closed.This implies that cdIMin(A|X) C WMin(A|K). Hence, by
Proposition 2.1.2 we obtain the following corollary.

Corollary 2.1 Let intK # 0. Let A C Y be a nonempty and
closed subset of Y . If (CP) holds for A, we have WMin(A|K) =
cl Min(A|K) .

Corollary 2.2 Let intkC # 0. Let ACY be a nonempty and closed
subset of Y. If (CP) holds for A and Min(A|K) = WMin(A|K),
then (DP) holds for A.

Proposition 2.1.3 Let intK # Q. Let ACY be a nonempty com-
pact subset of Y . The followtng conditions are equivalent:

(i) (CP) holds for A,
(it) (DP) holds for A and Min(A|K) = WMin(A|K).

The following proposition gives an equivalent formulation of the
containment property (C P) for cones with nonempty interior .

Proposition 2.1.4 Let K be a closed convex pointed cone in 'Y,
ntK #0, and ACY a subset of Y. The following are equivalent:

(i) (CP) holds for A

(ii) for each O—neighbourhood W there exists a 0—neighbourhood O
such that each y € A(W) can be represented as

y=mn,+k,, where n, € Min(AK), and k,+O C K. (2)
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Proof.(i) — (i) . For any 0—neighbourhood O, define
Ko={kekK|k+0OCK}.

Clearly, we have intXC = Jpear Ko . We show that for any 0—neighbourhood
@ there exists a 0—neighbourhood O such that

(Min(A|K) + K)o C Min(A|K) + Ko, (3)

where (Min(A|K) + K)o ={y €Y |y + Q C Min(A|K) + K}. In-
deed, let a € (Min(A|K)+K)g, ie., a+Q C Min(A|K)+XK . Since 0 €
cl(—K), for any 0—neighbourhood @ there exists a 0—neighbourhood
O such that QN (—Ky) # @. Thus there exists g € Q N (—K) such
that a + g € Min(A}K) + K, and consequently a € Min(A|K) + Ko .
Suppose now that (CP) holds for A, ie., for each 0—neighbourhood
W there exists a 0—neighbourhood @ such that for any y € A(W)

y € (Min(A|K) + K)q,

and by (3), for some 0—neighbourhood O, y € Min(A|K) + Ko .
(¢2) — (7). Obvious.

2.1.1 Containment property in finite-dimensional case.

Let XC C R™ be a closed convex and pointed cone in the m—dimensional
space R™ with the norm || - ||.

It was shown by Petschke [66] that a pointed closed convex cone K
in R™ admits a compact base ©. Hence, we have m < ||8|] < M for
any € O.

Let A C R™. If A is convex and closed, then Min(A|K) need not
be closed (see Arrow, Barankin, Blackwell [3]). Hence, even for con-
vex sets in finite-dimensional case (C'P) does not imply (DP). We
start with a result establishing the relation between the domination
property (DP) and the containment property (CP).

Theorem 2.1.1 Let K be a closed convez and pointed cone in R™,
intkC # 0. Let A be a closed convex subset of R™. Assume that
clMin(A|K) is compact. If
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(i) cIMin(AK) = W Min(A|K),
(1) (DP) holds for A,
then (CP) holds for A.

Proof. The set cIMin(A|K) + K is closed and convex, since
cdMin(A|K) is compact, and A + K = cdMin(A|K) + K.

Suppose on the contrary that (CP) does not hold for A. This means
that there exist sequences {zp}, {yn} such that

2z, € A\ B(Min(A|K),=0),
Yn € B(zn, %), and y, € clMin(A|K) + K. By (DP),
Zn =1n + kn )

where 1, € Min(A|K) , k., € K, ||ka|| > €0 - Since K is based with a
compact base ©, k, = Apnbn, with A\, > 0, 8,, € ©. By the inequality

€ < ”Zn - ﬂn” =Mn- "0'!” )

we get €9 < A+ M, and consequently, the sequence {f,}, A, = :\1:,

is bounded. Without loss of generality, we can assume that 0 <
fn < 1. By convexity of A,

nn+0n :ﬁnzn+(1—ﬁn)ﬂn e€A.

Since clMin(A|K) is compact, {n,} contains a convergent subse-
quence with the limit point' 7 € clMin(A|K). Without loss of gen-
erality we can assume that {7,} converges to 77 and {6,} converges
to a @ € ©. The sequence {wyn}, Wy, =7 + 6, for n =1, ..., tends
tow=mn+6¢€ A. Clearly, w € B(Min(A|K),e2), (0 < &3 < €1).
We show that w € d(Min(A|K)+K), where 8(-) denotes the bound-
ary of a set. On the contrary, if w + B(0,&,) C Min(A|K) + K, for
some £, > 0, then for some N

w, € w+ B(0,e,/2) for n> N

and

Zn +B(0,El/2) =
Wy + (An — 1)0, + B(0,6,/2) € w+ B(0,6;) + K C Min(A|K) + K,
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contradictory to the fact that lim,(z, — §,) = 0. Hence, w €
O(Min(AIK) + K), and (w — int) N A = @, which proves that
w € WMin(A|K). This contradicts the fact that clMin(A|K) =
W Min(A|K).

It is easy to give examples showing that the equality cIlMin(A|KX) =
WMin(A|K) is important for (CP) property.

Example 2.1.1 Let AC R%, K = R%, and
A={(z,y)|0<z<1, 0<y<1}.

Here Min(A|RZ) = {(0,0)}, WMin(A|R%) = {(z,y) € Alz =
Oor y = 0}, (DP) holds for A and (CP) does not.

The assumption that Min(A|K) is compact cannot be dropped.
Also the convexity and the closedness of A cannot be weakened
to K—convexity and X—closedness.

Corollary 2.3 If A is convez and closed, Min(A|K) # 0, cIMin(A|K)
is compact, ciMin(A|K) = WMin(A|K), then (CP) holds for A.

Proof . This follows from the result of Henig [40].

0

Theorem 2.1.2 Let A be a convex and closed subset of R™, and let
Min(A|K) be compact. The following conditions are equivalent:

(i) Min(A|K) # 0, Min(A|K) = WMin(A|K),

(ii) (CP) holds for A.

