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Abstract: The energy functional for an elliptic boundary value
problem in two spatial dimensions is considered. The variations of
shape functional resulting from the small shape-topological domain
perturbations with the holes and inclusions in elastic body are de-
termined.

The exact representation of solutions to the boundary value prob-
lem is exploited for the purposes of asymptotic analysis. To this end
the perturbed solutions of the boundary value problem are expressed
as the minimizers of perturbed energy functionals. The proposed
method of asymptotic analysis results in the double asymptotic ex-
pansions, with respect to the size of a hole and to the contrast pa-
rameter of an inclusion with respect to the matrix, of solutions to
the boundary value problems as well as of the associated energy
functional.

The shape sensitivity analysis of the energy functional with re-
spect of the boundary variations of an inclusion is performed. The
further asymptotic analysis allows for the limit passage with the
size of inclusion to zero. In this way the topological derivative of the
energy functional is obtained.

The proposed analysis can be used in the shape and topology
optimum design for elastic bodies governed by the stationary as well
as by the time dependent elasticity boundary value problems in the
framework of selfadjoint extensions of elliptic operators.

Keywords: shape optimization, topological derivative, asymp-
totic analysis, singularly perturbed geometrical domains, asymptotic
expansion of energy functional
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1. Introduction

In the pioneering paper of the present authors (Sokolowski and Żochowski, 1999)
the topological derivative of a shape functional in singularly perturbed geometri-
cal domain was introduced and rigorously defined. The topological derivative of
an energy functional for the elliptic boundary value problems can be recovered
under regularity assumptions from the shape gradient of the same functional.
From the point of view of applications, the useful formula for the topological
derivative can be derived using the shape gradients of the shape functional un-
der consideration. Actually, the topological derivative of a functional can be
obtained as a singular limit for its shape gradients. On the other hand, the
most interesting cases are those for which the topological derivative is deter-
mined by the singular limit of explicit solutions to the elliptic boundary value
problems. This approach is used in the paper.

It turns out that the regular domain perturbations for elliptic boundary
value problems are useful for applications. By regular domain perturbations we
mean small inclusions with elastic properties different from the properties of the
matrix material. In this way the notion of topological derivative can be extended
to some evolution problems, by using the so-called selfadjoint extensions of the
elliptic operators.

The problem of the influence of small, circular holes (empty or filled com-
pletely with different material) in the elastic body on the solutions of associated
boundary value problems has been considered in many studies, see Garreau,
Guillaume and Masmoudi (2001), Lewinski and Sokolowski (2003), Novotny et
al. (2003), Sokolowski and Żochowski (2003). We consider a modification of
such problems, with the partially filled hole, and with two different materials of
the matrix and the inclusion, see Fig. 1 for an example. In this way the double
asymptotic passage is considered, with two parameters, one parameter is small
and governs the size of the hole, another parameter is the contrast between the
matrix and the inclusion in elastic body.

From the point of view of mechanics, the proposed model describes, e.g., the
hole with hardened walls.

The first order asymptotic expansions of energy type functionals for elliptic
problems furnish also the so-called self-adjoint extension of the associated el-
liptic operator. In our context the self-adjoint extensions can be used for the
defect modeling in elastic bodies. The self-adjoint extensions are introduced
in mathematical physics for the purposes of point-interactions (Berezin and
Fadeev, 1961), and are used as well in the evolution problems of the parabolic
and hyperbolic types, hence for the wave equation (Kurasov and Posilicano,
2005; Kowalewski, Lasiecka and Sokolowski, 2012).

2. The model problem

We present a detailed analysis for the Laplacian in singularly perturbed domain.
The singular perturbation contains a hole Bλρ reinforced by a ring Cλρ,ρ, where
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the radius of the hole ρ→ 0 is a small parameter, and 0 < λ < 1 is the contrast.
This is the simplest setting, and the singular perturbation of the geometrical
domain is governed by the small parameter ρ > 0. We introduce also the ficti-
tious boundary ΓR for the purpose of the domain decomposition technique. At
the curve ΓR the nonlocal Steklov-Poincaré boundary operator is defined which
reflects the dependence of the energy functional in the truncated subdomain on
the hole appearance inside the subdomain bounded by the curve. The simple
geometric form of the fictitious domain allows for analytical evaluation of the
asymptotics of the energy functional for λρ → 0.

Let us consider the domain Ω containing the hole with boundary made of
modified material as depicted in Fig.1. For simplicity, the hole is located at the
origin of the coordinate system. In order to write down the model problem, we
introduce some notations:

Bs = { x ∈ IR2 | ‖x‖ < s }

Cs,t = { x ∈ IR2 | s < ‖x‖ < t }

Γs = { x ∈ IR2 | ‖x‖ = s }

Ωs = Ω \Bs.

