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Abstract

The goal of this work is to develop a thermodynamic setting for phase-field (diffused-interface)
models with conserved and nonconserved scalar order parameters in thermoelastic materials. Our
approach consists in exploiting the second law of thermodynamics in the form of the entropy
principle according to I. Miiller complemented by the Lagrange multipliers method suggested
by I.Shih Liu. Such method leads to the evaluation of the entropy inequality with multipliers,
known as the Miiller-Liu inequality. By a rigorous exploitation of this inequality, combined with
the application of the dual approach (with entropy or internal energy as independent thermal
variable), we obtain in Part I a general scheme of phase-field models which involves an arbitrary
7extra” vector field. For particular choices of this extra vector field we obtain known phase-field
schemes with either modified entropy equation or/and modified energy equation. A detailed
comparison with several well-known phase-field models, in particular models by Penrose and
Fife, Caginalp, Fried and Gurtin, Falk, Frémond et al., Umantsev et al., is presented in Part 1T
of this work.
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and nonconserved dynamics.
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1. Introduction

1.1. Motivation and goal. In classical thermodynamics phase boundaries are consid-
ered as singular surfaces. The corresponding models, usually referred to as free bound-
ary problems include in particualr one-and two-phase Stefan problems of parabolic or
parabolic-elliptic type, and the Muscat problem. They have been studied intensively in
the beginning of the eighties last century (see, e.g., [131], [120], [89], [122], [100]).

The concept of interfacial energy (or interface tension) does not follow from internal
properties of the system (such as the energy density function) but is added ad hoc to
the interface according to experimentally observed values. As pointed out by Falk [62]
this approach is most unsatisfactory when both phases contain the same material, as in
the case of a liquid-vapor interface or the interface between partially miscible fluids. To
improve this situation in 1893 van der Waals [144], and somewhat later in 1901 Korteweg
[91], included terms depending on the density gradient into the constitutive equation for
the energy. As a consequence not only the interface energy arises in a natural way but
also the interface becomes diffuse.

This type of gradient energy theory has been investigated for mixtures by Cahn and
Hillard [34], [35], Cahn [36], and for gas-liquid interfaces by Felderhof [63], Widom [147].
In elasticity the theory with the gradient of the deformation influencing the energy dates
back to Toupin [138]. The van der Waals-Korteweg theory has been reconsidered in
various aspects in Aifantis [1], [2], Aifantis and Serrin [3], [4], Alexiades and Aifantis [11],
Slemrod [135], [136], [137], Dunn and Serrin [49].

In the last three decades the gradient-type approach has become a popular tool for the
investigations not only in the liquid-vapour transitions but also in the theory of continuous
solid-liquid and solid-solid phase transitions. The corresponding model equations are
usually referred to as phase-field (or diffused-interface) models.

The phase-field dynamical models of solid-liquid type with conserved and/or noncon-
served order parameter are the concern of the present work.

Among the mostly known and broadly investigated we mention the Caginalp model
of solid-liquid phase transitions [21], [22], [23], Penrose-Fife models with conserved and
nonconserved order parameter [129], [130], models due to Fried and Gurtin [72], [73],
[74], [75], Gurtin [83], Frémond [70], [71], and Falk [57], [61], [62] for phase transitions
in solids, in particular phase separation, ordering in alloys, damage and shape memory
problems. We mention also phase-field models with nonconserved order parameter due
to Umantsev and Roitburd [141], Umantsev [139], [140], [142], and Umantsev and Olson
[143].
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8 1. Introduction

For overvew see, e.g., Carach, Chen and Fife [38], Chen [39], Umantsev [140], Em-
merich [51], Singer-Loginowa and Singer [134], Heida, Malek, and Rajagopal [86], and the
monograph by Brokate and Sprekels [20].

As noted by Penrose-Fife [129] the phase-field equations were apparently first sug-
gested by Langer [94] on the basis of a similar model, called ”Model C” by Halperin,
Hohenberg, and Ma [85]. Such equations were first studied analytically and numerically
by Fix [67], [68], Caginalp [21], Langer [94]. Independently, phase-field equations were
proposed by Collins-Levine [42] to model crystal growth.

The theory of phase-field models has been advanced by Caginalp and co-workers
in a series of papers [22], [23], [24], [25], [26], (28], [29], [30], [31], [32], [33] [27]. As
a matter of fact it was just the lack of a proper thermodynamic setting of the original
Caginalp’s model that gave rise in the neintieth of the last century to a number of so-
called thermodynamically consistent models of phase transitions, in particular models by
Penrose and Fife [129], [130], [66], [64], Alt and the author [5], [6], [7], [9], [10], Wang et
al. [145].

The phase-field (diffuse-interface) models postulate one or more quantities, named
order parameters, as indicators of the state of the material, in addition to the usual
ones such as temperature, elastic strain, etc. In models of this type — on the con-
trary to sharp interface ones — the order parameters vary continuously in the medium,
including the interfacial regions between the phases where they undergo large varia-
tions.

According to a postulate of a smooth phase transition the phase-field models are based
on a free energy functional, called Landau-Ginzburg functional, often called Ginzburg-
Landau functional, named after V. L. Ginzburg and L. Landau mathematical theory of
superconductivity. This functional accounts not only for a volumetric energy but also for
a surface energy of phase interfaces.

In most of the literature the derivations of phase-field models are based on variational
arguments and adapt concepts from classical equilibrium thermodynamics in nonequilib-
rium situations. In particular, the Penrose-Fife models with conserved and nonconserved
order parameters have been derived by means of variational arguments.

Having in mind several objections to variational derivations, in particular not suf-
ficient generality of postulated constitutive equations, E. Fried and M.E. Gurtin have
developed in a line of their papers [72], [73], [74], [75], [83] a thermodynamic theory of
phase transitions based on a microforce balance in addition to the basic balance laws
and a mechanical version of the second law of thermodynamics. Parallel to that theory
M. Frémond [70], [71] has proposed a theory based on microscopic motions as a tool of
modelling of various phase transitions, specifically shape memory and damage problems.
Despite of different ideas Frémond’s approach bears some resemblance to the Fried-Gurtin
theory.

Another approach to modelling phase transitions has beeen proposed by H.W. Alt and
the author in [9], [10] and applied further in [123], [124], [125], [126], [127], [128]. This
approach consists in exploiting the second law in the form of the entropy principle ac-
cording to I. Miiller [114], [115], [116], complemented by the Lagrange multipliers method
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: suggested by I-Shih Liu [96]. Such method leads to the evaluation of the entropy inequal-
{ ity with multipliers, known as the Miiller-Liu inequality. In [126] the multipliers-based

s

approach was applied for deriving generalized Cahn-Hilliard and Allen-Cahn models cou-
pled with elasticity with suppressed thermal effects. A comparison with the Fried-Gurtin

¢ theory based on a microforce balance showed coincidence of results and several interesting
" connections.

Various generalized isothermal Cahn-Hilliard and Allen-Cahn models based on a mi-

croforce balance have attracted a lot of mathematical interest, see, e.g., [101], [102], [103].

S

It should be pointed out that the above mentioned thermodynamic approaches allow
to obtain models with much more general structure than those introduced by variational
arguments.

The nonisothermal phase-field models based on the Fried-Gurtin concept of a micro-
force balance have been further developed and studied mathematically by Miranville and

; Schimperna [104], [105].

The phase-field and irreversible phase transitions models based on Frémond’s the-

* ory of microscopic motions (admitting nonsmooth thermodynamic functions) have been

- . studied by Bonfanti, Frémond, and Luterotti [17], [18], Bonetti et al. [16], Colli et al. [41],

Laurengont, Schimperna, and Stefanelli [95], Luterotti, Schimparna, and Stefanelli [99],
Schimperna and Stefanelli [132].
Recently several phase-field approaches to nonisothermal phase transitions with broad

" range of applications have been advanced by Fabrizio, Giorgi, and Morro [53], [54], [55],

! Pabrizio [62], Gentili and Giorgi [80], Giorgi [81], Morro [109], [110], [111], [112], [113].

The applications included in particular model for ice-water transition which allows for

; superheating and undercooling, model for the transition in superconducting materials,

materials with thermal memory, second-sound transition in solids, as well as Cahn-Hilliard

—

fluids.
We mention also diffuse interface model for rapid phase transfomation in nonequilib-

| rium system, proposed by Galenko and Jou [77].

The goal of the present work is to set up a general thermodynamic setting for phase-

_field models with conserved and nonconserved, scalar order parameters in thermoelastic

materials by means of the multipliers-based approach. Our ultimate aim is to obtain

> a general class of thermodynamically consistent schemes for the Cahn-Hilliard and the

Allen-Cahn models — two central equations in materials science — in the presence of defor-

: mation and heat conduction. This is presented in Part IT of this work where we discuss a

¢ general thermodynamic scheme in several special situations and compare the results with

the mentioned above well-known phase-field models. In particular, we shall consider there
the generalized Cahn-Hilliard and the Allen-Cahn models coupled separately either with
elasticity or with thermal effects. The latter case allows to enlighten a general question of

~ particular interest in phase-field modelling whether to modify the energy or the entropy

equation by "extra” terms (for related discussion see, e.g., [53] and [113]).
Let us note that to the class of models which involve an ”extra” entropy flux belong,

e.g., models by Penrose and Fife [129], [130], Caginalp [23]. Alt and the author [5], [7],

Falk [62], Fabrizio, Giorgi, and Morro [53], Morro [112].
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On the other hand, to the class of models which involve an ”extra” energy flux belong,
e.g., models by Aifantis [1], [2], Dunn and Serrin [49], Umantsev [139], Umantsev and
Roitburd [141], Fried and Gurtin [72], Frémond [70], Bonfanti, Frémond, and Luterotti
[17], [18], Miranville and Schimperna [104], and Benzoni-Gavage et al. [12].

In relation to models modified by extra energy or/and entropy fluxes, the answer
given by the present work is that both variants of the schemes with extra energy or/and
extra entropy fluxes are thermodynamically consistent. More precisely, we prove that one
can choose a nonstationary part (depending on the time derivative of the order parame-
ter) of the energy flux in an arbitrary way not restricted by the entropy principle. This
property, characteristic for models governed by gradient-type potentiales, was observed
firstly in [10] by a rigorous analytical exploitation of the second law of thermodynam-
ics in the form of the Miiller-Liu entropy inequality. Following the ideas in [9], [10], we
worked out in a number of papers [123], [124], [125], [127], [128] a special procedure of
exploiting the Miiller-Liu entropy inequality, combined with a dual approach. The dual
approach consists in choosing internal energy or entropy as independent thermal vari-
able for the exploitation of the entropy inequality, and afterwards applying the duality
relations (Legendre transformations) to formulate the resulting equations in terms of the
absolute temperature. Using such approach we derive here schemes involving an arbitrary
vector fleld. Clearly, a final selection of this field must follow from an additional analysis
of the resulting model equations.

What is of interest, extra energy and entropy fluxes are also allowed to appear in
phase-field models of Cahn-Hilliard fluids, proposed by A. Morro [113].

1.2. The multipliers-based approach. Prior to presenting a general scheme of phase-
field models we describe briefly the Miiller-Liu multipliers-based approach. The applica-
tion of this approach to phase transition models requires a special procedure based on a
dual approach. The procedure consits of three main steps.

In the first step we consider the system of balance laws with a set of constitutive
variables relevant for the phase transition under consideration. Distinctive elements in
this set are variables representing higher gradients of the order parameter and its time
derivative. The presence of such variables is characteristic for theories involving free ener-
gies of Landau-Ginzburg type. According to the principle of equipresence we assume that
all quantities in balance laws are constitutive functions defined on this set of variables.

The dual approach with internal energy or entropy as independent thermal variable is
valid under assumption of strict positivity of the specific heat (so-called thermal stability
condition). We have found such approach more straightforward in comparison with the
one using the absolute temperature as primary independent variable. Let us mention
that phase-field systems with internal energy as thermal variable have been introduced,
e.g., by Halperin, Hohenberg and Ma [85], Penrose and Fife [129], Galenko and Jou
[77]. Multicomponent systems with entropy as independent thermal variable have been
derived, e.g., by Falk [62]. To illustrate the role of the duality relations in evaluating the
entropy inequality, in this work we present both approaches with entropy and energy as
independent thermal variables.
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In the second step we postulate the entropy inequality with multipliers conjugated
with the balance laws. Again, we assume that all quantities in this inequality, including
multipliers, depend on the same constitutive set. Next, making no assumptions on the
multipliers, we exploit the entropy inequality by using appropriately arranged algebraic
operations. As a result we conclude a collection of algebraic restrictions on the constitutive
equations.

In the third step we presuppose that the multipliers associated with the equations for
the order parameter and the energy are additional independent variables. Then, regarding
algebraic restrictions obtained in the previous step, we deduce an extended system of
equations including in addition to the balance laws the equations for the multipliers.
Moreover, we require the resulting system to be consistent with the principle of frame
invariance, often referred to as frame indifference (see, e.g., [133, Sec. 9.3.2]).,

1.3. A general scheme of models. We summarize the main result of this work which
yields a general scheme of phase-field models with conserved and nonconserved scalar
order parameters, governed by the first order gradient free energy, in the presence of
deformation and heat conduction.

Let Q@ C R® be a bounded domain with a smooth boundary S, occupied by a two-
phase body in a fixed reference configuration. The motion of the body is denoted by
y(X,t) = X +u(X,t), where u = (u;) is the displacement vector; F' = Vy = I + Vu,
subject to the condition det F' > 0, is the deformation gradient.

We deal with the following quantities in the material representation:

00 = 00(X) > 0 — mass density given once and for all along with the body and the fixed
reference configuration,
S = (S;;) — referential stress tensor,
b = (b;) — specific body force,
X — scalar order parameter (phase variable),
j = (ji) — order parameter flux,
r — specific rate of produciton of the phase variable,
T — specific rate of supply of the phase variable from the exterior,
14— chemical potential,
6 > 0 — absolute temperature,
I = p/0 — rescaled chemical potential,
q = (gq;) — referential heat flux vector,
g — specific rate of supply of heat,
e — specific internal energy,
7 — specific entropy,
f =e—0n— free energy (Helmholtz) function,
¢ = f/0 — rescaled free energy,
o — specific entropy production,
¥ = (0,;) — referential entropy flux,
cr — specific heat at constant deformation.
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If elastic effects are suppressed or in case of fluids c¢r is denoted by ¢, and is called specific
heat at constant volume (see [133]).

We assume that there are given a free energy f = f (F,x, Dy, 0) which is strictly
concave with respect to 0 for all F', x, Dx, and a dissipation potential D = @(X ;w) with

X = (%’D%’ D%,x7t> — thermodynamic forces,

w:= (F,DF,x, Dx, D*x,0) — state variables,

which is nonnegative, convex in X and such that D(0;w) = 0. Above Dy, D?y, X,t, etc.
denote variables corresponding to Vx, V2x, X, respectively. Here and in what follows all
derivatives are material; V and V- are the gradient and the divergence with respect to
material point X, superimposed dot denotes the material time derivative.
A general scheme of phase-field models, denoted (PF), is as follows.

The unknowns are the fields u, x, /i := & and ¢ > 0 satisfying the following system of
differential equations in Q ¢ R? and time ¢ € [0,77], T > 0:

oottt — V- S = gyb,
00X+ V3%~ 0or® = oo,

B 6(eof/0) e ol 4 (1.1)
20 0 o +h V() + a”,
00é+V-(q*—xh*) - S -F =g,
subject to appropriate initial and boundary conditions. Here
e=&(F,x, Dx,0) = f(F,x, Dx,0) — 0f0(F,x, Dx,0), 12)

S = gof #(F,x, Dx,0), satisfying SFT = FS”,

~d
and 74 = #(X;w), §¢ = 7 (X;w), ¢ = §4(X;w), a® = a%(X;w) are subject to the
residual dissipation inequality
, 1
000 = —%Qon—D%'Jd'i'Dg'qd'i‘X,t'adZO (1.3)
for all variables {X;w} =: Z.
The quantity o is the specific entropy production. The superscript d indicates that the
quantity is dissipative, thus contributes to the entropy production. By the Edelen decom-
position theorem (see Section 4.2), the quantities r¢, 5, ¢%, a? are given by

4 oD .d oD d oD
- QOT = __——.—7 _J = -—7 q = —7
O(u/0) OD(n/0) oD(1/6) (1.4)
ad - _8‘2 -
8X,t‘

The subsequent equations in (1.1) represent correspondingly the linear momentum
balance, the balance equation for the order parameter, a generalized equation for the
chemical potential (equivalent to a microforce balance in the Fried-Gurtin theory, see
Chapters 9, 10), and the internal energy balance. Equation (1.1) combines various types
of dynamics of the order parameter:
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— mixed type if 7 # 0, rd # 0;
— conserved if ¢ # 0, r? = 0;

— nonconserved if ¢ =0, r¢ £ 0.
The exﬁression 8(00f/0)/6x denotes the first variation of the rescaled free energy f/6
with respect to x:
6(eof/0) _ (oof\ _ v. (2fpx) (15)
ox 0/ 0

The first equation in (1.2) represents the thermodynamic Gibbs relation assumed to be
valid in case of gradient type potentials. The second equation in (1.2) is the standard
constitutive equation for the stress tensor.