Assume now that the set A C R™ is polyhedral, ie., A is the solution
set of a system of a finite number of linear inequalities,

A={yeR™| <b,y><¢ iel},
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and we prove an analogue of Theorem 2.1.1 without compactness
of Min(A|K). The recession cone of A, Rec(A), is given by the
system of homogeneous inequalities,

Rec(A) ={ye R™| <b,y><0 iel},

and Min(A|K) # @ if and only if Rec(A) N [—-K] = {0} (Th.3.18 of
[57]).

To make the presentation self-contained we prove closedness of Min(A|X)
and of Min(A|X) + K whenever A is a polyhedral set. Usually, the
closedness of Min(A|K) is proved as a consequence of scalarization
properties of linear multiobjective optimization problems with poly-
hedral cones. Here we prove the closedness of Min(A|K) directly

for any closed convex pointed cone .

Proposition 2.1.5 If A is a polyhedral subset of R™, and K is a
closed convez pointed cone, then Min(A|K) is closed.

Proof. Suppose on the contrary that Min(A|K) is not closed.
There exists a sequence of minimal points {n,} € Min(A|X) such
that {n,} converges to n € A and 1 € Min(A|K). Hence, there is
an 77 € A such that n—7 € £\ {0}.

Let us split the index set I into two subsets Iy, Is C I such that

(biymny=c i€l and (by,m) <c 1€ ;.

Hence, (bs,n) = ¢;, for i € I; and (b;,n) > (b;,7) for ¢ € I, , because
71 € A. Moreover, (b;,7) > (b;,n) for some ¢ € I, since otherwise
0 # —k = 7j — 5 € Rec(A). Thus, there are two index subsets
I3, I C I, with I # @, such that

<b,‘,77) < (b,,n) i E I3 and (b“’l'—)) > (b.,,n) 1€ 14.
Consequently,
(bi,7—m) <0 i€l DI
(bi,—m <0 i€l
(bi,7—m) >0 i€ly,
for some subset Is C I, UL, Uls=1.
For each n, put

Yo = Inani "' (bi,nn>
" iels (bhf_’_n)




and consider wy, = N, +Y,(7—n). For i € I3U Iy, we have (b, w,) <

¢i,and fori € I,

¢ — (bi: n‘n)
(bia n— "7)

Finally, w, € A, and w, € n, — K. This contradicts the minimality

of n,.

(bivﬂn) + 7n<bia (77 - 77)) < (bi; nn) + : (bi, ("7 - 77)) =q.

O

Proposition 2.1.6 For any polyhedral set A C R™ and any closed
conver pointed cone K in R™, Min(A|K) + K is closed.

Proof. If Min(A|K) = 0, then Min(A|K) + K is empty, hence
closed. Assume that Min(A|K) # @, and consider any convergent
sequence {z,} C Min(AIK) + K, lim, 2, = 2. We have 2, = =, +
Anbn , where z,, € Min(A|K), 6, € ©, and \,, > 0. By compactness
of ©, without loss of generality, we may assume that {6,,} converges
tofe€O.

We start by showing that under our assumptions, {\,} contains a
bounded subsequence. Indeed, suppose on the contrary that {\,}
tends to +00. Then

1 1
-X“[.'En + )\n(),,] = 'S\—-IL'n - 9,, — 0,
and, since 8,, — 6§ # 0 lim, xl;ﬂ?n = —f. On the other hand,
1 1
e N & e §
(bi! Anzﬂ)—— Anc" 26[7

and, by passing to the limit (b;,—60) < 0, ie., —0 € Rec(A) N |-K],
contradictory to the assumption that Min(A|K) # @ (see the remark
above).

Consequently, {\,} contains a convergent subsequence {A,} , A,, —
A>0,and \,,0,, = k €K, and z,, - z € Min(A|K), since, by
Proposition 2.1.5, Min(A|K) is closed, and finally z = z + k €
Min(A|IK) + K.
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d0

In general, if Min(A|K) = WMin(A|K), and (DP) holds for A,
then
A C WMin(A|K) + intK U {0}. (4)

Theorem 2.1.3 If A C R™ is a polyhedral set, and K C R™ is a
closed convex and pointed cone in R™, then the following conditions
are equivalent:

(i) (DP) holds for A, and Min(A|K) =W Min(A|K),
(ii) (CP) holds for A.

Proof. The implication (iz) — (Z) is obvious. To prove that (i) —
(77) suppose on the contrary that (CP) does not hold for A. Thus,
there exists a sequence {y,} C A such that y, ¢ B(Min(A|K), &)
and B(yn, =) N[A+ K]|° # 0. By this, there exist {§.} C [4 + K],
limy, (¥ —%s) = 0, and {2z, } C A(Min(A|K)+K), lim,(y,—2,) =0.
If, for at least one n, z, € A, then z, € WMin(A|K) \ Min(A|K),

a contradiction. Hence, for all n, z, € A, and moreover,
(zn — K) N (Min(A|K) + K) C d(Min(A|IK) +K), (5)

since otherwise z, — k + B(0,7) C Min(A|K) + K for some k € K,
and 7 > 0, and consequently, 2z, + B(0,7) C Min(A|K) + K, which
is impossible because z,, € d(Min(A|K) + K).

By Proposition 2.1.6, Min(A|K) + K is closed, and hence, z, =
Tn + Anbn , where 7, € Min(A|K), 8, € O, and )\, > 0. Moreover,
An > g/M, and without loss of generality we can assume that
An > 1

Since 2, € A, there is a subset k of the index set I such that

(biyzn) > ¢ 1€k and (b, 2z,) <¢; i€\ k.

Let us note that, if necessary, one can always shift slightly v, , so
as to have (b;,yn) = ¢;, for ¢ € k. By compactness of @, we can
assume that {6,} tends to § € ©.