Ω Γρ

ΓRΓλρ

Figure 1. The domain with the hole and the surrounding circle

Then, the problem in the intact domain Ω has the form

k1∆w0 = 0 in Ω

w0 = g0 on ∂Ω.
(1)
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The model problem in the modified domain reads:

k1∆wρ = 0 in Ωρ

wρ = g0 on ∂Ω

wρ = vρ on Γρ

k2∆vρ = 0 in Cλρ,ρ

(2)

k2
∂vρ
∂n2

= 0 on Γλρ

k1
∂wρ

∂n1
+ k2

∂vρ
∂n2

= 0 on Γρ

where n1 – exterior normal vector to Ωρ, n2 – exterior normal vector to Cλρ,ρ,
and 0 < λ < 1.

We want to investigate the influence of the small inclusion in the form of a
variable ring with respect to the small parameter ρ, the inclusion being made
of a material with the properties different from the matrix material, on the
asymptotic behaviour of the difference wρ − w0 in ΩR, where ΓR surrounds
Cλρ,ρ and R is fixed. We assume that ρ → 0+ and λ is considered at this stage
of analysis as temporarily constant.

If we define

uρ =

{

wρ in Ωρ

vρ in Cλρ,ρ

then the boundary value problem (2) is equivalent to minimization of the energy
functional

E1(uρ) =
1

2

∫

Ωρ

k1∇uρ · ∇uρ dx+
1

2

∫

Cλρ,ρ

k2∇uρ · ∇uρ dx (3)

over the subset of uρ ∈ H1(Ωρ) with the given trace uρ = g0 on the exterior
boundary ∂Ω.

This expression may be rewritten as

E1(uρ) =
1

2

∫

ΩR

k1∇wρ · ∇wρ dx

+
1

2

∫

Cρ,R

k1∇wρ · ∇wρ dx

+
1

2

∫

Cλρ,ρ

k2∇vρ · ∇vρ dx.
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Using integration by parts, we obtain

E1(uρ) =
1

2

∫

ΩR

k1∇wρ · ∇wρ dx

+
1

2

∫

Γρ

(

wρk1
∂wρ

∂n1
+ vρk2

∂vρ
∂n2

)

ds

+
1

2

∫

ΓR

k1wρ
∂wρ

∂n3
ds,

where n3 – exterior normal to ΩR.
Hence, due to boundary and transmission condition,

E1(uρ) =
1

2

∫

ΩR

k1∇wρ · ∇wρ dx +
1

2

∫

ΓR

k1wρ
∂wρ

∂n3
ds. (4)

3. Steklov-Poincaré operator

Observe that E1(w0) corresponds to problem (1). Therefore, the main goal is to
use the Steklov-Poincaré operator

Aλ,ρ : w ∈ H1/2(ΓR) 7−→
∂wρ

∂n3
∈ H−1/2(ΓR), (5)

where the normal derivative is evaluated from the auxiliary problem

k1∆wρ = 0 in Cρ,R

wρ = w on ΓR

wρ = vρ on Γρ

k2∆vρ = 0 in Cλρ,ρ

k2
∂vρ
∂n2

= 0 on Γλρ

k1
∂wρ

∂n1
+ k2

∂vρ
∂n2

= 0 on Γρ.

(6)

The geometry of domains of definition for functions is shown in Fig. 2.
Now let us adopt the polar coordinate system around origin and assume the

Fourier series form for w on ΓR,

w = C0 +

∞
∑

k=1

(Ak cos kϕ+Bk sin kϕ) . (7)

The general form of the solution wρ is

wρ = Aw +Bw log r +

∞
∑

k=1

(wc
k(r) cos kϕ+ ws

k(r) sin kϕ) , (8)
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Γρ ΓRΓλρ

wρ

vρ

Figure 2. Domains of definition for wρ and vρ

where

wc
k(r) = Ac

kr
k +Bc

k

1

rk
, ws

k(r) = As
kr

k +Bs
k

1

rk
.

Similarly for vρ:

vρ = Av +Bv log r +
∞
∑

k=1

(vck(r) cos kϕ+ vsk(r) sin kϕ) , (9)

where

vck(r) = ackr
k + bck

1

rk
, vsk(r) = askr

k + bsk
1

rk
.

Additionally, we denote the Fourier expansion of vρ on Γρ by

vρ = c0 +
∞
∑

k=1

(ak cos kϕ+ bk sin kϕ) . (10)

From boundary conditions on Γλρ it follows easily that Bv = 0, Av = c0,
and then Bw = 0, Aw = Av = c0 = C0.

There remains to find ak, bk, ack, b
c
k, a

s
k, b

s
k, A

c
k, B

c
k, A

s
k, B

s
k, assuming that Ak, Bk

are given.
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4. Asymptotic expansion

In order to eliminate the above mentioned coefficients we consider first the terms
at cos kϕ. From boundary and transmission conditions we have for k = 1, 2, . . .

Ac
kR

k +Bc
k

1

Rk
= Ak

Ac
kρ

k +Bc
k

1

ρk
− ak = 0

ackρ
k + bck

1

ρk
− ak = 0

ack(λρ)
k−1 − bck

1

(λρ)k+1
= 0

k1A
c
kρ

k−1 − k1B
c
k

1

ρk+1
− k2a

c
kρ

k−1 + k2b
c
k

1

ρk+1
= 0.