)

The characteristic nonstandard element in system (1.1) is the nondissipative extra
vector field h® = A’ (X;w) which contributes to the nonstationary energy flux (superscript
e indicates energy). The vector field h® is not restricted by the entropy principle. It
should, however, like all other constitutive quantities in (1.1), be consistent with the
frame invariance principle. This principle restricts the dependence on the deformation
gradient F'. In particular, the free energy should satisfy

f(F,x, Dx,0) = f(C,x, Dx,0),

where C' = FTF is the right Cauchy-Green strain tensor; other quantities should trans-
form appropriately (see Section 6.1).
Apart from this restriction the vector field h® is an arbitrary quantity that may be
selected, e.g., on a basis of an additional analysis of the resulting equations. We shall
present some physically realistic examples of vector h® which lead to phase-field models
well-known in the literature (see Chapters 9, 10 for a detailed discussion).

Prior to do this, let us summarize the main properties of model (PF)y, i.e., system
(1.1)—(1.3).

It will be proved (see Corollary 6.8 and Remark 7.1) that sufficiently regular solutions
of system (1.1)—(1.3) satisfy the following entropy equation and inequality

007+ V¥ = 000 — Eoor + L2 > Loy + 2 (1.6)
0 0 0 0

with the entropy production ggo given by (1.3), and the entropy flux admitting the
splitting

. 1 . — h® .
\I,:_%Jd+5qd+x_‘gﬂf’iz_z\lld+xhn. (1.7)

Above . . v
wid.— _Hgd, o 1.8
rERREL (1.8)

is the standard entropy flux associated with the dissipative fluxes, and
1
Xh" with  h7:= 2 (00f,px — h?) (1.9)

is an extra nonequilibrium entropy flux.
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It is of importance to note that according to the splitting (1.7), the extra nonequilib-
rium energy flux, —xh®, and the extra nonequilibrium entropy flux, xh", are linked by
the equality

x(h®+0R") = xo0f Dy, ie., h®+0R" = pof Dy. (1.10)

Another important property of model (PF)g (1.1)—(1.3) is the Lyapunov relation (see
Corollary 6.11 and Remark 7.1) which asserts that if the external sources vanish, i.e.,
b=0,7=0,g=0, and if the boundary conditions on the domain boundary S imply
that _

(Sn)-a=0, En.j=0 (1_€> (gt vhe) —
=0, i=0, g ) (@ —xh%) =0,

4 (1.11)

X
5n‘f7DX:07

where n denotes the unit outward normal to S = 89, and § > 0 is some constant, then
solutions of system (1.1)—(1.3) satisfy the inequality
%/go (e(F,x,Dx, 0) + %|u|2 — on(F,x, Dx, 0)) dr < 0. (1.12)
Q
This provides the Lyapunov relation.

One can see that the distinguishing elements in system (1.1)—(1.3) are nonstandard
energy and entropy fluxes, g and ¥ which contain extra nonstationary terms. The relation
(1.10) indicates that in phase-field models with the first-order gradient free energy (i.e.,
f.Dx # 0) at least one of the fluxes must include an extra nonstationary term with x.

We point now on model (PF)g with some physically realistic extra energy and entropy
terms h® and h":

(PF)(i) extra energy and extra entropy terms
h® = goe,py and h" = —0onDy;

(PF)(ii) zero extra energy term and extra entropy term
1
h*=0 and h"= EQOf,Dx;

(PF)(iii) extra energy term and zero extra entropy term

h®=p0fpy and h"7=0.

The corresponding systems (PF)g are formulated in Section 7.4. Here we point out that
with the above special choices of the extra term h®, assuming standard forms of the free
energy f = f (F,x, Dy, 0) and the dissipation potential D = D(X;w), we can derive from
system (1.1)—(1.3) several known phase-field models with conserved and nonconserved
order parameter, including the cases with suppressed either elastic or thermal effects.

1.4. Plan. Part I (Theory) consists of Chapters 2-7. In Chapter 2 we introduce basic
physical quantities, the balance equations, the state spaces relevant for phase-field models
under consideration and the constitutive relations. In Section 2.4 we present briefly the
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standard formulation of the second law of thermodynamics in the form of the Clausius-
Duhem inequality and the Coleman-Noll approach of exploiting this inequality. In Section
2.5 we introduce the entropy principle due to I. Miiller. This principle complemented by
the multipliers metod proposed by I-Shih Liu is considered as an important alternative to
the Coleman-Noll approach. In Section 2.6 we formulate the Miiller-Liu inequality with
multipliers for the system of our concern.

In Chapter 3 we present basic thermodynamic Gibbs relations formulated alternatively
either with respect to the free energy or the rescaled free energy. Moreover, we present
the Legendre duality relations for systems described by the gradient-type free energy
f = f(F,x, Dx,0), e.g., the Landau-Ginzburg free energy. Such relations — well known
for classical systems with volumetric free energies — in case of of gradient-type free energies
are not so common. Since in the present work they play a crucial role we present them
in a detailed way.

The exploitation of the entropy inequality always leads to the inequality type condition
on the constitutive functions, called the residual dissipation inequality. In Chapter 4
we record two results known in the literature on the representation of solutions to the
dissipation inequality. The first one is the decomposition theorem due to D.G.B. Edelen
and the second one is the theorem due to M.E. Gurtin. In subsequent chapters we shall
repeatedly make use of these representation results.

In Chapter 5 we are dealing with the evaluation of the entropy inequality introduced

in Section 2.6 to select a class of thermodynamically consistent phase-field models. The
applied procedure is combined with the dual approach. To illustrate the role of the duality
relations in this procedure we present two alternative approaches of evaluating the entropy
inequality which use either the entropy or the internal energy as independent thermal
variable. In Section 5.1 we use the state space with the entropy as the independent
variable and the internal energy density as a corresponding thermodynamic potential.
The obtained restrictions on the constitutive relations are stated in Theorem 5.1 in case
of mixed conserved-nonconserved dynamics of the order parameter, and in Theorem 5.4
for the nonconserved dynamics.
In Section 5.2 we present an alternative evaluation of the entropy inequality using the
state space with the internal energy as independent thermal variable and the entropy
density as a corresponding thermodynamic potential. The considerations parallel those in
Section 5.1. The obtained restrictions on the constitutive relations are stated in Theorems
5.5 and in Theorem 5.6 in the nonconserved case.

On the basis of the obtained results, in Chapter 6 we introduce two classes of
extended phase-field models (PF), and (PF)e, in which the multipliers corresponding
to the balance equations for the order parameter and the internal energy are treated as
independent variables. Then, on account of the duality relations, we give equivalent for-
mulations, (PF)y and (PF)y, of models (PF),, and (PF),, with absolute temperature 6
and inverse temperature ¥ = 1/6 in place of entropy 7 and internal energy e, respectively.
It turns out that models (PF)y and (PF)g are identical. The characteristic feature of
all presented models is the presence of an ”extra” nondissipative vector field h® which
contributes to the nonstationary (depending on the time derivative of the phase variable)
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energy and entropy fluxes as well as to the equation for the multiplier associated with
the balance equation for the phase variable (identified with the rescaled chemical poten-
tial). This extra vector field is nondissipative, that is not restricted by the second law of
thermodynamics.

It has to be selected in consitency with the frame invariance, but besides this it is an
arbitrary quantity.

In literature it is common to formulate models with the absolute temperature as the
independent thermal variable and the free energy as the corresponding thermodynamic
potential. For this reason in Chapter 7 we focus our attention on the extended phase-field
model (PF)y. We present physically realistic examples of this model which depend on
the specific choice of the extra vector field h®. These examples will be used in Part II to
dissuss relations of model (PF)g to well-known phase-field models with conserved and
nonconserved order parameters. Moreover, for further references we present separately
model (PF)y with suppressed elastic effects or with suppressed thermal effects.

Part II (Applications) consists of Chapters 8-10. Here our aim is to unify various
well-kown approaches to phase-field modelling by revising their arguments in the light of
the theory presented in Part I.

In Chapter 8, to set a stage for a comparision with known models, we collect some
typical examples of the free energies and dissipation potentials.

In Chapter 9 we discuss relation of our model (PF)y to well-known phase-field models
with conserved order parameter, in particular the Penrose-Fife model, the model with the
rescaled free energy, the Caginalp model, the Falk’s model, the Cahn-Hilliard-de Gennes
model for polymer phase separation, and the Gurtin model based on a microforce balance
for the Cahn-Hilliard system coupled with elasticity.

In Chapter 10 we perform similar comparison of model (PF)y with well-known phase-
field models with nonconserved order parameter. These include the Penrose-Fife model,
the Caginalp model, the Fried-Gurtin model based on a microforce balance and its ex-
tension due to Miranville-Schimperna, and the Frémond model based on microscopic
motions.

REMARK 1.1. In citing works we have tried to be objective as possible. Any omission of
due references is a personal shortcoming and certainly not intentional. We apologize if
we have not rendered justice to various significant contributions.

1.5. Notation. We generally follow the notation of the monograph by M.E. Gurtin [84].
Vectors (tensors of the first order), tensors of the second order (referred simply to as
tensors) and tensors of higher order are denoted by bold letters.

The unit tensor I is defined by Tu = u for every vector u; ST, trS, S7! and det S,
respectively, denote the transpose, trace, inverse, and determinant of a tensor S.

A dot designates the inner product, irrespective of the space in question: u - v is the
inner product of vectors 4 = (u;) and v = (v;), S - R = tr(STR) is the inner product of
tensors S' = (S;;) and R = (R;;), A™ - B™ is the inner product of the m-th order tensors
A™ = (A7 ; )and B™ = (B , ).

11 .elm
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In Cartesian components
(Su)i = Siju]', (ST)ij = Sji, trS = Siia u-v = Uuv;,
S R= Sinij, Am . Bm = A:?,LmBlem
Here and throughout the summation convention over repeated indices is used. The trans-
pose of a tensor is defined by the requirement that

w-Sv=(STu) for all vectors u and wv.

By A = (A;jri) we denote the fourth order elasticity tensor which represents a symmetric
linear transformation of symmetric tensors into symmetric tensors. We write (Ae);; =
(Aijkiert)ig-

The term field signifies a function of a material point X € R3 and time ¢.
The superimposed dot, e.g., f, denotes the material time derivative of the field f (with
respect to ¢ holding X fixed), V and V- denote the material gradient and the divergence
(with respect to X holding ¢ fixed).

For the divergence we use the convention of the contraction over the last index, e.g.,

We write f 4 = 0f/0A for the partial derivative of the function f with respect to
the (scalar or vector) variable A. Specifically, for f scalar valued and A™ = (A , )a
tensor of order m, f 4m is a tensor of order m with components f,’ﬁil

i

For a function f = f(F,x, Dy, 6) we denote by 0f /0 its first variation with respect
to x, defined by the identity
d )
E/f(F’X—!_ al,Vx + aV(, 0)dX | g=0 = /é(dX for all ¢ € CFP(Q).
Q Q

This gives the following representation

%=f,x(F7X7vX>6)_V'f,DX(F7XavXa0)" (113)
In situations that may cause confusion we shall distinguish between functions and their
values. Functions are then denoted by "hats”, e.g., f = f(F, x, Dx, 0).

Finally, let us add a comment on the numbering used in this work. Equations are
numbered sectionwise within each chapter. For example (2.3.1) stands for the first equa-
tion in the Section 3 of Chapter 2. If this equation is referred to within Chapter 2 itself,
it is simply cited as (3.1). Theorems, Lemmas, Corollaries, and Remarks are also num-
bered sectionwise within each chapter; typical examples are Theorem 5.1, Remark 2.1,
Corollary 6.11, and so on.
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8. Examples of thermodynamic potentials

To set a stage for a comparison with phase-field models known in the literature which
will be presented in the subsequent chapters, we collect here some typical examples of
the free energy and the dissipation potentials.

8.1. The Helmholtz free energy for phase-field models with an order parame-
ter. A general model of the Helmholtz free energy density describing phase transitions we
deal with in this work has so-called Landau-Ginzburg form. More precisely, it is composed
of two parts

f(F7X7DX19) = fV(F7X’9)+fG(FaX7DX70)7 (11)

where the first part fy (F,x,0) = f(F,x,0,0) represents the volumetric (homogenous)
free energy whereas as the second one fg(F,x, Dx,0) is the gradient (inhomogeneous)
free energy associated with diffused (not sharp) phase interfaces.

We assume that the classical Gibbs relations remain valid in the case of gradient type
free energy (1.1) (see Section 3.2)

f=e—=0n n=-—fs. (1.2)
The specific heat at constant deformation is given by (see Section 3.3)
CFp=¢€p= 97]’9 = -—-Qf,gg. (1.3)

According to (1.2), the splitting (1.1) of f implies the analogous splittings of the internal
energy e and the entropy 7 into the volumetric and gradient parts

e=ey+ea, N=1v+na, (1.4)
satisfying
ev = fv +0nv, nv=—fve, (1.5)
e = fa+0na, ne=-—rce
Similarly, the specific heat ¢ splits into the volumetric and the gradient part
crp =cy +ca, (1.6)
where
cy =eyp =10 =—0 ,
v =eve = 0nve fv,66 )

cg =eg, =0nc,e = —0fc.e0-

[105]



106 8. Examples of thermodynamic potentials

8.1.1. The gradient energy. A typical example of the gradient energy considered in
the present work is given in the following isotropic form
1
fa(x, Dx, 0) = 5 5(x, 0)| Dx/*, (1.8)
where 3(x, 0) is a positive function, usually a small interfacial parameter. Consequently,
in the case of gradient energy (1.8), we have

1 1
eqg = ixele|2, ng = ——2-%W|Dx|2, (1.9)

where
Mo =6 — Og, sty =309, e+ 0y = (1.10)

Correspondingly, we call s, the energetic and sz, the entropic interfacial parameter.

According to (1.10) the coefficient »(x, ) is made up of the energetic and entropic
contributions.

The energetic contribution sz, is due to interaction between different molecules in the
mixture whereas the entropic one s, is due to the connectivity of subunits of a molecule.
In application to concrete systems one can distinguish special cases of the gradient term
in the free energy:

(1) of energetic type s(x,0) = s.(x) > 0. Then
e,px = (f = 010),px = f.ox = 2Dx = »(x) Dx

/ (1.11)
& n,py = —fopx = —x,0Dx = 0.
(ii) of entropic type s(x,0) = 3t,(x) > 0. Then
€,Dx = (f - Gf,ﬁ),Dx = (»— GJ{W(X))DX =0 (1.12)
& 00Dy = —0f Dy = —026(x)Dx = —2Dx = —f,px.
(iii) the sum of energetic and entropic terms
2(x,0) = 2. (x) + 057 (x) > 0. (1.13)
We note that in case the coefficient s(x,6) in (1.8) depends linearly on 6 there is no

gradient contribution to the specific heat coefficient, i.e., cg = —0fa,00 = 0.

REMARK 8.1. For phase transition models with gradient terms in the entropy density we
refer, e.g., to [129], [130], [66], [145], [146], [83], [65], [29].

For models with gradient term in the internal energy density we refer, e.g., [7], [8],
(139], [141], [146], [83], [72], [104], [105], [12].

Models with gradient terms both in the energy and in the entropy have been consid-
ered, e.g., in [10], [37], [113]. It is worth pointing out that such case is physically justified
for models describing phase separation in binary polymer mixtures (see Section 8.5).

8.2. The volumetric energy. The volumetric free energy is usually postulated in the
separable form

fv(F,x,0) = fu(0) + W(F,x,0) + fo(x,0), (2.1)
with the subsequent terms representing the thermal energy, the elastic energy, and the
chemical (mixture) energy.
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According to (1.2), (1.3), the separable form of fi implies the separable forms of the
volumetric parts of e, n and cp:
ey = ex T ew + €o,
NV = N + Nw + 7o, (2.2)
cy = ¢« +cw + co,
with the corresponding contributions corresponding to f., W and fo.
8.2.1. Thermal energy. The most commonly used example of f, is associated with

constant thermal specific heat ¢, = const > 0. It is given by (see, e.g., [20, Chap. 4.4],
[55])

0
[+(0) = —cif1n o T ekl + & (2.3)
1
with positive constants cy, 61, and some constant ¢ immaterial from the point of view of

differential equations. According to (1.2), (1.3), the entropy, the internal energy and the
specific heat corresponding to (2.3) are

0

1(6) = ~fup = celn
1

ex(0) = fe +0ne = 0+ ¢,

Cx = Ex,0-

(2.4)

Referring to Fabrizio, Giorgi, and Morro [55], we complement the above example by
comments concering the thermal specific heat.

According to the Debye theory the thermal heat is a function of the ratio 8/6p, with
0p denoting the Debye temperature, namely

cx(0) =¢D(0/0p), ¢>0,
where D(+) is the Debye function. It is defined by
1/€

3
D(é)=§30/expg;—1dw_4€ (expl%—l).

The Debye temperature €p is a characteristic property of a given material.

The assumption of a constant specific heat — known as Dulong-Petit law — is relevant
for sufficiently high temperatures 6 > 0p.
As 0 is much smaller than 6p, one may use the approximation

ce(0) = coB®, o >0, (2.5)

which is known as the Debye law.
Correspondingly fs, 7. and e, take then the form
1 1 1
f(0) = _56094’ n:(0) = -?;0003, e(0) = Zcoe‘*. (2.6)
At very low temperatures, the electronic contribution to the specific heat is significant
and results in a linear term, so that

ce(0) = co0® 4+ 16, co,c1 > 0. (2.7)
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When the linear term becomes predominant, that is when one may use the approximation
ee(0) =10, c1 >0, (2.8)
then
s L o L 2
f*(ﬁ) = —5(;19 ) 77*(9) = ()19, 6*(9) = 5(119 . (29)

Let us note that the examples (2.6) and (2.9) relevant at low temperatures, are consistent
with the third law of thermodynamics

n.(0) >0 as 6 —0. (2.10)

8.2.2. Elastic energy. An example of elastic energy W(F, x, 6) for phase separation in
a binary a— b alloy in case of infinitesimal deformations is (see, e.g., [48], [16], [78], [79]):
1 _ ~

W (e(u)x, 0) = 5(e(u) — (x, 0)) - Alx, 0)(e(u) —&(x, 6)), (2.11)
where e(u) = (Vu+ VuT)/2 is the infinitesimal strain tensor, A(y, #) is the fourth order
elasticity tensor (in general depending on x and 6 because of different elastic and thermal
properties of the phases), and &(x,6) is the eigenstrain tensor accounting for different
thermal expansions of the phases.