Suppose first that (b;,8) = 0, for k € . For i € &, {(b;,n,) +
An(bi, 0,) < ¢, and either (b;,8) < 0, or (b;,8) > 0. In the latter
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case it must be (b;,0) < ¢; — (b, 7)), because otherwise (b;,8) >

¢ — (b'i, 7711) Z An<bi7 071) 9 and

(bi') 77n>_ci+)‘ﬂ(b¢'70n> = [(bian‘n_‘_a)_g]'*_(buoﬂ“0>+(kﬂ_1)(bh oﬂ) >0.
Hence, 7, + 8 € A, and consequently, 7, + 6 € W Min(A|K), since

M + 0 € (Min(A|K) + K), which is a contradiction.

Hence, it must be {(b;,8) > 0, for some £ € k, because (bg,8,) > 0
for k € k. We show that each z, can be represented in the form

Zp = T + Ay, where 9, € Min(A|K), and (b, 7,) = c;. Indeed,
we have

(bj,0,) >0 i€ x; and (b;,0,) =0 i € Ky (b;,0,) <0 i€ k3,
where Kk C Ky, ke = {i € I' | (bi,zn) = ¢}, K3 C I\ k. Suppose that
for all k € k such that (bg,8) > 0 we have (bg,7,) < ¢, and put

. Cx — (bk') ﬂn)
B, = 1/2 min B
/ k €k (bkaan)
(bk,0> >0

>0.

Observe first that for each k € x, A, > e (pn) B, . Now
(bkyeﬂ)

(bafazn - (/\n = ﬁn)9n> = (biann) + ﬂn<bia6) < <bi»77n) + s“._(—éf’;_’,?)d(bi70n> =¢ 1€EK
<b|7, Zn — (An - /Bn)gn) = <bis77n> + ,Hn(biaon) S <bi777n> + )‘n(biv 071) S G 1 € K1 \ Kk
(bi, Zn — (/\n - ﬁn)&i) = (bi,'rfn) <c¢ 1€ K
(bi,zn - (An - ,Bn)on) < (bi,nn> S G 1€ k3,

which means that w, = z, — (A, — )0, € AN (2, — K), and, by

(4),
wy € Min(A|K) + intK C int(Min(A|K) + K),

contrary to (5) .This proves that for some ¢ € « such that (b;,8) > 0

it must be {bg,7,) = ;.
By letting H, = {y € R™ | (bs,y) = ¢}, we get

(bh zn> — C¢ o Aﬂ<blv Hn)

Joor )

which implies that A, — 0. This is a contradiction.

lyn — zn|l > dist(z,, He) =
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2.2 Upper Hausdorff continuity of minimal points for cones
with nonempty interior.

We start with the main result of this section.

Theorem 2.2.1 (Bednarczuk, [16]) Let U be a topological space
and let Y be a Hausdorff topological vector space. Let K C Y be a
closed conver pointed cone in'Y , intkC # . Suppose that

(i) T' is upper Hausdorff continuous at uy,
(1) T is K—lower continuous at ug , uniformly on Min(T'(u0)|K),
(iit) (CP) holds for I'(uo) .

The minimal point multifunction M is upper Hausdorff continuous
at Ug -

Proof. Let W;, W be 0—neighbourhoods, W; + W; ¢ W. By
Proposition 2.1.4, there exists a 0—neighbourhood O such that any
z € I'(ug)(W1) can be represented in the form

z=mn,+k,, n, € Min(I'(w)|K), k., +O0OCK. (%)

Let O; be a 0—neighbourhood such that O;+0; C O. By (7), there
exists a neighbourhood Uy of 1y such that

F(u) C P('Llo) +WiNO; C [F(Uo)(Wl) + W 001]
U[Min(T(u)}K) + Wi + Wi N O],

for u € Uy. By (i7) , there exists a neighbourhood U; of ug such that
foru e U;

n+ 0 —-K)NT(u) #0, for n € Min(T'(ug)|K). ()
We show that
M) N [C(ue)(Wi) + WinOy =0 (+++)
forueUynU,.

Take any y € I'(u) N [['(ug)(W1) + Wy N Oy]. We have y = v + w,
7 € [D(uo)(W1)], w € W1 N O,

28




By (%), 7 can be represented in the form v = n, + k,, 7, €
Min([(w)|K), ky + O C K. By (), there exists y; € I'(u) such
that v, =ny — w; — k', w; € O;, k! € K. Finally
y—n =ytw—m =tk +w—m,+wi+k' Ck,+k'+OCK,
which proves (* * *). Hence, for u € Uy N Uy,

M(u) C M(ug) + W.

0
Below we give an example showing that the uniform K—lower
continuity assumption is essential in Theorem 2.2.1.

Example 2.2.1 Let U = d{1/n | n = 1,...} with natural topology
and let T : U R%, be defined as follows

L) = {(y1,92) | y2 = —n} VUi (k, -k + 1)
) ={yn,v2) |2=-n+3 —n<yp<njUUR (k,—k+1)

Now Min(T(0)|R2) = {(y1,%2) | y2 = —m}, and

Min(C()IRL) = {(n,92) |1 = —put—, —n <y <nju U (k,—k+1).

k=n-+1

By Proposition 2.1.3, we obtain the following corollary.

Corollary 2.4 Let U be a topological space and let Y be a Hausdor[f
topological vector space. Let K C Y be a closed convex pointed cone
inY , intK #@. Let I'(ug) be a compact subset of Y . If

(i) T is upper Hausdorff continuous at ug,

(#i) T is K—lower continuous at ug, uniformly on Min(I'(ug)|K),
(iii) (DP) holds for I'(uo), and Min(['(ug)|K) = W Min(I'(u)|K),
then M is upper Hausdorff continuous at ug .

In the proof of Theorem 2.2.1 we make use of Proposition 2.1.4
which holds true when intKC # §. There are numerous examples of
cones satisfying this condition. For instance, cone R} of nonnegative
elements in R™, as well the cones of nonnegative elements in the
spaces below have nonempty interiors.
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Example 2.2.2 1. In the space £ of sequences s = {s;}, with real
terms
£ ={s={s:;} | supls;| < +oc}
€N

the cone
(P ={s={s} €| >0}

has nonempty interior.