(11)

This may be rewritten in the matrix form: by grouping unknown parameters
into a vector pk = [Ac

k, B
c
k, a

c
k, b

c
k, ak]

⊤ we obtain

T (k1, k2, R, λ, ρ)pk = RkAke1,

where

T =













R2k 1 0 0 0
ρ2k 1 0 0 −ρk

0 0 (λρ)2k 1 −ρk

0 0 (λρ)2k −1 0
k1ρ

2k −k1 −k2ρ
2k k2 0













(12)

with e1 = [1, 0, 0, 0, 0]⊤.
It is easy to see that

pk = p0kAk + ρ2kp1kAk + o(ρ2k), (13)

where

p0k = lim
ρ→0+

lim
λ→0+

pk(k1, k2, R, λ, ρ)

Ak

and p0k = [1/Rk, 0, 0, 0, 0]⊤, which corresponds to the ball BR filled completely
with material k1.

Similar reasoning may be carried out for terms containing sinkϕ.
Ultimately,

Aλ,ρ = A0,0 + ρ2A1
λ,ρ(k1, k2, R, λ, ρ, A1, B1) + o(ρ2). (14)

The exact form of A1
λ,ρ(k1, k2, R, λ, ρ, A1, B1) is obtained from the inversion of

matrix T , but, what is crucial, it is linear in both A1 and B1. They, in turn,
are computed as line integrals

A1(w) =
1

πR2

∫

ΓR

wx1 ds, B1(w) =
1

πR2

∫

ΓR

wx2 ds.
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As a result, for computing uρ we may use the following energy form

E(uρ) =
1

2

∫

Ω

k1∇uρ · ∇uρ dx+

+ ρ2Q(k1, k2, R, λ, ρ, A1, B1) + o(ρ2)

(15)

where A1 = A1(uρ), B1 = B1(uρ), and Q is a quadratic function of A1, B1.
This constitutes a regular perturbation of the energy functional which allows
for computing of perturbations for any functional depending on this solution
and caused by small inclusion of the form described above.

5. Asymptotics for plane elasticity boundary value prob-

lem

We extend the results obtained for the scalar elliptic boundary value problem to
the plane elasticity. The general idea is explained, but we avoid to present the
long formulae obtained as a result of the asymptotic expansions. The technique
is exactly the same as in the case of Laplacian, with more applications in the
optimum design in structural mechanics. The method presented seems to be
new and well adapted to applications, since the closed form of the first order
term of expansion can be obtained.

Let us consider the plane elasticity problem in the ring CR,ρ. We use po-
lar coordinates (r, θ) with er pointing outwards and eθ perpendicularly in the
counter-clockwise direction. Then, there exists an exact representation of both
solutions, obtained using the complex variable series. It has the form (Kachanov,
Shafiro and Tsukrov, 2003; Lurie, 2005; Muskhelishvili, 1952)

σrr − iσrθ = 2ℜφ′ − e2iθ(z̄φ′′ + ψ′)

σrr + iσθθ = 4ℜφ′

2µ(ur + iuθ) = e−iθ(κφ− zφ̄′ − ψ̄).

(16)

The functions φ, ψ are given by complex series

φ = A log(z) +

k=+∞
∑

k=−∞

akz
k

ψ = −κĀ log(z) +

k=+∞
∑

k=−∞

bkz
k.

(17)

Here, µ – Lamé constant, ν – Poisson ratio, κ = 3− 4ν in the plain strain case,
and κ = (3− ν)/(1 + ν) for the plane stress.

Similarly as in the simple case described in the former sections, the displace-
ment data may be given in the form of Fourier series,

2µ(ur + iuθ) =

k=+∞
∑

k=−∞

Ake
ikθ. (18)
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The traction-free condition on some circle means σrr = σrθ = 0. From (16),(17)
we get for displacements the formula

2µ(ur + iuθ) = 2κAr log(r)
1

z
− Ā

1

r
z+

+

p=+∞
∑

p=−∞

[κrap+1 − (1− p)ā1−pr
−2p+1

− b̄−(p+1)r
−2p−1]zp.

(19)

Similarly, we obtain representation of tractions on some circle

σrr − iσrθ = 2A
1

z
+ (κ+ 1)

1

r2
Āz

+

p=+∞
∑

p=−∞

(1 − p)[(1 + p)ap+1 + ā1−pr
−2p

+
1

r2
bp−1]z

p.

(20)

As we see, in principle it is possible to repeat the same procedure again, glueing
solutions in two rings together and eliminating the intermediary Dirichlet data
on the interface. The only difference lies in the considerably more complicated
calculations, see, e.g., Gross (1957). This could be applied for making double
asymptotic expansion, in term of both ρ and λ. However, in our case λ does
not need to be small in comparison to ρ.

6. Conclusions

The explicit form of solutions in BR allows us to conclude that for

‖wρ‖H1/2(ΓR) ≤ Λ0

the correction to the energy functional contains the part proportional to ρ2 and
the remainder of the order Λ0ρ

3. This in turn, see Sokolowski and Żochowski
(2005, 2008), implies the possibility of representation

wρ = w0 + ρ2q + o(ρ2) in H1(ΩR)

for both linear and contact boundary value problems, justifying computations
of topological derivatives.
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