Tensors A(x, 0) and (x, ) are defined by

A(x,0) = (1 - 2(x,0)) Aa + 2(x, 0) As,
E(x,0) = (0 — 0r)[(1 — 2(x, 0))exa + 2(x, 0) ],

where A,, Ap are constant elasticity tensors (stiffness matrices) of phases a, b, oy and
oy are the matrices of thermal expansion coefficients of these phases, fg is a reference

(2.12)

temperature, and z(, 6) is so called shape function given by

Xa(0) — x
Xa(0) = x5(6)
It interpolates, between temperature-dependent equilibrium (binodal) concentrations
Xa(0) and xp(f) of the a — b phase diagram. The nonlinear dependence of the elastic
energy W on 6 gives rise to the corresponding internal energy ew (e(u), x, ), the entropy
nw{e(u), x,0) and the specific heat cy (e(u), x, d) contributions.

#(x,0) = (2.13)

8.2.3. Chemical (mixture) energy. We give now typical examples of the volumetric
free energies for binary mixtures.

8.2.3.1. The regular solution model (see Cahn and Hilliard [84]). Let x denote the mole
fraction of one of two components in a binary system, so that x is subject to the constraint
0 < x < 1. According to the regular solution theory the free energy of a (uniform) mixture
is given by

fo(x,0) = kpbxIn x + (1 — x) In(1 = x)] + wex (1 = x), (2.14)

wheree kp is the Boltzmann’s constant, for simplicity assumed kg = 1, and w, is a positive
parameter related to molecular interactions.

The term —kp[xInx + (1 — x)In(1 — x)] corresponds to the configurational entropy
per molecule and wex(1 — x) is the enthalpy of mixing of a two-component mixture.

e s

[
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Taking into account that
0
fopex = ———
T x(1-x)

we note that there is a critical value w. := 20 such that for we < w, the free energy fo
is convex, thus the mixture is entirely miscible, while for w, > w, fo is concave, so that
phase separation may occur. Equivalently, phase separation may occur if § < 6. := we/2.

— 2We,

We note that the entropy, internal energy and the specific heat associated with free
energy (2.14) are given by

no = —kp[xInx+ (1-x)In(1-x)], eo=wex(l—x), co=0. (2.15)

8.2.8.2. The Flory-Huggins model [69]. The model describes a binary mixture of polymer
molecules of different types j, each consisting of N; segments. Let x; > 0 be the volume
fraction of segments of type j, so that x1 + x2 = 1. Let the order parameter be x := x1,
so that 0 < x < 1 and x2 = 1 — x. According to the Flory theory, see [69, Chap. 12, 31,
64], the mixture part of the free energy of such a system has the form

folx,0) = kg0 | - Inx + —ZIn(1 — )| +w(x, O)x(1 — x), (2.16)
Ny N,
where for simplicity we assume the Boltzmann’s constant kg = 1. The negative of

the term in the square parenthesis in (2.16) corresponds to configurational entropy per
molecule, and the second term accounts for intersegmental interactions. The parameter w
(traditionally denoted by x), called the Flory-Huggins interaction parameter, is in general
postulated in the form (see e.g., [43, Chap 3], [44], [13], [119])

w(x, ) = we + Owy (x), . (2.17)

where the subindices e and 7 indicate the energetic and entropic contributions, respec-
tively. The standard case is we = const > 0 and w, = const > 0. For other empirical
formulas w, and wy(x) we refer e.g., to [119, Chap. 3], [13].

We note that setting N1 = 1 the free energy (2.16) describes polymer-solvent mixture
with x = x1 being the volume fraction of the solvent.

It is worth noting that for w = we = const > 0, the Flory-Huggins free energy (2.16)
has the same qualitative features as the regular solution model in the Cahn-Hilliard
theory. In particular, in the symmetric case N3 = Ny = N, there exists a critical value
Werit := 20/N such that for w < wet, fo is strictly convex in x so that the mixture is
entirely miscible. For w > wers, fo takes on the double-well form so that phase separation
may OCCur.

Let us note that the entropy, the internal energy and the specific heat corresponding
to model (2.16), (2.17) are given by

X X
=—kp|<—Inx+ In(1 — —w 1—x),
o 5|3 X+ (1= x) n (00X (L= X) (2.18)

eo =wex(l—x%), co=0.
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8.2.3.3. The Landau and the Devonshire models. Such models have the form of the
polynomials

folx,0) = £.(0) + Zaj@x% m € N, (2.19)

with x € (—o0,+00). They arise by expanding the free energy f in x at a value x,. for
8 near 0., where (x¢, 9.) is a critical point, i.e., such a point where a bifurcation for the
set of extrema of fy (characterized by the condition 8fy/8x = 0) arises.

The classical Landau model of a free energy describing second order phase transitions
is given by (see Landau and Lifshitz [93, Chap 14])

folx, 0) = £o(0) + 1 (6 — 0c) x> + aax* (2.20)

with positive constants oy, ag and a critical temperature 6.

A characteristic feature of (2.20) as a model of a second order temperature driven
phase transition at 6 = 0, is that the coefficient in front of x? changes sign at § = 6,. For
0 > 6., f attains a unique minimum at y = 0, and for § < 6, there are two symmetric
lateral minima which continuously approach zero as § 7 6,.

The Devonshite free energy has been originally introduced in [46] for ferroelectric
materials and applied for shape memory alloys by Falk [56], [57], [58], [59], [60], [61]. It
has the form of a sixth order polynomial

fo(x,0) = fu(0) + a1(0 — 0)X* — cax* + cusx® (2.21)

with positive constants oy, az, az. The function fo(-,§) may have up to three minima: the
central minimum at y = 0, representing the high temperature phase, and two symmetric
lateral minima corresponding to the two variants of the low temperature phase.

In the case of (2.21) the set of extrema changes discontinuously in 8 which reflects a first
order phase transition, for more details we refer to [57], and to the monograph by Brokate
and Sprekels [20].

The free energy (2.21) with g =0 and x =c— %, where ¢ denotes concentration of
of one of the two components, that is

fole,0) = £.(6) + (6 — 6,) <c - %) " (c - %) } (2.22)

with 1,3 > 0, has been used in [106], [107] as a phenomenological model for phase
separation in some solid solutions.
For numerical simulation of the nonisothermal Cahn-Hilliard model with such volumetric
free energy we refer to [7].

For completness we note that the entropy, the internal energy and the specific heat
associated with the Landau model (2.20) are

Mo = "f*,G - 0!1X27
€0 = fu — 0fup — a10cx* + cox*, (2.23)

co = —0f 00,

e

e

Ve me
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whereas that associated with the Devonshire model (2.21) are
Mo = —fep — a1’
€0 = fu = 0fup — 10cx’ — a2x" + a3x®,  co = —0fup0-

In the next sections we present gradient type free energies associated with the well-
known phase transition models.

(2.24)

8.3. The Caginalp free energy (see, e.g., [23], [25]). The Caginalp free energy
density is expressed in terms of an order parameter x and the temperature v which is
scaled so that u = 0 is the planar melting temperature. In the context of solid-liquid phase
transitions the value x = —1 is assumed to represent the low temperature phase (solid)
while x = 1 the high temperatue phase (liquid). In this sense x is rather a ”disorder”
parameter than an ”order” parameter. The free energy is expressed in the following
Landau-Ginzburg form

706 Dxyu) = =9(x) — 2ux + 56 |Dx? (3.1
where )
Y60 = 503 - 12 (32)

is a prototype double-well potential which may be generalized to other forms with similar
qualitative properties, i.e., symmetric double-well potential with minima at 1. The
parameter € represents a length scale and a measure of the microscopic bonding, and a is
a measure of the depth of the double well (x? — 1)2. In terms of macroscopic properties,
e := £al/? is the interface thickness and o := %ga“% is the interface tension, see [23],
[25].

8.4. The Penrose-Fife free energy [129], [130]. A general form of the Penrose-Fife
free energy density is given by (c.f., [129, e.g. (3.2)])

706 DX, 6) = i (x,6) + 5 <0 Dx? (4.1)
where fy is the volumetric part
fv(x,0) = £ (O)va(x) + 0.f1(x) + f2(x) (4.2)

with smooth functions f., v«, f1, f2, and s¢ is a positive constant. A typical form of
fv(-,T) is that of a double-well potential having exactly two distinct minima.

The corresponding expressions for the entropy, the internal energy and the specific heat
are

106D, 0) = —fagna () — 100 — 5 Dx P,

€06 DX,0) = (fo = 0Fe0)(0) + f200, (43)
c=cx = —0fwp0v(X).
A typical example considered by Penrose and Fife is the mean-field theory of Ising fer-
romagnets. In this case the order parameter x represents the fraction of lattice sites at
which spins are pointing ”up”. Hence, the physically meaningful values of x are confined
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to the interval [0, 1]. The corresponding functions vy, fx, f1, fo have then the form:

vi(x) = const (equal zero if lattice vibrations are ignored),
)= —c*Bln: +eb+c, (4.4)
fi0d = kslxInx + (1 —x) In(1 = x)],

f2(x) = —ax* +bx + ¢
with physical positive constants c., 01, kB, a, constants b, ¢ and ¢ of arbitrary sign; ¢,
stands for the thermal specific heat, kp is the Boltzmann’s constant, and f1(x) is the
negative of the so-called configurational entropy per site.

Another example considered in [129], [130] concerns liquid-solid phase transition. Let
us assume that the order parameter x € [—1,1] and x = —1 represents the low tempera-
ture phase (solid) while y = 1 represents the high temperature phase (liquid).

In such case ¥ = (1 + x)/2 with ¥ € [0, 1] is the concentation of the liquid phase.

A relevant expression for the volumetric free energy is

Frl08) = £:0) + (1= 57 ) (o0 + b+ )+ 362 =17,

fe(6

e (4.5)
= fu(0)vi () + 0f1(x) + f2(0),
where
1+(0) = c*f)ln; +eb, vx) =1,
100 = ——(—ax +bx+c)+%(x - 1)* (4.6)

fa(x) = —ax® +bx +c,
with 6, > 0, a > 0, b, ¢ some physical constants, 0, denoting a transition temperature.
The corresponding expressions for the volumetric parts of the entropy and the internal
energy are

0 1 1
0) =celn — + —(—ax®>+b - —(x2-1
nv(x,0) =c n00+9C( ax®+bx +c) 10, x*-1)% (47)

ev(x,0) = e — ax?® + bx +c.

A characteristic feature of the free energy (4.5) is that when 6 = 6., fy considered as
a function of x has a double-well form with two equal minima at x = +1. Consequently, it

is possible for two phases to coexist in equilibrium at this temperature, one with x = —1
and the other with ¥ = 1. The quadratic polynomial in (4.5)
1
Y00 =70 - 1) (4.8)

is a prototype double-well potential. The form (4.8) can be replaced by any other double-
well function with two equal minima.

At temperatures 0 # 0., the free energy fv (:,6) given by (4.5) can have either one local
minimum or two. When it has two minima, then if b # 0, the two minima have different
free energies and therefore cannot coexist in equilibrium. Thus 6, is the unique tem-
perature of phase equilibrium. Such situation is typical for melting transitions (at fixed



8.5. The Flory-Huggins-de Gennes free energy 113

pressure). On the other hand if b = 0 the two minima are equal and so a two-phase equilib-
rium is possible over the entire range of temperatures for which fy (-, 6) has two minima.
Such situation appears, for example, in a ferromagnet in zero magnetic field (see [130]).

The latent heat L is the difference in internal energy between the two phases when
they are in thermodynamic equilibrium with one another. It is therefore

L=ey(1,0:) — ev(~1,0,) = 2b, (4.9)

acording to the convention that the more disordered phase x = 1 has the higher energy.
Thus, if b # 0 then there is latent heat at ., and if b = 0 then there is no latent heat
over a range of temperatures.

8.5. The Flory-Huggins-de Gennes free energy. The Flory-Huggins-de Gennes
(FHAG) free energy describes phase separation in binary polymer mixtures. For a binary
mixture of polymer molecules of type ¢ = 1, 2, each consisting of NV; segments, respectively,
the FHAG free energy of mixing per lattice site has the Landau-Ginzburg form, see de
Gennes [43], [44]

fFHdG(X7 VX79) = fO(X) 6) + %%(Xv 0)|VX|21 (51)

where x € [0,1] is the order parameter, i.e., the volume fraction x = x1 of component 1
under incompressibility condition, x1 + x2 = 1, and 6 > 0 is the absolute temperature.
The first term in (5.1) is the Flory-Huggins volumetric free enrgy given by (2.16). For
simplicity we assume that the Boltzmann’s constant kg = 1.

The second term in (5.1) is the interfacial energy with the coefficient s made up of
the energetic and the entropic contributions

3#(x, 0) = 3 + 03, (x). (5.2)

The energetic contribution s, > 0 is due to interaction between different molecules in
the mixture whereas the entropic one s, > 0 is due to the connectivity of the segments
within a polymer molecule. From different dirivations, e.g., in [43], [44], it follows that

e = 5 (B, + B2, o, o
1 1 Rz R2 5.3
(X)) = g(R31 + R}, Jwn + 3 (Wg;( + ngX)),

where Rgi = Niai2 /6. The formulas (5.3) involve two characteristic polymer quantites:
Ry, — the mean radius of gyration of i-th molecule, and o; — the size of segments in 4-th
molecule (lattice constant), which in three dimensional case are connected by the latter
equation.

According to de Gennes [44, Note on page 4762] for most polymer-polymer mixtures,
#, is small in comparison with s, and therefore can be neglected. On the other hand,
the other literature indicates that both s, and sz, should be taken into account. For more
detailed references we refer to [127].

Finally, let us note that in polymer mixtures — in contrast to small molecular ones
— the gradient term introduces an infinite energy penalty near the pure phases x = 0
and x = 1.
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8.6. Standard examples of isotropic dissipation potentials. We present now some
standard examples of the dissipation potential D(X;w) arising in phase-field models.
We recall that in case of conserved, phase-field model the sets of thermodynamic
forces X and state variables w are given by (see Subsection 7.5.1)
1
X:<D%7D§7X,t>7 UJ:<F,DF,X,DX,D2X,9,%>, .a:% (61)

In case of nonconserved phase-filed model (see Subsection 7.6.1)

X: <%7D%7X7t>7 W= (F7DF’X7 DX7D2X70)7 ﬂ: %’ (6'2)
For simplicity, let us assume the splitting
1
D(X;w) =Dy <% w> + Dy <D%;w> +Ds <D§;w) + Dalxs;w), (6.3)

and restrict ourselves to the situation near thermodynamical equilibrium with potentials
Dy, k = 1,2,3,4, being of the second degree of homogeneity in the variables i = &,
Dp = D%, D% and x ¢, which represent the rescaled chemical potential, the gradient
of the rescaled chemical potential, the gradient of the inverse temperature and time
derivative of the order parameter, respectively.
The potential Dy corresponds to a nonconserved order parameter dynamics whereas Do
to a conserved one; w stands for the set of state variables.
The simplest examples are
2

Dy = %a(%) , Dy= %M
where o and M are positive coefficients, o represents a relaxation coefficient and M
diffusional mobility. Actually, according to (7.6.2)s, the potential D; yields the following
production term

2
)

(6.4)

U
D9

QO’rd — _Dl,ﬂ = —Dl,(u/ﬂ) = —OL% (65)

Consequently, equation (7.6.1)y (with 7 = 0) provides the well-known relaxation law for
the nonconserved order parameter

¥ = —a%, a>0. (6.6)
According to (7.5.2)5 the potential Dy yields the known law for the mass flux
5% = =Dy pg = —Da ey = —MD%, M >0, (6.7)
and the corressponding diffusion equation (cf. (7.5.1)s with 7 = 0)
00X — V- (MV%) =0. (6.8)

The potential D3 corresponds to the heat conduction. A typical example which governs
the isotropic Fourier law is

2
il (6.9)

1 1
Dy = =k|D 2= —po?
5 = ;K| Dlog0|” = Sko*| D2
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where k > 0 is the heat conductivity coefficient. Then, according to (7.5.2)3
q* =D pgye) = k(?QD% =—kD0O, k>O0. (6.10)
Finally, the potential D4 corresponds to viscous diffusive effects. The simplest example is
Dy = %,Bx?t, (6.11)
where 8 > 0 is a viscosity coefficient. By (7.5.2)4 such potential yields the following law

a® =Dayy, =Bxs, B>0. (6.12)

Finally we remark that the presented examples of dissipation potentials can be
straightforword extended to anisotropic situations with nonconstant tensor-valued co-
efficients.



9. Well-known phase-field models with conserved order
parameter. Relation to model (PF),

9.1. The Penrose-Fife model.

9.1.1. General model equations. The Penrose-Fife models [129] with conserved and
nonconserved order parameters have been derived by means of variational arguments.
Elastic effects have been suppressed. The derivation is based on the internal energy e as
an independent thermal variable and the entropy density

) i 1
(X, Dx; €) = v (x, €) = 5 Dx[? (1.1)

as the corresponding thermodynamic potential.
The coefficient s in (1.1) is assumed to be a positive constant (see assumption on s in
(129, eq. (2.12)]).