2. In the space L>(2) of essentially bounded functions f : Q C
R™ — R, with esssup,.q |f(z)] < +oc, the natural ordering
cone

L*(Q) ={f € L=(Q) | f(z) = 0 almost everywhere on{}

has nonempty interior.

2.3 Weak containment property

As we have seen in the previous section in the proof of Theorem
2.2.1 we use Proposition 2.1.4 which holds true when int/kC # 0.
However, in some important spaces, cones of nonnegative elements
may have empty interiors. For example, in the space of integrable
functions LP(2), 1 < p < +oc, the cone Kprq) of nonnegative
elements

Kiriay = {f € I7(Q) | f > 0 almost everywhere in Q},

as well as in the space £, 1 < p < +oc, of summable sequences
8 == {8;} the cone

Keg = {s € |s >0}
have empty interiors (see [44]).
In this section we define weak containment property (W C P) which

is a conterpart of the containment property (CP) for cones with
possibly empty interiors.
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Let Y be a Hausdorff topological vector space with topological dual
Y*. As defined in Section 1.1 the quasi-interior of K* is given as

K ={feY"|f(y) >0 forall ye K\ {0}}.

As shown in Proposition 1.1.3 of Section 1.1, in locally convex
spaces, K is based if and only if X*! is nonempty. If intX is nonempty
and e € intK, then © = {f € K* | f(e) = 1} (see Theorem 1.1.2 of
Section 1.1) is a base of K*.

Below we prove that K*! is always based.

Proposition 2.3.1 Let K be a closed convex coneinY and let K* C
Y* be its dual with K* nonempty. Then, for any 6y € K \ {0}, the
set

0" = {fe K" | f(6p) =1}
is a base of K**.

Proof. ©* is clearly convex and 0 ¢ w—*—cl{©*) . To see the latter
note that if a net 6%, 62, C ©*, tends in the weak— * —topology to
6*, then 8* # 0 since 6*(6) = 1. Moreover, each element f € K*
can be represented as a positive multiple of an element from ©**.
Indeed, to find Ay > 0 and * € ©* such that f = X\;-6*, it is enough

to note that

f(6) =A; #0 and 9*:{-ee“}
f

The bidual cone K**,
K*={y€eY | f(y)z0for f €K},

is convex and weakly closed and in locally convex spaces K = K**
if and only if K is convex and weakly closed (see Theorem 1.1.1 of
Section 1.1, in normed spaces see Kurcyusz [54], Lemma 8.6).

Let A CY be asubset of Y and let X* has a base 6*.
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Definition 2.3.1 The weak containment property (WCP) holds
for A with respect to ©* if for every 0—neighbourhood W there ez-
ists & > 0 such that for each y € A(W) there exists n, € Min(A|K)

satisfying
0"(y—mn,) > 6 for each 68" € ©".

Note that if y — 7, satisfies 6*(y —1,) > & for some positive § > 0,
and all 8* € ©*, then

y—m,€{yeY | f(y) >0 forall feKk*\ {0}} ¥ K

In general (WCP) depends upon base. However, we have the fol-
lowing proposition.

Proposition 2.3.2 IfK* has a bounded base ©F, and (WCP) holds
for A with respect to ©f, then (WCP) holds for A with respect to
any base ©* of the form

0 ={0"eK"|6(@F =1 ygeK}.
Proof. For each 6* € ©* there exists a 03 € OF such that

0* (k) = ——=05(k), forallk e K,

9"( j)

and, since 6 is bounded,

inf 1 > 1 >k, forsomek >0
1 — = — O s
6565 05(7) ~ supggces 06(Y) ’

O

In the case of 6 unbounded, (WC P) holds for A with respect to
any base ©* such that

1 >
2 2
Proposition 2.3.3 Let Y be a locally conver space and let K C Y

be a closed convex cone, intK # 0. For any subset A C Y of Y,
(CP) is eguivalent to (WCP).

32




Proof. Let W be a 0—neighbourhood. By (CP), there exists a
0—neighbourhood O such that for each y € A(W)

y—1ny+ O CK forsome 7, € Min(A|K).

Take any yo € K' = intK. Since O can be assumed to be radial,
—b&yp € O, for some é > 0, and

y—1ny,—bmeEK,

which means that (WCP) holds for A.
To see the converse implication, note that by Theorem 1.1.2, X*

has a weak— * — compact, hence bounded, base 8*. By Proposition
2.3.2, (WCP) holds for ©*.

0
We have the following Proposition.

Proposition 2.3.4 LetY be a locally convex topological vector space
and let K C Y be a closed convez cone with K* #@. Then

() K ={y €Y | f) >0 forall f €K\ {0}} C K\ {0},
(it) w—* — ddK* C K*.

(i) K={y €Y | f(y) 2 0 for all f € K"},
(w)w—cd{yeY | fly)>0 forall feK*\{0}} CK.

Proof. (i) follows from the fact that in a locally convex space
K={yeY | f(y)>0 forall f € K*}.

(i) Since K** C K* and K* is weakly — % — closed, we get w — * —
dK* Cc K*.

(112) If k € K\ {0}, then f(k) > 0 for any f € K*, which proves
that CC{y €Y | f(y) >0forall f €K},

Suppose now that y &€ K. Since Y is locally convex, there exists
fo € K* such that fo(y) < 0. Let g € K**. By choosing e > 0 such
that f(y) + ag(y) <Owegeth=f+a-g € K* and h(y) < 0.
(iv) Since K is weakly closed, w — clK* C K.
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The inclusion {y € Y | f(y) > 0 for all f € K*} C K is proved in
(34], Lemma 5.5.

Let us note that if X* has a base, then X! # (0. Indeed, if ©* is a
base of K*, then, since 0 ¢ w—* —cl(©*), there exists yp € Y such
that f(yo) > 1 for all f € ©*. This means that y € K.

It was shown in [44], Lemma 1.27, that if the algebraic interior corkC
of a convex cone X C Y in a real linear space Y is nonempty, then
the dual cone K* C Y* is pointed. Moreover, if corK* # @), then K
is based (see [42], Theorem 1.5C).

