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Chapter 2

Linearization of the Navier-Stokes
equation

2.1 Variational formulation

Let us consider now the variational formulation of the coupled problem. We
rewrite the equations (1.10)-(1.11) in the following form for each coordinate of

the vector w:

—vAyw; +wVywy + Vype, = 0 (1.1)
—vAywWy +WVywy + Vype, = 0 (1.2)
divyw = 0 (1.3)

We associate a test function &; with wy, a test function &; with wo and 1 with p,
we denote by n = [n;,n;]". We recall the boundary conditions for functions w;

and wy:

Wl'l‘wnu =0, Wzll‘wnll =0,
Wilr, = 91, W2l = 92,
Wllrim(u) = 07 W2|rim(u) = 07
Bwl -
- Sy = Owa iy
on +p nl_01 on +p n2_0)

and we set the boundary conditions for test functions &3, &5 as:

61 =0on Fwa]l U I-\in U Fint(u)7
€2 = 00on Dyan U I'ip U Ding (w).
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14 CHAPTER 2. LINEARIZATION OF THE NAVIER-STOKES EQUATION

Multiplying the equation (1.1) by the test function &; we get:

- (61 ’/Aywl - Elwvywl - élvypel) = Oa (1 4)
Qo (u)

thus

- / v€1(Vywy - m) — / v&1(Vywr - m) + / v(Vyi - Vywi)

TCwanlUlinUling () Tout Qa(u)

+ / &i(w - Vywi) — / &ipny + / Pliyy, =0

Qa(u) Qa2 (u) Qo (u)
>From the boundary conditions for £; and w; on ', we get

—/Vflpnrf‘ / v(Vyéi - Vywi)

Tout Qo (u)

+ / fl(w'vywl)_/glpnl_’_ / p-fl/m:O

Qo (u) Tout Qa(u)

S0
/ v(Vy& - Vywy) + / &(w-Vywy) + / P&y t(v—1) / &ipn, = (1.5)
Qa(u) Qo (u) Qo (u) Tout
2.2 Linearisation
Suppose that T' : Q(0) — Q(u) is given by T(z) = z + ¢(x), where
p1(z1, T2)
= 1.6
ola) = | o) 16

0p; . o .
We denote by ¢;/; = Z?ﬁ partial derivatives of function ¢, so we have
Zj

Dy = [ Y171 P12 ]

1.7
Y271 P2/2 (4.7



2.2. LINEARISATION 15
and the derivative of the mapping T can be written as

pT= | 1Ten e (1.8)
wa;1 14

which means that DT = I + Dy and is such, that ||Dy|| << 1, and ¢ = 0 on

Fwall u I—‘in ) Fout-
We are looking for a linearised expression of operator A(y) given by:

A(p) = J(p) - (DT)H(DT)~ " (1.9)

where J(¢p) is a determinant of the matrix DT, (DT) ™! is an inverse of DT and
(DT)~T is transpose of DT~!. In linearisation we ignore all terms (y;,;)* for
k > 1, then the linearised form of determinant .J(y) is obtained as follows:

L+ 12 }
wa1 L+
= (1+ @1/1)(1 + ¢2/2) — p1/2002/1
1+ v +<p2/2=1+div<p (1.10)

J(p) = det(DT) = det [

Since the inverse (DT) ! and the transpose (DT) T are given by

pr-i—Ll|lte —ou (1.11)
J| —ppn 1+wipn
and
pr-T=L11+er —pun (1.12)
J| —pi2 1+

then we get the following linearization for the multiplication of (1.11) and (1.12)
we get

DT) YDT) T =~
(DT)™(DT) J2 | —won— w12 142015

1
2

i [ T+ 2p22  —p21 — P12 }

(I+ B(y)) (1.13)

with

209/2 —P2/1 — P1/2
B = 1.14
(90) [ —P2/1 — P1/2 2<P1/1 ( )
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Thus 1 1
Alp) = J- (I +B(p) = = + B())
But since i
m = ]. — le
then

A(p) = (1 —div)(I + B(p)) = I — Idivp + B(yp)

Then the first term in (1.5) can be written as

[ vt Vmitn = [ (A@ule 0 1)Vl 0 Do

Qa(u) Q2(0)

The second term in (1.5) can be written as

/ El(w : vywl) = / Jfl (W . (DT)_T . V(W1 [¢] T))
Qa(u) Q2(0)
= / Lw(K - Vwy)
Q2(0)

where

kmre [ fn on ) _reg
—P12 P11

with
B(p) = Bi(v) + B] (¥)

The third term in (1.5) can be rewritten as:
_ T
/ p ° gl/yl - /pel : vy{
Qo (u) Qo
— [ el @1y Vo = [ peK -V
Q2(0) Q2(0)
The third equation in (??) can be written as

n-divw =0

Q2(u)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)



2.2. LINEARISATION

/ [e]—vywl + cgvywz] n
Qo (u)
= [ nJ[e[(DT)""V(wioT)+ej (DT)"V(wz 0 T)]

Q(0)

=

n(eIKVmwl -+ e;KVIWQ)
Q2(0)

17

(1.23)
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