This assumption together with the additional requirement that the internal energy
density e is independent of the order parameter gradient Dy (see [129, eq. (2.10)]) plays
a significant role in the Penrose-Fife variational arguments.

In case of conserved order parameter the Penrose-Fife model has the form of the
following system (see [129, eq. (2.17), (2.19), (2.10), (2.11)]):

xt+ V- <mv5—"> =0,
ox

5 (1.2)

e+ V- <kv—”) =0,
oe

where m, k are positive coefficients that may depend on x and on e, and 67/8, 67/8e
are the variational derivatives of 7 with respect to x and e, respectively. By (1.1), they
are given by

on . ~ _

2 fix = V .0y = fivx (X, €) + 52X,

ox (1.3)
2 — fvele)

56 =NV, X,€).

The underlying postulate in the Penrose-Fife derivation is that the free energy density
f and the entropy density 7 are both concave in absolute temperature § and internal
energy e, respectively, and that they obey the Legendre transform relations generalized
to the situation of the additional dependence of the free energy and entropy densities on
the order parameter gradient. On account of the transform relations, equations (1.3) are

[116]



9.1. The Penrose-Fife model 117

expressed in the form (see, [129, eg. (2.13), (2.14) and (2.12)]):

on 1
2L = (= fun(x,0) + #0A),
ox 0 (1.4)
o 1
Se 0’
where
1
f(Xa DX> 6) = fV(X7 0) + 5%6|DX|27 » = const > 07 (15)

is the corresponding free energy density. Consequently, the Penrose-Fife model (1.1), (1.2)
expressed in terms of absolute temperature § becomes

xt+ V- [mV(%(—fv,X + %49A)0>] =0,

et + V- <kV%> =0,

where the internal energy e is related to the free energy f by the thermodynamic relation
(see [129, eq. (2.8)])

(1.6)

e= g(({;z)) (1.7)
The equation (1.7) is equivalent to (see Lemma 3.1)
e=f—0fp (1.8)
Hence, for the free energy (1.5) we have
e=ev(x,0) = fv(x.0) — fre(x,0). (1.9)

A remarkable property of the Penrose-Fife model is that its underlying free energy density
(1.5) has gradient term being a linear function of temperature 6.

In terminology used in the present work this means it is of the entropic type, and conse-
quently yields the internal energy e independent of Dy.

9.1.2. Model equations for separable free energy. In the development of their
theory Penrose-Fife [129] have considered system (1.6) in case of the some special ther-
modynamic functions. More precisely, let us recall the Penrose-Fife free energy density
129, eq. (8.4.1)—(8.4.2)]

706 DX.6) = fi (. 0) + 50| Dx? (1.10)
with
Fv(x,0) = f(0)vi(x) + 0100 + f200,

where fi, f1, fo, Vs are smooth functions of their arguments, and f, is strictly con-
cave. Then, by the thermodynamic relations (see Lemma 3.1), the corresponding internal



118 9. Well-known phase-field models with conserved order parameter. ...

energy and entropy densities are
6(X>DX» 9) = (f*(e) - ef»/:(e)ﬁ/*(X) + fQ(X) = eV(X>0)7

10 Dx, 0) = =(£2(0)v.(x) + f1(x)) — %%|DX|2 (1.11)

1
=nv(x,0) — 52Dx[*

Thus, in the Penrose-Fife model the internal energy density is purely volumetric (inde-
pendent of order parameter gradient Dy) and the entropy density contains the whole
gradient term — 5| Dx|?/2. '

On account of (1.10), (1.11), the Penrose-Fife model (1.6) specializes to the form (cf.,
[129, eq. (3.8) and conserved version of eq. (3.6)]):

w9 [m9( ~E - 100~ 5+ a0

o . (1.12)

606,008 + [1£6) = 0 £.0)400 + 00+ 7+ (895 =0,
where
ev(x,0) = =01 (0)vu(x)
is the specific heat at constant volume.

9.1.3. Relation to conserved phase-field model (PF)y. Let us note that introducing
the quantity

ok _o(f/0) _ fx fDx
pi=g= o 0 \Y 7 ) (1.13)
which for free energy f given by (1.5) equals to
p= %& - %AX>

the general Penrose-Fife model (1.6) can be expressed in the form

xt— V- (mVp) =0,
3(f/6)

=g

ox (1.14)
1
[ + V . <kV§) = 0,

where e = ey (x, 0) is related to f by (1.9).

Consequently, one can see that Penrose-Fife model (1.6) has the structure of the
conserved phase-field system (PF)s with suppressed elastic effects (see (7.5.8)) in the
following special case:

=

f=f(x,Dx,0) given by (1.5),
e=ey(x,0) given by (1.9)

w=1, 7=0, g=0, h=0, (1.15)

1
_jd:mDﬁ7 qd:kD§7 a'd=07
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with positive coefficients m = m(x, 6), k = k(x, 9).
The corresponding dissipation potential is

p-1 |D‘]2+1kD12 (1.16)
= MERE TSR :

thus refers to a situation near the thermodynamic equilibrium.

According to the classification in Section 7.4, the conserved Penrose-Fife model (1.6) can
be regarded as the intersection of examples (PF)g (i) and (PF)g (ii) presented there.
More precisely, it represents the model with no extra energy term but with the extra
entropy term

1
h®=epy,=0 and h"=-np, = gf,Dx = »xDy. (1.17)

By (7.4.5), the solutions of the Penrose-Fife model (1.6) (and its equivalent version (1.14))
satisfy the entropy inequality

m+V - W=02>0 (1.18)
with the modified entropy flux
d d 1
W =W —yinpy =¥"+ thf,DX, (1.19)
where
d_ _--d, L 4 11
U = —nj® + gq =mpDp + k5D§7

and the entropy production density

2

1 . (1.20)

a=—Dﬁ~jd+D9

1

9.1.4. Application of the duality relations. To see more connections with the
Penrose-Fife theory, and at the same time to underline the role of the duality relations
presented in Section 3.5, we shall describe here in more detail the transform relations be-
tween the original energy form (1.2) and the temperature form (1.6) of the Penrose-Fife
model.

By virtue of Lemma 3.3, for a given entropy density 7 = 7(x, D, €) which is a concave
function of internal energy € (in consistency with the convention in Chapter 3 we write
€ = e), the following identities hold true

1(x, Dx, €) + $(x, Dx, ¥) = ve,
Z(X X, €) + ¢(x, Dx, ¥) = ve (1.21)
77,é(X7DX> é) = 197
where
1 N . 1
19:5 and ¢:¢(X7DX719):19]0<X>DX75>

are the inverse temperature and the rescaled free energy which is concave in ¥ (equiva-
lently, f is concave in 6).
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Moreover, by Lemma 3.8, we have
— 706 Dx,8) = $x(x, Dx, ),
1,05 (x Dx,€) = $,px(x, DX, ), (1.22)

%(x, Dx, D*x,9, DY),

where €, Dé and ¢, D9 are related by the formulas

on o
- %(X:DX>D2X767D6) =

€ =€, Dx,%)X,i + €,y (X, Dx,¥) - Dx; (1.23)
éﬁ(X7 -DXJS\)Q9

For the Penrose-Fife free energy density (1.5) the corresponding rescaled free energy
density is

300 Dx9) = 9f (. Dx. 5
(1.24)

1 1 9
=9fv <X7 5) + §%|DX| .

Then, by thermodynanﬁc Gibbs relation (3.2.3)2, the internal energy €, expressed as
a function of inverse temperature 1, is given by

&(x, Dx, ) = ¢,9(x, Dx, )
1 1 1 (1.25)
=Jfv <X> 5) - EfV,(l/ﬂ) <X7 5),

or equivalently, in terms of absolute temperature 6 = 1/9,
R s 1
é(x, Dx,0) =¢ <x7 Dy, 5)

= fv(x,0) = 0fve(x,0) = ev(x,0).

Besides, by thermodynamic relation (3.2.3)1, the entropy density expressed as a function
of ¥ is

fi(x, Dx, ) = —@(x, Dx,9) + 9&(x, Dx, V)
1 1 (1.26)
= —fV,(l/'ﬂ) (X, 5) - §%|DX|27

or equivalently in terms of 0,
~ S 1
n(x, Dx,0) = n(x, Dx, 5)
1
=—fve(x,0) — §%|DX|2

=nv(x.0) - %%\Dx12~

This confirms the Penrose-Fife expressions (1.11) with purely volumetric internal energy
e and gradient type entropy 7. Let us note that in such a case, according to formulas
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(1.23), the transfomation between internal energy € and the inverse temperatue ¢ does
not involve Dy, and the transformation between Dé and D¥ does not involve D?y.
By (1.1) (with e =€) and (1.21)5 we have
on .
5_5' )
Thus, in view of relations (1.22)3 and (1.27), one can see that the Penrose-Fife model in
energy form (1.2) (with e = €) transforms into the following temperature form
Xt — V- (mV%) =0,
e+ V- (kVY) =0,

— (1.27)

(1.28)

where & = &(x, Dy, ) is related to ¢ = <Z>(X, Dy, ) via the relation & = ¢ y. Clearly,
for ¢ given by (1.24), system (1.28) yields exactly the temperature form (1.6) of the
Penrose-Fife model.

9.2. Phase-field model with the rescaled free energy.

9.2.1. Model equation. A conserved phase-field model based on the rescaled free en-
ergy ¢ = ¢(x, Dx,1/8) = f(x,Dx,0)/6 has been introduced and studied in a line of
papers by H. W. Alt and the author [5], [6], [7], [8].
The basis of the model is the Landau-Ginzburg theory of phase transitions and the
nonequilibrium thermodynamics. The arguments of the derivation are different than those
used by Penrose and Fife [129]. The main difference is that the internal energy density
e is not required to be independent of the order parameter gradient Dy. Except this
assumption, the resulting system has the same structure as the Penrose-Fife model.
The key idea behind the construction of the model with the rescaled free energy con-
sists in a generalization of the classical Cahn-Hilliard definition (see [34]) of the chemical
potential associated with the gradient type free energy density f = f(x, Dx) at constant
temperature

of

pi=ge T Ix = Ve (2.1)
to the nonisothermal situation. The generalization involves a rescaled chemical potential
[ defined by

ok _6(f/0) _ [x fpx
—_ T _ A . 2 . 2.2
B=97 "oy o~V |79 (22)

The equation (2.2) has been rigorously justified in [10]. It is also recovered in Chapter 6
of the present work. The corresponding model has the form

1
xt— V- (lnvﬁ + 112V5> =0,

5(£/9)
R (2.3)

1
et + V- <121Vﬂ + 122V§> =9,

ﬁ:
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where the internal energy e = é(x, Dy, 0) is related to the free energy f = f(x, Dy, 0)
by the relation e = f —0f 9, and the coefficients l;, = luc(X, 0,0), 1,k =1,2, are assumed
to satisfy the conditions

l11 > O, lzz > 0, l11l22 - l12121 > 0. (24)

We underline that on the contrary to the Penrose-Fife model, in (2.3) the internal energy
e = é(x, Dx, ) may depend on Dy. This is a significant extension.

9.2.2. Relation to the conserved phase-field model (PF)y. One can see that model
(2.3) with the rescaled free energy has the structure of the conserved phase-field system
(PF)y (ii) with suppressed elastic effects (see (7.5.7)) in the following special case:

f=Ff(x.Dx,0), e=é(x,Dx,0)=f—0fo,
QOEL 7-:0’

1
h®=0 and hA"= gf,px,
(2.5)

, _ 1
—j%=11Dpa+ l12D57

1
g =1nDp+ lzzDg,

ot = 0,
with coefficients I = Lix(x, &, 0), i,k = 1,2, satisfying (2.4). We note that with such
linear form of 5¢ and ¢% in D and D% model (2.3) is restricted to the situation near
the thermodynamic equilibrium.
Moreover, recalling (1.17), let us note that like in the Penrose-Fife model the extra energy
term h® = 0, but since e p, # 0, the extra entropy term h" = %f,DX # —1.Dy-
On account of (7.4.10), the solutions of model (2.3) satisfy the entropy inequality

n+V-¥=0c2>0 (2.6)
with the modified entropy flux

1
W =0+ xizfpx, (2.7)
where

ol
W= —pj" + g

Due to assumption (2.4) the entropy production density o satifies
, 1
o=-Dp-j*+ D7 qf

_ [Dﬂ] , {111 112] {Dp,} o (2-8)

D% lo1 oo D% -

9.2.3. Remarks.

REMARK 9.1. The issue of the existence of solutions to model (2.3) as well as numerical
results have been addressed in [7], [8]. Differently than in the Penrose-Fife free energy
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(1.5) it has been assumed there that the free energy is given by
1
F06Dx,0) = fv(x,0) + 52 Dx|*, 5 = const >0, (2.9)

that is it is the sum of the volumetric part and the gradient part of the energetic type
(independent of ).
Then the corresponding internal energy and entropy densities are

1
,Dx,0) = ,0) + =x%|Dx|?,
e(x, Dx,0) = ev(x )+2 |Dx| (2.10)

n(x, Dx,0) = nv(x,0)
with
ev = fv —0fve, nv=—Ffve.

Thus, in this case — on the contrary to (1.5) and (1.10) — the entropy density is purely
volumetric and the internal energy density contains the whole gradient term s Dy|?/2.
For (2.9) system (2.3) turns into the form

H 1Y _
xt—V <l11v0+l12v0>—0’

Ho fV,, (X1 9) r
b Ll g (%oy), (211)

<6\/(X7 (9) + l%IVxV) + V- <l21VE + l22V1> =4g.
2 + 0 0
This system, complemented by initial and boundary conditions, has been studied in [8].
The analysis there indicates that essential difficulties come from the presence of the
gradient term »|Vx|?/2 in energy equation (2.11)3 and the singularity of the coefficient
/6 in equation (2.11)s.
Let us also note that for system (2.11) the extra energy and entropy terms are equal

to
1 1
h¢®=0, A"= Ef’DX = ngx. (2.12)
REMARK 9.2. Model (2.3) with the rescaled free energy has been generalized by A. Morro
[109] by accounting for additional mass balance equation with nonzero mass production,
free energy density f = f(o,x, Dx,0), and the macroscopic motion of the body in the

spatial description.

9.3. The Caginalp model. The Caginalp phase-field model, originally derived for so-
lidification problems with nonconserved order parameter [23], has been also extended to
problems with a conserved order parameter [24], [26]. The corresponding model is ex-
pressed in terms of an order parameter x and the temperature v which is scaled so that
u = 0 is the planar melting temperature. The value x = —1 is assumed to represent
the low temperature phase (solid) and x = 1 the high temperature phase (liquid). The
underlying Landau-Ginzburg free energy density is given by (8.3.1)—(8.3.2). The model
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equations have the form (see [26])

X+ €A {szX - <lw’(x) - 2U>} =0,
. @ (3.1)
cut + Xt~ kAu =0,

where the parameter € represents a length scale and a measure of the microscopic bonding,
T = at? is a relaxation time with o denoting the microscopic relaxations scaling. The
nonmonotone function ' (x) = (x® — x)/2 is the derivative of the prototype double-well
potential ¥(x) = (x*> — 1)2/8. This potential can be generalized to other forms with
similar qualitative properties, i.e., symmetric, double-well potential with minima at 41.
The parameter a is a measure of the depth of the double well ¥(x)/a. The positive
parameters ¢, k and L represent respectively the specific heat, the thermal conductivity
and the latent heat of phase transition.

The equation (3.1); is derived from the free energy (8.3.1) according to the dynamical
equation

of

a:
which in a common terminology due to Hohenberg and Halperin [87] is referred to as
Model B.
Equation (3.1)y represents the energy balance relevant near the phase transition temper-
ature 6.

X = € (3.2)

9.3.1. Links to the Penrose-Fife model. System (3.1) can be viewed as a linearized
version of the Penrose-Fife model (1.12) corresponding to the free energy density (compare
(8.4.1)-(8.4.2))

1
F06Dx,0) = £.(0)+0f1(x) + f2(x) + —2—%0|Dx|2, » = const > 0, (3.3)
with 0
fx(0) = —cf1n 7 + 0, vi(x) =1, ¢y = const > 0,
e (3.4)
L L L
f1(X)=—EX+ MlP(X), f2(X)=§X'

The internal energy, the entropy and the specific heat corresponding to (3.3), (3.4) are

L
e(x,0) = b + 5,
0 L L 1 a5
Dx,0) = culn— + —x — ——h(x) — =2|Dx/? (3-5)
106 Dx,0) = ex In g+ 25-x = () — 324 Dl
c(x, 0) = c..
Inserting formulas (3.4) into (1.12) and letting m = const, k = k62, where k is a positive
constant, one gets

L ., . L{1 1\]_
Xt-l—mA%Ax—mw(x)—§<§—0—c>}—07 5.6

C@t -+ éxt - EA@ = 0,
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where 9’ (x) = (x® — x)/2 and ¢ = ¢, = const > 0.
Let

wi= 3.7

denote a small deviation from the cirtical temperature .. After linearization of equation
(3.6)1 around 6. by replacing the term

TEREA R,
o\ " 6.) v 20,

system (3.6) takes on the Caginalp’s form

1
alx + A - A [—W(x) - ZU} =0,
a
; (3.8)
cus + Xt~ kAu =0,

where the coefficients

40,.5¢ 1
=—— and a=—
m

£

are related to the length scale and the relaxation scaling, respectively.

9.4. The Falk’s model based on entropy as independent thermal variable.
F. Falk in [62] has set up a class of phase-field models for fluid mixtures in the frame
of irreversible thermodynamics. The models generalize the Cahn-Hilliard theory to the
multicomponent mixtures in the presence of heat conduction and macroscopic motion.
The models are based on the entropy as an independent thermal variable and the internal
energy as a thermodynamic potential. They are characterized by the presence of the extra
entropy flux.