By Theorem 1.1.3, corK C K, and by Proposition 1.1.4, if corkC #
@, and K* # {0}, then K* is based.

Example 2.3.1 1. LetY = R™, K C Y be a closed convez pointed
cone. For any convex subset A, cor(A) coincides with the topo-
logical interior of A. Hence, eg., for the cone K = {(y1,%2) | y1 >
0 9 =y}t weget K*={(fi,fo) | 2> ~fi} and K'=0.

2. For any p € [1,+00) consider the sequence space P, of sequences
s = {s;} with real terms,

P ={s={si} | D_lIsil" < +o0},
i=1
with the natural ordering cone
O ={s={s;} €t |s >0}.

The ordering cone €&, has empty topological interior and empty
algebraic interior, cor(#) = 0. But

(€)= {s={s:} €£7 | i > 0}.

3. For any p € [1,+o0), consider the space of all p—th Lebesque
integrable functions f : (! — R with the natural ordering cone

LY = {f € L” | f(z) > 0 almost everywhere on Q}.
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The topological interior int(L%) and cor(L?) are both empty but
K #£0. To see this recall that

(L)Y ={fel”| [ fgdu>0 forallge L3\ {0}},

+=>=1, and

S e
oy (-

(LAY = {f € L* | f(z) >0 almost everywhere on O} .
In locally convex spaces, if (W CP) holds for A, then
A CedMin(AK) + K. (6)

Indeed, if a € A\ cdMin(A|K), there exists € > 0 such that a ¢
B(Min(A|K),€). By (WCP), there exist 5, € Min(A|K) and § > 0
such that

0*(a—1me) > 6

for each §* € ©*, and hence a— 17, € K' C K.
Suppose now that Y is a Banach space. Let X' 0, yo € K*, and
e ={0"e K| 0 (yo) =1}.
As we have shown before ©* is a base of K*. For any k € K,
inf{6*(k) | 0" (o) =1, 6* € K"}, (M)

can be viewed as an infinite-dimensional linear programming prob-
lem. By applying the convex programming duality theory (see eg.
Barbu, Precupanu [10], Ch.3, par.3, p.233) the dual takes the form

sup{r | k —r -y € K}, (8)

where r is a real number, r € R (compare also [10], Ch.3, Th.3.4.p.235).
Since (8) is formulated with the help of K defined in the ”primal”
space Y , to preserve the consistency of terminology we refer to (8)
and (7) as the primal and dual problems, respectively.

Since ro = 0 is feasible for (8), by Proposition 2.1, Ch.3, p.197 of
(10], we have

0 <sup{r|k—r-y € K} <inf{0*(k) | 0"(x) =1, 0" € K*}. (9)
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Suppose now that for a given k € K
inf{0*(k) | 0*(yo) =1 0" €K'} =7>0.
Hence, for any 6*(y) =1, 6* € K*, we have
0 (k) >+
which entails that k — 7y, € K and
F<sup{r | k—r-y €K}
which proves that
sup{r |k —7-w € K} =inf{6'(k) | &"(w) =1, 6" €K’}. (10)
The function
g(k) = sup{r > 0 | r 'k € 3o + K},

has been also considered in other context (see Namioka[61]). It is
superlinear, and the graph of ¢,

Graph(q) = {(k,7) | q(k) > r}

is a cone in Y X i£. Now the question arises when the optimal value
7 is nonzero. Clearly, if, for any yo € K* and any k € K?, it would
be r > 0 such that k — ryg € K¢, then K! C cor,ciu(_,c«)(lC‘), ie.,
each k € K' belongs to the core of K* relative to K U (—K?). It is
easy to point out examples when 7 = (.

Example 2.3.2 Letp>1,Y = K = % . As we observed before
()Y ={(s:) € |35 >0 foreach ic N}.

By taking yo = (), and ko = (), we see that for any r > 0 there
ezists an indezx I such that

1 1 .

i—3—r{§<0 for i>1,

and hencer = 0.
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Let
)Cffo ={k e K| inf{#*(k) | 6*(x) =1, 8" €K*} > 0}.
This is a nonempty subset of K since yo € KCif . We have

Ky = J{k € K'| inf{6"(k) | 6" () =1, B* € K*} > 6} = |J K. (6).
>0 6>0
By (10), k € K3 (6) if and only if k € 6-y0 + K . Now we can rewrite

(W CP) property as follows: for each € > 0 there exists § > 0 such
that for any y € A(e) there exists 7, € Min(A|K) such that

Y- n&‘ S K;:o(é) I

or equivalently,
y—nmy€b6-pw+K. (11)

When Y is an order complete vector lattice of minimal type (see [80],
Ch.V, p.213), any point k € K* is proved to be a quasi-interior
point of K, where k& € K is said to be a quasi-interior point of X
if the order interval [0, k] is a total subset of Y in the sense that
its linear hull is dense in Y (see Schaefer [80], Ch V. 8, Th.7.7, and
Peressini [65],Ch.4.4). Moreover, each k € X' is a weak order unit
(see [65]), ie., for each y € K there exists 2 € K with z < y and
z<k.

The role of K* is similar to that of intX in the case when the lat-
ter is nonempty. To exploit this analogy we define quasi-weakly
minimal points of a subset A C'Y, QW Min(A|K), as follows

QW Min(AIK) = {a€ A| (A—a)N (=K*) =0} .

2.4 Upper Hausdorff continuity of minimal points for cones
with possibly empty interiors via weak containment

property

In the present section we use weak containment property (W CP) to
give sufficient conditions for upper Hausdorff continuity of M (The-
orem 2.4.1). Next, we modify (WC P) so as to avoid the necessity
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of assuming the weak— *x —compactness of the dual cone base ©*,
which is the case in Theorem 2.4.1, and we prove Theorem 2.4.2.

A subset F of Y* is equicontinuous ([42],12.D) if for any £ > 0
there exists a 0—neighbourhood W such that

If(W) <e

for any f € F'. Equivalently, there exists a balanced 0—neighbourhood
W such that
fw)y<1

for each f € F'. According to the definition of the polar set A° to a
given set A, F is equicontinuous if and only if

Fcwe®

for a balanced 0—neighbourhood W . By Banach-Alaoglu theorem,
W? is relatively weakly— * —compact. When Y is a normed linear
space, F' C Y* is equicontinuous if and only if it is bounded in the
norm topology of Y*.