The Falk model, confined to the situation of a two-component system at rest, turns
out to have the structure of the model with the rescaled free energy (2.3) (in the case
li2 =121 = 0, g = 1, and nonzero external supplies 7 # 0, g # 0)

Xt+v’jd:7—7

- b fx f.Dx

=2 Lx g, [ LDx 4.1
p=g=7g -V ( 7 ) (4.1)
ee+V-gi=g

with the mass and energy fluxes j%, q% satisfying the dissipation inequality
. 1
Va5 V5 gt 0. (4.2)

For more explicit comparison with Falk’s model, let us formulate system (4.1) in
terms of the entropy 7 as the independent thermal variable and the internal energy
é = e(x, Dx,n), expressed as a function of the entropy, as a thermodynamic potential.



126 9. Well-known phase-field models with conserved order parameter. ...

To this purpose we apply the thermodynamic relations (see (3.5.6)2, (3.8.1)2,3,4)

0=¢pn,

- - of  de
fx=E€x, [fox=¢€Dy; E = E> (4.3)
et = €,

which allow to transform system (4.1) into the form

Xt+v’jd:7'7
i Ex . (&Dbx 4.4
&+V-qi=g

with j¢, g% satisfying (4.2).

We indicate show now that system (4.4) satisfies the entropy equation and inequality
the same as derivied in [62]. To this purpose let us multiply equation (4.4); by —f,
equation (4.4)s by x¢, and equation (4.4)3 by 1/€,, and then summ up the resulting
expressions to get the following equality

_ 1 o .4 & €D
—BT+ —g=—AV -3¢ — ZEx +x:V - <~—X)
€ €n €n
- . _ 1 1 d
+ (Exxe +Epx - Ve + Enne) =—— + =—V - q
Cm G (4.5)
. 1 €D '
=+ V- (—u3d+~—qd+xt—1—’i>
€n €n
. 1
+Vi-j¢-V—-q%
€n
This provides the entropy inequality

‘ 1 o
MtV =—Vi '+ V—q' =T+ —g

. &n M (4.6)
2 —pT+ ag,
with the entropy flux )

¥ = —7ij* + %qd o (47)

Using the identities (4.3), the fact that i = %, and the equality
xi=-V-j%, (4.8)

which is valid in the case 7 = 0, the flux ¥ can be expressed as
v =55+ %qd - (v ~jd)f'%- (4.9)

Equation (4.6) with the flux ¥ in the form (4.9) is identical to that derived by Falk (see
[62, eq. (2.25)] for a body at rest, v = 0).
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We remark that according to Falk’s notion, in the case of gradient-type internal en-
ergy € = e(x, Dy, n), the quantity €, is called the chemical potential whereas € p,, the
hyperpotential.

9.5. The nonisothermal phase separation models based on a microforce bal-
ance. Applying the Fried and Gurtin concept of a microforce balance (see [72], [73], [74],
[75], [83]), A. Miranville and G. Schimperna [104] have derived a class of nonisothermal
Cahn-Hilliard models with the modified energy equation and the standard entropy equa-
tion. The authors generalize the energy equation by accounting for the rate of working
due to a microstress, like in the Fried-Gurtin theory [72]. The Miranville-Schimperna
model has the structure of the conserved phase-field system (PF')y with suppressed elas-
tic effects and go = 1 in the case including extra energy term h® = f p, and no extra
entropy term h" = 0 (see (7.5.7) with f = f(x, Dx,0), 00 = 1, h® = f py and 5%, g%, a®
given by (7.5.5)):

1
xt— V- <ijV% + quVE + ljaXt> =T,

1 1
%: 5(f,x_v‘f:Dx)+laj'V%+laq'vg+laaXt7 (5.1)

1
et +V- <L4jv% + quvg +lgaXt — th’DX> =9

where the matrices Ljj;, Ljq, Lqj, Lqq, the vectors ljq, laj, lag, lga and the scalar loq
satisfy the inequality (7.5.6).

According to (7.4.18) the scheme (5.1) is consistent with the entropy equation and
inequality

. 1 1
n+V- W= —VE-]d-i—V— - g% + xpa — ET—I——g

0 0 0 0 (5.2)
S .
= 97— 997

where the entropy flux has the standard form
, 1
Y L) (5:3)

0 0

System (5.1) is the same as the Miranville-Schimperna model with kinetic effects (see
[104, eq. (3.8)—(3.10)]).

Assuming that the viscous (kinetic) effects in representation (7.5.5) of 5¢, g%, a¢ are
neglected, i.e.,

. 1
-jt= ijD% +Ljg D3,

|
gt = quD% + Lag D, (5.4)
at = 0,
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system (5.1) reduces to

1
Xt—V- <L,-jv% + quvg> =

p="Ffx—V- [ bx (5.5)
1
e +V- (Lq,-v% + LygV5 - th,DX> -

System (5.5) is the same as the Miranville-Schimperna model with kinetic effects not
taken into account (see [104, eq. (2.23)—(2.26)]).

9.6. The Cahn-Hilliard-de Gennes and generalized Penrose-Fife models for
polymer phase separation. The models of this group have been discussed in detail
in [127]. They are governed by the Flory-Huggins-de Gennes (FHAG) free energy density
presented in Section 8.5. In case of constant temperature the classical Cahn-Hilliard
model can be directly generalized to degenerate singular Cahn-Hilliard-de Gennes model
describing isothermal phase separation in a binary polymer mixture.

Since the gradient term in the FHAG free energy is made up of energetic and entropic
contributions the corresponding thermodynamically consistent model for nonisothermal
phase separation in polymer mixtures, set up in [127], has the structure of model (PF)g
with suppressed elastic effects and gp = 1 in the case including extra energy and extra
entropy terms

ht = €,Dx>» h" = 1,Dxs h® +0R" = faDX' (6.1)

The model reads as follows (see [127, eq. (2.3), (2.17)])
1
Xt — V- <ijvﬂ + quV— + ljaXt) =0,

%:%‘—V (ng>+eDX V= —|—la] vi —I—laq V + laaXt, (6.2)

et + V- (quv% + quvg + lqa,Xt - Xte,Dx> =9,

where the matrices Ljj, Ljq, Lgj, Lqq, the vectors lja, loj, lag, lge and the scalar l,4
satisfy the inequality (7.5.6). We remind that in this model the free energy f is given by
the FHAG form

fFHdG(X: DX7 9) = fO(X7 6) =+ %(%8 + GJ{YI(X))|DX|2> (63)

where fy is the Flory-Huggins mixture free energy given by (8.2.16), s, a positive constant
and the coefficient sz, (), which is singular in ¥, is given by (8.5.3).

Here it is of interest to note that in polymer mixtures — in contrast to small molecular
ones — the gradient term in (6.3) introduces an infinite energy penalty near the pure
phases.

On account of (7.4.5) the solutions of (6.2) satisfy the entropy inequality

9

m+V-(‘I'd—xm,Dx)=—V%'jd+v -q* + xza +0_9

6

with the entropy flux involving extra term —x;n, py-
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9.7. Isothermal Cahn-Hilliard system coupled with elasticity. In this section
we compare the conserved scheme (PF)y with suppressed thermal effects presented in
Subsection 7.5.4, with the analogous models introduced in a line of papers by E. Fried
and M. E. Gurtin [72], [73], [75], [83]. They have developed a thermodynamical theory
of phase transitions based on a microforce balance in addition to the basic balance laws
and a mechanical version of the second law. Parallel to that theory, M. Frémond [70],
[71] have proposed a theory based on microscopic motions as a tool of modelling various
phase transitions, specifically shape memory and damage problems. Despite of different
ideas Frémond’s approach bears some resemblance to the Fried-Gurtin theory.

9.7.1. Model equations. Let us recall the conserved model (7.5.8) with suppressed
thermal effects, 0 = 1, go = 1, and with the quantities j¢ and a® given by (see (7.5.14))

—j% = Lj;Dp + Liax (7.1)
a® =1oj - Dp+ laa X,z '
Here the moduli, the matrix Lj;, the vectors lj4, l; and the scalar o4, may depend on
the variables

Z:Zé?lé):l:{F7DFvaDX7D2X:,u7D:u'7X,i}7 (72)
and are consistent with the inequality (see (7.5.15))
{Du} . [L:,J,'j lja} {Du} >0 for all variables Z. (7.3)
Xt lja laa Xt

The corresponding system of equations is (see (7.5.9) with go =1 and (7.1)):
U_'Vf’F(F,X,VX) = bv
X—=V - (L;Vu+ljax) =T, (7.4)
b= f,x(F7Xa VX) -~V f,DX(F7X7 VX) + luj . VﬂﬂLlaaX-

System (7.4) is supplemented by the inequality (7.3) and the frame invariance restrictions

discussed in Subsection 6.1.2.

On account of (7.5.16), the solutions of (7.4) satisfy the free energy inequality
f=8-F+V (uj"—Xfpy) = —0+ur < pr, (7.5)

where the stress S = f .
For later comparison with Gurtin’s theory we note that multiplying equation (7.4)q
by p and subtracting the result from inequality (7.5), the latter becomes

f=8-F—(V-fox+mx—fox Vi+3* Vu=-0c<0 (7.6)

Moreover, recalling Section 7.3, let us formulate system (7.4) under assumption of in-
finitesimal deformations

W=V fe(e(u),x, Vx) = b,
X—V - (LiyVu+lux) =1, (7.7)
p=Fx(ew),x, VX) = V- £ox(e(u), X, V) + laj - Ve + laaX,
where f = f(e(u), x, Dy) and the quantities Lj;, Ljq, loj, laa, Possibly depending on
Z' = {e, De, x, Dx, D*x, 1t, D, x 1},
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are consistent with the inequality (7.3) for all variables Z%.

We shall indicate that systems (7.4) and (7.7) coincide with that derived by the Fried-
Gurtin theory. In particular, our differential equation for the chemical potential (negative
of the multiplier associated with the balance law for the order parameter) turns out to
be identical with the Fried-Gurtin microforce balance.

9.7.2. Links to the Gurtin model. To see in detail the connections between the
presented multipliers-based approach and the microforce balance approach to the Cahn-
Hilliard model with elasticity, we recall here the main postulates of Gurtin’s theory [83].
We use our notation with the following correspondences to the notation of [83]:

X < o order parameter, § < h mass flux,

T < m external mass supply,

ljo & a, l,; & b corss-coupling terms,

Lj; < A mobility tensor, A < C elasticity tensor,
f & o free energy.

The other notation is the same. Moreover, in [83] the following additional fields are
considered as primitive quantities:

€ — microstress (vector),
7 — internal microforce (scalar),
v — external microfoce (scalar).

The postulates in [83] are the following:

(G1) The unknowns are the fields u, x and pu.
(G2) The underlying laws are: the linear momentum balance in quasi-stationary approx-
imation

-V-S=b, (7.8)
the angular momentum balance
SFT = FS7T, (7.9)
the mass balance
and the microforce balance
V-E+m+vy=0. (7.11)

Here and in what follows all derivatives are material (Lagrangian).
(G3) The second law is assumed in the form of the dissipation inequality (see [83, eq.

(4.6)])

F4V(=8Ti+ pj — x€) <ti-b+pr+ X, (7.12)
which in view of (7.8)—(7.11) is equivalent to (see [83, eq. (4.7)])
f=8-F+(m—wx—€& Vx+3j-Vu<o. (7.13)

(G4) The set of constitutive variables (in the case without kinetics) is

Zp = {F7X1DXHU’7D/L}
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and constitutive equations are (see [83, eq. (4.8)])
f = f(20)7 S = S(Zo), J = 3(20)7 £ = E(ZO)a ™= TAF(Z()) (714>

(G5) The constitutive equations are invariant under changes in observer, i.e., under trans-

formations
f—=f5 S=Q8, j—j, €= w—=m,
(F,x, Dx; , dp) = (QF, x, Dx, i, Dpu)
for all orthogonal tensors Q. This leads to the restrictions
f(20) = F(20), 8(20) = F3(20), §(20) = (o), r.15)
£(20) = &(20), 7(20) = #(20)

with

Zy:={C,x,Dx,u, Dy}, C=FTF.
We add that restircted relations (7.15) are not used in the general development of the
theory in [83] which is simpler in terms of the deformation gradient F' (see also Remark
2.3). We outline the main results proved in [83]:
e The compatibility of constitutive equations (7.14) with dissipation inequality (7.13)
implies the following restrictions

f=f(F,x,Dx), S=8(F,x,Dx)=fr(F,x,Dx),
€ =E&(F,x, Dx) = f,px(F, x, Dx),

71-=’7AI‘(‘F'7X7DX7/U’) zﬂ_f,X(F7XaDX)7
J=—LjjDp

(7.16)

(7.17)

with tensor Lj; = f/jj (Z0) consistent with the inequality
Dy - LjjDp >0 for all variables 2.

e Balance laws (7.8)—(7.11) together with relations (7.16), (7.17) yield the system (see
[83, eq. (4.15)])

-V fr(F,x,Vx) =b,

X =V (LjVu) =, (7.18)

b= Fx(F,x,VX) + V- fox (F,x, Vx) + v =0.
We note that this system is identical with (7.4) provided @t = 0, Iy =1ljo =0, lgg =7 =
0, and the set Z replaced by Zp.

o The considerations in [83, Sec. 3.4, 4.1] allow to deduce that the inclusion of the kinetics
in the constitutive variables, that is replacement of the set Zy in (G4) by

Zy = {F,x, Dx, 11, Dp, X1}, (7.19)
leads to relations (7.16), and

7= p— fx(F,x, Dx) + Tais,

J=—(LjsDp+Ljax.0), (7.20)

Tais = —(laj - Dp+ laaX t),
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where Tdis represents the dissipative part of the internal microforce, and the quantities
L;; = L” (Z21), lja = l]a(Zl) loj = la](Zl) laa = laa(Z1) are consitent with the
inequality (7.3) for all variables Z;. Then balance laws (7.8)—(7.11) together with relations
(7.16), (7.20) yield the system which is identical with our system (7.4) if 4 = 0, v = 0
and the set Z; in place of Z.

We summarize the comparison of the presented results by the following conclusions:
e The generalized Cahn-Hilliard models with elasticity obtained by two approaches have
the same structure. The only difference is the set of state variables which is Z given by
(7.2) in our model and Z; given by (7.19) in the Gurtin model.

o The term f py(F, X, Vx) in differential equation (7.4)s for the chemical potential cor-
responds to the microstress while the term p — f 4 (F',x, V) to the internal microforce.
e The quantity —a¢ = —(la; - D+ laax,t) in our model corresponds to the dissipative
part of the internal microforce in Gurtin’s model.

e The free energy inequality (7.6) coincides with the microforce balance (7.11) (with
~ = 0) and the dissipation inequality (7.13) postulated in [83].

e Our postulate of treating the multiplier (equal to the negative of the chemical potential)
as an independent variable corresponds go Gurtin’s postulate of an additional balance law
for the microforce. The differential equations for the chemical potential and the microforce
balance are identical.

e Under assumption of infinitesimal deformations and 4 = 0, our system (7.7) coincides
with that given in [83, Sec. 4.4]. In such a case the relevant form of the free energy is (see
Subsection 8.2.2)

Fle(w), x, Dx) = W(e(w), ) + 800 + 3DxP, >0, (1.21)
where y
W (e(a), X) = 5 (elas) — £()) - ACO(e(ar) — £(2)

is the elastic energy, A(x) = (Air(x)) is the fourth order elasticity tensor, (x) =
(€4 (x)) is the symmetric eigenstrain tensor, and () is a double-well potential whose
wells define the phases, with the standard form

P(x) = =x*(1—x)%



10. Well-known phase-field models with nonconserved order
parameter. Relation to model (PF),

10.1. The Penrose-Fife model.

10.1.1. General model equations. The Penrose-Fife model with nonconserved order
parameter has been derived by similar variational arguments as that with the conserved
order parameter. The derivation is based on the internal energy e as an idependent
thermal variable and the entropy density (9.1.1) as the corresponding thermodynamic
potential. It is important that the coefficient s in (9.1.1) is assumed to be a positive
constant. The model has the form of the following system (see [129, eq. (2.15), (2.19),
(2.10), (2.11)]):

07

Xt:léx

?

1.1
et + V- [kV—=)=
de
with positive coefficients I, & which may depend on x and on e. In (1.1), §7/5x and §7/de
are the variational derivatives of 7} with respect to x and e, respectively. For entropy
potential (9.1.1) they are

57

§Z=nwﬁx&)+%Am

X (1.2)
I fivelxe)

66‘77V,6X7 .

As in the conserved case, with the use of the transform relations, equations (1.2) are
expressed in the form

O (Tl 0) + ),
x 0 (1.3)
5 1
G T
where
£06Dx,0) = fr (10 + 30D, ¢ = const >0, (1.4

is the corresponding free energy density.
We point out again that this free energy is of the entropic type (with gradient term
being a linear function of ), and consequently yields the internal energy

e= Z(({;Z)) = fv(x,0) = 0fve(x,0) =:ev(x,0) (1.5)

[133]
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independent of Dy. In result, the Penrose-Fife model (1.1) expressed in terms of 6 takes
the form )

Xe = L (= fvix + #08%),

1 (1.6)

10.1.2. Relation to nonconserved phase-field model (PF)y. Let us now introduce
the quantity (rescaled chemical potential)

_ M 5(f / 0) I f Dx
Y = DX y. [ LEX 1.
=g 5 0 VT ) (L.7)
which for free energy f given by (1.4) equals to
[ = fVT’X — xAx. (1.8)
Then the nonconserved Penrose-Fife model (1.6) can be expressed as
Xt + l/'_]’ = 07
5(4/6)
H ox (1.9)

1
€t+V' <ICVE> =O,

where e = ey (x,0) is related to f by (1.5). Thus, we see that the Penrose-Fife model
(1.6) has the structure of the nonconserved phase-field system (PF)g with suppressed
elastic effects (see (7.6.7)) in the following special case:

f = f(x, Dx,0) given by (1.4),
e =ey(x,0) given by (1.5),

0w=1, 7=0, g=0, h®=0, (1.10)

1
—rdzlﬁ, q‘iszg, ot =0,

with positive coefficients [ = I(x, 0), k = k(x, 6). The corresponding dissipation potential
is quadratic in (ﬁ, D%)

112

6
thus refers to a situation near the thermodynamic equilibrium. In conclusion, according
to the classification in Section 7.4, the nonconserved Penrose-Fife model (1.6) can be
regarded as the intersection of examples (PF)g (i) and (PF), (ii) given there. More
precisely, it represents the model with no extra energy term but with the extra entropy
term

1, 5 1
——— Z 1.11
D= Slli* + 3k D (1.11)

?

1
h®=epy,=0 and h"=-npy= gf’DX = xDy. (1.12)

Recalling (7.4.5), we see that solutions of model (1.6) (and its equivalent version (1.9))
satisfy the entropy inequality
m+V-T=0>0 (1.13)
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with the modified entropy flux

1
U=yt - XtN,Dx = vl 4 thf,ny (1.14)
where 1 1.1
Ul =gl =k-D-.
77 = kD3

The entropy production density is
2

1
U:—ﬂrd+D5~qd=lﬂ2+k‘D% >0. (1.15)

10.1.3. The Penrose-Fife model for liquid-solid phase transitions. Links to the

Caginalp’s model. For liquid-solid phase transitions Penrose and Fife [129], [130] have

proposed the free energy of the form (1.4) with fy (x,0) given by (8.4.5)—(8.4.6). For such

free energy system (1.6) becomes (see [130, eq. (6), (7)]):

1 1 1

Xt — beDx + 1| | 2 — = | (=2ax +b) + —=¢'(x)| =0,

6 6 0 ,

(1.16)

1
C,,@t -+ (—ZGX + b)Xt + V . (ng) = O,

where
w=cs P(x)= X* = x
For a comparison with the standard phase-field model is it of interest to recall here
the main conclusions from the Penrose-Fife study [130] of the effect of various choices of
the parameters ¢ and b in model (1.16).

CaseI.a=0,b=0.
There is no coupling between the order parameter and temperature fields. The order
parameter obeys the Allen-Cahn equation and the temperature obeys the heat equation.

CaseIll.a#0,b=0
There is no latent heat (see (8.4.9)), so the model describes a second order phase transi-
tion.

Case III. a=0,b>0
In this case defining the quantity

0—0,
u= 9—cc’ (1.17)
linearizing equation (1.16) around 6. by replacing %—91—5 with —z-, and moreover assuming
k= k6? (1.18)
with k = const > 0, system (1.16) with a = 0 becomes
1
ax: — Ax + =@ (x) —bu) =0,
cyus + bxs — kAu =0,
where 1
a=-—, €=,

124
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System represents the standard phase-field model for nonconserved order parameter,
known as Caginalp’s model. The quantity L = 2b is the latent heat of phase transition
(see (8.4.9)).

CaseIV.a#0,b>0
A linearization of equation (1.16); around 6, and assumption (1.18) lead to the system

1., L
5—2[¢(x)+U(2ax b)] =0, (1.20)

cotty — (2ax — b)xs — kAx = 0.

axt — Ax +

This system extends the standard phase-field model by an extra term involving 2ax in
each equation. A detailed analysis of the motion of phase boundaries in all four of these
cases is given in Fife and Penrose [66].

It should be underlined that the Caginalp model (1.19) was established prior to the
original Penrose-Fife model. As a matter of fact it was just the lack of a proper ther-
modynamic setting of model (1.19) that gave rise in the neintieth of the last century
to a number of so-called thermodynamically consistent models of phase transitions, in
particular models by Penrose and Fife [129], [130], [66], Alt and the author [5], [6], [7],
[9], [10], Wang et al. [145].

Let us mention that thermodynamically consistent phase transition models with mod-
ified entropy flux have been proposed by Wang et al.[145], Fabrizio-Giorgi-Morro [53].
The models in [53] admit variable mass density and thereby are applicable also to phase
transitions at constant pressure. The authors [53] specify thermodynamic functions and
resulting differential equations for solid-fluid transition at constant pressure.

10.2. The Fried-Gurtin phase-field model based on microforce balance. In this
section we compare the nonconserved phase-field scheme (PF')y with suppressed elastic
effects, presented in Subsection 7.6.2, with the analogous model introduced by Fried and
Gurtin [72] on a basis of a microforce balance.

10.2.1. Model equations. Let us consider system (7.6.7) with the extra energy term
h® = fpy, and gp =1

xe—rl=r,

b fx f.Dx 1, 4

b_fx_o. vl 2.1
7=V < 5 >+f,Dx Vg ta, (2.1)

et + V- (qd - th,Dx) =3,

where e = f — 0f 4, f = f(x, Dx,8), and 7%, ¢, a® admit representation (7.6.4).
For a comparision with the Fried-Gurtin model we introduce the following simplifying
assumption:

lig=lgr=0, lpg=1la =0, (2.2)
and ) .
Dz L l D=

6. 49 "¢ b1 >0 2.3

e [0 [Te] =0 23)
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where lpr, Lgq, lgas lags laa are constitutive moduli possibly dependent on the variables
x, Dx, sz, 0, D%, X,t- Then

—rd= lrr%v
d 1
9= quDg + lgaX,t; (2.4)
1
at = laq : D'é' + laaX,tv
so that system (2.1) becomes
Xt + lrr% =T,
1 1
b= 5(Fx =V L) +lag- V5 + Lot (2.5)

1
e+ V- {quvg + (lqa - f,Dx)Xt} =4g-

Upon eliminating & and writing the energy equation (2.5)3 in temperature form (see
(7.2.3)), we get

1 1
Xt + lrr [E(f,x -V f,DX) + laq : vg + laaxt} =T,
e+ (f —0f,0).xx¢ + (f —0f0),0x - Vi (2.6)

1
+V- [quvg + (lqa - f,Dx)Xt} =9,
where
Cy = _ef,99(X> DX, 0)
is the specific heat at constant volume.
Further, with the help of the notation
1 1 0
PSR T )

l'r'r
L
K = ﬁ, b=—lg,
system (2.6) may be expressed in the form
Bxt+fx—V-fpox+k-VO=7,
c,,@t bl V . [KVH + bxt] - Gf,gxxt — ef’QDX . th (28)
+(fx =V foxxe =9
We shall indicate that system (2.8) coincides with that derived by Fried and Gurtin
on the basis of a microforce balance (see [72, eq. (3.19)]). Before doing this let us point
out a special case of system (2.8) with omitted cross-coupling terms k = b = 0 (i.e.,
lag=1lga=0)and 7=g=0.
Then, after replacing in (2.8) the term f,, — V- f p, by its value given by (2.8)1, we get
Bxt = _(f,x -V f,Dx)y

(2.9)
0y — N - (KV0) = 0f gy xt + 0f oDy - Ve + BX2.
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Here we remark that this system, introduced by Fried and Gurtin (see [72, eq. (3.21)]),
has the same structure as models due to Miranville and Schimperna, as well as due to
Frémond (see Sections 10.2.3 and 10.3).

10.2.2. Links to the Fried-Gurtin model. For a more detailed comparison with the
Fried-Gurtin model we outline first the main results of their theory based on a microforce
balance. We use our notation with the following correspondences to the notation of [72]:

X ¢ ¢ order parameter, f <> 1 free energy,

e < € internal energy, 0 < ¢ absolute temperature,
q% < q heat flux (dissipative),

g <+ r external heat supply.

The other notation is the same. Moreover, in [72] the following additional fields are
considered as primitive quantities:

& — microstress (vector),
7 — internal microforce (scalar),
vy — external microforce.

The postulates in [72] are:

(FG1) The unknowns are the fields x and 6.
(FG2) The underlying laws are: the microforce balance (i.e., a balance for interactions at
a microscopic level)

V-€+m+v=0, (2.10)
and the energy balance
et + V- (g% = xi€) = g+ xa7- (2.11)
(FG3) The second law is assumed in the local form of the Clausius-Duhem inequality
¢ g
etV 2y (2.12)

It is seen that the entropy flux has the classical form while the energy flux is modified by
an additional working term —yx;£. On account of (2.10) and the thermodynamic relation
f = e —0n, the equivalent forms of (2.11) and (2.12) are (see [72, eq. (3.6), (3.7)]):

e+ Vgt =& Ve +mxe =g, (2.13)

and
d . 2}
<0. (2.14)

ft+779t—€‘VXt+7TXt+q 7 =

(FG4) The set of constitutive variables is
Z={x,Dx,0,D0,x .},
and the constitutive equations are (see [72, eq. (3.8)])
f=f2), n=02), ¢*=3'2), ¢=E2), m=n2).  (215)

The main results proved in [72] are as follows:
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o The compatibility of constitutive equations (2.15) with dissipation inequality (2.14)
implies the relations

f:f(X7DX79)7 "7=—f,9(X7DX79),

(2.16)
E = f,Dx(Xv DX> 0)7
and the inequality (see [72, eq. (3.11)])
4(2) D8
L2 DO 4 5, D, 6) + 7(E)e <0 217
for all variables Z.
e The inequality (2.17) yields representations (see [72, eq. (3.12), (3.13)])
d
— _KD6 — by,
1 Xt (2.18)

T=—fx—k-D0— x4,
in which the matrix K, the vectors b, k and the scalar §, that may depend on the

variables Z, satisfy
MR (219
for all variables Z.
The functions
7"-eq(Xa DX> 6) = _f,x(X7 DX? 9)7
Wnoneq(z) = —-k:(Z) - DO — ﬂ(z)x,t

represent the equlibrium and the nonequilibrium parts of the internal microforce

(2.20)

T = Teq + Tnoneq-

e Balance laws (2.10) and (2.11) together with relations (2.16), (2.18) yield the system
(see [72, eq. (3.19)]):
Bxt=—fx+V - fox—k-Vi+7,
c,,@t - V . [KV@ -+ bxt] — ef,gx)(t — ef’gpx . VXt (221)
+(fx =V - fox—7xe =9,
where ¢, = —0f 99 is the specific heat at constant volume, and K, k, b, 8 satisfy the
inequality (2.19).

A comparison of systems (2.8) and (2.21) indicates that Fried-Gurtin model based
on a microforce balance has the same structure as our nonconserved phase-field model
(PF)y with suppressed elastic effects in the case of the standard entropy flux and the
energy flux modified by the extra term —x ;f py. In the Fried-Gurtin theory the term
J.px(x, Dx, 6) represents the microstress while the term [, (x, Dx, ) corresponds to the
equilibrium part of the internal microforce.

10.2.3. The Miranville-Schimperna models based on a microforce balance.
Continuing the Fried-Gurtin program of modelling phase transitions on a basis of a
microforce balance Miranville and Schimperna [104], [105] have developed and studied
mathematically nonisothermal Cahn-Hilliard and Allen-Cahn models. In this section we
focus on their results concerning the Allen-Cahn model and on the links to our model
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(PF)g. In particular, the system (4.7)—(4.8) in [104] coincides with the system (2.5)
rewritten, upon eliminating /6 in the form

~ 1 1 1
Bxt +laq ' VE + gf,x - gv ' f,Dx =0,

1 (2.22)
€t + V : <quV'5 + lqa,Xt - f,Dth> = 07
where )
B = T + laa,
rr

the constitutive moduli the matrix Lgq, the vectors laq, lgo and the scalars I, > 0,
loe may depend on the variables {X,Dx, D2X79,D%,X1t} and satisfy the definiteness
condition (2.3). This condition is equivalent to the dissipation inequality (4.4) in [104].

By suitable choice of the parameters B s Lgqs lag, lga and specifying the form of the
free energy one can obtain from (2.22) various forms of PDE’s specialized to particular
phase transitions.

In [105] system (2.22) has been studied from the point of view of the existence and
uniqueness of solutions in the following special case:

la.q = lqa =0,
- B (2.23)
Ly = %I, B= 7 B = const > 0,
and the free energy density with gradient term of energetic type
n
106 Dx;0) = —cob” + o8 = 0e)x* + % (x) + 5 1Dx, (2:24)

where ¢, ¢, 0., 3 are positive constants and () is a double-well potential.
Let us note that in this case the corresponding expressions for the internal energy and
entropy are

e(x, Dy, 0) = cob? — chx® + b (x) + Z|Dx[2,
(x; Dx,0) = co X*+ () + F1Dx| (2.25)

1(x, Dx, 0) = 2cof — ex.
The corresponding specific heat is a linear function of temperature
ey =ep = 2co0, (2.26)

on the contrary to the standard example with the thermal energy f,(6) = —c.01n 6 which
yields constant thermal specific heat ¢, = ¢, > 0.

The assumption (2.26) is motivated by mathematical reasons ensuring the existence
of global in time solutions. In the case (2.23), (2.24) system (2.22) reduces to

Bxt — »Ax + ' (x) = —2¢(0 — 0c)x,
co(0%)s — A0 + ' (x)xs — 2¢Bexxs — #Axx: = 0.

After replacing the term —3cAx which appears as the last one on the left-hand side of
(2.27)2 by its value given in (2.27)1, system (2.27) becomes

Bxe — #Ax + ' (x) = —2¢(0 — 0c)x,
co(0%) — A0 = 2c0xx: + BX; -

(2.27)

(2.28)
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This system, defined on 2 X (0,T), has been analysed in [105] with the initial conditions
Xlt=0 = X0, Olt=0o =00 in Q,
and boundary conditions
n-Vx=0, n-V8—ng(d —06r)=0 on Sx(0,T),

where xo, 8o are given data and ng > 0, fr > 0 are given constants.
System (2.28) with more general form of the term cq(62); has been recently analysed in
[76].

Let us remark that for the free energy of the form

J06Dx,0) = —e.blog 0+ c(6 — 6)x + % (x) + 51 DxI*, (2.20)

with positive constants c., ¢, 8., s, and ¢ being a double-well potential, system (2.22)
with lyq = lge = 0 leads to (compare (2.9))

Bxi — #Ax + ' (x) = —c(0 — bc),

., (2.30)
k0t +V - (LggV ) = cOxt + BXE,
where 8 = B6. System (2.30) with
L, =k0%I, k=const >0, ie, with g¢=—kV0, (2.31)

has the form of some models proposed by M. Frémond for irreversible phase transitions,
studied mathematically e.g., in [41], [99].

REMARK 10.1. Nonconserved phase-field model with the extra energy flux has been re-
cently introduced by Benzoni-Gavage et al. [12] in the context of solid-liquid phase tran-
sitions. It has been analyzed there from the point of view of local well-posedness and
characterization of sharp interface limits by formal asymptotic analysis.

10.3. Frémond’s models based on microscopic motions. In this section we shall
show that our nonconserved phase-field system (PF)y with suppressed elastic effects (see
(7.6.7)), with extra energy term h® = f p, is consistent with a smooth version of phase
transition models proposed by M. Frémond in the frame of his theory based on microscopic
motions, see [70], also [17]. It is important to mention that Frémond’s approach bears
strong resemblance to the Fried-Gurtin theory based on a microforce balance. Both are
essentially two-scales approaches founded on balance laws on macro- and micro-scales.

The Frémond’s approach is more general, however, in the sense of admitting nons-
mooth thermodynamic functions. Thus, it may be applied to a very wide class of phase
transitions, including irreversible phase changes (like solidification of glu) and problems
with internal constraints.

10.3.1. Comparison with Frémond’s model. Within our framework we can compare
only with a smooth version of Frémond’s models. Let us consider nonconserved system
(PF)g with suppressed elastic effects (see (7.6.7) with f = f(x, Dx,6), oo = 1) with
the extra energy term h® = fp,, and the constitutive relations for —r¢, g2, a¢ with
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neglegted all off-diagonal elements, i.e.,
qu = lqr = lqa = laq = 07 lra = la.T = laa. = 0,
and (3.1)

lir =l (,0) >0, Lgg=kI, k=k(x,0) >0.
Then, by (7.6.4),

so that the corresponding dissipation potential is

2 2
1 I 1-1..1
D= 51" <5> + Qk‘DF . (3.3)
In view of (3.1), (3.2), system (7.6.7) (with 7 = g = 0) reduces to
Xt + l'r‘r% = 07
b fx 1 .
7 —0——§V'f,Dx> (3.4)
-1
et + V- (]CV5 - f,DxXt> =0.
Hence, upon eliminating &, we have
~ 1 1
Bxt + Ef’x - gv f.ox =0,
(3.5)

-1
et+ V- <kv5 - f,DXXt> =0,

where ,é = 1/lyr > 0. The equivalent form of (3.5) expressed in terms of temperature is
(compare (2.6))

Pxe=—(fx =V fbx)

1 (3.6)
e+ V- (’CV§> =0Foxxt +0f0Dx - VXt — (fx — V- f.Dx) Xt

where
B=p6=0/lr>0, c, =—006(x,Dx,0).
Replacing the term (f, — V- f.py) in (3.6)2 by its value given by (3.6)1 we arrive at
the system with the same structure as (2.9), i.e.,

Bxs = _(f,x -V f,Dx)7

1
ety + V- (kvg) =0foxXt + 0f.0Dx - VXt + BX3.