Proposition 2.4.1 Let Y be a locally convexr space. Let K be a
closed conver pointed cone, intK # @, and let K* have an equicon-
tinuous base. Then, for any subset AC Y , (CP) holds for A if and
only if (WCP) holds for A.

Proof. Suppose that (WCP) holds for A. Let W be a 0—neighbourhood.
There exists § > 0 such that for any y € A(W) there exists 7, €
Min(A|K) satisfying

6 (y—my) =6, for 0" €O,

Since B* is equicontinuous, there exists a 0—neighbourhood O such
that |0*(q)| < 6 for ¢ € O, 0" € ©*. Hence,

0" (y—my) 26 >0(q),

and finally
0" (y —my) +07(q) 2 6.

By Proposition ??, the assertion follows.
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Theorem 2.4.1 Let U be a topological space and let Y be a Haus-
dorff locally convez topological vector space. Let K C'Y be a closed
convez pointed cone in Y and let K* have an equicontinuous base
a.If

(i) U is upper Hausdorff continuous at uy,
(i) T' is K—lower continuous at ug , uniformly on Min(I'(ug)|K),
(iii) (WCP) holds for I'(ug),

the minimal point multivalued mapping M is upper Hausdor{f con-
tinuous af ug.

Proof. Let W;, W be O0—neighbourhoods, W; + W; ¢ W. By
(1i1) , there exists § > 0 such that for y € I'(up)(W;) there exists
Ny € Min(I'(up)|K) satisfying

O'(y—m)>6, (¥

for each 6* € ©*. By the equicontinuity of the base ©*, there exists
a 0—neighbourhood O such that

—6/4<6%(q) <6/4

for any 0* € ©* and ¢ € O.
By (), there exists a neighbourhood Uy of ug such that

C [T(up)(W1) + W1 N O]
UMin(T(u)|C) + Wy + W1 N O],

foruely.
By (i7) , there exists a neighbourhood U; of ug such that
(n+O0—=K)NT(u) £0, for n€ Min(I'(u)|K), u€ U, .(%*)
We show that
M) N [D(u)(W) + WiNOl =0 (x*x%)
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for u € Uy NU; . To this aim take any
yE F(u)ﬂ[F(uo)(W1)+W1 nO], uelUgNU;.

We have y = v+ w, v € {['(uo)(W1)], w € Wi NO. By (x), there
exists 7, € Min(I'(ug)|K) such that §*(y—n,) > 6, for each §* € ©*.
By (*x), there exists y; € I'(u) such that y, =n,—w,— k', w; € O,
k! € K. Thus,

0" (y—m) =0 (@y—7) +0*(y—n,) +0*(ny —m — k') +6*(k")
>—6/4+6—6/4>6/2.

Consequently, f(y — v) > 0 for any f € K*\ {0}, and hence,
y—m € K* C K. This implies (* * *), which proves the assertion.

]

The following example shows that the above Theorem cannot be
applied for some cones in finite-dimensional space.

Example 2.4.1 Let K C R" be a conver closed cone in R™ with
empty interior. Then K* C R"™ has no base since the set KT =
{y€ K*|y-z=0 for each z € K} is a nontrivial linear subspace
contained in K*.

In the definition of weak containment property and in the proof of
Theorem 2.4.1 only two properties of base ©* are essential. Namely,
in Definition 2.3.1 we use the fact that 0 € w — * — cl©*, (since
otherwise there would be no sets with (W C P) property), and in the
proof of Theorem 2.4.1 we use the fact that ©* has the representation
property given below. We do not exploit the convexity of ©*.

The assumption of equicontinuity of base ©* is restrictive. The cone
of nonnegative elements in L?(f2), 1 < p < 400, does not have an
equicontinuous base since it does not have a bounded base (see [34]).

Below we propose to replace ©* with another set D which satisfies
the relation

{yeY | f(y) 20 forall feD}CK.
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We start with the following definition.

Definition 2.4.1 The set D C Y* has the representation prop-
erty, whenevery € Y and f(y) >0 forall f € D, theny € K.

In view of Proposition 2.3.4 one can choose sets I with the repre-
sentation property basing on part (¢) or (i22) of Proposition 2.3.4. In
the case (i) any set D with the representation property is a subset
of K* and, in the case (i), D is a subset of K* .

Let Y = (Y, - ||) be a normed space and let K be a closed convex
based cone in Y . By B* we denote the unit ball in Y*,

B*={feY"|fl <1},
and by K* the quasi-interior of K*, (see [44])
K*={fek*| f(y)>0 forall yeK\{0}},

which is nonempty whenever K is based.

It was shown in [34] that for cones of nonnegative elements in R",
P, 1<p<oo, [, 1<p< oo, C[0,1] theset D = K* N B*
has the representation property. This corresponds to case (#i7) of
Proposition 2.3.4.

In a locally convex space, if K is convex closed, and hence weakly
closed, we have (see Lemma 8.6 of [54])

K=K*={y€Y | f(y) >0 foreach f € K*}.

In consequence, if y & K, there exists f € K* such that f(y) < 0,
and, for

f=f/lfleD=K"nB",
we get f(y) < 0 and

[yeY | f(y) >0 forall fe D}=
={yeY | f(y)y=>0 forall feK*} =K.
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Let 0 < k < 1. Define
Dr)=K"n{feY" | <|fl| <1}.

Proposition 2.4.2 Let Y be a normed space and let K C Y be a
closed conver cone inY with K* #0. For any 0 < k < 1 the set

D(k)=Dn{feY* | r<|fli}

has the representation property, ie, if f(y) > 0 for each f € D(k),
then y € K.

Proof. Take any y € K. Since K is weakly closed, there exists
f € K* such that f(y) < 0. Then f, = nﬁ)-’:—” € D(k) and fi(y) < 0.