Following Frémond’s theory, let us assume the free energy in the form, see e.g. Bon-
fanti, Frémond, and Luterotti [18, e.g. (1.3)]

(3.7)

L »”
106D, 0) = =0 — 22(0 = e)x + $(x) + | DxI’, (38)

where ¥(x) = %(X2 —1)2 is the standard double-well potential, and c,, L, 0., s are posi-
tive constants representing the thermal specific heat at constant volume the latent heat,
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the critical temperature and the interfacial parameter, respectively. The corresponding
expressions for the internal energy and the entropy are

e=f—0fs=c+Lx+9() + 5 |DxP,

7 (3.9)
n=—fp=ci(In0+ 1)+ —x.
bc
In addition to (3.8) let us assume that
B =const >0, k=Fk0> with k= const> 0. (3.10)
Then system (3.7) becomes
L
Bxt — nlx = 5=(0 — bc) — ?'(X),
° (3.11)

L
ey — kA + 0—9Xt = Bx3,

c
where
Y (x) = XS —x and ¢, = ¢, = const > 0.

This system represents a simple version of Frémond’s model restricted to the situation of
no internal constraints, i.e., a smooth free energy, and a reversible phase transition, i.e.,
no constraint on the sign of x;.

REMARK 10.2. It is of interest to point out the difference between the Frémond free
energy (3.8) and that by Penrose and Fife (see (8.4.1), (8.4.5), (8.4.6)). In the Frémond’s
free energy the terms characteristic for phase transitions, i.e., the double-well potential
¥(x) and the gradient term %|Dx|? are of energetic type (independent of temperature),
thus contributing only to the internal energy. This is on the contrary to the Penrose-Fife
free energy where the last mentioned terms are of entropic type, i.e., they are linear
functions of temperature, thus contribute only to the entropy.

10.3.2. Nonsmooth version of Frémond’s model. In case of the internal constraint
X € [0,1] the Frémond model postulates the free energy of the form (see e.g., [41, eq.

(1.5)])
f(x,Dx,0) = —c.01In6 — 9£(9 —0c)x + Iy (x) + gIDXIQ, (3.12)

where positive constants c., L, 0., s stand for the thermal specific heat, the latent
heat, the transition temperature, and the interfacial parameter, respectively. The function
Ii,1)(x), accounting for the constraint x € [0,1] is the indicator function of the convex
set [0,1] C R, defined by

0if x €10,1]

Tio,11(x) = {+Oo it [0,1] (3.13)

Let us note that the indicator function Ijgqj(x) in the nonsmooth free energy (3.12)
replaces the double-well potential () in the smooth energy (3.8).
Consequently, substituting (formally) 1’ (x) in equation (3.11); by the subgradient of the
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indicator function

(—00,0] if x =0,
51[011] (x)=1¢0 fo<y<l1 (3.14)
[Ov +OO) if x=1,

system (3.11) becomes
L
Bxt — wAx + (= (9_(0 —0c),
L (3.15)
cbe — kA9 + -0, = X,

where
¢ € 0Ip 1 (x)-

System (3.15) is an example of a nonsmooth Frémond-type model accounting for the
internal constraints.

Various nonsmooth Frémond’s models relevant for irreversible phase transitions have
been analysed mathematically by many authors, e.g., [17], [41], [18], [99], [95] [132].

10.3.3. Basic principles of Frémond’s theory. For a more detailed comparison we
recall briefly the derivation of systm (3.11) within Frémond’s theory (see [17]).
The underlying hypotheses of Frémond’s theory are the principle of virtual power and
the postulate that the microscopic movements give rise to macroscopic effects.

From the virtual power principle it follows that the microscopic differential equation
of motion (in case of neglected microscopic accelerations) is

V-H—-B+A=0, (3.16)
where H is a microscopic energy flux vector, B is an interior microscopic force, and A
represents an external source of microscopic work.

The energy balance equation is modified by terms taking into account the power of
the microscopic movements due to the interior forces B and H:

The constitutive laws for e, g, B and H are governed by the free energy f and the
pseudo-potential of dissipation ®.
The free energy f is given by

L 1 »
F06 DX, 0) = —euflnd — 2= (0 = bo)x + 7 (x* = 1)* + SIDx*,  (3.18)
c
and the pseudo-potential of dissipation ® by
k
80, D0, ) = S’ + 25| DOP, (3.19)

where 8 > 0 is a coefficient related to the evolution of the interface and k > 0 is the heat
conductivity coefficient.
The constitutive laws for B, H and g are given by

B=fx+%x, H=fpx, q=-0%p. (3.20)
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The internal energy e is related to the free energy f by the Gibbs relation

e=f+0n=f—0fq. (3.21)
For f and ® given by (3.18), (3.19) this yields
L
B =—2=(0—0c)+ X" — X+ Bxsy
H = »xDy, q=-kDB8, (3.22)

1 »”
e=c0+ Lx+ Z(X2 — 1?2+ E{Dx]Q.

Equations (3.16) (with A = 0), (3.17) together with constitutive laws (3.22) yield system
(3.11).

We add that in [18] more general classes of models accounting for microscopic accel-
erations were considered. In such a case equation (3.16) is replaced by

oxi —V-H+B—A=0 (3.23)
where ¢ is the mass density.

REMARK 10.3. The Frémond microscopic balance (3.16) with constitutive laws (3.20)
yields the equation identical to that resulting from the Fried-Gurtin microforce balance
(2.10) with constitutive laws (2.16)2 and (2.18)s with k = 0 (compare equations (3.11)
and (2.21)).
We add also that in view of the equality

% = _Z};Xt’ (3.24)
which follows from equation (2.5); with 7 = 0, our dissipation potential (3.3) can be
expressed as ~
1 k
=5 T
Thus for an appropriate choice of the coefficients I, and k it becomes identical with
Frémond’s pseudo-potential of dissipation (3.19).

D X%+ = |Db)>. (3.25)

REMARK 10.4. A recent direction in the study of phase-field models is related to tak-
ing into account nonlocal interaction phenomena whose physical relevance was already
described in the pioneering papers by van der Waals [144], and Cahn and Hilliard [34].
However, only recently both isothermal and nonisothermal models containing nonlocal
terms have been analysed in a systematic way, see, e.g., Krejci, Rocca and Sprekels [92]
and the references there.

10.4. The Umantsev model. On a basis of physical and thermodynamical consid-
erations, A. Umantsev and co-authors [141], [139], [143], [140], [142] have worked out a
thermodynamic relations for dynamics of phase transition in a nonlocal medium described
by a nonconserved order parameter and temperature.

The model is based on the Lqandau-Ginzburg free energy density (we use our nota-
tion)

R 1
f:f(X7DX70):fV(X79)+§%|DX|27 3 = const > 0, (41>
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with volumetric energy fy and gradient term of energetic type (i.e., independent of
temperature). The corresponding internal energy and entrooy densities are

1
e=f—0fo=ev(x,0)+ §%|DX|17 ey = fv —0fvg,

(4.2)
n=—fo=—fve(x0)
The resulting system has the following form (see [143, eq. (3.1), 3.2)])
/BXt = _(f,X - J{AX)7 (4 3)

cvby — V- (EVO) + (ev,y, — 2#Ax)x: =0,
where 1/8 > 0 is the coefficient determining the characteristic time of relaxation, k£ > 0
is the heat conductivity coefficient, and ¢, = —0f 9 is the specific heat.
Since
ev,x = f,x - 0f,9x7
equation (4.3)2 can be written as
ey — V- (kV0) = 0 oxxt — (fx — #AX)Xe- (4.4)

After replacing the term (f,,, — sAx) in (4.4) by its value given by (4.3); we arrive at
the system

Bxt = —(f,x — #AX),

cuby =V - (kV0) = 0 pxxe + BX; -
this system has the same structure as (2.9) and (3.7) simplified by the condition fgp, = 0

(due to the fact that free energy (4.1) is of energetic type).
We remark that in the above mentioned papers by Umantsev et al. not only the

(4.5)

study of dynamics of phase transition kinetics is is performed but also numerical anal-
ysis including all stages of phase transformations in materials, nucleation, growth and
coarsening.



(1]

(2]

(10]

(11]

[12]
(13]

(14]

[15]

References

E. C. Aifantis, Mazwell and van der Waals revisited, in: Phase Transformations in Solids,
T. Tsakalakos (Ed.), Materials Research Society Symposia Proceedings 21 (1984), North-
Holland, Elsevier, 37-49.

E. C. Aifantis, On the mechanics of phase transformations, in: Phase Transformations,
E. C. Aifantis and J. Gittus (Eds), Elsevier Applied Science Publishiers, London 1986,
233-289.

E. C. Aifantis and J. B. Serrin, The mechanical theory of fluid interfaces and Mazwell’s
rule, J. Colloid Interface Sci., 96, No 2 (1983), 517-529.

E. C. Aifantis and J. B. Serrin, Equilibrium solutions in the mechanical theory of fluid
microfructures, J. Colloid Interface Sci., 96, No 2 (1983), 530-547.

H. W. Alt and 1. Pawtow, Dynamics of non-isothermal phase separation, in: Free Boundary
Problems, K.-H. Hoffmann, J. Sprekels (Eds.), Int. Ser. Num. Math., 95, Birkhauser, Basel
1990, 1-26.

H. W. Alt and 1. Pawlow, A mathematical model and an existence theory for nonisothemal
phase separation, in: Numerical Methods for Free Boundary Problems, Int. Ser. Num.
Math., 99, Birkhauser, Basel, 1991, 1-32.

H. W. Alt and I. Pawlow, A mathematical model of dynamics of non-isothemal phase
separation, Physica D 59 (1992), 389-416.

H. W. Alt and I. Pawlow, Exzistence of solutions for non-isothermal phase separation, Adv.
Math. Sci. Appl., 1, No 2 (1992), 319-409.

H. W. Alt and I. Pawtow, Thermodynamical models of phase transitions with multicompo-
nent order parameter, in: Trends in Applications of Mathematics to Mechanics, M.D.P.M.
Marques, J.F. Rodrigues (Eds), Pitman Monographs and Surveys in Pure and Applied
Mathematics 77, Longman, New York, 1995, 87-98.

H. W. Alt and L. Pawlow, On the entropy principle of phase transition models with a con-
served order parameter, Adv. Math. Sci. Appl. 6 (1996), 291-376.

V. Alexiades and E. C. Aifantis, On the thermodynamic theory of fluid interaces: Infinite
intervals, equilibrium solutions, and minimizers, J. Colloid Interface Sci. 111, No 1 (1986),
119-132.

S. Benzoni-Gavage, L. Chupin, D. Jamet and J. Vovelle, On a phase field model for solid-
liquid phase transitions, Discrete Contin. Dyn. Syst., 32 (2012), 1997-2025.

K. Binder, Collective diffusion, nucleation and spinodal decomposition in polymer miztures,
J. Chem. Phys., 79 (1983), 6387—6409.

E. Bonetti, Global solvability of a dissipative Frémond model for shape memory alloys.
Part I: Mathematical formulation and uniqueness, Quart. Appl. Math., 61 (2003), No 4,
759-781.

E. Bonetti and G. Bonfanti, Ezistence and uniqueness of the solution to a 3D thermoelastic
system, Electronic J. Diff. Egs. Vol. 2003 (2003), No 50, 1-15.

[147]



148

[20]

[21]

[22]
(23]
(24]
(25]
[26]
[27]
(28]
[29]
[30]

31]

(32]
(33]
(34]
[35]

(36]

References

E. Bonetti, P. Colli, W. Dreyer, G. Giliardi, G. Schimperna and J. Sprekels, On a model
for phase separation in binary alloys driven by mechanical effects, Physica D 165 (2002),
48-65.

G. Bonfanti, M. Frémond and F. Luterotti, Global solution to a nonlinear system for
irreversible phase changes, Adv. Math. Sci. Appl. 10, No 1 (2000), 1-24.

G. Bonfanti, M. Frémond and F. Luterotti, Ezistence and uniqueness results to a phase
transition model based on microscopic accelerations and movements, Nonlinear Analysis,
Real World Applications, 5 (2004), 123-140.

M. Brokate and J. Sprekels, Optimal control of thermomechanical phase-transitions in
shape memory alloys: Necessary conditions of optimality, Math. Meth. Appl. Sci. 14
(1991), 265-280.

M. Brokate and J. Sprekels, ” Hysteresis and Phase Transitions”, Applied Math. Sci. 121,
Springer, New York, 1996.

G. Caginalp, Surface tension and supercooling in solidification theory, Springer Lecture
Notes in Physics 216, Applications of Field Theory to Statistical Mechanics, Springer,
Berlin 1984, 216-226.

G. Caginalp, The role of microscopic anisotropy in the macroscopic behavior of a phase
boundary, Annals of Physics, 172 (1986), 136-155.

G. Caginalp, An analysis of a phase field model of a free boundary, Arch. Rat. Mech. Anal.
92 (1986), 205-245.

G. Caginalp, Conserved-phase system: Implications for kinetic undercooling, Phys. Rev.
B, 38, No. 1 (1988), 789-791.

G. Caginalp, Stefan and Hele-Shaw models as asymptotic limits of the phase-field equa-
tions, Phys. Rev. A 39, No. 11 (1989), 5887-5896.

G. Caginalp, The dynamics of a conserved phase field system: Stefan-like, Hele-Shaw, and
Cahn-Hilliard models as asymptotic limits, IMA J. Appl. Math. 44 (1990), 77-94.

G. Caginalp and E. Esenturk, Anisotropic phase field equations of arbitrary order, Discrete
Contin. Dyn. Syst. Ser. S 4, No 2 (2011), 311-350.

G. Caginalp and P. Fife, Phase-field methods for interfacial boundaries, Phys. Rev. B 33,
No. 11 (1986), 7792-7794.

G. Caginalp and P. Fife, Dynamics of layered interfaces arising from phase boundaries,
SIAM J. Appl. Math. 48, No. 3 (1988), 506-518.

G. Caginalp and J. T. Lin, A numerical analysis of an anisotropic phase field model, IMA
J. Appl. Math. 39 (1987), 51-66.

G. Caginalp and Y. Nishiura, The existence of travelling waves for phase field equations
and convergence to sharp interface models in the singular limit, Quarterly of Applied
Mathematics, 49 (1991), 147-162.

G. Caginalp and W. Xie, Phase-field and sharp-interface alloy models, Phys Review E 48,
No. 3, 1897-1909.

G. Caginalp and W. Xie, An analysis of phase-field alloys and transition layers, Arch.
Rational Mech. Anal. 142 (1998), 293-329.

J. W. Cahn and J. E. Hilliard, Free energy of a nonuniform system. I. Interfacial free
energy, J. Chem. Phys. 28, No. 2 (1958), 258-267.

J. W. Cahn and J. E. Hilliard, Spinodal decomposition: Areprise, Acta Metall. 19 (1971),
151-161.

J. W. Cahn, Phase separation by spinodal decomposition in isotropic systems, J. Chem.
Phys. 42, No 1 (1965), 93-99.



(37]

(38]

(39]
(40]

[41]

42
43
44
45

[46]
[47]

(48]

(49]

[55]
[56]
[57]
[58]
[59]

[60]

References 149

C. Charach and P. C. Fife, On thermodynamically consistent schemes for phase field equa-
tions, Open Systems and Information Dynamics 5 (1998), 99-123.

Ch. Charach, C. K. Chen and P. C. Fife, Developments in phase-field modeling of ther-
moelastic and two-component materials, Journal of Statistical Physics, Vol. 95, Nos. 5/6
(1999), 1141-1164.

L. Q. Chen, Phase-field models for microstructure evolution, Annu. Rev. Mater. Res. 32
(2002), 113-140.

B. D. Coleman and W. Noll, The thermodynamics of elastic materials with heat conduction
and viscosity, Arch. Rational Mech. Anal. 13 (1963), 167-178.

P. Colli, F. Luterotti, G. Schimperna and V. Stefanelli, Global ezistence for a class of
generalized systems for irreversible phase changes, Nonlinear Differ. Equ. Appl. 9 (2002),
255-276.

J. B. Collins and H. Levine, Diffuse interface model of diffusion-limited crystal growth,
Physical Review B, 31, No. 9 (1985), 6119-6122.

P. G. de Gennes, ”Scaling Concepts in Polymer Physics”, Cornell Univ. Press, Ithaca,
1979.

P. G. de Gennes, Dynamics of fluctuations and spinodal decomposition in poilymer blends,
J. Chem. Phys. 72 (1980), 4756—4762.

S. R. de Groot and P. Mazur, ”Non-equilibrium Thermodynamics”, Dover Publ., New
York, 1984.

A. F. Devonshire, Theory of ferroelectrics, Advances in Physics 3 (1954), 85-130.

J. D. P. Donnelly, A model for non-equilibrium thermodynamic processes involving phase
changes, J. Inst. Maths Applics 24 (1979), 425-438.

W. Dreyer and H. W. Miiller, 4 study of coarsening in tin/lead solders, Int. J. Solids
Struct. 37 (2000), 3841-3871.

J. E. Dunn and J. Serrin, On the thermomechanics of interstitial working, Arch. Rat.
Mech. Anal. 88 (1985), No. 2, 95-133.

D. G. B. Edelen, On the existence of symmetry relations and dissipation potentials, Arch.
Ration. Mech. Anal. 51 (1973), 218-227.

H. Emmerich, Advances of and by phase-field modelling in condensed-matter physics, Ad-
vances in Physics, 57 (2008), 1-87.

M. Fabrizio, Ice-water and liquid-vapor phase transitions by a Ginzburg-Landau model, J.
Math. Phys. 49 (2008), 102902.

M. Fabrizio, C. Giorgi and A. Morro, A thermodynamic approach to non-isothermal phase-
field evolution in continuum physics, Physica D 214 (2006), 144-156.

M. Fabrizio, C. Giorgi and A. Morro, A nonisothermal phase-field approach to the sceond-
sound transition in solids, Il Nuovo Cimento 121B (2006), 383-399.

M. Fabrizio, C. Giorgi and A. Morro, A continuum theory for first-order phase transitions
based on the balance of structure order, Math. Meth. Appl. Sci. 31 (2008), 627-653.

F. Falk, Model free energy, mechanics and thermodynamics of shape memory alloys, Acta
Metall. 28 (1980), 1773-1718.

F. Falk, Landau theory and martensitic phase transitions, J. Physique C4 43 (1982), 3-15.
F. Falk, One-dimensional model of shape memory alloys, Arch. Mech. 35 (1983), 63-84.
F. Falk, Ginzburg-Landau theory of static domain walls in shape-memory alloys, Z. Phys.
B-Condensed Matter 51 (1983), 177-185.

F. Falk, Ginzburg-Landau theory and solitary waves in shape-memory alloys, Z. Phys.
B-Condensed Matter 54 (1984), 159-167.



150

[61]

[62]

[63]

[72]
(73]

[74]

[76]
[77]
78]
[79]

(80]

References

F. Falk, Elastic phase transitions and nonconvex energy functions, in: Free Boundary Prob-
lems: Theory and Applications, K.-H. Hoffmann and J. Sprekels (Eds), Vol. I, Longman,
New York, 1990, 45-55.

F. Falk, Cahn-Hilliard theory and irreversible thermodynamics, J. Non-Equilib. Thermo-
dyn. 17 (1992), 53-65.

B. V. Felderhof, Dynamics of the diffuse gas-liquid interface near the critical point, Physica
48 (1970), 541-560.

P. C. Fife, Models for phase separation and their mathematics, Electronic J. Diff. Equa-
tions, vol. 2000 (2000), No. 48, 1-26.

P. C. Fife and C. Charach, Solidification fronts and solute trapping in a binary alloy, SIAM
J. Appl. Math. 58 (1998), No. 6, 1826-1851.

P. C. Fife and O. Penrose, Interfacial dynamics for thermodynamically consistent phase-
field models with nonconserved order parameter, Electronic J. Diff. Equations, vol. 2000
(1995), No. 16, 1-49.

G. J. Fix, Numerical simulation of free boundary problems using phase field methods, in:
The Mathematics of Finite Elements and Applications IV, J. R. Whiteman, Ed., Academic
Press, New York, 1982, 265-279.

G. J. Fix, Phase field models for free boundgary problems, in: Free Boundary Problems:
theory and Applications, A. Fasano, M. Primicerio (Eds), Pitman, London, 1983, pp.
580-589.

P. J. Flory, ”Principles of Polymer Chemistry”, Cornell University Press, Ithaca, New
York, 1953.

M. Frémond, ”Non-Smooth Thermomechanics”, Springer, Berlin, 2002.

M. Frémond and S. Miyazaki, ”Shape Memory Alloys”, CISM, Courses and Lectures 351,
Springer, Wien, 1996.

E. Fried and M. E. Gurtin, Continuum theory of thermally induced phase transitions based
on an order parameter, Physica D 68 (1993), 326-343.

E. Fried and M. E. Gurtin, Dynamic solid-solid transitions with phase characterized by an
order parameter, Physica D 72 (1994), 287-308.

E. Fried and M. E. Gurtin, A phase-field theory for solidification based on a general aniso-
tropic sharp-interface theory with interfacial energy and entropy, Physica D 91 (1996),
143-181.

E. Fried and M. E. Gurtin, Coherent solid-state phase transitions with atomic diffusion:
A thermomechanical treatment, Jouranl of Statistical Physics 95, Nos 5/6 (1999), 1361-
1427.

N. Fterich, global solution to a generalized nonisothermal Ginzburg-Landau system, Appli-
cations of Mathematics, 55, No 1 (2010), 1-46.

P. Galenko and D. Jou, Diffuse-interface model for rapid phase transformations in nonequi-
librium systems, Phys. Rev. E, 71 (2005), 046125 (1-13).

H. Garcke, On Cahn-Hilliard system with elasticity, Proc. Roy. Soc. Edinburgh, 133A
(2003), 307-331.

H. Garcke, On a Cahn-Hilliard model for phase separation with elastic misfit, Ann. Inst.
H. Poincaré Anal. Non Linéaire 22 (2005), 165-185.

G. Gentili and C. Giorgi, Mathematical models for phase transition in materials with
thermal memory, in: Dissipative Phase Transitions, P. L. Colli N. Kenmochi and J. Sprekels
(Eds.), Ser. Advances in Math. for Appl. Sci. 71 (2006), World Scientific 115-140.



(81]
(82
83]
84

(85]

(86]
87]
(s8]

(89]

[90]

[91]

(92]

(93]
[94]

(95]

[96]
[97]
(98]
[99]

[100]
[101]

References 151

C. Giorgi, Continuum thermodynamics and phase-field models, Milan J. Math. 77 (2009),
67-100.
M. E. Gurtin, ” Thermomechanics of Evolving Phase Boundaries in the Plane”, Clarendon
Press, Oxford, 1993.
M. E. Gurtin, Generalized Ginzburg-Landau and Cahn-Hilliard equations based on a mi-
croforce balance, Physica D 92 (1996), 178-192.
M. E. Gurtin, ” Configurational Forces as Basic Concepts in Continuum Physics”, Applied
Mathematical Sciences, 137, Springer, New York, 2000.
B. I. Halperin, P. C. Hohenberg and S.-K. Ma, Renormalization-group methods for critical
dynamics: I. Recursion relations and effects of energy comservation, Phys. Rev. B 10
(1974), 139-153.
M. Heida, J. Malek and K. R. Rajagopal, On the development and generalizations of
Cahn-Hilliard equations, Z. Angew. Math. Phys. 63 (2012), 145-169.
P. C. Hohenberg and B. L. Halperin, Theory of dynamic critical phenomena, Rev. Mod.
Phys. 49 (1977), 435-479.
K. Hutter, The foundations of thermodynamics, its basic postulates and implications. A re-
view of modern thermodynamics, Acta Mechanica 27 (1977), 1-54.
N. Kenmochi and I. Pawlow, A class of nonlinear elliptic-parabolic equations with time-
dependent constraints, Nonlinear Anal.: Theory, Methods and applications, 10 (1986),
1181-1202. '
N. P. Kirchner and K. Hutter, Thermodynamic modeling of granular continua exhibiting
quasi-static frictional behaviour with abrasion, in: Modeling and Mechanics of Granular
and Porous Materials, G. Capriz, V. N. Ghionna, P. Giovine (Eds), Birkhauser, Boston,
2002, chap. 3, 63-83.
D. J. Korteweg, Sur la forme que prennent les équations du mouvement des fluides si l;on
tient comple des forces capillaires par des variations de densité, Archives Néérlandaises
des Sciences Exactes et Naturelles, Ser. IT 6 (1901), 1-24.
P. Krejci, E. Rocca and J. Sprekels, A nonlocal phase-field model with nonconstant specific
heat, Interfaces and Free Boundaries, 9 (2007), 285-306.
L. D. Landau and E. M. Lifshitz, ” Statistical Physics”, Pergamon, New York, 1980.
J. S. Langer, Models of pattern formation in first-order phase transitions, in: Directions
in Condensed Matter Physics, World Scientific, Singapore, 1986, pp. 165-186.
P. Laurengont, G. Schimperna and U. Stefanelli, Global existence of a strong solution to
the one-dimensional full model for irreversible phase transitions, J. Math. Anal. Appl. 271
(2002), 426-442.
I-Shih Liu, Method of Lagrange multipliers for exploitation of the entropy principle, Arch.
Rational Mech. Anal. 46 (1972), 131-148.
I-Shih Liu, A non-simple hest-conducting fluid, Arch. Rational Mech. Anal. 50 (2973),
26-33.
I-Shih Liu, On entropy fluz-heat fluz relation in thermodynamics with Lagrange multipliers,
Continuum Mech. Thermodyn. 8 (1996), 247-256.
F. Luterotti, G. Schimperna and V. Stefanelli, Global solution to a phase field model with
irreversible and constrained phase evolution, Quart. Appl. Math. 60 (2002), 301-316.

A. M. Meirmanov, " The Stefan problem”, De Gruyter, Berlin, 1992.

A. Miranville, Generalized Cahn-Hilliard equations based on a microforce balance, J. Appl.
Math. 4 (2003), 165-185.



152

[102]

[103]
[104]
[105]

[106]

[107]

[108]
[109]
[110]
[111]
[112]

113]

References

A. Miranville, Generalizations of the Cahn-Hilliard equation based on a microforce bal-
anec, in: Nonlinear Partial Differential Equations and Applications, Gakuto International
Series 20, (2004).

A. Miranville and A. Piétrus, A new formulation of the Cahn-Hilliard equation, Nonlinear
Anal. Real World Applications, 7 (2006), 285-307.

A. Miranville and G. Schimperna, Nonisothermal phase separation based on a microforce
balance, Discrete Cont. Dyn. Systems, Series B 5 (2005), 753-768.

A. Miranville and G. Schimperna, Global solution to a phase transition model based on
a microforce balance, J. Evol. Equ. 5 (2005), 253-276.

T. Miyazaki, T. Kozakai, S. Mizuno and M. Doi, A theoretical analysis of the phase
decompositions based upon the non-linear diffusion equation, Trans. Japan Inst. Metals,
24 (1983), 246-254.

T. Miyazaki, T. Kozakai, S. Mizuno and M. Doi, A theoretical analysis of the phase
decompositions based upon the two-dimensional non-linear diffusion equation, Trans. Japan
Inst. Metals, 24 (1983), 799-809.

J. J. Moreau, Sur les lois de frottement, de viscosité et de plasticité, C. R. Acad. Sci.,
Paris, 271 (1970), 608-611.

A. Morro, Non-isothermal phase-field models and evolution equation, Arch. Mech., 58,
No. 3 (2006), 257-271.

A. Morro, Nonlocality and thermodynamic restrictions in phase-field models, Appl. Math.
Letters 19 (2006), 413-419.

A. Morro, Phase-field models for fluid miztures, Math. Computer Modelling 45, No 9-10
(2007), 1042-1052.

A. Morro, A phase-field approach to nonisothermal transitions, Math. Computer Mod-
elling, 48, No 3-4 (2008), 621-633.

A. Morro, Phase-field models of Cahn-Hilliard fluids and extra fluzes, Adv. theo. Appl.
Mech. 3, No 9 (2010), 409-424.

I. Miiller, On the entropy inequality, Arch. Rab. Mech. Anal. 26 (1967), 118-141.

I. Miiller, Die Kaltefunktion, eine universelle Funktion in der Thermodynamik viskoser
wdrmelaiten-der Flissigkeiten (German) [The coldness function, a universal function in
thermodynamics of viscous, heat conducting fluids], Arch. Rational Mech. Anal. 40 (1971),
1-36.

L. Miiller, ” Thermodynamics”, Pitman, London, 1985.

W. Muschik and H. Ehrentraut, An amendment to the second law, J. Non-Equilib. Ther-
modyn. 21 (1996), 175-192.

W. Muschik, C. Papenfuss and H. Ehrentraut, A schetch of continuum thermodynamics,
J. Non-Newtonian Fluid Mech. 96 (2001), 255-290.

A. E. Nesterov and J. S. Lipatov, ” Thermodynamics of Solutions and Mixtures of Poly-
mers”, Naukova Dumka, Kiev, 1984 (in Russian).

M. Niezgdédka and I. Pawlow, A generalized Stefan problem in several space variables,
Appl. Math. Optim. 9 (1983), 193-224.

Ch. Papenfuss, S. Forest, Thermodynamical frameworks for higher grade material theories
with internal variables of additional degrees of freedom, J. Non-Equilib. Thermodyn. 31
(2006), 319-353.

1. Pawlow, A wariational inequality approach to generalized two-phase Stefan problem in
several space variables, Ann. Mat. Pura Appl. 131 (1982), 333-373.



[123]
[124]
[125]
[126]

[127]

[128]
[129]
[130]

[131]
132]

[133]
[134]

[135]

[136]
[137]
[138]
[139]
[140]
[141]
[142]
[143]

[144]

References 153

1. Pawlow, Thermodynamically consistent models for media with microstructures, Adv.
Math. Sci. Appl. 10, No. 1 (2000), 265-303.

1. Pawlow, Diffuse interface model of solid-liquid phase transition with internal energy as
an order parameter, Adv. Math. Sci. Appl. 10, No. 1 (2000), 305-327.

1. Pawlow, Three-dimensional model of thermomechanical evolution of shape memory
materials, Control Cybernet. 29, No. 1 (2000), 341-365.

I. Pawlow, Thermodynamically consistent Cahn-Hilliard and Allen-Cahn models in elastic
solids, Discrete Contin. Dyn. Syst. 15, No. 4 (2006), 1169-1191.

I. Pawlow, The Cahn-Hilliard-de Gennes and generalized Penrose-Fife models for polymer
phase separation, Discrete Contin. Dyn. Syst. Ser. A (DCDS-A) 35, No 6 (2015), 2711-
2739.

1. Pawlow, A thermodynamic approach to nonisothermal phase-field models, Applicationes
Mathematicae 42, 4 (2015), 269-331.

O. Penrose and P. C. Fife, Thermodynamically consistent models of phase-field type for
the kinetics of phase transition, Physica D 43 (1990), 44-62.

O. Penrose and P. C. Fife, On the relation between the standard phase-field model and
a "thermodynamically consistent” phase-field model, Physica D 69 (1993), 107-113.

L. I. Rubinstein, ” The Stefan Problem”, AMS, Providence, RI, 1971, pp. 141-189.

G. Schimperna and U. Stefanelli, Positivity of the temperatue for phase transitions with
micro-movements, Nonlinear Anal.: Real World Appl. 8, No 1 (2007), 257-266.

M. Silhavy, ”The Mechaanics and Thermodynamics of Continuous Media”, Springer,
Berlin, 1997.

I. Singer-Loginova and H. M. Singer, The phase field technique for modelling multiphase
materials, Rep. Prog. Phys. 71 (2008), 106501 (1-32).

M. Slemrod, Global existence, unigqueness and asymptotic stability of classical smooth
solutions in one-dimensiona non-linear thermoelasticity, Arch. Rational Mech. Anal. 76
(1981), 97-133.

M. Slemrod, dynamic phase transitons in a van der Waals fluid, J. Differential Equations
52 (1984), 1-23.

M. Slemrod, Dynamics of first order phase transitions, in: Phase Transformations and
Material Instabilities in Solid, M. E. Gurtin (Ed), Academic Press (1984), 163—203.

R. A. Toupin, Theories of elasticity with couple-stress, Arch. Ration. Mech. Anal. 17, No
2 (1964), 85-112.

A. Umantsev, Thermodynamic stability of phases and transition kinetics under adiabatic
conditions, J. Chem. Phys. 96, No 1 (1992), 605-617.

A. Umantsev, Thermal effects of phase transformations: A review, Physica D 235 (2007),
1-14.

A. R. Umantsev and A. L. Roitburd, Nonisothermal relazation in a nonlocal medium,
Sov. Phys. Solid State 30, No 4 (1988), 651-655.

A. Umantsev, Thermal effects of phase transforamtions: A general approach, Mater. Res.
Soc. symp. Proc. 979 (2007), Materials Research Society, 0979-HH02-01.

A. Umantsev and G. B. Olson, Phase equilibrium and transformations in adiabatic sys-
tems, Phys. Rev. E 48, No 6 (1993), 4229-4249.

J. D. van der Waals, Verhandel. Konink. Akad. Weten. amsterdam (Sect 1) Vol. 1, No
8 (1893); Translation of J. D. van der Waals " The thermodynamic theory of capillarity
under the hypothesis of a continuous variation of density” by S. Rowlinson, J. Statistical
Physics 20, No 2 (1979), 197-244.



154

[145)

[146]
[147)
[148]
[149]

[150]

[151]
[152]

References

S.-L. Wang, R. F. Sekerka, A. A. Wheeler, B. T. Murray, S. R. Coriell, R. J. Braun
and G. B. McFadden, thermodynamically-consistent phase-field models for solidification,
Physica D 69 (1993), 189-200.

A. A. Wheeler, J. W. Boettinge and G. B. McFadden, Phase field model for solute trapping
during solidifications, Phys. Rev. E 47 (1993), 1893-1909.

B. Widom, Surface tension of fluids, in: Phase Transition and Critical Phenomena, C.
Domb, M. S. Green (Eds), Vol. 2 Academic Press, London, 1972, p.79.

K. Wilmanski, Lagrangean model of two-phase porous metarial, J. Non-Equilib. Thermo-
dyn. 20 (1995), 50-77.

K. Wilmaiiski, " Thermomechanics of Continua”, springer, Berlin, 1998.

K. Wilmaniski, Mass exchange, diffusion and large deromations of poroelastic materials,
in: Modeling and Mechanics of Granular and Porous Materials, G. Capriz, V. N. Ghionna,
P, Giovine (Eds), Birkhauser, Boston, 2002, Chap. 8, 211-242.

L. C. Woods, ”The Thermodynamics of fluid systems”, Clarendon Press, Oxford, 1975.

Rayleigh Lord, ” Theory of Sound”, Volume 1, Reprint; Dover, New York, 1945.



4 b g

5o AR “