]

Definition 2.4.2 The k—weak containment property (xk—WCP)
holds for A if for every € > O there exists § > 0 such that for each
y € A\ B(Min(A|K),€) there exists 5, € Min(A|K) satisfying

0" (y—mny,) > 6
for each 6* € D(k).

Let us note that the set D(k) is norm bounded and hence equicon-
tinuous.

Theorem 2.4.2 Let U be a topological space and let Y be a normed
space. Let K C Y be a closed convex cone inY with K** # 0. If

(i) T is upper Hausdorff continuous at ug,

(i2) T' is K—lower continuous at ug, uniformly on Min(I'(u)|K),
(iti) (k — WCP) holds for I'(ug),

then M .is upper Hausdorff continuous at uyp.

Proof. The proof follows the same lines as the proof of Theorem
2.4.1 with ©* replaced by D(k).
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2.5 Upper Hausdorff continuity of minimal points for cones
with possibly empty interiors via approximation.

Let Y be a locally convex space and let K be a closed convex cone.
By N(0) we denote a family of all balanced convex 0—neighbourhoods.
Following [35] we introduce the expansion, or Henig delating
cones of K. Let © be a base of K. Since 0 ¢ ¢cl©, there ex-
ists a balanced convex open neighbourhood V4 € N(0) such that
define

Ky =cl cone(® +V).

For any V € N;(0), Ky is a closed convex cone. We have

Kv?éY, K\{O}Cintﬁv, n Ky =K. (12)
VeEN:(0)

For any u € U, V € N;(0), denote
M(u,V) = Min(T(u)|Ky) .
Let A CY be a subset of Y. For any V € N1(0), W € N(0) denote
A(V,W) = A\ [Min(A|Ky) + W].

Definition 2.5.1 The approximate containment property, (ACP)
holds for A if for every V € N;(0) the containment property (CP)
holds for A with respect to cone Ky , ie., for anyW € N(0) and any

V € N;(0) there ezists Oy € N(0) such that

AW, V) + Oy C Min(AlKv) + Ky .

Theorem 2.5.1 Let Y be a locally convez topological vector space
and let K C Y be a closed convexr and based cone. Let U be a
topological space. If

(i) T is upper Hausdorff continuous at ug,
(1) T' is K—lower continuous at ug, uniformly on Min(I'(up)|K),
(iii) (ACP) holds for T'(up),

then M is upper Hausdorff continuous at ug .
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Proof. Let W, W, be 0—neighbourhoods, and W), + W, C W . By
Theorem 2.2.1, for any V € N,(0) there exists a neighbourhood Uy
of ug such that

M(u, V) C M(UO, V)+ W,

for u € Uy . By examining the proof of Theorem 2.2.1, a neighbour-
hood Uy is chosen independently of K. Now, by the uniform lower
Hausdorff continuity of M (u, V) around uy with respect to V, there
exists V5 € N;(0) such that

M(u) C Mu,V)+ W, for VCV, ueUl.
Finally,
M(u) C M(w, V) + Wy C M(up, V) + Wi + W, C M(uo) +W.

2.6 Multiobjective optimization problems

In this section we consider multiobjective optimization problems

K — Min f(x)
s.t. x € Ay,

where f = (f1,...,fm) : R* — R™, Ay C R*, K C R™ a closed

convex and pointed cone.
Theorem 2.6.1 If f;, i = 1,...,m are linear functions,
Ag = {fL‘ERn|<b¢,LE) Sc,-,iEI},

and Min(f(Ao)lK) # 0, Min(f(A0)IK) = WMin(f(Ao)|K), then
f(Ap) has the containment property (CP).

Proof. It is enough to observe that f(Ap) is a polyhedral set and
apply Theorem 2.1.3.

a

Theorem 2.6.2 Suppose that f;, 1 = 1,...,m, are linear, Ag C R"*
s convez, and Min(f(Ag)|K) # 0. If Min(A|K) is compact, then
f(Ag) has the containment property (CP).
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Proof. It is enough to note that f(Ag) is convex, since f(Aa; +(1—
ANag) = Af(a1) + (1 — A} f(az2) € f(Ao), and apply Theorem

5.33.
O
Consider now parametric multiobjective problems
K — Min f(u,z)
st. x € A(u),

where f : U x R* — R™, is a continuous function on U x R™, with
U being a topological space, A : U — R" is a multivalued mapping.

Now we apply Theorem 2.2.1 to the above parametric problem.
We start with the following stability results.

Theorem 2.6.3 Let f = (f1,..., fm) : U X R* — R™ be linear with
respect tox € R™ and let A: U — R" be a feasible set multifunction
given by a system of inequalities

Aw) = {z € B | g;(u,3) <0 j € J},
where, for each j € J, the function g;(ug,-) : R* — R is convez. If

I':U-— R™,'(u) = f(u,A(u)), is u.H.c. and l.c. at uy,

Min(T(ug)|K) is nonempty and compact, Min(T'(up)|K) = W Min(T'(u)|K),
then M(u) = Min(['(u)|K) is u.H.c. at ug.

Proof. Since f is linear and g;(ug,"), 7 € J, are convex, the set
I'(uo) = f(ug, A(ug)) is convex. By Theorem 2.1.1, and 2.6.2,
(CP) holds for I'(up) . By Theorem 2.2.1, the conclusion holds.

0
Now consider a feasible set multifunction A : U — R"™ given by
a system of inequalities of the form

A) = {z € R" | g;{u,2) S O j €T}, (13)

where, for each j € J, g; : U X R® — R is a linear function with
respect to =, g;(u,z) = (b;j(u),z) —ci(u),j€ J, b; : U — R,
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¢; : U — R. Lower and upper semicontinuities of the multifunction
A have been investigated by many authors (see [?]). According to
Propositions 4.1. and 4.2 of [?], in order to apply Theorem 2.2.1 we
need sufficient conditions for u.H.c. and uniform lower semicontinu-
ity of A.

Let F, Fy, F1 : U — R™, be multifunctions,

F(u) = Fi(u) N Fy(u),
and
Fo(u) = {z € B* | g5(u,2) <0 j € Jo}
F(u)={zr e R |g;(u,z) =0 j€J},

where, for j € J = Jp U J; the functions g;(u,z) are continuous
on U x R™, and, for each u € U, the functions g;(u, ) are convex
functions on R™.

The following result has been proved in [?].

Theorem 2.6.4 ([?],Th 3.2.2.) If

() Fuw) #9 forue U,

(ii) Fi(u) forms an affine set in R™,

(ii) dim linFy(u) = dim linFi(u) forue U.
then F; and F are lL.s.c. at ugp.

We prove the following auxiliary lemma.

Lemma 2.1 If a multifunction A : U — R™, of the form (13)
is lower semicontinuous at vy, the functions b; : U — R™, and
¢j : U — R are continuous for j € J, then A is uniformly lower
semicontinuous.

Proof. Let zo € A(ug) , ie., {bj(u0), To) = cj(uo) j € J1, (bj(uo), xo) <
ci(ug) j € Jy. By the lower semicontinuity

VoIw,Vuews, (@ +z0) NA(u) £ 0,

ie., there is a z, € (Q+z0)NA(u), u € Wy, and moreover z, can be
chosen in such way that (b;(u),r.) = c;(u) j € Ji, (bj(u),zy) <
ci(u) j€Ja.
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Let us take any z; € A(up) such that z; € A(yy) = {z €
A(UO) 3U1 Of Ug <bJ(U) = bj(UO),J?l -— .'L'O) S 0.

(bj(uo), z1) = ¢;(uo) j € Jr (bj(uo), 1) < cj(uo) j € Jo.
and consider y, = 71 + [z, — To], for u € Wj.

To prove the inequality (b;j(u), %) < ¢j(u) for j € J and u € W)
we need to show that

(I) for anyj = 'Ilu (bj(u)amu) = Cj(u) = (b.‘!(u)’ [ml - :BO]) < 0’

(IT) for any j € Ja, (bj(u),z.) < cj(u) = (bi(u), [z, — z0]) <
c;j(u) - (b.‘i(u)a Tu) »

Let us show (I). By assumption, (b;(u),z,) = ¢;(u), and hence, by

continuity of b; and c; it must be j € J; . Thus, (b;j(uo), Zo) = ¢;(u0),
(bj(uo), z1) = c;(uo) , and (bj(ug), [r1 — To]) = 0. We have

(bj(u),yu) = (bi(u), zu) + (bj(u), [z1 — Zo))
z ngug + (bj(u0), [£1 — zo]) + {[bi() — bj(uo)], [z1 — z0))

This proves 1.
To show (II) suppose that (b;(u),z,) < c¢;(u), and (b;(uo), zo) —
cj(ug) = a < 0. Then by taking any o; > 0 such that a + 3 < 0
one can find a neighbourhood U, of ug such that
(bj(u),zy) —ci(u) <a+a; <O0.

On the other hand, there exists a neighbourhood Uj of ug such that
(b3(ae) [z —z0l) = (b)) — (by(w), 24 + (b [ — o]

= (bj(u), [zu — Tol) = (bj(w), zu) + (b;(u0), z1) — (b;i(0), 1) + (bj(w),

(b3 (), 17 — ) — c5(u) + €5 oio) + (b3 as) — b0}y 1) -
Let j € Ja, ie., (bj(uo), zo) < c;(up). Then for all u in some neigh-
bourhood Uy of ug, cj(u) = (bj(u),zs) < cj(ue) . If j € J3, ie,
(bj(uo), z1) = cj(uo) , then

(bj(u),zu) = (bj(uo), zo) + (bj(x0), [Ty — zo]) + ([bj(u) — bj(uo)], 7u)
= ci(uo) + (bj(uo), [Tu — o) + ([b(u) — bj(uo)], zu) < c;j(u)

O
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Theorem 2.6.5 Let f = (fi,.., fm) : U x R* = R™ be a linear
Junction of € R™ and let A: U — R" be a feastble set multifunc-
tion given by a system of inequalities

A(u) = {z € R" | g;(u,2) <0 je€ J},

where, for each j € J, g; : U X R® — R i3 a linear function with
respect to z, g;(u,z) = (bj(u)’a:) - Cj(u)a jeJ, b :U— R,
c;:U—= R.If

I':U—- R™, I'(u) = f(u,A(u)), is u.H.c. and l.c. at uy,
Min(T(ug)|K) is nonempty, and Min(T'(uo)|K) = W Min(T'(u0)|K),
then M(u) = Min(I'(u)|K) is u.H.c. at ug.

Proof. According to Theorem 2.2.1 we need to show that ', I'(u) =
f(u, A(u)), is uniformly lower semicontinuous on Min(I'(u)|K).
Let € > 0. According to the assumptions, for i € I, fi(u,z) =

(f,-(’U'),.'E) )
[(fi(w), z)—(fi(uo), To)| < [{fi(u), z)—{fi(uo), T)|+|(fi(uo), T)—(fi(uo), To)} ,

and there exists a neighbourhood Uy of uy and a 0— neighbourood
V =B(0,M),in R*, M = min;e;{M;}, where M; < sMFcaey » Such
that

Kfi(w), z) — (fi(wo), 7)| < || filuo) — fi(w)ll lizl] < /2,
for u € Uy, and
[ fi(uo), ) — (fi(uo), To)| < || filuoll ||z — ol < €/2

for x € 2o+ V. By Lemma 2.1, A is uniformly lower semicontinuous
at ug . Hence, there exists a neighbourhood U; of g such that for
each zo € A(ug)

(2o + B(0O, M) )N A(u) #0 ue Ui,
ie., there exists z, € (zg + B(0, M) ) N A(u). Now, for v € Uy N U,

”f(u’mu)—f(anIO)” < “f(u$ J?u)-“f(uO,.’Eu)”'f‘"f(U(),.’Eu)—f(Uo, IO)" <E.
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Since f(u,z,) € I'u), and ¥ = f(uo,Ty,) € I'(uo), the above
inequality proves that, for v € Uy N Uy,

D(x) N (%o + B(0,e) ) # 0.
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